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STABILIZATION OF THE WAVE EQUATION WITH MOVING

BOUNDARY

KAÏS AMMARI, AHMED BCHATNIA, AND KARIM EL MUFTI

Abstract. We deal with the wave equation with assigned moving boundary
(0 < x < a(t)) upon which Dirichlet-Neuman boundary conditions are satis-
fied, here a(t) is assumed to move slower than the light and periodically. We
give a feedback which guarantees the exponential decay of the energy. The
proof relies on a reduction theorem [1, 14]. At the end we give a remark on
the moving-pointwise stabilization problem.
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1. Introduction and main result

In this note, we analyze the stabilization property of solutions for the wave equation
with a moving boundary. More precisely, we consider the following system:

(1.1)







utt − uxx = 0 for 0 < x < a(t), t > 0,
u(0, t) = 0 and ut(a(t), t) + f(t)ux(a(t), t) = 0, t > 0,
u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 < x < a(0),

(φ, ψ) ∈ H1
l ((0, a(0)))× L2((0, a(0))), where

H1
l ((0, a(0))) =

{

v ∈ H1((0, a(0))), v(0) = 0
}

.

Here a is a strictly positive real function which is continuous, 1-periodic and f ∈
L∞

(

R∗
+

)

.

Denote by

Eu(t) =
1

2

∫ a(t)

0

[

|ut(x, t)|
2 + |ux(x, t)|

2
]

dx

the energy of the field u. Our major concern will be to detect the feedback f(t)
necessary to obtain the exponential decay of Eu(t).

We start with some notations and known results. Let Lip(R) be the space of
Lipschitz continuous functions on R. We shall denote the Lipschitz constant of a
function F by

L(F ) := sup
x,y∈R,x 6=y

∣

∣

∣

∣

F (x)− F (y)

x− y

∣

∣

∣

∣

.

On the existence of solutions to the system (1.1), we refer the reader to [9]. We
have the following proposition:
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Proposition 1.1. If a ∈ Lip(R), L(a) ∈ [0, 1), a > 0, f ∈ L∞
(

R∗
+

)

and

(φ, ψ) ∈ H1
l ((0, a(0)))× L2((0, a(0))), denote by Q := (0, a(t))×R+ and

Qτ := (0, a(t)) × (0, τ), τ ∈ R+. There exists a unique weak solution1 u of the
system (1.1). Moreover there exists h ∈ H1

loc(R) ∩ L∞(R) such that

(1.2) u(x, t) = h(t+ x)− h(t− x) a.e. in Q,

and u ∈ L∞(Q) ∩H1(Qτ ).

We denote by Dp the set of continuous functions and strictly increasing of the form
x+ g(x), where g(x) is a 1-periodic continuous function.

We recall the following results.

Proposition 1.2.
(

[10, Herman] and [12, Yamaguchi]
)

Let a be a 1-periodic func-
tion. Then

(1.3) F := (I + a) ◦ (I − a)−1

belongs to Dp. Moreover, the rotation number ρ(F ) defined by

ρ(F ) = lim
n→∞

Fn(x)− x

n

exists, and the limit is equal for all x ∈ R.

After, we construct a transformation of the time-dependent domain [0, a(t)] × R
onto [0, ρ(F )/2]× R that preserves the D’Alembertian form of the wave equation.
For this purpose, we use the following proposition:

Proposition 1.3.
(

[10, Herman, section II]
)

Assume that a(t) is a 1-periodic func-

tion, a(t) > 0, a ∈ Lip(R) such that L(a) ∈ [0, 1). Assume also that |a′(t)| < 1 for
all t ∈ R and ρ(F ) ∈ R \Q such that there exists a function H ∈ Dp and

(1.4) H−1 ◦ F ◦H(ξ) = ξ + ρ(F ).

Our main result is stated now as follows:

Theorem 1.4 (Exponential stability). Let

(1.5) f(t) =
(µ− 1)H ′(a(t) + t) + (µ+ 1)H ′(−a(t) + t)

(1 − µ)H ′(a(t) + t) + (µ+ 1)H ′(−a(t) + t)

where µ is a nonnegative constant and assume that there exist λ1 > 0 and λ2 > 0
such that

(1.6) λ1 ≤ H ′(t) ≤ λ2, t ∈ R.

