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ABSTRACT

In this paper we consider a trip covering location model in a mixed planar-network space. An embed-
ded network in the plane represents an alternative transportation system in which traveling is faster
than traveling within the plane. We assume that the demand to be covered is given by a set of origin-
destination pairs in the plane, with some traffic between them. An origin-destination pair is covered by

Keywords: two facility points on the network (or transfer points), if the travel time from the origin to destination
Location by using the network through such points is not higher than a given acceptance level related to the travel
Networks time without using the network. The facility location problems studied in this work consist of locating
Covering problems one or two transfer points on the network such that, under several objective functions, the traffic through
Mixed distances the network is maximized. Due to the continuous nature of these problems, a general approach is pro-

posed for discretizing them. Since the non-convexity of the distance function on cyclic networks also
implies the absence of convexity of the mixed distance function, such an approach is based on a decom-
position process which leads to a collection of subproblems whose solution set can be found by adapting
the general strategy to each problem considered.

1. Introduction The problem of locating stations in a railway network was in-
directly tackled in Vuchic and Newell (1968), in which the optimal
interstation spacing problem in a commuter line was researched.
The objective of this problem is to minimize the total time of pas-
sengers going to a city center along a railway line. A commuter
line competing with a freeway was considered in Vuchic (1969) in

Given a real or virtual underlying network, the general  grder to maximize the number of passengers on the basis of short-
network design problem consists of two intertwined problems  est travel times. The aim was also to determine the optimal inter-
(Contreras & Fernandez, 2012): to select from the network a  station space between pairs of adjacent stations. Apart from the
number of points for siting facilities, and to interconnect these papers (Laporte, Mesa, & Ortega, 2002; Laporte, Mesa, Ortega, &
points by choosing Sevillano, 2005; Repolho, Antunes, & Church, 2013) in which the
links of the underlying network. In our problem we have a net-  feasible solution space for locating stations was discrete and the
work embedded in the plane and a set of demand points in the  ghjectives were to maximize the passenger coverage, trip cover-
plane. The demand or traffic between demand points is given by  age and savings in travel cost, respectively, several objective func-
an OD-matrix (Origin-Destination matrix) which is assumed to be  tjons have been considered in those models in which stations can
static, and it is satisfied by traveling from one to the other point  pe [ocated along the edges of the railway network: saving in pas-
of each pair. We want to select points on the network to access/ senger travel time (Hamacher, Liebers, Schébel, Wagner, & Wag-
exit to/from it. These facility points are used to transfer from the per 2001), coverage/number of new stations (Schobel, 2005), ad-
plane to the embedded given network, thus allowing the gjtional travel time (Schobel, Hamacher, Liebers, & Wagner, 2009),
connection of the pairs of demand points by using the network. A and total travel time (Carrizosa, Harbering, & Schobel, 2016). The
subproblem of the general network design problem arises in the  maximal covering location problem was introduced in Church and
design of a railway network ( Laporte & Mesa, 2015; Laporte,  ReVelle (1974) in which a number of facilities are to be located

Mesa, & Ortega, 2000) that consists in locating a number of  op a network so that the population within a service distance is
stations and the tracks to connect the station-facilities.
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maximized. In Murawski and Church (2009) time to access the fa-
cilities is improved by upgrading edges of the transportation net-
work. The objective function consists in maximizing the number
of people who are covered by upgrading some parts of the net-
work. In order to locate interchanges points in a highway network
a cost-benefit objective function is considered in Repolho, Church,
and Antunes (2010) that takes into account a route choice model.

In the problem dealt with in this paper, there are existing de-
mand points in the Euclidean plane whereas new facilities are to
be located in a network. Instead of covering facilities the objec-
tive aims at covering trips between each pair of existing facilities.
These trips can be done either by using the plane with the Eu-
clidean distance or by a plane-network combination in which the
section on the network is supposed to be traversed faster than
those on the plane. Therefore, there is competition between the
mode that only uses the planar distance and the combined one. If
the time spent by the trip in the combined mode is lower than
that of the planar mode then the OD-pair is said to be covered
by the transfer points used to access/exit the network. Each pair
of existing facilities has an associated demand and the objective is
to maximize the number of trips for which the combined mode is
preferable to the planar one.

In this paper we assume the decision space is the set of points
on the edges of the network. The nature of the decision space
when locating new transfer points in long and medium distance
railway networks as well as in underground urban/suburban rapid
transit systems is continuous. As was pointed out in Laporte, Mesa,
and Perea (2014) 30% of the stations of the Spanish high-speed
network are situated outside cities in the countryside, thus al-
lowing a continuous decision space. Furthermore, the continuous
setting of the decision space allows the use of continuous opti-
mization methods thus providing insight into the behavior of the
objective function and the problem itself. Moreover, new devel-
opment areas, congestion or environmental and energy consump-
tion are reasons for constructing new stations. An example is the
use of a section of the railway line Seville-Huelva as a new com-
muter line (Line 5) for the metropolitan area of Seville (Laporte
et al., 2014). For this line new stations were built, some of them
between towns. Another example is the construction of a new sta-
tion in the high-speed line Madrid-Seville between Cérdoba and
Puertollano stations. The new station: Villanueva de Cérdoba-Los
Pedroches covers an area of the north of the province of Cérdoba.

Since the traveling demand is given by pairs of existing points it
is coherent to consider the location of pairs of transfer points act-
ing as access/exit points on the network. Under the assumption of
a network with a set of existing node-stations, there are two prob-
lems particularly relevant from an applied point of view, which
deal with locating one, or two, transfer points in order to maxi-
mize the amount of OD-pairs additionally covered, that is, those
OD-pairs which cannot be covered by the existing stations. In the
first problem only one transfer point is located since this point in
combination with each station works as an access/exit point. In
the second problem, which seeks to locate two transfer points, the
additional coverage refers the OD-pairs covered either by the two
transfer points or by a combination of each point with some sta-
tion, but not yet covered by pairs of vertices. Both problems also
exclude the OD-pairs previously covered by the existing stations.
Moreover, the second problem presents a more general formula-
tion of the model, in the way that it incorporates the additional
coverage provided both by the two points and by each point sepa-
rately.

For solving these additional covering problems, this paper pro-
poses a methodology which is based on considering a key problem,
whose solution procedure provides a general approach which can
be adapted to the remaining problems. This key problem does not
require any hypothesis on the network (it is possible that there

is no already located station), since it seeks to locate two trans-
fer points maximizing the amount of OD-pairs covered. The rele-
vance of this problem derives from it allowing the development of
a theoretical framework which is shared by the above one or two
transfer additional covering problems, as well as by other related
problems.

