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Abstract

The paper studies discrete time market models with serial correlations. We
found a market structure that ensures that the optimal strategy is myopic for the
case of both power or log utility function. In addition, discrete time approximation
of optimal continuous time strategies for diffusion market is analyzed. It is found
that the performance of optimal myopic diffusion strategies cannot be approxi-
mated by optimal strategies with discrete time transactions that are optimal for
the related discrete time market model.
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1 Introduction

The paper investigates discrete time stochastic market models. We consider an optimal
investment problem that includes as a special case a problem where EU(Xr) is to
be maximized, where X represents the total wealth at final time 7" and where U(-)
is a utility function. We consider two types of utility function: U(z) = Inz and
U(z) = 6~ '2°, where § < 1 and 6 # 0. For continuous time market models, these
utilities have a special significance, in particular, because the optimal strategies for
them can be myopic. In that case they do not require future distributions of parameters

and do not depend on terminal time. In fact, the optimal strategies for power utilities
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for continuous time are myopic under some additional assumptions when the risk free
rate, the appreciation rate, and the volatility matrix are random processes that are
supposed to be currently observable (may be, with unknown prior distributions and
evolution law). Besides, these parameters must be independent of the driving Brownian
motion (i.e., it is the case of "totally unhedgeable” coefficients, according to Karatzas
and Shreve (1998), Chapter 6). The solution that leads to myopic strategies goes back
to Merton (1969); the case of random coefficients was discussed in Karatzas and Shreve
(1998) and Dokuchaev and Haussmann (2001).

The real stock prices are presented as time series, so the discrete time (multi-period)
models are more natural than continuous time models. On the other hand, continuous-
time models give a good description of distributions and often allows explicit solutions
of optimal investment problems.

For the real market, a formula for an optimal strategy derived for a continuous-
time model can often be effectively used after the natural discretization. However, this
strategy will not be optimal for time series observed in the real market. Therefore, it
is important to extend the class of discrete time models that allow myopic and explicit
optimal portfolio strategies. The problem of discrete-time portfolio selection has been
studied in the literature, such as in Smith (1967), Chen et al. (1971), Leland (1968),
Mossin (1968), Merton (1969), Samuelson (1969), Fama (1970), Hakansson (1971),
Elton and Gruber (1974,1975), Winkler and Barry (1975), Francis (1976), Dumas and
Luciano (1991), Ostermark (1991), Grauer and Hakansson (1993), Pliska (1997), and
Li and Ng (2000). If a discrete time market model is complete, then the martingale
method can be used (see, e.g., Pliska (1997)). Unfortunately, a discrete time market
model can be complete only under very restrictive assumptions. For incomplete discrete
time markets, the main tool is dynamic programming that requires solution of Bellman
equation starting at terminal time. For the general case, this procedure requires to
calculate the conditional densities at any step (see, e.g., Pliska (1997) or Gikhman and
Skorohod (1979)). This is why the optimal investment problems for discrete time can
be more difficult than for continuous time setting that often allows explicit solutions.

There are several special cases when investment problem allows explicit solution for

discrete time, and, for some cases, optimal strategies are myopic (see Leland (1968),



Mossin (1968), Hakansson (1971)). However, the optimal strategy is not myopic and
it cannot be presented explicitly for power utilities in general case. Hakansson (1971)
showed that the optimal strategy is not myopic for U(x) = /z if returns have serial
correlation and evolve as a Markov process.

In the present paper, we study the optimal investment problem for a incomplete
discrete time market under some general assumptions. We found a wide class of models
with serial correlation such that the optimal strategies are myopic for both power and
log utilities. In fact, the basic restrictions for this class of models are similar to the
ones that ensure optimality of myopic strategy in continuous setting. We present an
algorithm for calculation of optimal strategies. These strategies are analogs of Merton’s
optimal strategies for diffusion market model. Note that these strategies are different
from the strategies constructed via the natural discretization of the Merton’s strategies.

In addition, we found the following interesting consequence: the difference between
the optimal expected utilities for discrete time and continuous time models does not
disappear if the number of periods (or frequency of adjustments) grows. In particular,
we found that the optimal expected utility calculated for continuous time market cannot
be approximated by piecewise constant strategies with possible jumps at given times
{te}T_,, even if T — +o00 and t; — tx11 — 0 (see Corollary 5.1 below).

Our model includes the case when the risk-free rate may have correlation with the
risky asset. For simplicity, we considered single stock market only, but the generaliza-

tion for the multi-stock case is straightforward.

2 The market model

We consider a model of a market consisting of the risk-free bond or bank account with
price By and the risky stock with price Si, £ = 0,1,2,...,T, where T' > 1 is a given
integer. The initial prices Sg > 0 and By > 0 are given non-random variables.

‘We assume that

Sk = peSk—1(1 + &), (1)
Bk:pkkala k:1,2,...,T.

Here &, and pj are random variables. We assume that £ > —1 and p; > 1 for all k.



We are given a standard probability space (€2, F,P), where 2 is the set of all ele-
mentary events, F is a complete o-algebra of events, and P is the probability measure.

Let us describe our main assumptions about the distributions of & and p.

Let Z be a metric space.

We assume that the following condition is satisfied.