Then, in the case where µ 6= 1, there exists a positive constant C such that

(1.7) Eu(t) ≤ Ce−ωtEu(0),

for every solution u of (1.1) with initial data (φ, ψ) ∈ H1
l ((0, a(0)))× L2((0, a(0)))

and where ω = ln

(∣

∣

∣

∣

1 + µ

1− µ

∣

∣

∣

∣

)

.

In the case µ = 1 which corresponds to f(t) = 1, we obtain

(1.8) Eu(t) = 0, for all t ≥ T0 =:
(

I + a
)−1

◦H−1

(

3ρ(F )

2

)

.

We give an example where assumption (1.6) is guaranteed (see [1, 8] for more
details).

1u ∈ H1(Qτ ) is called a weak solution of (1.1) if utt − uxx = 0 in D′(Q) and the boundary
conditions are satisfied.
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Example 1.5. Let a be continuous and 1-periodic on R, a > 0, be such that

(1.9) a(t) :=

{

αt+ α(1−α)(1+β)
2(α−β) if α(1+β)

2(α−β) ≤ t ≤ α(1+β)−2β
2(α−β) ,

βt− β + α(1−β2)
2(α−β) if α(1+β)−2β

2(α−β) ≤ t ≤ α(3+β)−2β
2(α−β) ,

with −1 < β < 0 < α < 1. The function F is defined by:

F (x) := (I + a) ◦ (I − a)−1(x) =

{

l1x+ F0 if 0 ≤ x ≤ x0,
l2x+ F0 + 1− l2 if x0 < x < 1,

with l1 := 1+α
1−α , l2 := 1+β

1−β , F0 := l2(l1−1)
l1−l2

and x0 := 1−l2
l1−l2

.

We extend F through the formula: F (x+ 1) = F (x) + 1 for any x ∈ R.
Also the rotation number is given by the expression:

(1.10) ρ(F ) =
ln l1

ln
(

l1
l2

) ,

and the function H given by (1.4) is done by

H(x) = h0 ln (|x+ h1|) + h2,

where h0 = 1

ln
(

l1
l2

) , h1 = l2
l1−l2

and h2 = − ln (h1). H satisfies the inequalities:

(1.11)
1

ln( l1l2 )

l1 − l2
l1

≤ H ′(x) ≤
1

ln( l1l2 )

l1 − l2
l2

.

Here f(t) =
2a(t) + 2µt+ 2µh1
2µa(t) + 2t+ 2h1

and T0 =
(

I + a
)−1

◦H−1
(

3ρ(F )
2

)

.

Remark 1.6. For the moving pointwise stabilization of the wave equation, see
section 3.

2. Proof of the main result

Before starting the proof, we begin by defining a domain transformation

Φ : R2 → R2,

using H given by (1.4), as follows:

(2.12)

{

ξ = (H(x+ t)−H(−x+ t))/2,
τ = (H(x+ t) +H(−x+ t))/2,

for (x, t) ∈ R2.

Proposition 2.1.
(

[13, Yamaguchi]
)

The transformation Φ is a bijection of [0, a(t)]×

R to [0, ρ(F )/2]×R and Φ maps the boundaries x = 0 and x = a(t) onto the bound-
aries ξ = 0 and ξ = ρ(F )/2.

Proposition 2.2.
(

[13, Yamaguchi]
)

Let u(x, t) satisfying (∂2t −∂
2
x)u(x, t) = 0 and

V (ξ, τ) defined by u(Φ−1(ξ, τ)). Then the following identity holds

(∂2t − ∂2x)u(x, t) = K(ξ, τ)(∂2τ − ∂2ξ )V (ξ, τ)

where K(ξ, τ) is defined by

4H ′ ◦H−1(ξ + τ)H ′ ◦H−1(−ξ + τ) ◦H−1(ξ + τ).