Summarizing, the main contribution of this paper is, in the first
place, to propose a comprehensive approach for solving several
problems dealing with locating transfer points on cyclic transporta-
tion networks under several objective functions, all of them fo-
cused on covering OD-pairs instead of single demand points. More-
over, the proposed approach to solve the problem of maximizing
the coverage obtained by 2-transfer points is used for the more
real problems of locating one or two transfer points so that the
additional coverage (in presence of already functioning stations)
will be maximized. The problems studied deal with a continuous
model, whose analysis enlarges the knowledge on both the geo-
metric structure of the problems and the behavior and properties
of the objective functions. On the other hand, such an approach de-
scribes a flexible methodology which, by incorporating slight mod-
ifications, allows to discretize the solution set of all problems con-
sidered.

In a previous paper (Korner, Mesa, Perea, Schobel, & Scholz,
2014) the key problem was solved when the new facilities are to
be located in segments and tree networks. In this paper we extend
the approach applied in Korner et al. (2014) to the case of general
networks by taking into account the loss of convexity of the dis-
tance function between pairs of points through the network. The
main aim of this research is to solve that complex continuous lo-
cation problem by reducing the candidate set to a finite one from
which an optimal solution is selected by means of a polynomial
time algorithm.

The paper is organized as follows: after this introduction the
elements of the model are presented in Section 2. The necessary
definitions and results on the distance on networks are summa-
rized in Section 3. Section 4 provides a decomposition of the first
problem into two types of subproblems, such that for each sub-
problem a solution method is proposed in Sections 5. Sections 6
and 7 study respectively two new problems, both related to the
previous one, in which one and two transfer points are located un-
der different objective functions, and Section 8 is devoted to pre-
senting the corresponding algorithms and discussing its computa-
tional complexity. The paper ends with some conclusions and fur-
ther research.

2. Elements of the model

In order to formulate the problems with a mixed mode of trans-
portation, we consider a connected network A/ (V, E) representing a
high-speed system, with |V| nodes and |E| edges (where |-| denotes
cardinality). We assume that the network is embedded in the Eu-
clidean plane and that each undirected edge e € E can be modeled
as a straight-line segment. The embedding of A in the Euclidean
plane as well as the coordinates of the nodes in A/ will allow us
to compute the distances along the network. More precisely, the
length I(u, v) of an edge (or a subedge) [u, v] is the Euclidean dis-
tance ||u—v|| between its endpoints, and by using shortest path
algorithms we can moreover compute the distance between each
pair of nodes. Moreover, the triangle inequality holds in this model.

Let M be the continuum set of points of the edges. The edge
lengths induce a distance function d such that, for any two points
X,y € N, d(x, y) is the length of any shortest path in A/ (V,E) con-
necting x and y. If x and y are on the same edge, then d(x, y) coin-
cides with the length of the subedge [x, y].

For x,y € N, the travel distance between both points is given by
ad(x, y), with o € (0, 1). Parameter « is a speed factor, such that
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Fig. 1. Travel paths for: hi*l.(Xl,Xz) (left), and h,-j(Xth) (right).

ad(x, y) represents the traveling time between x, y by using the
high-speed network. It can immediately be seen that, with these
distance, A is a metric space.

o let A={A;=(a;,b)),i=1,...,n}C R? be a set of existing de-
mand points on the plane. We assume that distances between
two points in the plane can be estimated by the Euclidean met-
ric.

e Let T = (t;;) e R™" be an origin-destination matrix in which

trip patterns are codified, i.e,, t; is the weight of the ordered

pair (i, j). This matrix is known a priori: for example, in a trans-
portation context each t; can be viewed as the number of trips
from an origin A; to a destination A;, and in a telecommunica-
tion setting it could represent the amount of data transferred

from server A; to server A;.

Given an OD-pair (i, j), the travel distance by using the network

through the points Xi,X; € A/ (or the 2-facility point (Xj, X3))

is obtained from the two possible travel paths: (A;, Xq, X3, A;),

and (A;, Xp, Xi, A;), linking origin and destination (see Fig. 1).

For each of them, the travel distance is given by

hii (X, Xz) = [1Ai = Xa|| + ad (X1, Xz) + [|X2 — Ajl|
hi; (X1 X2) = [1Ai = Xol| + ad (X2, X1) + [| X7 — Ajl.

The mixed travel distance between A; and A; by using the high-
speed network through the transfer points X;,X, € NV is given
by the shortest travel distance obtained from both travel paths,
and it is written as:

fiy X1, X2) = min{hj;(X1,X2).  h; (X, Xz)}.

Symmetry of such paths implies h;; X1, X)) = hjf,. X1,X%2),
hi_j(X]’XZ) = h}—i(X],Xz), and therefore f,j(X],Xz) = fj,‘(X],Xz).

o Let D= (dAij) e R™" be a symmetric matrix, with 0 < ciAij <
[|A; — Ajl|, for i # j, and d}:o, i=1,...,n. The values of D
represent the acceptance levels for using the network, meaning
that the OD-pair (i, j) chooses the high-speed network if and
only if the mixed travel distance by using it is less than or equal
to d;;. In other words, the OD-pairs always choose the faster op-
tion. In the following, we assume that i # j to avoid the trivial
case.

Definition 1. The OD-pair (i, j) is covered by Xi.X; e N if
fij(X%1. X2) < djj.

Let C(X;, X;) be the set of O/D pairs covered by X;, X;, given
by

CX1, Xo) = {(0, ), i#) 1<ij<n:f;(4,X) <dy).

From symmetry both of the acceptance level matrix D and the
mixed travel distance we have

(i, j) e C(Xy, Xy) if and only if (j, i) € C(X1, X2).

As it has been pointed out in the previous section, in the first
place we formulate the key problem, which presents structural
properties shared by the remaining problems, and whose solution
procedure provides a general methodology for analyzing and solv-
ing the one and two additional covering problems, which are for-
mulated subsequently.
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Fig. 2. Given the nonnegative acceptance levels &;j < |A;i = Ajll, &;k < ||A; = Acll,

djx < [|Aj —Agll. and a suitable speed factor o e (0, 1), we have (i, j), (i, k) €
C(Xq, X2). However (j, k)¢ C(Xy, X3). The objective value at (X, Xp) is: F(X1,X3) =
tij +tji + ty + ty;. There may be several points (X;, X;) with the same objective
value.

1. The first objective function measures the total weight of OD-
pairs captured by each pair of transfer points X;, X, € NV, and
it is given by:

FXi,X) = >t

(1.7)eC(X1.X2)

In this function whether the node set V contains already lo-
cated stations or not is not relevant, since it seeks to com-
pute the weight of pairs covered by the two transfer points
when they assume the symmetric role of access/exit points
(see Fig. 2).

