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Abstract

In this paper, we propose a compositional framework for the construction of
discrete-time finite abstractions, also known as finite Markov decision processes,
from continuous-time stochastic hybrid systems by quantifying the distance be-
tween their outputs in a probabilistic setting. The proposed scheme is based on
the notion of stochastic simulation functions, which is used to relate continuous-
time stochastic systems with their discrete-time counterparts. Accordingly, one
can employ discrete-time abstract systems as substitutions of the continuous-
time ones in the controller design process with guaranteed error bounds on their
output trajectories. To this end, we first derive sufficient small-gain type condi-
tions for the compositional quantification of the probabilistic distance between
the interconnection of original continuous-time stochastic hybrid systems and
their discrete-time (finite or infinite) abstractions. We then construct finite ab-
stractions together with their corresponding stochastic simulation functions for
a particular class of nonlinear stochastic hybrid systems having some stability
property. We illustrate the effectiveness of the proposed results by applying our
approaches to the temperature regulation in a circular building and construct-

ing compositionally a discrete-time abstraction from its original continuous-time
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dynamics in a network containing 1000 rooms. We employ the constructed
discrete-time abstractions as substitutes to compositionally synthesize policies
regulating the temperature of each room for a bounded time horizon.
Keywords: Compositional Abstraction-based Synthesis, Continuous-Time
Stochastic Hybrid Systems, Small-Gain Conditions, Finite Markov Decision

Processes, Formal Synthesis.

1. Introduction

Motivations. Controller design for continuous-time stochastic hybrid sys-
tems to enforce complex logical properties such as those expressed as linear
temporal logic formulae [I] has been inherently a challenging task due to con-
tinuous state sets. In order to overcome this problem, one promising solution is
to first abstract the original system by a simpler one possibly discrete in time
and finite in space, design a controller for the abstract system, and then refine
the controller back to the concrete (original) system via an interface map, by
providing guaranteed error bounds on the distance between their output trajec-
tories. Construction of finite abstractions was introduced and used over the last
decade to alleviate the complexity of controller synthesis problems. In finite ab-
stractions, each discrete state and input respectively correspond to an aggregate
of continuous states and inputs of the original system. Since the abstractions
are finite, the algorithmic machineries from computer science [2] are applicable
to synthesize controllers for concrete systems.

Unfortunately, construction of finite abstractions for complex systems in a
monolithic way suffers from the so-called curse of dimensionality: the complex-
ity grows exponentially with the dimension of the state set. To reduce this issue,
one promising approach is to consider the large-scale stochastic system as an
interconnected system composed of several smaller subsystems, and perform the

abstraction in a compositional manner.

Related Literature. In the past few years, new results obtained for the

construction of finite abstractions of continuous-time stochastic systems. Reach-
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ability analysis for continuous-time stochastic systems is presented in [3], which
constructs finite-state Markov chain with provable error bounds. Finite bisimilar
abstractions for incrementally stable stochastic control systems without discrete
dynamics are presented in [4]. Abstraction techniques for randomly switched
stochastic systems and incrementally stable stochastic switched systems are dis-
cussed in [5] and [6], respectively. Although original systems in [4, 6], 5] are
in the stochastic settings, their proposed abstractions are finite labeled transi-
tion systems whereas in this work we consider finite Markov decision processes
(MDPs) as our finite abstractions. An approximation framework for construct-
ing infinite abstractions for jump-diffusion processes is proposed in [7]. Compo-
sitional construction of infinite abstractions is discussed in [§] using small-gain
type conditions.

There have been also several results for discrete-time stochastic systems with
continuous-state spaces. Existing results include finite abstractions for formal
synthesis of discrete-time stochastic hybrid systems [9]. A sequential and adap-
tive girdding approach is proposed in [10} [11] with dedicated tools FAUST? [12]
and StocHy [13]. Furthermore, formal abstraction-based policy synthesis is dis-
cussed in [14] [15]. Compositional construction of infinite abstractions (model
order reductions) using small-gain type conditions is presented in [16]. Com-
positional construction of finite abstractions for discrete-time stochastic control
systems is presented in [I7] and [I8] using respectively dynamic Bayesian net-
works and dissipativity properties of subsystems and their abstractions. A new
notion of disturbance bisimulation relation is proposed in [19] for compositional
construction of finite abstractions. Recently, a notion of approximate simula-
tion relation for stochastic systems is proposed in [20] that is based on lifting
probabilistic evolution of systems to a coupled space. This notion is extended
in [2I] for compositional abstraction-based synthesis of general MDPs. This
notion enables using both model order reduction and space discretization in a
unified framework.

There have been several results on the construction of finite abstractions

for non-stochastic systems. Construction of symbolic models for incrementally
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stable nonlinear control systems is proposed in [22]. Extension of the results to
switched systems in given in [23]. Abstraction of nonlinear control systems with-
out stability assumptions is proposed in [24]. A new approach for hierarchical
control based on a quantitative version of simulation relations is proposed in [25]
which is based on constructing infinite abstractions (reduced order models).

In the context of stability analysis of large-scale non-stochastic systems via
small-gain conditions, several results have been proposed in the past few years.
Stability verification of large-scale power systems with delay using the small-
gain theorem is proposed in [26]. Stability analysis of hybrid systems described
as feedback interconnections of smaller subsystems is proposed in [27] using a
Lyapunov-based small-gain framework. Construction of strong and weak Lya-
punov functions for a feedback connection of two hybrid systems satisfying cer-
tain Lyapunov stability assumptions together with a small-gain condition is
presented in [28]. Stability verification of nonlinear control systems under in-
termittent information via the small-gain theorem is studied in [29] [30].

Contributions. Our main contribution in this paper is to propose for the
first time a compositional framework for the construction of discrete-time finite-
space MDPs from continuous-time stochastic hybrid systems. We leverage suf-
ficient small-gain conditions to provide the compositionality results which rely
on a relation between the continuous-time subsystems and their discrete-time
counterparts by employing a notion of stochastic simulation functions. This type
of relations enables us to compute a probability bound between the intercon-
nection of continuous-time concrete subsystems and that of their discrete-time
(in)finite abstractions. We show that if the original stochastic hybrid system has
a stability property, the probability bound associated with the non-stochastic
abstractions is less conservative than that of stochastic ones.

In this respect, we first compositionally quantify the distance between the in-
terconnection of continuous-time stochastic hybrid subsystems and that of their
discrete-time (finite or infinite) abstractions in a probabilistic setting. We then
construct finite abstractions together with their corresponding stochastic sim-

ulation functions for a particular class of nonlinear stochastic hybrid systems.
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To illustrate the effectiveness of the proposed results, we apply our approaches
to a temperature regulation in a circular building (presented as a running ex-
ample) and construct compositionally a discrete-time abstraction of a network
containing 1000 rooms. We employ the constructed discrete-time abstractions
as substitutes to compositionally synthesize policies regulating the temperature

of each room for a bounded time horizon.