Condition 2.1 There exists a sequence {Ok}gz_ll of random variables that take values

i Z such that
(i) The pairs {(&, pr)}i_, are mutually conditionally independent given 0y, ..., 07_1;

(i) For any k = 2,..,T — 1, the pair (&, pr) does not depend on O, ...,0p_1 con-
ditionally given 01,...,0p_1. In addition, the pair (&1, p1) does not depend on

01,...,07_1 unconditionally.

(iii) Oy, Sk, and By, are currently observable, i.e., they are known at time k. (There-

fore, & and py are currently observable);

(iv) Fork =0,...,T—1, the conditional distributions of ({g+1, Pk+1) given (01, ..., 0k)

are known. (If k =0, then the unconditional distribution is known).

Note that Condition 2.1(iv) can be relaxed (see Remark 4.1 below).
In this model, {Gk}f;ll defines mutual dependence of the pairs {(&x, pr)} (see Re-
mark 2.1 below). In fact, the vector (61,...,0;) together with conditional distribution

of (§k+1,prr1) given (61,...,0;) describes information about &1 available at time k.

Remark 2.1 Condition 2.1(i)-(ii) is satisfied, for instance, if there exists a metric
space W and measurable functions Fy(-) : Z¥"1 x W — R2 such that (&, pr) =
Fr(01,...,0k_1,w), k = 1,...,T, where wy are mutually independent random vari-

ables that take values in VW and do not depend on {0)};_ .
We assume that the following more technical condition is satisfied.

Condition 2.2 (i) E{p] ¢} |61,...,0_1} < +oc a.s. fork =1,....T, t < k (if

k =1, then we mean the unconditional expectation); and



i) Forany k =1,...,T, there exist random variables M; > 0 and M,’ > 0 such that
k k
they are measurable with respect to the o-algebra generated by (61, ...,0k—1), and

such
P(& > My |61,...,0k-1) >0, P(& <=M |01,...,0k-1) >0 as.
(Again, if k =1, then we mean the unconditional probability).

Let Xg = 1 be the initial wealth of an investor at time & = 0, and let X be the
wealth at time k& > 0. We set that

Xk = BB + 7Sk, (2)

where [, is the quantity of the bond portfolio and where 7 is the quantity of the stock
portfolio. The pair (B, k) describes the state of the bond-stocks securities portfolio
at time k. We call the sequences of these pairs portfolio strategies.

We consider the problem of trading or choosing a portfolio strategy. Some con-

straints will be imposed on current operations in the market.

Definition 2.1 A portfolio strategy {(Bk,Vx)} is said to be admissible if
E{\BkBkl + Skl ‘ 01,-.-,«%} < 4oo as, k=0,1,...T—1,

and there exist measurable functions @, : R* x ZF¥ — R? such that

(Br, k) = Pr(S1, ..., Sk, Biy .., By, 01,...,6).

(In other words, By and i are defined by {Em, pm, Om I~ and they do not depend on

m=1>

the "future”, or on Skii, Bryi, Ok41 for all 1> 0.)

The main constraint in choosing a portfolio strategy is the so-called condition of

self-financing.

Definition 2.2 A portfolio strategy {(Bk,Vx)} is said to be self-financing, if

Xi1 — X = Bk (Bry1 — Br) + 9% (Sk+1 — Sk), k=0,1,....,T 1. (3)



Remark 2.2 We do not impose additional conditions on strategies such as restrictions
on short selling; furthermore, we assume that shares are divisible arbitrarily, and that
the current prices are available at the time of transactions without delay. A more
realistic model would allow (8, %) depend on the history up to k — 1 instead of k. In

any case, we shall ignore these difficulties here.

For the trivial, risk-free, ”keep-only-bonds” portfolio strategy, the portfolio contains
only the bonds, 74 = 0, and the corresponding wealth is Xy = SoBy/Bo = Hﬁlﬂ Pm.-
A k
Let Rk = Hm:l Pm-

Definition 2.3 The process )Zk 2 R,;le is called the discounted wealth.
Set gk 2 R;lsk, k>1, §0 2 Sp. Clearly, §k: = gk—l(l + &)

Proposition 2.1 (Dokuchaev and Savkin (2002), or Dokuchaev (2002), p.17). Let
{( Xk, )}, be a sequence, and let the sequence {(By,vk)}i_, be an admissible port-
folio strategy, where By, = (X — ’kak)Bk_l. Then the strategy {(Br,Vk)}i—, is self-

financing if and only if the process )Afk = R;l)?k evolves as
Xvk+1_)?k:7k(§k+1_§k)7 k=0,1,...,7T -1

It follows from this proposition that the sequence {v} = {yk}%:ol alone suffices to

specify self-financing portfolio strategy {(8k,Vx)}-

Definition 2.4 Let ¥ be the set of all sequences {vy} = {7 }}—5 such that the corre-
sponding self-financing portfolio strategy {(Bk,vk)} is admissible.

We shall call a sequence {y;} € ¥ self-financing strategy.

The following lemma will be useful.

Lemma 2.1 Let {v;} € Y be an arbitrary self-financing strategy, and let )?,’C be the
corresponding discounted wealth. Then the following holds for k=10,...,T —1:

(i) IfP(X; < 0) >0, then P(X},, <0) > 0;

(ii) If P(X, < 0,7, #0) >0, then P(X],, <0) > 0.