The key problem, briefly the 2-transfer covering problem (2-
TC), is to find two transfer points X;,X, € N such that the
sum of weights of all OD-pairs covered by such points is

maximized:
max FXi,X) = Yt (2-TC)

(i,j)eC(X1.X2)

2. Contrary to the above model, this problem and the follow-

ing one deal with additional coverage, and they require the
hypothesis of having a set of stations already located, these
latter ones selected from the node set.
Without loss of generality we can assume that all nodes of
V are already located transfer points. From Definition 1, the
OD-pair (i, j) is covered by any X e A if there exists veV
such that f;;(X,v) <d;;. Thus, the set ((X) containing the
OD-pairs covered by X is

CX)={G))i#j1<ij<n: f;(X,v) <d;
for some v e V}
Similarly, the set Cy of OD-pairs already covered by the
nodes of V is given by
G={G)i#jl<ij<n: f(wv)<d;
for some w,v e V}

Thus, the second objective function can be stated as

RX)= 3 &

(1. )eCOONCy

And the 1-transfer additional covering problem (1-TAC) is:

max FX) := Z tij (1-TAC)
(i,/)eC(X)

Finally, in this case two transfer points (X;, X;) are lo-
cated by addressing the additional coverage. As above, we
assume that all nodes are stations, and also the set Cy is ex-
cluded. The objective function integrates the above formu-
lations since it takes into account both the amount of OD-
pairs covered by (Xi, X;) and the OD-pairs covered by each
point in combination with the stations already located at



nodes, as follows:

B, Xp) = Z tij
(1)< (0 X0 uC06 UCR) )\Gy

The 2-transfer additional covering problem (2-TAC), seeks
the location of two transfer points maximizing the total
weight of OD-pairs additionally covered:

max F (X, X)) := E tij
X1.XeN
(i< (C06 %)UC00)UC0R) )\Gr
(2-TAC)

Remark 2. Each pair of associated problems obtained by excluding,
or not, Cy from the corresponding formulation are equivalent, but
not the same, in the following way: they share the same solution
set (which is a straightforward consequence from the fact that Cy
is a constant set), although their optimal solutions could be differ-
ent. That is, (2-TC) and maxy, x,en F(X1,X3) = Z(i,j)eC(Xl,Xz)\Cv tij
are equivalent, and so on.

Although problems (1-TAC) and (2-TAC) present special rele-
vance regarding the applications, the procedure for solving prob-
lem (2-TC) provides a general methodology which can be applied
to all problems presented in this paper. In fact, the nature of such
a methodology allows the resolution to be extended to some gen-
eralizations of these problems, as the p-transfer additional cover-
ing problem (p > 2). This motivates that problem (2-TC) is studied
in the first place. The strategy for solving this problem lies in de-
composing it into a collection of subproblems such that, for each
of them, a partition of the feasible solution set is constructed, and
from such partition, a finite subset containing some optimal solu-
tion is selected.

Problem (2-TC) has been first solved for the particular case
where N is a segment of a straight line, and subsequently the
method was extended to the case where A is a tree network 7
(see Korner et al., 2014). Thus, henceforth we will consider that A/
contains at least one cycle. Under this assumption, the approach
applied to the tree network case cannot be directly extended to
this case due to the absence of convexity of the distance function
on a cyclic network.

In order to solve this problem, we next summarize some con-
cepts and results on distances in networks.

3. Previous results on distances on networks

For evaluating the objective function of problem (2-TC), it is
first necessary to obtain an analytical expression for the distance
between any two points P, Q, of the network AN. The aforemen-
tioned non-convexity leads to the fact that the expression for the
distance d(P, Q) could vary through the network. In this section
we partition the network into a collection of subedges such that
for each pair of subedges, the distance between their points can
be computed. To this end, we first need to review some concepts
dealing with the distance on networks.

Hereinafter we assume a network A with a distance function
d(-, -) such that the triangle inequality holds. Let e = [u, w] € E be
an edge of M with length ., and let P be a point on edge e. Let x =
I(u, P) denote the length of subedge [u, P], and let [(w,P) =1, — x
denote the length of subedge [P, w]. It is well known that for any
node v eV, the distance d(v, P) = min{d(v, u) +x,d(v, w) + I, — x}
is concave and piecewise linear on x € [0, l], with at most two
pieces with slopes 1 and —1. From the triangle inequality we
have I, = d(u,w) < |d(v,u) — d(v, w)|, therefore the distance func-
tion d(v, P) on [u, w] is linear. For the sake of completeness we in-
clude the following concepts and definitions, although all of them
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Fig. 3. Antipodal points.

can be found in Hooker, Garfinkel, and Chen. (1991) and references
therein.

Definition 3. Given a point Q € /' and an edge [u, w], the point
P e [u, w] at which d(Q, P) is maximized is called antipodal to Q in
[u, w].

Definition 4. A point ¥ € [u, w], other than a node, is called an arc
bottleneck point if there is a node v for which v is antipodal to v.
In this case, we call it the arc bottleneck point v.

Clearly, the edge e = [u, w] contains at most |V| arc bottleneck
points. If ¥ e [u,w] is antipodal to v we have d(v,u) +1(u,v) =
d(v,w) + I(w, 7), hence such a point ¥ can be identified by the
length of the subedge [u, V], given by: [(u, V) = %‘(“’)”9.

Definition 5. Let B, be the set of arc bottleneck points of edge
e =[u,w], and let ¥, ¥ be two adjacent points of B U {u, w}. Then
the closed subedge L= [v, 7] is called a linear arc segment (or a
treelike segment (Hooker et al., 1991)).

We remark that Be has O(]V|) elements. On each linear arc
segment the distance d(v,-) is linear. If B, =@ the entire edge
e = [u, w] (including nodes) is a linear arc segment. The set of all
linear arc segments of an edge e is denoted by L(e).

Let [up,wp] and [ug, wg] be two edges of the network N,
and let [wp, up] < [ug, wql, [Wq. tig] < [up, wp] be the subedges for
which the extreme points are antipodal points as follows: iy, wp
are the antipodal points to up, wy, respectively, and tig, wq are the
antipodal points to ug, wq, respectively (see Fig. 3). From previous
definitions we have I(wyg, iig) = [(Wp, tip) and d(Wq, wp) = d(iig, Up)
(see Hooker et al., 1991 for a more detailed explanation).