Recent Work. A limited subset of the provided results in this paper has
been recently presented in [3I]. Our approach here differs from the one in [31]
in three main directions. First and foremost, we provide here a compositional
framework for the construction of finite MDPs for networks of continuous-time
stochastic hybrid systems, whereas the proposed results in [31] only deal with
a single system. In this regard, we propose a max small-gain condition in
which the overall error is completely independent of the size of the network,
and is computed only based on the maximum errors associated to subsystems.
Second, we enlarge the class of systems to continuous-time stochastic hybrid
ones, while the results in [31] only deal with stochastic control systems. As our
third main contribution, we propose a construction framework of finite MDPs for
a particular class of nonlinear stochastic hybrid systems by adding nonlinear
terms together with Poisson processes to the dynamics, whereas the results
in [3T] only handle a class of linear affine systems. In addition, we provide the
proofs of all statements here which were omitted in [31].

Organization. The rest of the paper is organized as follows. Section 2]
gives mathematical preliminaries and notations, and also the formal definition
of continuous-time stochastic hybrid systems. In Section [3| we first introduce a
notion of stochastic pseudo-simulation functions for the stochastic hybrid sub-
systems with internal inputs, and then define the stochastic simulation functions
for the interconnected systems without internal inputs. Section [4] contains the
main compositionality results of the paper. In Section [5] we provide a con-
struction framework of finite MDPs for a particular class of nonlinear stochastic

hybrid systems.
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2. Preliminaries and Model Classes

2.1. Preliminaries

We consider a probability space (€2, Fo, Pq), where € is the sample space, Fq
is a sigma-algebra on {2 comprising subsets of ) as events, and P, is a probability
measure that assigns probabilities to events. We assume that random variables
in this paper are measurable functions of the form X : (Q, Fq) — (Sx,Fx).
Any random variable X induces a probability measure on its space (Sx,Fx)
as Prob{A} = Po{X1(A)} for any A € Fx. We often directly discuss the
probability measure on (Sx, Fx) without explicitly mentioning the underlying
probability space and the function X itself.

A topological space S is called a Borel space if it is homeomorphic to a Borel
subset of a Polish space (i.e., a separable and completely metrizable space). Any
Borel space S is assumed to be endowed with a Borel sigma-algebra, which is
denoted by B(S). Examples of a Borel space are the Euclidean spaces R", its
Borel subsets endowed with a subspace topology, as well as hybrid spaces. We
consider a map f : S — Y measurable whenever it is Borel measurable.

We also assume that triple (2, Fo, Pg) denotes a probability space endowed
with a filtration F = (F;)s>0 satisfying the usual conditions of completeness
and right continuity. Let (Wy)s>0 be a b-dimensional F-Brownian motion, and
(Ps)s>0 be an r-dimensional F-Poisson process. We assume that the Poisson
process and Brownian motion are independent of each other. The Poisson pro-
cess Py = [PL;--- ;P%] models r events whose occurrences are assumed to be

independent of each other.

2.2. Notation

We employ the following notation throughout the paper. We denote the
set of nonnegative integers by N := {0,1,2,...} and the set of positive in-
tegers by N> := {1,2,3,...}. The symbols R, Rs¢, and R>o denote the
set of real, positive and nonnegative real numbers, respectively. We employ

x = [r1;...;2N] to denote the corresponding vector of dimension ), n;, given
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N vectors z; € R™ n; € N>y, and i € {1,..., N}. Given functions f; : X; — V5,
for any ¢ € {1,..., N}, their Cartesian product Hf\il fi: vazl X; — vazl Y;
is defined as (Hf\il fi)@y,...;xn) = [fi(z1);...; fn(zn)]. We denote by || - ||
and || - ||2 the infinity and Euclidean norms, respectively. Given a measurable
function f : N — R”, the (essential) supremum of f is denoted by | fllec =
(ess)sup{|| f(k)||, k > 0}. The identity matrix in R™*" is denoted by I,. The
column vectors in R™*! with all elements equal to zero and one are denoted by
0,, and 1,,, respectively. The identity function and composition of functions are
respectively denoted by Z; and symbol o. A function v : R>¢g — R>¢, is said
to be a class K function if it is continuous, strictly increasing, and v(0) = 0. A

class K function v(-) is said to be a class K if v(r) = 0o as r — oo.

2.3. Continuous-Time Stochastic Hybrid Systems

We consider stochastic hybrid systems in continuous-time (ct-SHS) defined

over a general state space as in the following definition.

Definition 2.1. A continuous-time stochastic hybrid system (ct-SHS) in this

work s characterized by the tuple
=X, UWUW,f,opY, h), (1)
where:
e X CR™ is the state space of the system;
o U C R™ is the external input space of the system;

o W C RP is the internal input space of the system;

U and W are subsets of the sets of all F-progressively measurable processes

taking values in R™ and RP;

o f: X xUXxW — X is the drift term which is globally Lipschitz con-
tinuous: there exist constants Ly, £, Lw € R>q such that || f(x, v, w) —
fl@ V|| < Lelle —2' ||+ Lo|lv— V|| + Lollw—w'|| for all z,2’ € X,

for allv,v' € U, and for all w,w' € W;
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o 0 :R" — R" b is the diffusion term which is globally Lipschitz continuous

with the Lipschitz constant £, ;

e p: R™ — R"™ " 4s the reset term which is globally Lipschitz continuous

with the Lipschitz constant £,;
e Y C RY? is the output space of the system;
e h: X —Y is the output map.

A continuous-time stochastic hybrid system X satisfies

5. ) 480 = F(E®), v(t), w(t) dt + o (£(1)) dW: + p(£(2)) dPy, @)
¢(t) = h(&(®)),

P-almost surely (P-a.s.) for any v € U and any w € W, where stochastic
processes £ : 2 x R>¢g — X and ¢ : Q@ x R>o — Y are called the solution process
and the output trajectory of ¥, respectively. We also employ &, (t) to denote
the value of the solution process at time ¢ € R>o under input trajectories v and
w from initial condition &,,.,(0) = a P-a.s., where a is a random variable that
is Fo-measurable. We also denote by (,.., the output trajectory corresponding
to solution process &q.. Here, we assume that the Poisson processes PZ, for
any z € [1;r], have the rates A,. We emphasize that the postulated assumptions
on f,o, and p ensure existence, uniqueness, and strong Markov property of the

solution process [32].

Remark 2.2. Note that the underlying dynamic considered in (2|) is a class
of stochastic hybrid systems in which the drift and diffusion terms model the
continuous part and the Poisson process models the discrete jump of the system.
In fact, as showed in [7], linear stochastic hybrid automata are a class of the
systems defined in . The employed notion of hybrid systems here is different

from the one presented in [35].

Remark 2.3. In this paper, we are ultimately interested in investigating continuous-

time stochastic hybrid systems with possibly large-state dimensions but without
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Figure 1: A circular building in a network of 1000 rooms.

internal inputs. In this case, the tuple reduces to (X, U, U, f,o,p,Y,h) with
f: X xU—= X, and ct-SHS can be re-written as

dg(t) = f(&(t), v () dt + o (£(2)) AW, + p(£(¢)) dPy,

¢(t) = h(&(?)).
The interconnected stochastic hybrid systems, defined later in Subsection
are also a class of hybrid systems without internal inputs, resulting from the

interconnection of ct-SHSs with both internal and external inputs.

For the sake of better illustration of the results, we provide our case study
as a running example throughout the paper.