Now we consider the system:

(2.13)







utt − uxx = 0 for 0 < x < a(t), t > 0,
u(0, t) = 0 and ut(a(t), t) + f(t)ux(a(t), t) = 0, t > 0,
u(x, 0) = φ1(x), ut(x, 0) = ψ1(x), 0 < x < a(0)
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where f(t) =
(µ− 1)H ′(a(t) + t) + (µ+ 1)H ′(−a(t) + t)

(1− µ)H ′(a(t) + t) + (µ+ 1)H ′(−a(t) + t)
and µ is a nonnegative

constant.

Proposition 2.3. The transformation of the system (2.13) is

(2.14)

{

vττ − vξξ = 0 for 0 < ξ < ρ(F )/2, τ > 0,
v(0, τ) = 0 and vτ (ρ(F )/2, τ) + µvξ(ρ(F )/2, τ) = 0, τ > 0,
v(ξ, 0) = φ(ξ), vτ (ξ, 0) = ψ(ξ), 0 < ξ < ρ(F )/2).

Proof. We have:

(2.15)

{

ux(a(t), t) = Vξ(ρ(F )/2, τ)ξx(a(t), t) + Vτ (ρ(F )/2, τ)τx(a(t), t),
ut(a(t), t) = Vξ(ρ(F )/2, τ)ξt(a(t), t) + Vτ (ρ(F )/2, τ)τt(a(t), t).

Starting from (2.13) and make use of:

ξx = (∂xξ) = (∂tτ) = τt = [H ′(x+ t) +H ′(−x+ t)]/2,

ξt = (∂tξ) = (∂xτ) = τx = [H ′(x+ t)−H ′(−x+ t)]/2,

we conclude:

ut(a(t), t) +
ξt − µτt
µτx − ξx

ux(a(t), t) = 0.

So we have

ξtux(a(t), t) − ξxut(a(t), t) + µ(τxut(a(t), t)− τtux(a(t), t)) = 0.

Finally we get: vτ (ρ(F )/2, τ) + µvξ(ρ(F )/2, τ) = 0.

Note that f(t) = 1 in the special case µ = 1. �

The next lemma shows that the energy of the solution (1.1) and the energy of the
corresponding static system are equivalent.

Lemma 2.4.
(

[1, Ammari et al.]
)

Under the assumption (1.6), there are two pos-
itive constants C1 and C2 such that

(2.16) C1EV

(

H(a(t) + t)−
ρ(F )

2

)

≤ Eu(t) ≤ C2EV

(

H(a(t) + t)−
ρ(F )

2

)

,

where EV (τ) is the energy of the field V defined by:

EV (τ) =

∫ ρ(F )/2

0

(

|Vξ(ξ, τ)|
2
+ |Vτ (ξ, τ)|

2
)

dξ.

Note that we can write H(a(t)+t) = a(t)+t+g
(

a(t)+t
)

, where g(x) is a 1-periodic
continuous function.

Finally, the stabilization of the system (1.1) is a direct combination of Proposition
2.3, Lemma 2.4 and the following Lemma 2.5.

Lemma 2.5.
(

[7, Cox and Zuazua]
)

For µ 6= 1, there exists a positive constant C
such that

(2.17) EV (τ) ≤ Ce− ln(| 1+µ
1−µ |) τEV (0), ∀ τ > 0,

where V is the solution of the following system:

(2.18)

{

Vττ − Vξξ = 0 for 0 < τ < ρ(F )/2, τ > 0,
V (0, τ) = 0 and Vτ (ρ(F )/2, τ) + µVξ(ρ(F )/2, τ) = 0, τ > 0,
V (ξ, 0) = φ(ξ), Vτ (ξ, 0) = ψ(ξ), 0 < ξ < ρ(F )/2).

It is well known that for µ = 1, EV (t) = 0 for all t ≥ ρ(F ), see [7] for more details.
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3. Moving pointwise stabilization

We consider the following problem:

(3.19)







utt − uxx + [f1(t)ut + f2(t)ux]δa(t) = 0 for 0 < x < b(t), t > 0,
u(0, t) = 0 and u(b(t), t) = 0, t > 0,
u(x, 0) = φ1(x), ut(x, 0) = ψ1(x) 0 < x < b(0).