Definition 6. Let Ly, L; be two linear arc segments of different
edges [up, wp] and [ug, wq], respectively, and let [wq, iig] C [up, wp]
and [wp, ulp] C [ug, wq] be the subedges for which i, wp are the
antipodal points to up, wp , respectively, and tig, Wy are the antipo-
dal points to ug, wg, respectively. If L, € [wq, iig] and Lg € [Wp, Up],
then Ly, Lg are called antipodal segments to each other.

(This definition includes the case [wyg,lq]=[up, wp] and
[Wp, tp] = [ug, wq]). The following result summarizes the behavior
of distance d(P, Q) on linear arc segments of different edges (see
Hooker et al., 1991).

Lemma 7. Let P be restricted to linear arc segment L, of edge
[up,wp] and Q to linear arc segment Ly of edge [ug, wq], with
[up, wp] # [ug, wql.

1. If Ly, Ly are antipodal segments to each other, d(P, Q) is con-
cave.
2. Otherwise, d(P, Q) is linear.

In case 1, the distance between a point P on the segment
[Wg, ug] and a point Q on the segment [wy, up] behaves like the
distance on the parallelogram in Fig. 3(a), and it is concave. Dis-
tance on any other pair of segments behaves like distance on a
line segment and is therefore linear.



By denoting x = I(up, P), with x € [0, [(up, wp)] and y = I(uq, Q),
with y € [0, I(ug, wg)], we can compute the distance d(P, Q) for the
cases considered in this lemma.

min{x +d(up, ug) +y, (up, wp) —x+d(wp, wy)
+1(ug, wg) =y}, Lp, Lq antipodal

X+d(up, ug) +y, Ly Clup.wql, LgC[ug, wpl
or Ly € [wy, lip]

X+ d(up, wy) + 1 (ug, wg) —y,
Ly < [up, wgl.

d(P.Q) =

Ly € [up, W],

Note that if Ly, Lg are antipodal segments, with up # wg, tg # wp
and similarly ug # Wp, 1y # wq, then the distance d(P, Q) can also
be computed by min{x + d(up, wq) + [(uq, wg) —y, I(up, wp) —x+
d(wp, uq) +y}. Finally, the remaining cases obtained by combin-
ing Ly, Lg can be reduced to one of these by symmetry (for exam-
ple, for the case Ly C [up, wql, Lg € [up, wq] the distance can also
be equivalently obtained as I(up, wp) — X +d(wp, uq) +¥).

We now comment the case in which P, Q lie on the same edge
e =[u,w]. Let Ly, Lg be two linear arc segments of e such that P €
Ly, Q € Lg. The triangle inequality implies that L, and Lq are not
antipodal to each other, consequently the distance d(P, Q) is either
convex (if Ly =Lg), or linear (if L, # Lg), and it is given by the
length of subedge [P, Q]. By using the above notation x = [(u, P)
and y =I(u,Q), we have d(P,Q) = |x —y|.

4. Decomposing the 2-transfer covering problem

Summarizing the previous section, for each pair of linear arc
segments the distance d(P, Q) between their respective points is
either concave or convex, and its analytical expression can be com-
puted. For this reason, the solution method is based on decompos-
ing problem (2-TC) into a collection of independent subproblems
(where each subproblem is the restriction of (2-TC) to a given pair
of linear arc segments), and solving each of them via discretiza-
tion of the solution set. To this end and for the sake of readability,
we will describe the process in three phases: the first one is de-
voted to both decomposing the problem (2-TC) and grouping the
subproblems into two cases: the concave and the convex case. The
second phase deals with the subproblems of the first case, and fi-
nally in the last step we will study the subproblems of the second.
These two cases will be described as follows.

To decompose the problem we first compute, in O(|V||E|]) time,
the distance matrix between all pairs of nodes of the network.
Then, for each edge e € E we obtain, and sort, the set B, (in
O(|V|log|V]) time). At the end of this process we have, for each
edge e of the network, the ordered sequence L(e) of all linear
arc segments of the edge. Besides, given a pair of different edges
ep = [up, wp] and eq = [ug, wq] we know whether or not two linear
arc segments Ly € £(ep) and Lg € L(eq) are antipodal.

Let £ =Jocg £(e) be the set of all linear arc segments of the
overall network. Thus problem (2-TC) is decomposed into a set of
subproblems, where each of them is obtained by restricting the
feasible space ' x N to L, x Lg, with Ly, Lq € £. By imposing that
X1 € Lp, Xy € Lg we obtain the restricted problem:

max  F(X;.Xp):= Y t;

(2-TCR)
Xielp Xoelq (0.))eC0 %)

A solution to problem (2-TC) is found by solving the collec-
tion of all O(|£|?) restricted problems (2-TCR) (in fact, M
restricted problems by symmetry), and then selecting the best so-
lution.

The classification of the restricted problem (2-TCR) is made ac-
cording to the concavity of the distance d(X;, X3), which is related
to the antipodal character of L,, L. More specifically, problem (2-
TCR) is concave if the following condition holds:

(0,2v6) g
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@ & L
(=1,0) (0,0) (5,0) (6,0)
Fig. 4. Network with V ={v;,i=1,..., 4}, and linear arc segments L,, p=1,...,8.

Lp € L(ep), Lg € L(eq), with ey # eq, and Lp, Ly are antipodal to
each other.

For the remaining cases, the problem (2-TCR) is classified as
convex.

5. A procedure for discretizing the restricted problem (2-TCR)

This section is devoted to studying the restricted problem
(2-TCR) for a given pair Lp, L; € £. Henceforth, we write (Xq, X3)
€ L, x Ly instead of Xy € Lp, X3 € Lg.

The strategy for solving (2-TCR) is based on identifying a Fi-
nite Dominating Set (FDS), that is, a finite set of points L, x
Lq containing an optimal solution. From this set, (2-TCR) becomes
the problem max, x,)eq F(X1,X2). In order to describe the pro-
cedure for finding €2, the concave and convex cases are analyzed
separately.

5.1. The concave case

This problem can be formulated from (2-TCR) by adding the as-
sumption “Lp, Lq are antipodal to each other”, and it will be iden-
tified as (2-TCR) (1).

Each linear arc segment is a rectifiable subedge in which all dis-
tance functions d(v;, P) are linear. On the other hand, we have:

1. For each A; € A, the Euclidean distance ||A; —X|| is con-
vex when X varies in any linear arc segment. In effect, this
result follows straightforwardly from convexity theory (see
Rockafeller, 1970), since if f is a convex function in an open
set U then the restriction of f to any interval (i.e., straight
line segment) inside U is convex.