Case Study. Consider a network of n = 1000 rooms each equipped with
a heater and connected circularly as depicted in Figure The model of this
case study is adapted from [34] by including nonlinearity and stochasticity in
the model. The evolution of the temperature T'(-) can be described by the

interconnected stochastic differential equation

dT(t) = (AT (t) + 0T, (t) + BTr + ¢(£(t))dt + GAW, + RdP;,

P (3)
C@t) =1(),

where A is a matrix with diagonal elements a;; = —2n — 3, i € {1,...,n},

off-diagonal elements a; ;41 = @j41; = @10 = a1 =1, ¢ € {1,...,n — 1}, and

all other elements are identically zero, G = 0.5I,,, R = 0.2L,, and ¢(£{(¢)) =
[0.501(0.5&1(t)); . - 5 0.5¢,(0.5&,(¢))] with ¢;(z) = sin(z), Vi € {1,...,n}. Pa-

rameters n = 0.05, 5 = 0.005, and 6 = 0.01 are conduction factors, respectively,
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between the rooms ¢+1 and 7, the external environment and the room ¢, and the
heater and the room i. Moreover, T = [T¢,;...;Te, ], v(t) = [v1(t); .. .;vn(t)],
and T'(t) = [T1(t);...;Tn(t)], where T;(t) is taking values in the set [20,21],
for all i € {1,...,n}. Outside temperatures are the same for all rooms: T,; =

—1°C, Vi e {l,...,n}, and the heater temperature is T, = 50°C..

2.4. Discrete-Time Finite Abstractions of ct-SHS

In this subsection, we discuss discrete-time finite abstractions (also known
as finite Markov decision processes) of continuous-time stochastic hybrid sys-
tems. Note that in the setting of this paper, the infinite abstraction refers to
an approximation of the original system in the discrete-time but continuous-
space domain, while the finite abstraction is another approximation in both
discrete-time and discrete state set. In order to propose the construction pro-
cedure for finite abstractions, we first need to introduce infinite abstractions
as time-discretized versions of ct-SHS in as defined next, because our finite

abstractions are constructed from the infinite discrete-time counterparts.

Definition 2.4. A discrete-time infinite abstraction of ct-SHS X is denoted by
the tuple

£ (X006 F.7.). ()
where:

e X CR"™ is a Borel space as the state space of the system. We denote by
(X,B(X)) the measurable space with B(X) being the Borel sigma-algebra
on the state space;

e U CR™ is a Borel space as the external input space of the system;

o W C RP is a Borel space as the internal input space of the system;

e ¢ is a sequence of independent and identically distributed (i.i.d.) random

variables from a sample space ) to the set V_,
¢:={s(k): Q= V., keN}

10
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o [ XxUXxW xV, = X is a measurable function characterizing the state

evolution of the system;
e Y C RY is a Borel space as the output space of the system;

e h: X =Y is ameasurable function that maps a state T € X to its output.

For given initial state #(0) € X and input sequences {#(k) : @ — U, k € N}

and {w(k) : Q — W, k € N}, evolution of ¥ can be written as

ke N. (5)

We associate to U and W the sets & and W to be the collections of sequences
{p(k) : @ = U, k € N} and {@(k) : @ — W, k € N}, in which (k) and
w(k) are independent of ¢(t) for any k,¢ € N and ¢ > k. For any initial state
a € X, »(-) €U and w(-) € W, the random sequences &zp5 : @ x N — X,
Cav : 2 x N = Y satisfying are respectively called the solution process and
output trajectory of ¥ under external input 7, internal input w, and initial state
a.

A discrete-time infinite abstraction of ct-SHS ¥ in can be equivalently
represented as a Markov decision process (MDP) [35]

i = <X,6,W, 5251775)’

where the map Ty : B(X) x X x U x W — [0,1], is a conditional stochastic
kernel that assigns to any & € X , U E U ,and w € W, a probability measure
Tx(-|#, 7,%) on the measurable space (X, B(X)) so that for any set A € B(X),

P(i(k + 1) € A| @ (k), 5(k), 0 (k)) :Afg(daé(k +1)|E(k), 5(k), (k).

For given inputs #/(-),(-), the stochastic kernel Ty captures the evolution of the
state of & and can be uniquely determined by the pair (g, f ) from .
Given the discrete-time stochastic hybrid system presented in , we are

interested in the following Markov policies to control the system.

11
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Definition 2.5 ([36]). A Markov policy for the discrete-time stochastic hybrid
system Y in (B) is a sequence i = (fo, i1, fi2,...) of universally measurable
stochastic kernels fi,, each defined on the input space U given X x W. The
class of all such Markov policies is denoted by M,.

A Markov policy is very similar to the notion of state feedback in control the-
ory. According to the above definition, the Markov policy observes the exact
values of state £(n) € X and internal input @w(n) € W at time step n, and
selects the external input 7(n) € U as a sample from the probability measure
fin(-|£(n), @(n)).

Now we proceed with constructing finite MDPs ¥ as finite abstractions of
the discrete-time stochastic hybrid systems ¥ presented in (5). The abstraction
algorithm is adapted from [37] with some modifications. We assume the state
and input sets of Y are restricted to compact subsets over which we are inter-
ested to perform the synthesis. The rest of the state sets can be considered as
single absorbing states in both 5 and 3. In order to make the notation easier,
we assume this procedure is already applied to the system and eliminate the
absorbing states from the presentation. Then the abstraction algorithm in this
work is based on finite partitions of sets X = U, X, U= U.U,, and W = U, W,
and selection of representative points {rz eX,, v, € U,, and w, € W, as abstract

states and inputs as in the following definition.

Definition 2.6. Given a ct-SHS Y = (X, U, W, U, W, f,0,p,Y, h) with its time-
discretized version ¥ = (X,ﬁ,W,g,f,Y, ﬁ), the finite abstraction S can be
represented as

S=(X,0,W,, f,Y,h), (6)
where X = {£.,2 = 1,...,n§~}, U = {V.,2z=1,...,n5}, and W = {w,,z =
1,...,ng} are the sets of selected representative points. Function f: X x U X
W x V. — X is defined as

f(é,ﬁ,?f),ﬂZ(I)E(f(g,f/,l&Q), (7)

where P X — X is the map that assigns to any £~ € X, the representative

12
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point £ € X of the corresponding partition set containing 5 The output map h
is the same as h with its domain restricted to finite state set X and the output
set Y is just the image ofX under h. The initial state of S is also selected
according to & = @5(50) with & being the initial state of 3.

Abstraction map <I)§~ presented in satisfies the inequality
1P(§) €l <6, VE€X, (8)

where § is the state discretization parameter defined as § := sup{[|—¢'||, £, €& €
X,, z= 1,2,...,n§~}.

Remark 2.7. Note that there is no restriction on discretizing the state, external
and internal input sets. However, the size of the state discretization parameter §
appears in the formulated error (cf. ): one can decrease the error by reducing
the state discretization parameter. We also do not have any constraint on the
shape of the partition elements in constructing the finite MDPs. For the sake of
easy implementation, one can consider the partition sets as boxes and the center

of each box as representative points.

Remark 2.8. Note that in order to satisfy the abstraction condition proposed
m with bounded §, we need to restrict ourselves to compact subsets of the

state and input spaces, and construct finite partitions from them.

A schematic relation between X, ENJ, and 3 is depicted in Figure In the next
sections, we provide a framework for compositional synthesis of interconnected
discrete-time (finite or infinite) abstractions from ct-SHS. We define notions of
stochastic pseudo-simulation and simulation functions for quantifying the prob-
abilistic error between the original continuous-time stochastic hybrid systems
and that of their discrete-time (finite or infinite) abstractions with and without

internal inputs, respectively.