3 Problem statement

Let T' > 0 be a given integer, and let the initial wealth Xy = 1 be given. Let U(-) be a
utility function such that either U(z) = Inx or U(z) = 6 129, where § < 1 and 6 # 0.

More precisely, we assume that

Inz, x>0 §12d, z>0o0r x=0,0>0,
U(x):{ or U(CU)

—o0, <0 —00, r<0orxz=0,0<0.

Let A € [0, 1] be given.
We assume that Conditions 2.1-2.2 are satisfied.
We may state our general problem as follows: Find a self-financing strategy {v} € &

which solves the following optimization problem:
Maximize EU(R}Xr) over {y}eX (5)

: Xo =1,
subject to (6)
X, >0 as, k=1,2,...,T.

)

Note that Condition 2.2(i) ensures that the expectation EU (R%)?T) is well defined
for any admissible strategy, and it can take values in [—00, +00). Let us show this. By
the definition of admissible strategy, E|R*Xr| < E|X7| < +00. Hence EUT(R}Xr) <
+00, where U™ (z) = max(0,U(x)). Therefore, the expectation in (5) is well defined.
Remark 3.1 Clearly,

\ Xr, A=1
RTXT - { ~
Xr, A=0.
Therefore, our setting covers optimization of the total terminal wealth as well as opti-

mization of the discounted terminal wealth.

Additional definitions
For (z1,...,2;) € Z¥, k> 1, let
Ak(zl,...,zk)é {UGR: P(v§k+1 > —1‘(91,...,9k):(21,...,zk)> :1},

andlet Ag = {veR: P (v&y1 > —1)=1}.



Let the mapping Hy : R x 2¥ — RU{—oc}, k > 1, be defined as

Hy(v,2z1,. .., 28) 2 E{U (pzﬂ[l —|—v§k+1]) ‘ (01,...,0) = (zl,...,zk)},

and let the mapping Hy : R — R U {—00} be defined as Hy(v) = EU (pr[1 + v&1]).
The expectation in the definition for Hy, k > 0, is well defined, because Condition

2.2(i) implies that

E {UJr <p£+1[1 +v§k+1]> ‘91, . .,Gk} < 400 as. (7)

Remark 3.2 For conciseness, we allow using functions f(01,...,0k) or f(z1,...,2k)
in statements for k > 0 sometimes without making special comments for k = 0, meaning

that f does not depend on {0;} or {z;} in that case. In particular, the conditional

expectation E{-|01,...,0r} mentioned for k > 0 means the unconditional expectation
E{-}ifk=0.
Lemma 3.1 For any k = 1,...,T — 1, there exists a unique function u; : Z¥ - R
such that ug(z1,...,2r) € Ag(21,...,2x) for all (z1,....,2x), and
Hk(/,l,k,eh...,ak) sz(v,Gl,...,Gk) VUEAk(gl,...,Qk), (8)
where
pr = up(fr, ..., 0k), k=1,....,T—1, (9)

Furthermore, there exists the unique ug = g € Ag such that Ho(pug) > Hi(v) (Vv €
Ay).
Time invariant presentation for p;

Let D 2 [1,400) x (=1, 400). Let M be the set of all probability measures on D.
Let Perppsr (01,-.-,0k,-) € M be the probability measure on D generated by
(€k+1, pr+1) in the conditional probability space given (61, ..., 0%).

It can be useful to represent pp = ug(61,...60x) as

ug(01,...,0) =U (ngﬂ,pkﬂ(ﬁl, ceoy O, )) , (10)

where U : M — R is some mapping.



Clearly,

Hi(v,21,. .. 25) = /ngﬂhpkﬂ(zl, sz dx X dy)U (2 [1 + vy)). (11)

Therefore, uy can be represented as (10), where the mapping & : M — R is defined
such that

/ P(dx x dy)U(z 1+ U(P)y]) > / P(dz x dy)U(z 1 + vy]) Vv e R.
D D

Some properties of

We shall need the following lemma.
Lemma 3.2 (i) If E{&41|61,...,0k} =0, then pi = 0;
(ZZ) If E{fk+1 | 0q,.. 79k} > 0, then ui > 0;

(ZZZ) IfE{§k+1 ’91, .. ,Qk} < 0, then M = inf{v S Ak(Gl, .. ,Gk)}

For the case of k =0, we mean that the expectations here are unconditional.

4 The main result

Theorem 4.1 Let the portfolio strategy {(Bk,x)} be defined as a self-financing closed-
loop strategy such that

_ Xk — V:Sk

Ve = e XeS; Bk B,

k=0,1,...,T—1, (12)

where Xy, is the corresponding wealth, and where py. are defined in Lemma 3.1. Then
this portfolio strategy is admissible, X >0 for k =1,...,T a.s., {w} € 3, and it is
the unique optimal strategy for problem (5)-(6).

Let X}, = R, ' X} be the corresponding discounted wealth for strategy (9), (12). By
(12),
e = e XpSy (13)

and Proposition 2.1 implies that

Xit1 — Xk = Wl[Skt1 — Sk) = ki1 = e Xnrr- (14)



By Theorem 4.1, the strategy with p = 0 cannot outperform strategy (9), (12).
The function U is monotonic, and p; > 1. Hence EU(R%)?T) >U(1) = U(Xop).