2. When (X4, X3) € Ly x Lg, with Lp, Ly antipodal to each other,
the distance od(X;, X,) is concave (Lemma 7), where o € (0,
1) is the speed factor.

Therefore both the function h;; (X1,X3) and hfj (X1,X5) are not
convex on L, x Lg.

To illustrate some concepts and properties associated with this
case, we will use the network with trapezoidal shape shown in
Fig. 4. The lengths of the basis edges of the trapezoid are 7 and
5, respectively, and the nodes {v;,i=1,...,4} are indicated in the
figure with their corresponding coordinates. Likewise, each #; rep-
resents the arc bottleneck point opposite to v;, i=1,...,4. This
figure also shows the partition of the network originated by the
set of linear arc segments £={Ly,,p=1,..., 8}. In this case, L, =
[v3, 4] and Lg = [v4, v3] are antipodal to each other.



Fig. 5. Surface hi’; (X1, Xy) for a = 0.3 (left), and sets H;]T(n) of such a surface (right).

In order to find an FDS for the problem, in the following we in-
troduce the necessary definitions on the sublevel sets, from which
the FDS is constructed.

5.1.1. Characterizing the sublevel sets

When (X;, X3) € L, x Lg, and {Lp, Lg} are antipodal to each
other, the distance d(X;, X;) is a concave function obtained from
the lower envelope of two linear functions: dq(Xq, X3) and dp(Xq,
X3). That is, d(X71, X2) = min{dq (X1, X2), d,(X1,X2)}, where this ex-
pression is obtained from Lemma 7 by replacing P and Q by X; and
Xy, respectively. More specifically, if x = I(up,X;) and y = I(ug, X3),
we have
da(X],Xz) =X+ d(llp, Uq) +Y, and db(X],Xz)

= l(up, wp) —x+ d(wp, wy) + l(ug, wg) —y.

If there is no confusion we will identify X; with x and X, with y.
Therefore, the travel distance h;;(X1,X2) of travel path (4;, X1, X,
Aj) can be expressed as

his (X1, X2) = [1Ai=Xi ||+ min{da (X1, X2). dp (X1, X2) } +[ Xz —Ajl|
and consequently,

hf (X1, X2) = min{gl; (X1, X)), glfj*b(Xl,Xz)},

where

81X, X2) = 1A = Xil| + ¢ da (X1, X2) + |1Xz — Aj|

glf;'b(XLXz) = |A;i = Xil| + a dy (X1, X2) + |1X2 — Ajl].

Since d(X5,X1) = d(X1,X3), in a similar manner we can define the
travel distance h,.; (X1, Xp) of travel path (A;, X, Xy, A)):

hy; (X1, Xz) = min{g;;* (X1, Xa). gi_j'b(XLXz)},

with gi‘j't(X1,X2) = |Ai = X || + ¢ de (X1, X2) + |[Xq — Ajll, for t € {a,
b}.

For example, when X; € Lg, X, € Ly, Fig. 5 (left) shows the
function hlf; (X1,X2) on the network of Fig. 4 for o = 0.3, A;(2.5, 6),
Aj(1,—4). Note the pagoda roof-shape of the surface.

Definition 8 (Sublevel Sets). Let {Lp, Ly} be two linear arc seg-
ments antipodal to each other such that (X;, X;) € Ly x Lq. For
n > 0, let us consider:

1. The (n)-sublevel set H;]r. (n) of function hl.*j X1, Xy), given
by:

Hi () ={(X1.X2) € Lp x Lq : hi (X1, X2) < n}.
Analogously, Hi; M ={X1.X2) elpxly: hi} X1, X2) < n}.

2. For t € {a, b}, the (n)-sublevel sets G;;'t(n) and Gi;’t(n),
of functions g;rj’t(X1,X2) and g;j'f(X1,X2), respectively, given
by:

Gt = {(X1, %) e Lp x Lq & g (X1, X2) <}
Gt = {(X1,X) e Lp x Lg: g;' (X1, X2) < n}.
For several n-values, Fig. 5 (right) displays the corresponding

sublevel sets Ha?(n) of the surface represented on the left-hand

side of the figure.
For t € {a, b}, the function g,f;’t (Xq1,Xy) is the sum of the convex

term [|A; — Xq||2 + [|A; — X2]|2 and the linear function o d(X;, X3).
Similarly, gi‘j*t (X5, X7) is also the sum of a convex and a linear term.
Therefore, the convexity of the sets G,f;’t(n) and G,.‘j’t(n), for t

{a, b}, is a straightforward consequence (see Boyd & Vanderberghe,
2004).

From these definitions, and taking into account that if h=
min{f, g}, the level set of h is the union of the level sets of f and
g, we have:

Lemma 9. Hf() =G (M UGHP(n), and  HZ () =G () U
—.b
G~ (m)

Consequently, both H;;(n) and Hi; (n) are the union of two con-
vex (but possibility not disjoint) sets. The following example shows
that G;;*“(n) N G;;'b(n) # ¢, for some n-values, with 1 < ||A; — Aj||.

In Fig. 4, we have ||A; —A;]| = ¥4%9 ~ 10.11. Fig. 6(a) displays,
for « = 0.4 and 1 = 10, the boundaries of the sublevel sets G,f;’a(n)
and G;b(n). It can be observed that the intersection of both sets
is not empty.

Proposition 10. For any 0 <7 < [|A; —Ajll. Hﬁ(n) NH; () =9
ie., if there exists a path from A; to A; with length shorter than the

Euclidean (planar) travel distance, then the order in which X; and X,
are passed is uniquely determined.
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Fig. 6. (a): For dAij =10, curves ﬁ;'a. E;h, and set Q* (i, j) :CJ'" nG,

Proof. Let 0 < 77 < ||A; — A;|| and assume H;]T(r]) mHi;(n) # @. Then
there exists (X, X3) such that
1A — X1 |l + ad(X1,X2) + [|A;j = Xa|l < 7
lA; — X |l + ad (X1, Xo) + [1A; — X1l < 7.
Summing up and using that d(X;, X;) > 0 we obtain that
A = Xl + 1A = X1 [l + 1A = Xa [l + [|A; = Xo |l < 27.
Due to the triangle inequality, we have that [|A; —A;l| < ||A; -
Xill + 1A = X, || for k=1,2. This gives us
2|Ai=Ajll < [IA=Xa |l + 1A; = Xa [l + 1A = Xa |l + |Aj — X2l <27,
a contradiction to the assumption that n < [|A; — Aj|l. O

Let {Ly, Lq} be antipodal to each other. For a given point (X7, X;)
€ Ly x Lg, the objective value F(X1,X2) = 3 i jyec(x, x,) tij quanti-
fies the amount of weights of OD-pairs captured by such a point.
Taking into account Definition 1, let H; be the set of points which
cover the OD-pair (i, j), given by
Hij ={(X1.X2) e Lp x Ly : fi;(X1, X2) < dj;}.
The following result follows directly from the definition
Corollary 11. (X1, X3) € Hy; if and only if (i, j) € C(Xq, X2).