3. Stochastic Pseudo-Simulation and Simulation Functions

In this section, we first introduce a notion of stochastic pseudo-simulation

functions (SPSF) for ct-SHS with both internal and external inputs. We then

13
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Figure 2: A schematic relation between 3, i and 5.

define a notion of stochastic simulation functions (SSF) for ct-SHS with only
external inputs. We mainly employ these two definitions to quantify the prob-
abilistic closeness of interconnected continuous-time stochastic hybrid systems

and their discrete-time (finite or infinite) abstractions.

Definition 3.1. Consider a ct-SHS ¥ = (X, U,W,UW, f,0,p,Y,h) and its
(in)finite abstraction S = (X, UW,s, f,Y, }AL) with internal inputs. A function
S:XxX — R>g is called a stochastic pseudo-simulation function (SPSF) from
Sty if

e Ja € K such that

Vo e X,VieX, a(|h(z)—h@)|]) < S(z,2), (9)

o Vk € N, V& := £(kr) € X,VE := (k) € X, and Vo == D(k) € U, Yw :=
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w(kr) € W, Vi := w(k) € W, 3v := v(kr) € U such that

B|S(E((k + 17,k +1) | &€ v,7,w, 0

< max {rS(€,€). puu (0 = b)) pee (7], 0}, (10)

for some chosen sampling time 7 € Rsg, 0 < k < 1, pext, Pint € Koo, and

¥ € Ryp.

We write 3. =ps X if there exists an SPSF S from S to >, and call the hybrid
system S a discrete-time (in)finite abstraction of concrete (original) system
Y. Abstraction & could be finite or infinite depending on cardinalities of sets
X,U,W.

Remark 3.2. Note that since the concrete system in this work is considered in

continuous-time domain, one can employ Dynkin’s formula [38] and establish

the following equality:

B|S(¢((k + 1)7), €0k + 1) [ £(k7), £(h), v(kr), 5(R), w(kr), (k)|

(k+1)T

— B [S(6(kr), &+ 1) B[ [ £(60, €0+ )] | €001, 008, 0]

kT
where LS is the infinitesimal generator of the stochastic process acting on func-
tion S [4l], and E. is the conditional expectation acting only on the noise of the
abstract system. The above Dynkin’s formula is employed later in Subsection|5. ]

to show the results of Theorem[5.1}

Remark 3.3. Note that the above definition does not put any restriction on
the state set of abstract systems; therefore, it can also be employed to establish

a stochastic pseudo-simulation function from infinite abstractions v presented

in to X (cf. the case study).

Remark 3.4. Condition implicitly implies existence of a function v(t) =
Vf,(f(/ﬁ'),é(k),w(kT),’LfJ(k)), for any kT <t < (k+1)7, fulfilling inequality ,

This function is called an interface function and can be employed to refine a

synthesized policy U for Stoa policy v for X.

15
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Now, we adapt the above notion to the interconnected ct-SHS without in-
ternal inputs by omitting all the terms related to w,w which will be utilized in

Theorem [3.6] for relating interconnected systems.

Definition 3.5. Consider a ct-SHS ¥ = (X,U,U, f,0,p,Y,h) and its finite
abstraction 3 = (X, ﬁ,q, f,f’, il) without internal inputs. A function V : X x
X > R>o is called a stochastic simulation function (SSF) from Sty if

e Ja € Ko such that

Vo e X,Vie X, a(|h@)—h@)|) < V(z,2), (11)

o Vk e N, Ve :=&(kr) € X,VE :=¢E(k) € X, and Vo == 0(k) € U, Jv :=
v(kt) € U such that

E[V(E((k+ D7), é(k + 1) [ &€ v,9] < max {kV(€,€), pexs (121), ¥}
(12)

for some chosen sampling time 7 € Rsg, 0 < k < 1, pext € Koo, and

¥ € Ryp.

We write & <s X if there exists an SSF V from T to 3, and call the hybrid
system S a discrete-time (in)finite abstraction of concrete (original) system X.

The next theorem shows how SSF can be utilized to compare output tra-
jectories of original interconnected continuous-time stochastic hybrid systems
and that of their discrete-time (finite or infinite) abstractions. This theorem
is borrowed from [I6, Theorem 3.3] with slight modification, and holds for the
setting here since the max form of SSF here implies the additive form used in

[16].

Theorem 3.6. Let X = (X, U, U, f,0,p,Y,h) be a ct-SHS and S = (X, U,s, f,
Y, il) its discrete-time abstraction without internal inputs. Suppose V is an SSF
from S to . For any input trajectory v(-) € U that preserves Markov property
for the closed-loop EAI, and for any random variables a and a as the initial states

of the ct-SHS and its discrete-time abstraction, there exists an input trajectory
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v(-) € U of ¥ through the interface function associated with V' such that the

following inequality holds:

P s i) o)) > el fial | (13)

0<k<Ty

. 1—<1—V§?;§)><1—a%i)>ﬂ z‘fa(e>zg7
(L)1 = m)T + () (= (1= R)T1) ifa(e) < £,

where constant Y > 0 satisfies ¥ > pexs ([|0]l00) + ©-

4. Compositional Abstractions for Interconnected Hybrid Systems
In this section, we analyze networks of stochastic hybrid subsystems
¥ = (X5, Ui, Wi, Uy, W, fiy 04y pis Yi, Ri)s ie{l,...,N}, (14)
and discuss how to construct their finite abstractions together with an SSF

based on corresponding SPSF functions of their subsystems.

4.1. Interconmected Stochastic Hybrid Systems

We consider a collection of stochastic hybrid subsystems ¥; as in where

their internal inputs and outputs are partitioned as
w; = [wit;. .. s Wi(i—1)5 Wi(i41)5 - - S WiN],
Yi = [yi1;- -5 vind, (15)

and their output spaces and functions are of the form
N
Y; = HYija hi(zi) = [hi1(@3); - - s han (24)]- (16)
j=1

The outputs y;; are interpreted as external ones, whereas the outputs y;; with
i # j are internal ones which are employed to interconnect these stochastic
hybrid subsystems. For the interconnection, if there is a connection from X;
to X;, we assume that w;; is equal to y;;. Otherwise, we put the connecting
output function identically zero, i.e. h;; = 0. Now we define the concrete

interconnected stochastic hybrid systems.
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Definition 4.1. Consider N € N>y stochastic hybrid subsystems ¥; = (X;,U;
Wi Ui, Wy, fiy 0y pis Yiy he), i € {1, ..., N}, with the input-output configuration
as in and . The interconnection of ¥; for any i € {1,..., N}, is the
concrete interconnected stochastic hybrid system ¥ = (X, U, U, f,o0,p,Y,h), de-
noted by Z(S1,...,Yn), such that X == [[o, Xi, U =1L, Ui, f =TI, fi,
o = [o1(z1); - son(@n)l p o= [pr(@1); - spn(an)], Vo= Tl Ya, and

h= Hf\il hii, subject to the following constraint:
Vije{l,...,N}hi#j: wji=yi;, Yy © Wi

Remark 4.2. Note that we employ the term “internal” for inputs and outputs
of subsystems that are affecting each other in the interconnection: internal out-
put of a subsystem affects internal input of another subsystem. We wutilize the
term “external” for inputs and outputs that are not used for the sake of con-
structing the interconnection. Properties of the interconnected system are spec-
ified over the external outputs. The main goal is to synthesize external inputs

to satisfy desired properties over external outputs.