Note that strategy (9), (12) is myopic: it does not depend at time k on distri-
butions of £x19,&k43, ..., and it does not depend on T'. In particular, it follows that
EU(p*X,,) > U(1) for all m = 1,...T, since Theorem 4.1 defines the same optimal
strategies for the case when T is replaced for m.

In addition, this strategy allows time invariant presentation via (10) as up =
U (P§k+1vpk+1(017 oo, 0y, )), where U : M — R is a time independent functional on
the set of probability measures.

Strategy (9), (12) is an analog Merton’s myopic strategy for continuous time diffu-

sion market (see equation (18) below).

Remark 4.1 In fact, we do not need to know the entire conditional distribution of
(Ek+1, pr+1) given Oy, ... 0k for calculation of the optimal strategy at time k: we need
only the single parameter uy(61,...,0k) of this distribution. This parameter uy, can be
considered as an analog of the so-called "market price of risk” process defined for the
continuous time market (in particular, the market price of risk is o(t)~a(t) —r(t)] for

market (15) described below).

Remark 4.2 If U(z) = Inz, then Theorem 4.1 holds without Condition 2.1(i)-(ii)
(see, e.g., Hakannson (1971)).

Remark 4.3 The model described by Conditions 2.1-2.2 covers many important cases.
However, Condition 2.1(i) is not satisfied for a case when {(&x, pr)} is a general Markov
process. That is why the result does not contradict the conclusion of Hakannson (1971)
that serial correlation may prevent the optimal strategy to be myopic for U(x) = /x.

Our class of models is different.

Remark 4.4 Theorem 4.1 can be extended for a market with n stocks. In that case,

minimization in (8) will be with respect to a n-dimensional vector.
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5 Discretization of continuous time model and Merton’s

strategies

Let us consider continuous time market with two assets, bond with price Py(t) and

stock with price P(t), t € [0, 7], such that

4o () = r(t) Po(t),

(15)
dP(t) = P(t)[a(t)dt + o (t)dw(t)).

Here 7 > 0 is given terminal time, w(t) is a Wiener process, (t), a(t), and o(t), are some
scalar random processes, Py(0) = P(0) = 1. We also assume that |o(t)| > const > 0,
r(t) > 0, and that the process (a,r,0) is bounded and does not depend on w(-).

Let 3¢ denotes the class of all random processes 7¢(t), t € [0,7], that are square
integrable and adapted to the filtration generated by (r(t), a(t),o(t), Po(t), P(t)). We
assume that any process Y¢(-) € ¢ represents the quantity of stock in portfolio and
uniquely defines a self-financing portfolio such that

t

(1) = X<(0) + /0 ~e(s)dP(s), (16)

A

where P(t) 2 Py(t)"1P(t) is the discounted stock price, X¢(t) = Py(t) L X¢(t) is the
discounted wealth, X¢(t) represents the wealth at time ¢. (These definitions for con-
tinuous time market are given in more details in Katatzas and Shreve (1998) or in the
author’s book (2002)). The definition of ¢ implies that the market parameters are
observed for this model.

We assume that we are given initial wealth X¢(0) = 1 and we are given utility
function U(z) = Inz or U(z) = §~'2?, where § < 1, § # 0.

Let us consider the optimal investment problem

Maximize EU(X®(7)) over ~°(-) € ¢ (17)

The solution of a similar problem was first obtained by Merton (1969). Merton’s

optimal strategy can be presented as

’YM(t)T A 5 a(t) - T(t) XM(t), (18)

11



where 0, = (1 — §)~!, and where v () is the quantity of the stock portfolio, X (¢) is
the corresponding wealth (for the case of random (r, a, o), see, e.g., Karatzas and Shreve
(1998) or Proposition 5.1 from Dokuchaev and Haussmann (2001)). If U(z) = Inz then

we assume that § =0 and 6, = 1.

If E [ [a(t) — r(t)]?o(t)"2dt > 0, then

EU (X" (7)) = mox EU(X°(7)) > EU(X°(0)). (19)
’YC . GEC
In particular, the optimal expected utility for U(z) = Inz is
- .~ 1 (7 la(t) —r®))?
Eln X"(7) = max Eln X7)=1nX°0)+ E/ Mdt. (20)
.Yc(,)ezc 2 0 U(t)

Strategy (18) is said to be myopic because it does not require future distributions
of parameters and does not depend on 7. It gives explicit solution of problem (17) for
the case of observed parameters (r,a, o). Discrete time strategy (9), (12) is an analog
of strategy (18) since it is also based on the currently observed market parameters 6.

Let T > 0 be a given integer. Let 3¢ (T) C ¢ be the set of all processes v°(-) that
are piecewise constant and right continuous such that jumps may occur only at times
t., where

to=0, tp=tpr_1+h, k=1,...,T,

where h = 7/T. For this class of strategies, buying or selling stocks can happens at
time ¢ only.