In order to obtain H;; from the above defined sublevel sets, we

replace the n-values by the specific acceptance level dAU associated
with each OD-pair (i, j).
Remark 12 (Notation). Given an acceptance level 0 < dA,-j < ||A;j —
Ajllz, for t e {a, b} let us denote G;;’t(&;j) and Gi’j’t(dA,-j) by G,.J;’t
and Glfj't, respectively. This abbreviated notation is also applied to
the sets H;JT (djj) and Hi; (djj), which will be identified by H;]T and
H,; respectively.

Corollary 13. For each OD-pair (i, j), H;j = HJ UH; = GE‘“ U Ga'b u
- —b
G ay G-

Proof. Since f,] (X] s Xz) = mll‘l{h:; (X] s Xz), hl; (X] s Xz)} = f]l(Xl s Xz),
the result follows from Lemma 9. O

5.1.2. Identifying a finite dominating set

We now briefly comment on the role of Hy in the construc-
tion of a Finite Dominating Set (FDS). Recall that C(X1,Xy) =
{an...., (k,r)} is the set of OD-pairs covered by (X;, Xp).
Corollary 11 implies that (X;,X) € HjjN...NHy,. For this reason,

. (b): Set P((i, j), (k,r)), for dA,(, =10.5. (c): Vertex (X{,X}) in the boundary of a region R.

we next analyze the intersections of these sets, since such inter-
sections will provide the points to be incorporated in the FDS, as
we will see in the following. In fact, due to the absence of convex-
ity of both Hl.+. and H;;, we will focus the effort on selecting points
from the boundaries of all these sets (as well as from their inter-
sections), in order to guarantee that the selected points belong to
all sets involved in the intersection.

Henceforth we will use the notation G (or H), to identify the
boundary or level curve of a set G (or H). That is, for t € {a, b}, we
have

e _
Gy =%, %) e Ly x L : g (X1, %) = dy)
H,'J; ={X1.X2) e Lp. Lg: hfi(X1.%2) = dj},

and analogously for C,;'[ and Hj;. Clearly, for 7 e {+, -}, ﬁ,-; c
Ci?a Uﬁiz’b, and ﬁ,; = C,;'a Uﬁi;'b if the set G7"n Gi?b contains at
most one point. Likewise

Hij={X1.X2) e Ly x Lg : fi;(X1. X2) = djj}.

Since from Proposition 10, Hlf]r. n Hl.; =), we trivially conclude

Corollary 14. H;; = ﬁ; UH;;.

As we have already seen, in order to construct the FDS of prob-
lem (2-TCR) (1), we will successively select several feasible points
from these level curves and their intersections.

Lemma 15. Given two different OD-pairs (i, j), (k, 1), let
P((, j). (k,T)) C Lp x Ly be the set of intersection points defined as
follows:

PG, J), (k)= {(E,T NGL™), 7.7 e {4+, -}, t.t' e {a, b}}.
Then, Hi; 0 Hy, < P((, j), (k,1)).

Proof. A;; = Hy; UH; < (G “ UG ") U G uG™), and a simi-
lar inclusion can be obtained for Hy,. Therefore we can write

o T —+.
Hij N Hiy < (Gij

—+.a —=+b —=-a —=-b
ﬂ(ckr UGkr UGkr UGkr )
Clearly, P((i,j), (k,r)) is the right-hand side of this expression
since P((i, j), (k,r)) is obtained by intersecting each set of the

first group with each set of the second group. This concludes the
proof. O

a —=+b —=—-a —=-b
UG UG UG,-]->



Definition 16. For each OD-pair (i, j), let Q(i,j) = Q*(, j)uU
Q7 (i, j) be a set of feasible points of Hj; =ﬁi; UH;;, where for
each 7 e {+,-}:

ij»

—ta _=tb ... . . .
Gl-; ‘n Gl-; ,  if this intersection contains at least
one feasible point.
QT (i, j) = { {X2, XP}, otherwise, where the points X% and

X" are arbitrarily selected from
—=T.a

—1.b )
Gij s G,;' , Tespectively.
T

Clearly Q7 (i. j)  Hj, for 7 e {+, —}.

Fig. 6(a) and (b) shows some of these sets.

Fig. 6 is based on the network of Fig. 4, with o = 0.4. We have
considered the points A;(2.5, 6), Aj(1, —4), Ay(-2, —4.5) and A,(3,
5.5). For dA,-j =10 and &;Cr = 10.5, Fig. 6(a) shows the curves CJ'G
and E,-}"b, as well as the corresponding set Q(i, j) =Eg'unﬁ,~jf’b
containing two intersection points (in this case Hi; = ¢). Likewise,
Fig. 6(b) displays the set of intersection points P((i, j), (k,r)) con-
taining three points. In this figure only a branch of the curve C,;’a
is inside the feasible domain.

Theorem 17. For the concave restricted problem (2-TCR)(1), let Q and
P be the sets defined as follows

o=JoGn, P= Y P KT

(i.j) (i.7)#k.r)

Then, for any arbitrary point XP1 € L, x Lq, the set 2 = QU P U {XP9}
is an FDS for the problem (2-TCR)(1)
Proof. Let G = U(iyj){C,-j't, tef{+ —}.tefab}} cLlpxLy be the
collection of all level curves of the restricted problem (2-TCR)(1).
From both Definition 8 and subsequent results, the collection G in-
duces a partition X of the feasible domain L, x Ly into a set of
regions {Rs, s € I} (where I is an index set), such that both F(Xj,
X;) and C(Xq, X;) are constant in the interior points of each region
(see Fig. 6(c)). The possible changes in the objective function may
only occur at the points on the boundary of each region. There-
fore an FDS for problem (2-TCR)(1) can be constructed by selecting
points from the set of boundaries {R;, s € I}.

Given a region R € X, we analyze the cases R=1Lp x L; and
Rcly x L.

1. If R=1Lp xLg, then G =@. Hence, F(X;, X;), ((X;, Xy) are
constant, for all (Xy, X;) € Ly x Lq. Equivalently, any point
XP1 = (Xq,X;) € Lp x Lq is optimal.