An example of the interconnection of two concrete stochastic hybrid subsystems

>1 and X, is illustrated in Figure

Y11
— 7
Vi Wiz X Y1z
| |
(%1, %2) | ;% !
| |
V2 | wy PO Yo1
| F— | 5
W, P, | ' Y22
toy Lty o - - o o= |

Figure 3: Interconnection of two concrete stochastic hybrid subsystems 3; and Xs.

Case Study (Continued). By considering the individual rooms as

18
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>; described by

dT;(t) = (auTi(t) +0Tpv;(t) +nw; () + BT, +0.5¢;(0.5;(t)) ) dt+0.5dW,,
i + 0.2dP;,,

Gi(t) = Ti(1),
one can readily verify that ¥ = Z(X1,..., Xy) where w;(t) = [¢;_1(t); (i1 (£)]
(with (o = (s Cat1 = C1)-

4.2. Compositional Abstractions of Interconnected Hybrid Systems

In this subsection, we consider X; = (X;, U, Wi, Ui, Wi, fi, 04, pi, Yi, i) as
an original ct-SHS and S as its discrete-time finite abstraction given by the
tuple f]z = (X'Z, Ui, Wi, s, fi, ffi, ilz) with the input-output configuration similar
to and , where Wi C W; and f’l C Y;. In order to present the compo-
sitionality results of the paper, we assume there exist SPSF S; from f]z to X;
satisfying conditions @, in Deﬁnitionwith the corresponding functions
and constants denoted by «;, Pinti, Pexti> Ki, and ;. Since we construct our
finite MDPs ii from time-discretized versions of original systems (i.e. from ii),
we define here the abstraction map ¢1Dji on Wji that assigns to any w;; € Wji
representative point w;; € Wji of the corresponding partition set containing

wj;. The mentioned map satisfies
1@, (@5i) — Dyl < pgi,  Vijs € Wi, (17)

where pj; is an internal input discretization parameter defined similar to &
in . Now we define a notion of interconnection applicable to discrete-time
finite abstractions. Note that condition helps us to freely take quantization

parameters of internal input sets at the cost of having an additional error term

formulated in v in .

Definition 4.3. Consider N € N> finite stochastic hybrid subsystems il =
(XZ',UhWZ‘,Q,ﬁ,K,}AL'), i € {1,...,N}. The interconnection of fll is the fi-

nite interconnected stochastic hybrid system S = (X U,s f f/ A) denoted by
I(El,...,EN), such that X := Hi:lXi’ U : H = [s1,.--,N],
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f= vazl fi, Vo= vazl Yii, and h = Hivzl hii, subject to the following con-
straint:

Vi>j€{1’ .- '7N}7i #7: wji = (I)"Dji(gij)’ ¢7bji(f/i.j) - Wji‘

Now we raise the following small-gain assumption that is essential for the com-

positionality result in this section.

Assumption 1. Assume that there exist Ko, functions gf,j\ such that (X —

T4) € Koo and K functions k;; defined as

KiS if 1 =7,

(Za+0f) o ptio Aoa; '(s)  ifi# .

Kij(s) :=

satisfy

Kiyiy © Kigiz © *** © Ki,_yi, © Ki.iy < Td (18)
for all sequences (i1, ... i) € {1,...,N}" andr € {1,...,N}.
The small-gain condition implies the existence of Koo functions &; [39,
Theorem 5.5], satisfying

ma'x{&;lomjoc‘rj}<l'd, i,j={1,...,N}. (19)

2¥)

Remark 4.4. Note that since oy, o; in Assumption[]] are K functions and

consequently strictly increasing, their inverses always exist.

Remark 4.5. Note that the small-gain condition is a standard one in
studying the stability of large-scale interconnected systems via input-to-state sta-
ble Lyapunov functions [£0, [£1).

This condition is automatically satisfied if each ry; is less than identity (kq; <
Za,Vi € {1,...,N}). Since this condition should be satisfied for all possible
sequences (i1,...,t.) € {1,...,N}",r € {1,..., N}, it allows some subsystems
to compensate the undesirable effects of other subsystems in the interconnected

network such that this condition is satisfied.
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In the next theorem, we employ small-gain Assumption [I| to quantify the
error between the interconnection of continuous-time stochastic hybrid subsys-

tems and that of their discrete-time abstractions in a compositional manner.

Theorem 4.6. Consider an interconnected ct-SHS ¥ = Z(%1,...,XN) induced
by N € N1 continuous-time stochastic hybrid subsystems X;. Suppose that
each ¥; admits a discrete-time abstraction i together with an SPSF S;. If
Assumption holds and max; 6;1 for &; as in s concave, then function
V(x, %) defined as

V(z, &) := miax{z?i_l(Si(xi,i‘i))}, (20)

~

is an SSF from & =7(S1,...,5x) to X =T(S1,...,5N).

The proof of Theorem is provided in the Appendix.

The results of Theorem are schematically depicted in Figure[d As illus-
trated, if there exists an SPSF S;(x;, #;) between each original subsystem and
its corresponding finite MDP, one can construct an SSF V(x,Z) as proposed
in between the interconnected original system and its interconnected finite

abstraction provided that the small-gain condition is satisfied.

5. Construction of Stochastic Pseudo-Simulation Functions

In this section, we impose conditions on the infinite ct-SHS ¥ enabling us to
establish an SPSF from its finite abstraction S to ¥. The required conditions are
presented for a particular class of continuous-time nonlinear stochastic hybrid
systems as in the next subsection.This is one of the contributions of our work

compared to [31] in which only the class of linear affine systems is handled.

5.1. A Class of Nonlinear Stochastic Hybrid Systems

In this subsection, we focus on a special class of continuous-time nonlinear
stochastic hybrid systems Y and quadratic pseudo-stochastic simulation func-

tions S. First, we formally define this class of systems. Afterwards, we construct
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Figure 4: Compositionality result of the paper given that the small-gain condition (18] is
satisfied.

their finite abstractions 3 as discussed in Subsection and then provide con-
ditions under which a nominated S is an SPSF from ¥ to .
The class of continuous-time nonlinear stochastic hybrid systems is defined

as

dé(t) = (AE(t)+Bu(t)+ Dw(t)+ Ep(FE(t)+b) dt+GdW, +> . R.dP3,
¢(t) = C&(1),

DI

(21)

where A € R™" B € R™™, C ¢ R, D ¢ R"¥P, E ¢ R™!, F ¢ RI*n,
G e R beR™! and R; € R™* ¥z € [1;--- ;r]. We use the tuple

2:(A7B?C7D7E7F’G’b3R7SD’A)7

where R = {Ry,..., R}, A = {\1,..., A/} with A, as the rates of Poisson pro-
cesses P}, to refer to the class of stochastic hybrid systems in . The discrete-
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time infinite abstraction of ¥ is described by

~ |k +1) =E(k) + o(k) + Dw(k) + Re(k),

P . keN, (22)
(k) = C&(k),

where D and R are arbitrarily chosen. Our goal here is to use ¥ as the time-
discretized version of ¥ in order to establish an SPSF from ¥ to ¥ via & while
finding the best approximation error. Later, we show that R=0, and D =
0, xp result in the least approximation error (cf. Remark .