The aim of this section is to determine the functions f1, f2 and b to get after
transformation the vibrations of a string with the static pointwise damping and
conclude the asymptotic behavior of the energy.

Proposition 3.1. The transformation of the system:

(3.20)



























utt − uxx +K
(

H(a(t)+t)−H(−a(t)+t)
2 , H(a(t)+t)+H(−a(t)+t)

2

)

·[( 1
H′(a(t)+t) −

1
H′(−a(t)+t))ut + ( 1

H′(a(t)+t) +
1

H′(−a(t)+t) )ux]δa(t) = 0

for 0 < x < b(t) = Λ−1
t (1)− t, t > 0,

u(0, t) = 0 and u(b(t), t) = 0, t > 0,
u(x, 0) = φ1(x), ut(x, 0) = ψ1(x), 0 < x < b(0)

is

(3.21)







vττ − vξξ + vτ δ ρ(F )
2

= 0 for 0 < ξ < 1, τ > 0,

v(0, τ) = 0 and v(1, τ) = 0, τ > 0,
v(ξ, 0) = φ(ξ), vτ (ξ, 0) = ψ(ξ), 0 < ξ < 1,

where Λt is defined by Λt(y) =
H(y+t)−H(−y+t)

2 .

Proof. We recall that if u(x, t) satisfying (∂2t − ∂2x)u(x, t) = 0 and v(ξ, τ) defined
by u(Φ−1(ξ, τ)). Then the following identity holds

(3.22) (∂2t − ∂2x)u(x, t) = K(ξ, τ)(∂2τ − ∂2ξ )v(ξ, τ)

where K(ξ, τ) is defined by

4H ′ ◦H−1(ξ + τ)H ′ ◦H−1(−ξ + τ) ◦H−1(ξ + τ).

On the other hand, make use of (2.15) we obtain:

(3.23)
vτ = ξtux−ξxut

ξ2t−ξ2x
= ( 1

H′(a(t)+t) −
1

H′(−a(t)+t) )ut + ( 1
H′(a(t)+t) +

1
H′(−a(t)+t) )ux.

We combine (3.22) and (3.23) to obtain the result of the Proposition 3.1. �

Remark 3.2. If we return to the Example 1.5 and after some computation we get
that the transformation of the system:

(3.24)



















utt − uxx +
(

8
a(t)+t+h1

· a(t)+t
−a(t)+t+h1

)

· [a(t)ut + (t+ h1)ux] δa(t) = 0

for 0 < x < b(t) = (t+ h1)e
h2
h0 tanh( 1

h0
), t > 0,

u(0, t) = 0 and u(b(t), t) = 0, t > 0,
u(x, 0) = φ1(x), ut(x, 0) = ψ1(x), 0 < x < b(0),

is the system (3.21).

As above and according to [4, 5] we have the following:

• lim
t→+∞

Eu(t) = 0, ∀ (φ1, ψ1) ∈ H1
0 (0, b(0))× L2(0, b(0)) ⇔ ρ(F ) /∈ Q.

• For any ρ(F )/2 ∈ (0, 1) the system (3.20) is not exponentially stable in
H1

0 (0, b(0))× L2(0, b(0)).
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• For all ρ(F )/2 ∈ S 2 and for all (φ1, ψ1) ∈ D we have according to [2, 3]
that there exists C > 0 such that:

Eu(t) ≤
C

t
, ∀ t > 0.

• If ε > 0 then, for almost all ρ(F )/2 ∈ (0, 1) and for all (φ1, ψ1) ∈ D we
have according to [2, 3] that there exists C > 0 such that:

Eu(t) ≤
C

t
1

1+ε

, ∀ t > 0,

where

D :=
{

(ϕ, ψ) ∈ [H2(0, b(0)) ∩H1
0 (0, b(0))]×H1

0 (0, b(0)),
(

1

H ′(a(0))
−

1

H ′(−a(0))

)

ψ(a(0)) +

(

1

H ′(a(0))
+

1

H ′(−a(0))

)

dϕ

dx
(a(0)) = 0

}

.
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