2. Otherwise, RcL, x Lg, and its boundary R contains a set

of edges: pieces of level curves, and possibly some vertex
which is a point shared by (at least) two different level
curves (Fig. 6(c)). All points of an edge obtained from the
level curve C,?'t € G cover the OD-pair (i, j). Therefore, given
a set of edges incident to a vertex, such a vertex covers
all OD-pairs associated with these edges. In other words: if
(X{.X}) is a vertex, then F(X],X}) > F(Xq,X,), for any point
(X1, X3) of each edge incident to (X{,X}). From this argu-
ment, all vertices of the partition ¥ are selected to be in-
corporated to the FDS. Additionally, if there is some Rs with
none vertex, then Rs contains a single level curve, in which
case an arbitrary point of such a curve is also added to the
FDS.
In the following we prove that the FDS thus constructed is
the set Q. In effect, a vertex (X{,X;) of R is the intersection
point of (at least) two level curves, and these curves can be
obtained either from a single OD-pair (i, j) or from (at least)
two OD-pairs (i, j), (k, 7).

(a) In the first case, Lemma 9 and Proposition 10 imply
that (X, X}) € G;* NGy From Definition 16, this in-
tersection is the set Q¥ (i, j).

(b) Let assume two edges associated with the OD-pairs (i,
j) and (k, ) are incident to (X, X}). This means that

(X{.X3) is obtained from the intersection Ci;’t ﬂﬁkrr,’[,

for some 7,7’ € {+, -} and ¢, t’ € {a, b}, which implies

that it belongs to the set P((i, j), (k,r)).
Steps (a) y (b) are repeated with each vertex of the partition
3. At the end of this process, all vertices of the case (b) are
the set P. On the other hand, an arbitrary point is selected
from each Rs; without vertices: these arbitrary points, to-
gether with all vertices of the case (a), are the set Q. Finally,
the arbitrary point XP9 may be selected as one of points pre-
viously selected (in fact, XPq is necessary only if G = #). This
concludes the proof. O

5.2. The convex case

This problem, identified by (2-TCR)(2), is formulated by adding
the assumption that {Lp, Ly} are not antipodal to each other to prob-
lem (2-TCR).

In this case, when (Xy, X;) € Ly x Lg, from Lemma 7 and
the subsequent reasoning, the distance d(X;, X,) is convex. More
specifically, we have

dq (X1, X2) = dp(X1, Xp) = d (X1, X3).

Consequently, all results of the previous section are valid for (2-
TCR)(2) taking into account that we now have:

+ _ +a _ ~+b - _r—a_ b
Hfi =Gh* =G}, and Hj = G;* = G;".

Therefore, from Proposition 10 and Corollary 13, both H;Jf and HI.;
are convex and disjoint sets such that Hj; :HJ'UHI‘;' Likewise,
for this problem the set Q(i, j) of Definition 16 becomes the set
(i, j) = {X*.X~}, where X* = (X;".X;) and X~ = (X{.X;) are
points arbitrarily selected from ﬁ;; and ﬁfj respectively. And for
each two different OD-pairs (i, j), (k, r), the set P((i, j), (k,r)) of
Lemma 15 is now given by

.. = 77 TN TN
P ). (k)= |J HynHg)={HjnHg}U{H;nH,}
(i, j)#(k,r)
. .
U{H;; NHy.} U {H;; N H, }.
With these sets, Theorem 17 remains valid and establishes that

Q = QUPU({XP} is a FDS for this problem.
Finally, since Cy is a constant set, it follows straightforwardly:

Corollary 18. Let us consider that there exists a set of stations located
on the nodes of the network. Then, 2 is also a FDS for the prob-
lem in which the set Cy is excluded: Max, x,)eL,xL; £ X1, X2) 1=

2ifecoa o\, i
5.3. Example

This example, based on the network of Fig. 4, illustrates the
above procedure.

The existing demand is located at the points: A{(2.5, 6),
Ay(3, 5.5), A3(5.5,/6/10), A4(2,—4.5), and As(1,—4). The parti-
tion of the network originated by the set of linear arc segments
L={L,,p=1,...,8} provides 36 different restricted problems
on the pairs {{Lp, Lg}, p=1,...,7.q=p+1,....8} U{{Ly, Lp}.p=
1,...,8}, (the pairs {Lp, L} and {Lq, Ly} give rise to symmetric re-
stricted problems with the same solution). Among all these pairs,
{Ly, Lg}, {L1, Ls} and {L3, L;} are antipodal to each other, and the
remaining pairs are not.



Fig. 7. Left: Collection G and partition X for the concave restricted problem on {L,, Ls}, and points of the FDS . Right: FDS for the subproblem (1) on {L,, V(Lg)}.

We consider o = 0.4. The matrices T = (t;;) and D= (dAl-j) con-
taining the weights and the acceptance levels for all OD-pairs, re-
spectively, are given by

0 30 15 28 14
6 0 32 45 23
T=1]40 25 0 20 20
28 45 26 0 30
14 20 23 30 O

0 05 6 102 10
0.5 0 5 9.2 85
6 5 0 55 5
102 92 55 0 1
10 85 5 1 0

(w)
Il

With this scenario we first have considered the concave restricted
problem:

max F(X7,X3) := tii
(%1 X2)eLy xLs . Xz) - 2
(i.)eC(X Xa)

Note that for (X1, Xz) e L x Lg X1= (X],O) el, and Xy =
(x5, 2+/6) € Lg, therefore each point (Xq, X;) € Q is identified as
X = (x1.X). With this notation, ¥ = (xk, xX) denotes the kth local
solution (XK, X¥) of this subproblem (if any).

Fig. 7 (left) shows the FDS €, constructed from all vertices of
the partition X. The local solution for this subproblem is reached
at both x! = (4.556013,2.90379) and x2 = (4.776812,2.950328),
with x' € P((2,3),(2.4)) and %% < P((1,5),(2,4)). For these
points, the pairs covered and the objective value are (1, 3), (1, 4),
(1, 5), (2, 3), (2, 4) and 286, respectively.

The following objective values (in decreasing order) are ob-
tained from the convex restricted problems on {Ls, Lg} and {L;,
Lg}. Let F; 4 be the optimum objective value of the restricted prob-
lem (2-TCR). Table 1 summarizes the results of the above three
subproblems. The local solutions of the remaining restricted prob-
lems provide substantially lower objective values, and they have
not been included in this table.