Case Study (Continued). The discrete-time infinite abstraction of
Y is given by

s Ti(k + 1) = Ti(k) + v (k),
Cl(k) = Tz(k)v

Note that, as discussed in Remark we consider here Rl = Di =0

ke N.

in order to have the smallest constants 1); for each S; (which results
in smaller probabilistic error).

We present the discrete-time finite abstraction of Y as

5. E(k +1) = Dg(£(k) + (k) + D(k) + Re(k)),

. o ke N, (23)
(k) = C&(k),

where map (I)E : X — X satisfies inequality . Now we nominate the following
quadratic simulation function
S(x,#) = (v — P#)"M(x — P#), (24)

where P is a square matrix and M is a positive-definite matrix of appropriate
dimension. In order to show that the nominated S in is an SPSF from 3.

to X, we require the following two key assumptions on .

Assumption 2. Assume that there exists a concave function v € Ko such that

S satisfies
S(x,a’) = Sz, ") < ~(||la" — "), (25)

for any x, 2’ 2" € X.
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Note that as shown in [4] and by employing the mean value theorem, As-
sumptionis always satisfied for function S in being restricted to a compact
subset of X x X.

Assumption 3. LetY = (A, B,C,D,E,F,G,b,R,p,\). Assume that for some
constant k € Rsg, there exist matrices M = 0, K, P, Q, L and H of appro-

priate dimensions such that the following matriz (in)equalities hold:

(A+BK)"M + M(A+ BK) < —&M, (26)
AP = BQ, (27)

E = BL, (28)

D = BH. (29)

Note that there exist matrices @), L, and H satisfying conditions , ,
and if and only if im AP C im B, im ¥ C im B, and im D C im B,
respectively. Now, we provide another main results of the paper showing that

under Assumptions [2| and |3} function S in is an SPSF from ¥ to .

Theorem 5.1. Let ¥ = (A,B,C,D,E,F,G,b,R,p,\) and S be its discrete-
time finite abstraction with discretization parameter . Suppose Assumptions[g
and@ hold, and C =C =CP. Then function S in is an SPSF from T to
3.

The proof of Theorem [5.1]is provided in the Appendix.

Remark 5.2. Note that we nominated the simulation function in the quadratic
form as in and obtained the matriz inequality condition . Satisfying
this inequality has a necessary and sufficient condition which is stabilizability of
the pair (A, B). Alternatively, other forms of simulation functions can be used
but the corresponding required conditions need to be obtained according to the

definition of the simulation function and for example sum of squares programs

42
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Case Study (Continued). Conditions (26)-([29) are satisfied by M; =
1,P, =1,Q; = -021,L; = 1,H; = 0.1. By taking 7 = 0.1,\; = 0.5,7m; =
1,7 = 0.99,8; = 0.01,0! = 1,7; = 0.01, function S;(T;(k7), T;(k)) = (Ty(kt) —
o Ty(k))? is an SPSF from ¥; to %; satisfying condition ©) with a;(s) = s%,Vs €
R>( and condition with £; = 0.99, pexti(s) = 2.04s, pinti(s) = 7.78 x
10711s?%, Vs € Rxg, and ; = 1.36 x 1075,
The functions and constants o, pext, pint € Koo, 0 < £ < 1, and ¥ € Ryq in
Definition associated with S in are obtained as

)‘min(M) 2
Oé(S) ::ms 5 VS S REO,
k:=1—(1—7)k,
~ 1 1
pext(s) :=(1+0)(=)7((1 + 5)(1 +7)(1+1")s), Vs € Rxo,
-1 . -
pint () :=(1+1/0) (=) (1 +8")e™*"rpm||VMD|3s*, Vs € Rxo,

Y =04 1/3) (=) (1 4+ 1/5)( (G MG + |37

T
r r
+ Z)‘zRZMRZ‘HTH \ MZ)\sz”g) +((1+1)d)
z=1 z=1

1 1 — 1. 1o

(1 + =)+ )/ Te(RTR)) +y((1+ =) (A+7) (1+ =) [ D[ 1@])),
n n n n

where K =1 —e " and 0 < @ < 1 and 0, ", 7, 77,7 > 0 are chosen arbitrarily.

Note that if « is linear, then pext, and ¢ defined in reduce to

pox(s) i=(1L+ B)(=(s), Vs € B,

=

v =(1+ 1/5)(%)(1 +1/5) (e (GT MG + ||/ 3b) 2

0

+ > ARIMR. 47| VM Y AR [5)+7(8)+v(y/ Te(RTR) +~(|[ D || [|]]))-
z=1 z=1

Remark 5.3. Note that for the abstraction Y in (122), pext, and ¥ defined
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m reduce to

pext(5) :=(1+ ) (== )y (L + ) (1 +17)s), Vs € R,

1
TR

W i=(1+ 1/5)(%)(1 +1/8) (e T (G"MG + 7 |VMb|3 + Y N\.RIMR.
z=1

VAT ZAZRZH%M«H%)\/ TT‘(RTR)HW((H??)(H%) 1D 1]1).
z=1

Moreover, if the abstraction Y is non-stochastic (i.e. R= 0,,) with D= 0, 5p;

then
pe(5) =(1 + H)(Z(s), Vs € Roo,
Y =04 1/8) (=) (1 4+ 1/8)(FH(GTMG + |/ 37
+ Y ARIMR. +x||VM Y A.R.|3). (30)
z=1 z=1

This means if the concrete system has some stability property, it is actually better
to go with the non-stochastic infinite abstractions than the stochastic ones since
the non-stochastic abstractions are closer than the stochastic versions to the

concrete systems (cf. the case study).

Remark 5.4. Note that not having any internal input in the abstract systems
n (i.e. D= 0,,xp) will actually result in less approzimation error. In
fact, the smart choice of the interface map in still ensures that the output
trajectories of abstract systems follow those of the original ones with a quantified

probabilistic error bound which gets smaller if D= 0 xp-

Case Study (Continued). Now we proceed with checking the small-gain
condition that is required for the compositionality result. By taking &;(s) =
s, Vi € {1,...,n}, condition and as a result condition are always
satisfied. Hence, V(T (k7), T'(k)) = max;(T;(k7) — Ty(k))? is an SSF from &
to ¥ satisfying conditions and with a(s) = s%,Vs € Rxq, £ = 0.99,
Pext (8) = 2.04s,Vs € R>q, and ¢ = 1.36 x 1078.

By taking the initial states of ¥ and Y as 20.51 1000, and utilizing Theo-
rem one can guarantee that the distance between outputs of ¥ and > will
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not exceed € = 0.5 during the time horizon Ty = 12 with probability at least
91%, i.e.,
P([[¢(kT) — C(k)|l < 0.5, Vk € [0,12]) > 0.91.