It is easy to see that the problem
Maximize EU(X®(t)) over ~°(-) € £,(T) (21)
is equivalent to discrete time problem (5)-(6) with Xy = X¢(0) =1, A =0, and
By = Py(tx), Sk = P(tx), k=0,1,...,T. (22)

In particular, any strategy {yx} €  for problem (5)-(6), (22) defines the unique strat-
egy Y°(-) € 8¢, (T) such that

”yc(t) =Y, t€ [tk,thrl), k=0,1,...,T —1, (23)

12



and (16) implies that

X(thr1) — X°(tk) = W[P(tri1) — P(te)]-
The natural discretization for strategy (18) gives values ;' 2 M (1) of piecewise
approximation for v (-) in X¢,(T) as

M a(tk) — r(tk)

Ve = O« P(ty)o(t)? XM (ty). (24)

However, the corresponding wealth X 2. (¢) for this piecewise strategies may be very
different from the optimal wealth X™(t). Let us show this. By (16), X (tpe1) =
XM (t) + *y,i”gkﬁkﬂ, where X2(t) = Py(t) "' X2 (¢) is the corresponding discounted
wealth, S, 2 P(ty),

Sk41

_ Biy1
Pk+15k

17 Pk+1 = Bk

Skr1 =

For instance, if a(ty) < 7(tx), then 7' < 0 and P ()?Iﬁfc(tk+1) <O> > 0, since
P(&11 > K) > 0 for all K > 0. By Lemma 2.1, it follows that, in contrast with
(19), EU(X}L (7)) = —oc in this case.

It is no surprise that the strategy defined by (24), (23) is not optimal for problem
(21). Let us describe the optimal strategies for (21) and for the corresponding discrete
time problem (5)-(6), (22).

Case of piecewise constant coefficients

Let us consider discrete time problem (5)-(6) with A € [0, 1] that corresponds to model
(22), where T' > 0 is given, and where Py(t) and P(t) are processes defined by (15). In
this subsection, we assume that (r(t), a(t),o(t)) is a random process such that its paths
are right continuous and piecewise constant processes that can have jumps at times ¢
only. In particular, (r(t + 0),a(t + 0),0(t +0)) = (r(t),a(t),o(t)), and the values of
(r(t),a(t),o(t)) = (r(tx), a(tr),o(tx)) are known at time ¢ for all ¢ € [tg,tr11). We
also assume that the process (r(-),a(-),o(:)) does not depend on w(-).

Let Z = R?,

o) r(ty)h
= | | 2] fut - 252]
6\ o(ti)Vh

13



We assume that the random vector 6 is currently observed, i.e., its value is known
at time tg.

Clearly, Condition 2.1 is satisfied with

(r) r a o
prs1 =€ &y = exp (—9153 )+ 9;2 )+ 9;5; )wk+1) -1,

where wyy1 = h™ [w(tper) — w(ts)].

Let

Hy(v,0;) = Hy(v,01,...,0,) 2 E{U (pg+1[1 +v§k+1]) 101,...,00}.  (25)

We have that

Hi(v,00) = —— / T sty (&953) [1 +o (6—92’“’+0;i“’+0,i")8 _ 1)}) ds.  (26)
’ V2T J o
To obtain py, from (9), we need to find v that ensures the maximum of Hy (v, 6y) given
0). Since &;11 has conditionally log-normal distribution with support (0, +00), we have
that P(&rp1 < —€]61,...,08) > 0and P(&yq > e 1 6,...,0;) > 0 for any € € (0,1).
By Lemma 3.2(i), it follows that Ag(6y,...,60k) = [0, 1] for all k. Therefore, it suffices
to consider maximization only over v € [0, 1], and u € [0, 1] a.s.. If one take puy ¢ [0, 1],
then v; ¢ [0, P(t;) Y], P(Xjs1 < 0) > 0, and, by Lemma 2.1(i), EU(R%)A(:T) = —00.
Further, we have that
E{€i1]01,...,0,) = et _ 1,
By Lemma 3.2 (ii),(iv), we have that if a(ty) — r(tx) < 0, then p = 0.
Corollary 5.1 If sup,ja(t) — r(t)] < O then optimal strategy (9), (12) is pup, =0 (Vk).
In that case, optimal expected utility (20) cannot be approximated by piecewise constant
strategies from $¢,(T) even if T — +oo and h = 7/T — 0, because
sup  EU(X%(r)) = sup EU(X7)=EU(X(0)) < sup EU(X(r))
7 ()EX(T) {mtex ve()exe
for all T > 0.

We leave for further research the question of whether or not approximation of opti-
mal continuous time expected utilities via discrete time strategies is possible for other
classes of parameters.

The restriction py € [0,1] can be avoided only for a model with additional restric-

tions on the range of &4 1.
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Numerical example

The scalar optimization problem can be solved numerically. For instance, let
h=1/6, a(ty)=0.14, r(t;)=0.07, o(tx)=0.9. (27)

We have that 6, = (0.0023,0.0117,0.367). If U(z) = Inz, then the maximum of
Hy(v,0y) over v is achieved at pp = 0.5864 for all A € [0,1]. The value (24) of Merton’s
strategy after discretization is 7" = 0.086 - X (t1)/P(t)), with these parameters and
with A = 0.