We now synthesize a controller for X via its discrete-time abstraction 3 such
that the controller keeps the temperature of each room in a safe set [20,21]. The
idea here is to design a local controller for the abstract subsystem ii, and then
refine it back to subsystem X; via the interface function. We employ the soft-
ware tool SCOTS [43] on a machine with Linux Ubuntu (Intel i7@3.6GHz CPU
and 16 GB of RAM) to synthesize controllers for 5 maintaining the temper-
ature of each room in the comfort zone [20,21]. The required memory usage
and computation time for synthesizing controllers for each room are respectively
184 MB and 70 seconds. Closed-loop state trajectories of a representative room
with different noise realizations in a network of 1000 rooms are illustrated in
Figure[5l Furthermore, several realizations of the norm of error between outputs
of ¥ and ¥ are illustrated in Figure @ In order to provide more practical anal-
ysis on the proposed probabilistic bound, we also run Monte Carlo simulation
for 10000 runs. In this case, one can statistically guarantee that the distance
between outputs of ¥ and 3 is always less than or equal to 0.24 with the same
probability (i.e., at least 91%). This issue is expected and the reason is due
to the conservative nature of simulation functions, but with the gain of provid-
ing formal guarantees on the probabilistic distance between output trajectories
rather than empirical ones. Note that we intentionally dropped the noise and
instead used SCOTS [43]. The reason is because we formally showed that if the
concrete system has some nice stability property and the two systems are in
continuous-time and discrete-time domains, it is actually better to construct

and employ the non-stochastic abstraction (as discussed in Remark [5.3]).

5.2. Analysis on Probabilistic Closeness Guarantee

In order to have a practical analysis on the probabilistic closeness guarantee,
we provide Table [1] in which we discuss the proposed closeness guarantees for

different values of time horizon, closeness precision, diffusion and reset terms.
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Figure 5: Closed loop state trajectories of a representative room with different noise realiza-

tions in a network of 1000 rooms, for T; = 12.
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Figure 6: Several realizations of the norm of the error between the outputs of ¥ and of i], ie.

¢(kT) = C(k)|, for Ty = 12.
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Table 1: Probabilistic error bound proposed in based on Ty, e,G and R.

Time horizon Ty 5 10 15 20 30 40
Probabilistic closeness | 96% | 92% | 88% | 85% | 78% | 71%
Precision ¢ 0.1 0.3 0.5 0.7 |09 1.1
Probabilistic closeness | 6% | 75% | 91% | 95% | 97% | 98%
Diffusion term G 0.1 0.3 0.5 0.7 |09 1.1
Probabilistic closeness | 63% | 59% | 53% | 45% | 35% | 27%
Reset term R 0.1 0.3 0.5 0.7 0.9 1.1
Probabilistic closeness | 75% | 68% | 53% | 37% | 23% | 12%

We fixed the employed parameters in the case study and computed the closeness
for different ranges of Ty, G, R,e. We have also fixed 7 = 0.03 for computing
the probabilistic bound for G, R. As seen, the probabilistic closeness guarantee
is improved by either decreasing Ty, G, R or increasing . Note that constant 1

in is formulated based on diffusion and reset terms as in .

6. Discussion

In this paper, we proposed a compositional framework for the construction of
discrete-time finite MDPs of continuous-time stochastic hybrid systems. We first
introduced notions of stochastic pseudo-simulation and simulation functions for
quantifying the probabilistic error between outputs of the original continuous-
time stochastic hybrid systems and those of their discrete-time (finite or infi-
nite) abstractions with and without internal inputs, respectively. We also de-
rived sufficient small-gain conditions for the compositional quantification of the
probabilistic distance between the interconnection of original continuous-time
stochastic hybrid systems and their discrete-time abstractions. We then con-
structed finite abstractions together with their corresponding stochastic pseudo-
simulation functions for a special class of nonlinear stochastic hybrid systems.

We illustrated the effectiveness of the proposed approaches by applying our
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results to the temperature regulation in a circular building and constructing

compositionally a discrete-time abstraction from its original continuous-time

dynamic in a network containing 1000 rooms. We employed the constructed

discrete-time abstraction as a substitute to compositionally synthesize policies

regulating the temperature of each room for a bounded time horizon. Providing

a construction framework of finite MDPs for general nonlinear stochastic hybrid

systems is still open as a potential direction for a future work.
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8. Appendix

Proof of Theorem We first show that SSF V in satisfies the
inequality for some K function a. For any & = [z1;...;2n5] € X and

& =[#1;...;2n] € X, one gets:
Ih(x) = h(@)]| = max{||hsi(2:) — his (@)1} < max{||ha(z:) = hi(@:)]]}
< mac{o (8, (@1, 20)} = A (max{or (i 2.)}) = BV (. )

where 5(s) = max; {a;l o (n(s)} for all s € R>¢, which is a K function

and holds with a = =1
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We continue with showing (12)), as well. Let (s) = max; ;{&; 'or;;05;(s)}.
It follows from that K < Zy. Since max; 7; !is concave, one can readily
acquire the chain of inequalities in using Jensen’s inequality, inequality ,
and by defining pext(+), and ¢ as
max;{G; ' © pexti(si)},

pext(s) =
st 8>0, ||[s1;---:8n]ll = s,

Y= mlaxﬁfl(Ai),

es  where A; := (Id + 5;1) o (pinti oMo (;\ — Id)_l(maxj’j#{uji}) + ’L/)Z) Hence, V'
is an SSF from ¥ to ¥ which completes the proof. |

Remark 8.1. Note that to show Theorem[].6, we have employed the following

inequalities:

Pint (@ + ) < pint 0 A(@) + ping © Ao (A — Ty)~L(b),
a+b<max{(Zg+ Sf)(a)v (Za + 5;1)([))},

for any a,b € R>q, where pint, 5f7 A, (5\ —Z4) € Ko

Proof of Theorem Since C' = CP, we have ||Cz—C#? < nAmax(CTC)
|z — P%||?, and similarly Ay (M)||z — P2|]? < (x — P2)TM(z — P%). One can

0 readily verify that #%HC:cféin < S(z, z) holds Vz, VZ, implying that

inequality @[) holds with a(s) = % 52 for any s € R>o. We proceed
with showing that the inequality holds, as well. Using Assumption [2| we

have

D= (k)| =E|S(E((k+1)7), €(k+1))

& & v 0w, 0] B[ S(E((k+1)7), €)
&&,v, 0w, 0| < B[SE((k+1)7),€)

v, 0w, )| +B[1(IE(k +1) = €]) [ €, 7).

€ v,0,0, 0| +B[S(E((h+1)7),€)

Now by employing Dynkin’s formula [38], one obtains
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B[V (€((k+1)r), €+ 1)) |, € v, 7]
= B[ max {o;  (Si&((k + V7). &k + 1)) } |, €1, 7]
< max {7 (B[Si(&((k + D7), &k + 1) [€.6,0.9])}
7 (B[Si(& ((k + 1)), &k + 1) 6,6, ii]) )
o7 (max{ri (Si (i, 82), pinsi (s = @il1), pesea (191, :3) }
a7 (mase{ s (S (e, 2)). prs (misel oy — s 1), e (1741 26:3)
ax &; Y (max{r;(S;(zs, %)), pinm(%ggg{ﬂyﬁ — Gji + Ui — P, (U50)111),
pesti(17:1), v:}) }
< mauc {7 (maoc{s (S, 1)), prass(max{ [y () = By )] + 5 = P @311,
pesai (1), ¥i}) |

< max {5i_1(max{ﬂi(5i(% i), Pintz‘(%ﬁ{a}l(sj(mj’ L)) + 1ji}); pexei([17il]), 1/%})}

|
=

< masc {7 (maue{ s (S, 1)), prans © Ml (85 (@,,)))
+ pin © Ao (3= Zo) ™ (max{ji}). posea (1741, :}) |

< max {777 (mane{i (Si(i, 20)), (L + 57) © pins © Mmac{a; (8 (. 2)}),
pesei([4]). A} }

= max {77! (manc{ (S (5, ), pessi (171, A:}) |

= max {7 ! (max{ri; 75 055 (5 (@7,85)). pesaa (1751, A1) }

= max {57 (max{x; 0 5;(V (2. 8)). pexea([4]). A} }

= max{r(V (2, 2)), pext (7)), 0}. (31)
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E[SE((h+1)7),€) | €€ v, 0,0, 0] +E[y(1€(k + 1) — 1) | €,9, 0]
(k+1)7

LS((1), E)dt|

= I [S(E,é)—HE{/

kT

&0, | TE |y(|€(k+ 1)~ EDJE. 2.