If U is replaced for U(x) = —2x~ /2 then the maximum of H(v,6y) is achieved
at ur = 0.3864 given (27) for all A € [0,1]. The value (24) of Merton’s strategy is
Yor = 0.057 - XM (t1,)/P(ty), with these parameters and A = 0.

Case of infinite dimensional range for 6;

For some models, the space Z can be infinity dimensional. For example, let us consider

model (22) under assumptions that

max(0,t—h)
(r(t),a(t),o(t)) = at) —|—/0 ap(t, s)dwo(s),

where wq(-) is a N-dimensional Wiener process that does not depend on w(-), h = 7/T,
and where a(-) : [0,7] — R3? and ag(:) : [0,7] x [0,7 — h] — R** are known
deterministic measurable bounded functions. Then Condition 2.1 is satisfied with
Z = C([0,h; RN), 0 = wol(- + te)ljo,n)> tk = kh, h = 7/T. In that case, ({,pr) =
Fr(61,. .., 0k—1,wi), where wy, = w(-+1tx)|p p), and where Fj, : ZF-1xC([0,h]; R) — R?
are some deterministic measurable mappings. Calculations of p under this conditions

is straightforward and depends on the choice of (a, ayp).

6 Proofs

We need the following auxiliary lemma.

Lemma 6.1 Let k € {0,...,T — 1} be given, and let M, > 0 and M;/,; > 0 be such
that Condition 2.2 (ii) is satisfied for this k. Then the following holds:
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(i) For anyv ¢ [—=1/M;_ ,1/M} ], Hp(v,01,...,0k) = —00 a.s.;
(1) Ap(01,...,0k) C [-1/M;_,1/M}/ ] a.s.; and
(i4) pr € [=1/My 1, 1/M; ] and ppéey1 > —1 a.s..

Proof. Tt suffices to prove (i) only, since (ii) and (iii) follow immediately. We have

that if v ¢ [-1/M;_ |, 1/M;/_], then
P(U§k+1 < -1 ’91, e >9k) >0 as.

From this inequality and (7), it follows for this v that Hy(v,6,...,0;) = —oc0 a.s. O
Proof of Lemma 2.1. Clearly,

P(Xl/c-s-l <0) = Po(dz)P (5(1,/%1 <0 ’ 0= z) ,
zT

and
P()Z',;+1<O‘@:z> = P( k—|—7k§k+1<0)®—z)

> P<X12<077k§k+1<0’922)
P(X,;<o‘@_z) (yggﬂlgo‘f(ﬁo,@:z)
P (X

X, <O’@:z>p(z).
Here

p(z) = P(WQSO, Ert1 ZM,QH‘)?,RO,@:Z)
+ P (>0, 6 < Ml | K <0,0=2).
Let py(z) 2 P('yk<0 ij<o @—z) and po(z) 2 P<7k>0‘Xk<0 @—z) By
Condition 2.1(ii), we have that
p(z) = P <§k+1 > M,’€+1 ‘ )Z'/,’f <0,0= z) p1(2)
+ P (&1 < My [ KL< 0,0 =2) ()

= P (61> My [0=2) pi(e) + P (11 < ~ ML, [©=2) ().
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Note that p1(z) + p2(z) = 1. By Condition 2.2(ii), we have that Pg(z : p(z) > 0) = 1.

Then statement (i) follows. The proof of statement (ii) is similar, if one uses that
P()N(I::Jrl <0‘@:Z) ZP(XIQSOWI/@&H <0‘9=Z>
=P (X} < 0,9 £0]0 = 2) P (1611 <0| X < 0,7, £0,6 = 2)
>P (XL <09 #0|0=2) [P (9 <0, G = Mipy | X <09 20,6 = 2)
+P<’71/c >07 §k+l < _M]/g,Jr]_‘X:]/Q SO,’YI/CEAO,@:Z>}
U
Proof of Lemma 3.1. Let Mj, 2 sup M| and M}’ = inf M}/, where M} and M}’ are

such that Condition 2.2(ii) is satisfied. (The cases when M, = +oc and M} = 1 are
not excluded). By Lemma 6.1, it follows that

Ag(01, -5 0k) S Ngar aaryy =1/ My, 1/ M) = [=1/ My, 1/M}]] as..
Let v € [-1/M],1/M}!]. Then
P(v€i1 < —1|61,...,0,) =0 as.,

and v € A(61,...,0k). Hence Ag(0y,...,0,) = [—1/M],1/M]] a.s., and it is compact.
The function U (x) is strictly concave, hence Hy (v, 61,...,0) is also strictly concave
in v given (6,...,0;). Then the proof follows. O
Proof of Lemma 3.2. Since Hg(-,01,...,0k) is strictly concave, we have that if
afg’c“ (v,01,...,0,) =0 then ug(0y,...,0;) =v.

(

Assume that if U(x) = Inx then § = 0. Clearly,

8U A _ y
Hence
0H,
W(%el’ . ,Hk)|1,:0 = DP§k+17Pk+1(017 . ,Hk,d:l? X dy)y = E{gk-i-l |91, R ,Hk}

This implies (i)-(iii). O
Proof of Theorem, 4.1. We shall consider first the case when U(z) = 6~ '2°, where
0#0,0<1.
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By (14),
Xp=Xpo1 + 1 Xn1&, k=1,...,T,

and it follows that .
H + &), m=1,...,T. (28)

Let Po(-) be the probability distribution on Z7~! generated by © = (01,...,600-1).

Let us show that {14} € ¥. By Lemma 6.1, it follows that |ux] < ¢ given
(01,...,0k), where ¢ = ¢(b1,...,0;) € [0,+00). By Condition 2.2 (i), it follows
that B{|Xy||01,...,0,} < 400, E{|7:Sk||61,...,0,} < 400 as., and, therefore,
E{|B8kBk||01,-..,0k} < +o0 a.s. for k =0,1,2,...,T — 1. Hence strategy (9), (12) is
admissible and {y;} € 2.

By Lemma 6.1 again, it follows that ux is such that yx_1& > —1, hence )?k >0
a.s. forallk=1,...,T.

Let us show that EU(R) X,,,) > U(1) for all m € {1,...,T}. By (8), it follows that

E{U( 1+ pa&D)00 01} > E{URL+0-6D)161,.... 0} > U(1) as.

(29)
Let U(z) 2 6U(z) = 29.
We have
BU(R)X,) = / Pol Zn)le =2
ZT-1

U(ppll + pn—18])|© = Z}

ZTI

ZT 1 { el
{H[jpk 14+ ug_ 1(217"'7'2]61])5’{)‘@_2}

= /zT 1 ﬁE{ +U1<;—1(Z1,~-,Zk—1)fk])\9:Z}7

where z = (21,...,27r-1). By (29), we have that if 6 > 0 then EU(R,’}L}?m) >U(1)™ =
U(1), and if § < 0 then EU(R) X,,) < U(1)™ = U(1). In both cases,

EU(R)NX,) >U(1) > =00, m=1,...T. (30)
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Let us show that the strategy {vx} is optimal in the class 3. Consider an arbitrary
self-financing strategy {v,} € =. Let X 1. > 0 be the corresponding normalized wealth,
X)=1.

If P(X,, < 0) > 0 then EU(R}X,) = —oo, and, by (30), it follows that
EU(R%)?T) > EU(R%)Z}) Therefore, it suffices to consider the case when P()?} <
0) = 0. Set

M;é{Végkgg_l’ ):('/ﬁéo k=0,1,...,T — 1.
0, X/ =0,

If P()A(:/,'C = 0,7, #0) >0 for k € {0,1,...,7 — 1}, then Lemma 2.1(ii) implies
that P()?,’C_s_1 < 0) > 0, and Lemma 2.1(i) implies that P(X/ < 0) > 0. Hence
P()Z',’€ =0,v,#0)=0forall k=0,1,...,T — 1. Therefore, 7, = M;@X’,’gggl a.s. for all
k=0,1,...,T7 —1, and

Xi = Xi+ i Xiabes k=1,....T,

T

Xr = H(l + f1—16k)-
k=1
By the definition of admissible strategies, it follows that y, is non-random, and there ex-

ist mappings u}, : Z¥ xR?* - R, k=0,1,...,T—1, such that u) = u} (1, .., 0, W),
where

Wi = (01,15 - -, Pis Ek)-
(For k = 0, we mean that u(, = u(, is a constant, according to the convention declared

in Remark 3.2). We have that

BU(R}XG) = /Z_m {O(RARD) 6 = 2)
T
N / {H 1+ 1€k])@=z}
ZT-1 Pt
T
- /ZT 1 {H +u§~c—1(zl7--~azk—1,Wk_1)fk])@:Z}’

where z = (21,...,27-1) and © 2 S 0r_1).
For z = (21,...,27-1) € ZT_I, let
Vi(z) 20 (ﬁk(z)m Fug (21 zk_l)gk(z)]) ,
Vi(2) 20 (o 1+ vy (21, 21, Wi (2D)&(R)]) (31)
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where (£x(2), pr(2), Wi(z)) is the random vector (&, p, Wi) being considered in the

conditional probability space under the condition © = z. Then

EU(R)X71) = . P@(dz)E{ﬁ Vi(2) ] o= z} (32)
k=1
and .
EO(R)MX) = /Z Pola2B{J Vi) [0 =2}, (33)
k=1

Let (2, F,,P,) be the conditional probability space under the condition © = z. Let
E. be the corresponding expectation, i.e., E.{-} = E{-|© = z}.

Let Eyy, denotes the conditional expectation E,{ | W(z)} in the space (2, F,,P.)
for k > 0, and let Ey, = E,. For z € ZT-1 we introduce the following sequences of

random variables defined on the probability space (2, F., P,):

TbT(Z) = EWT71 VT(’Z)?