Since the infinitesimal generator LS acting on function S is defined as

£5(6,€) =0cS(€,E)7(€,v,w) + 5 Tr(o()o () 056 €))

+ 3 N(S(E+ p()eh. €) — S(€,6)), (32)

j=1
where €} denotes an r-dimensional vector with 1 on the j-th entry and 0 else-

where, and

0eS(&,€) = 2(E(t)—PETM,  0S(€,€) = 2M,

then one has

(k+1)7

B [S(€O+E[ [ Ls(ew. ] |€0.0] +B[2(1éGk+1) — EDJE. 7.0
~E.[si¢.6)+E[ [ (f“)&(f(t)—Pé)T MAE(t)+Bp(FS(t) + Bu(?)

+b+Duw(t)+GTMG +2(6(1) - PTM S MR+ )\ZRZTMRZ)dt}

z=1 z=1
€ 5,0 ]+B [y (1 €k +1) - €1 [€,9,].

Given any £(t), £(k), w(t) and w(k), we choose v(t) via the following interface

function:
v(t) = K(§(t)— P&(k))—QE(k) — Lo(FE(t))+ H (w(kr) —ib (k) — Hu(t), (33)

where kT <t < (k + 1)7. By employing conditions  (27), and , and
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the definition of the interface function in 7 we have

(k+1)7

Ec[5(6,6)+E| /k (2A£(t) = POTM(AE()+ B(FE(t) + Bu(t)+b + Du(t))

+GTMG + 2(€(t) - PETM Z AR, + Z AZRZTMRZ)dt] 1€, w}
z=1 z=1

(k+1)T

§0] <E[SE&+E[ [ ((e0)-POMI(A+

kT

+ B [1(Ié0k+1)—€])

BI)(€(t) ~PE) +b-+ D(w — 1)) +GTMG + 2(6(t)— P™M YA,

z=1

+ " ARIMR)dt] €5, 0] +B[1(1€(k+1) €[4, 5, ).
z=1
Using Young’s inequality [44] as ab < %ag + ibz, for any a,b > 0 and any
m > 0, by employing Cauchy-Schwarz inequality and using condition , one
has

(k+1)T

B [S(.6+B[ [ ()~ POTM(ABR) (D) ~PE-+b+ Dlw 1)

+GTMG +2(£(1) - PO™M Y AR+ AZRZTMRZ)dt] 1€, w}
z=1 z=1
(k+1)T

§.0.0] <E[SE&+E[ [ (~RS(e(e).&-+nIVATbI3

+ B [y(é(k+1)-€]) i

+al|VMD|3[w—d|3+GT MG+ N.RI MR, +||VM ZAZRZHg)dt}
z=1 z=1
(k+1)T

& 9v]+ B[y +1) =€) | €50 0] —Ec[S(€. O+ B[ [ ~ms(e(e). ot

kT

)
+7 (7| VMb||3+ || VMD|3|lw — |3+ G"MG+> \.RTMR,

z=1

4 VAT AR |€ 0] +E[(1€0k+1) — ). 5. 0]
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Using Gronwall inequality [45], one has

. (k+1)7 R
Ec[5(6,6)+E| / —RS(&(t), §)dt+7(m | VMD|3+ 7| VMDI||w — b3

kT
HGTMG + YN R MR 4wV Y AR )] |6 0]+ Ep (11 - €|
z=1 z=1
& 0,i| < B|e ™ S(€, O+ B[e (x| VMBI + pr|VAID| | —
+GTMG + Y AR MR, + x| VIS AR |52 ] +E [y (10+1)-€0)
z=1 z=1
é, uw} = e " S(E &) + e (G MG+r|VMb|[3 + pr||VMDI3|Jw — ||
T EAZRZMRZHHW ngnéwmw£<k+1>—é||>lé,a,uv}.

s Since function v defined in Assumption [2] is concave, using Jensen inequality

one has

E[1(IE(k+1)—€l) | €, 7, ]

—E {7(||§A(k+1)—(§+ D+ D+ Re) + (£ + 0+ Db +Re)—£])) |§,a,w}

SE[WS + o+ Db+ Re) | €, yw}

(1L +2)8) + E[2 (1 + D)l + Do + el | .7,

A+ + (4 DA+ [+ D bl +((1+ 1) 1+ Il €.,

DO+ D)+ DD )+((1+ )1+ (R ReD? | .5.10])

S8+ L) 4T+ o) (14 D)+ 1+ 21D | )
(1 D)+ 2B [IRITR | €,5.0])2)

—_

=y((1+0)6) +((1+ ) (1+7) (1+7")[12]) +7((1+%)(1+ﬁ')(1+%) 1D 1)

+((1 + %)(1 + %)\/Tr(RTR)), (34)

where 7,7,7"” € R~g. Then one can conclude that

3
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B[S(((k+1)7), €k + 1)) | &€ v, 9w, )

eRTS(€,€) +y((1+ n)(1+77’)(1+’”)\| o)) + e rpr | VMD|3||lw — @

+e M (GTMGH7|VMDb|3+Y A.RIMR.+7||[VM Y X.R.[[3)+7((141)d)

z=1 z=1

+w<<1+%><1+$> n(RTR>>+v<<1+%><1+ﬁ'><1+_,,>||D|\ o). (35)

Using the previous inequality and by employing the similar argument as the one

in [46, Theorem 1], one obtains

E[S(g((k +1)7),&(k + 1))
< max {5S(€,€), prma (w0 — ), pese (2], 0},

b V? V7 w’ w}

which completes the proof with

L )\min(M)
a(s) .—m527 Vs € RZOa
k=1 — (1 —7)F,
pess(8) =1+ (1 + D)L+ 7)(1+7)3). Vs € R

S

-1 ~
pins(8) :==(1 + 1/5)(i)(1 +6")e *rpr||VMD||35%, Vs € Rs,

P (1+1/5)( )(1+1/5’)( R (GTMG+7T||fbH2+ZA RTMR,

z=1

: 1 1 o—
+ 7| VM D AR.3) + (1 +0)8) + (1 + %)(1 + %) Tr(RTR))
z=1
1
’Y((H%)(lﬂ?)( 7,,)||D|| [@1])),
where s =1 —e ", 0< 7 < 1, and 4,8 > 0. |

Remark 8.2. Note that since the abstract system S in this work is considered in
discrete-time domain, then the infinitesimal generator LS(z, &) defined in

is different from the usual one that was employed in [4].
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