U(2) = Ew,_ [Ve()ria(2)], k=T —1,...,1,
and
V() = By Vi (2),
Vp(2) = By [V (2)ki1(2)], k=T—1,...,1
Clearly,
B{[] 10 0=} = {tsm o [ a3 [0 =2}
and

E{klill Vi(z) ‘ 0= Z} = E{Vf(Z)EWl [VQI(Z)EWQ [ o EWTlVT'(z)]] ’ 6= z}

Hence
E{ﬁ Vk(z)‘@:z}:E{wl(z) @:z}, (34)
k=1
E{ﬁ Vk’(z)‘@:z} :E{z//l(z)‘@:z}. (35)

k

Il
—
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We have assumed that (&, px), k = 1,...,T, are independent in (2, F,,P,) (i.e.,
they are conditionally independent under the condition ® = z). By (31), 1x(2) are
non-random for any k and z € Z71,

We have proved that )?k > 0 as. for k = 1,...,7T. By restrictions imposed
in (6), we have that )?,’g > 0 as. It follows that ¢,(z) > 0 and 95 (z) > 0 Pe-
a.e., i.e., almost everywhere with respect to the measure Pg. (In other words,
Po (2 € ZT71: ¢y(2) <0) =0and Pg (z € ZT71: ¢} (2) <0) =0.)

(i) Let us assume for certainty that 6 < 0. By (8) and by Condition 2.1(ii), it
follows that, in the space (2, F., P.),

Ew,_ U(pr(2) 1 + ur—1(z1, ..., 2r-1)ér(2))
< Ew,_ U(pr(2) ML+ w1 (21, 201, Wr—1(2))ér(2)])  as. Po —aee..

Hence

Yr(z) <¢h(z) as.in (Q,F,P,) Pg—ae.
By (8) and by Condition 2.1(ii), again, it follows that, in the space (2, F,,P,),
Ew, ,U(pe(2) M1+ wp—1(z1, -, 21-1)&(2)])
< Ew, ,Ulpr()ML 4+ upq (21, s 251, Weo1(2))&(2)])  ass.
Po — a.e.. Hence
Ew, Vi(2) <Ew,_,Vi(2) as. in (Q,F.,P,) Po — ae. (36)
Let k € {2,...,T}. Let us show that if
Yp(2) < Yr(z) as. in (Q,F,,P,) Po—ae., (37)

then
Yp_1(2) <P_1(2) as. in (Q,F,,P,) Po —ae. (38)

Let (37) be satisfied. Remind that 9 (2) is non-random for any z € Z7-1. By (36), it
follows that

Yr-1(2) = Bw,_, [Va(2)vr(2)]
Ew, ., [Vi(2)¥r(2)]
< Ew, [Vi)V,(2)] = ¢¥i_1(z) as. in (Q,F,,P,) Po —ae.

IN
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Hence (38) follows from (37). Thus, ¥1(z) < 9|(z) Pe-a.e.. By (32)-(35), it follows
that EU(R)X7) < EU(R}X/). Hence EU (R} X7) > EU(R})X}).

(ii) Let us assume that 6 > 0. The proof given above for 6 < 0 can be reused
with a small modification to show that EU(R%)?T) > EU(R%)?'T) and EU(R%)?T) >
EU(R%)?}) Therefore, {7;} is the optimal strategy in ¥ for § € (—oo, 1)\{0}.

The uniqueness of the optimal strategy follows from the fact that U(z) is strictly
concave and that the set of all admissible processes {(y;, X;)} is convex.

Let us consider the case of U(z) = Inz that is simpler. Let {7} € £ be a strategy
that generates the discounted wealth X .. given Xo = 1. Again, it suffices to consider
only strategies such that if 7, # 0 then X; > 0 a.s., otherwise, by Lemma 2.1 (ii),
P()?{F <0) >0 and EU(R%X"T) = —o0. Set u, = ’y,’c/()?,’cSk) if v, # 0 and p), 20if
v, = 0. Similarly to (28), we have that

T

Xp = H(l + 1 1&k)-
k=1

Therefore, the unique maximum of the expected utility

T
EU(R}X7) = EIn(R}X7) = AEln Ry + E > In(1 + &)
k=1
T

=AEU(Rr) +E) U1+ 1)
k=1

is achieved for {y.} = {px}. Then the proof of Theorem 4.1 and Remark 4.2 follows
for the case of U(z) = In=z.

This completes the proof of Theorem 4.1. [J

Proof of Corollary 5.1. The optimal piecewise constant strategy in %% (7T cor-
responds the optimal strategy pr = 0 for the discrete time market for any T > 0
and h = 7/T. Therefore, the optimal strategy in ¢, (T) gives expected utility
EU(X¢(7)) = EU(X%(0)) = EU(X,) for all T and h = 7/T. O
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Author’s corrections for the PROOFS:

1. P.4, L.140: insert: Dokuchaev (2002), p.17). It must be: (Dokuchaev and Savkin
(2002), or Dokuchaev (2002), p.17).

(It is also addressing the query from Author Query Form.)

2. P.5, L.171: It must be E|R*X| < E|X7| < 400. (< instead of >).

3. P.5, L.205: it must be pp = uk(01,...,0). (instead of pg = pux(61,...,60k))

4. P.9, L.392: it must be v, = 0.086 - X*(t1)/P(tx) (instead of ;" = 0.086).

5. P.9, L.395: it must be ;" = 0.057 - X*(t)/P(tx). (instead of 7" = 0.057).

6. P.10, L.403: it must be 0 = wo(- + tx) 0,5, (instead of Oy = wo(- — t&)|[0,4])-

7. P.10, L.404: it must be wy, = wW(- + t)|jo,n), (instead of wy, = w(- — tx)ljo,n),)-

8. P.11, L.456: it must be § < 1 (instead of § > —1).

25