The solutions obtained from the restricted problem on {L,, Lg}
are also global solutions for the 2-transfer problem on the over-

Table 1

Best optimum values for the 2-transfer problem.
Restricted Local solutions (X1, X2) Fyq
problem
{L, Lg} x! = (4.556013,2.90379) (1, 3), (1, 4), (1,5), (2, 3), (2,4) 286

x% = (4.776812,2.950328)

{Ls, Lg} x% = (5.1,3.075407) (1,3), (1, 4),(2,3), (2, 4) 258
{Ly, Lg} x4 = (0,2.2126927) (1,4), (1,5), (2,4), (2,5) 217

x5 = (0, 3.1439062)

all network. The global optimum is F* = Ef¢ = F(X}, X5) = 286, for
X5 X3) e {Xk XKy k=1,2}.

6. The case of locating a single transfer point

The above procedure also solves the case of locating one trans-
fer point. In effect, as we have argued at the beginning of this
paper, the formulation of the 1-transfer additional covering prob-
lem (1-TAC) is made under the hypothesis that all nodes of V (or
a subset of them) are already located transfer points. From this as-
sumption, problem (1-TAC) can also be solved by adapting the pro-
cedure described for the 2-transfer restricted problem (2-TCR) to
a set of subproblems dealing with the restriction of problem (1-
TAC) to each linear arc segment Ly € L.

The 1-transfer problem (1-TAC) can be reformulated as fol-
lows:

max max F,(X) := Z tij = Z tij

Lyel Xelp ..
PG je( U cox)a
-

where we have applied that C(X) = szev C(X,X3). The restriction
of (1-TAC) to Ly € L is:

r;ﬁz(ﬁ,(X) = > tij (1-TACR)

e U e )\
-



Let us consider the associated problem, in which Cy is not ex-
cluded:

I}?g? FX) = > tij

(i.)e U CX.Xp)
Xyev

(1-TCR)

In the following we describe a procedure for finding an FDS for
both problems.

For each L € £, let V(L) = LNV denote the set of endpoints of L
which are nodes. Clearly, 0 < |[V(L)] < 2. We consider a set £, € L
of linear arc segments such that the union of all node sets in the
collection {V(Lg),Lq € £p} is the set V. There may be several sets
Lp thus defined, we now indicate how to construct one of them.

6.1. Constructing Lp

Let £’ c £ and V'CV be auxiliary sets. Initially, £ = £\Lp. More-
over, if V(L) contains one node w with degree 1, then £, = {Lp}
and V' = V\{w}; otherwise £, =¢ and V' =V.

While V/ # ¢, repeat:

1. Select Ly € £’ such that V(Lg) NV’ # 4.
2. Update £p := £p U {Lg}, and delete L and V(Ly) from £’ and
V', respectively.

6.2. Finding an FDS for the problem (1-TACR)

To this end, we consider a collection of subproblems obtained
from the restriction of (2-TCR) to each V(Lg), with Lg € £p. Thus,
an FDS of (1-TACR) will be constructed from all FDS’s of such a
collection. This procedure is summarized in the following phases:

1. For each Ly € £p, let Q(Lg) denote an FDS of the subproblem

max F(X,X3) := ti;

XeLp. XpeV (Ly) (i,j)E%;(,Xz) J (M
Obtaining Q(Lq)
Problem (2-TCR) with the additional restriction X; € V(Lg)
becomes (1). Therefore, the procedure for constructing an
FDS of problem (2-TCR) can be applied to (1) as follows: Let
us consider the collection G defined in Theorem 17 contain-
ing all level curves of (2-TCR), as well as the partition ¥ of
L, x Lg generated by G, such that the changes in the objec-
tive function of (2-TCR) may only occur on the boundaries
of X.
The feasible domain for subproblem (1) is {L, x X3,X; €
V(Lq)}. By combining this domain with Theorem 17 we con-
struct 2(Lq) as follows:

Qlyg= U U @' nixa=vh

veV(Lg) E,-r]f[eg

In other words, Q(Lg) is the set of intersection points of all
level curves of G with the (at most two) segments of the
feasible domain {L, x X5,X; € V(Lg)}, (see Fig. 7, right). If
this intersection is empty, for all X, € V(Lg), then Q(Lq) =
{XPa} , where XP9 (the arbitrary point stated in Theorem 17),
is any point selected from {L, x X3,X; € V(Lg)}. From this
theorem, (Lg) is an FDS for the subproblem (1).

2. Let 2p cLp be the points of the union set (J; ., 2(Lg) in
Lp, defined as:

Q=1{Xely: X.Xp) e |J QL)
LoeLp
Proposition 19. 2, is an FDS for the problem (1-TCR).

Proof.

(a) Since V = ULqeﬁpV(Lq), we first prove that , does not de-
pend on the collection £, of linear arc segments, which is
equivalent to prove that this independence is verified by
Urgec, 2 (Lg)-

Let us consider a given node v € V. From construction, any
point (X, v) € Uy er, $2(Lg) belongs to a level curve of some

boundary set H,-J-, which means that
fii X v) = [|A; = X|| + ad (X, v) + ||[v - Aj|| = dj;

Once v is fixed, this function only depends on the point X
€ Lp. Equivalently the point X e Lp at which f;;(X,v) = d;;
is independent of the set L; selected, which implies (X,v) €
Q(Lg). for all Lg € £ such that v e V(Lg). Thus, Uy, ., $2(Lg)
does not vary, for any selection of £, € £ such that V =
Ulgec, V (Lg). Consequently, €2, is also independent of L.
(b) The points of €2, generate a partition of L, into subintervals.
We now prove that for each X, € V, the set C(X, X;) is con-
stant in the interior points of each subinterval.
In effect, let ©2p(Lg) CLp be the points of Q(Lg) in L, defined
as

QL) = {X e Ly (X. %) € QL))

Qp(Lg) generates a partition of L, which we call a g-
partition. On the other hand, the points of €(L;) are the in-
tersections of the collection G of level curves with the (at
most) two segments {L, x Xy, Xy € V(Lg)}. From Theorem 17,
the properties of the partition ¥ generated by G imply that,
when (Xj, X;) € Lp x Lg, the possible changes of ((X;, X3)
may only occur on the boundaries of X. From construction,
Q(Lq) contains the points of the boundaries of ¥ placed on
the above segments, therefore for each X, € V(Lq) the set
C(X, X,) is constant in the interior points of each subinterval
of the g-partition, and the possible changes may only occur
at the points of such a partition.

From definitions of both €, and €,(L;) we have Q)=
Utgez, $2p(Lg). This means that the partition defined by €2,
incorporates all g-partitions. This fact and the above reason-
ing imply that for each X, € V, (X, X;) is constant in the
open subinterval limited by two consecutive points of €2p.

Therefore the possible changes of C(X) = Uxyev C(X, X2) may
only occur on the points of €,, which implies that €, is an FDS
for the problem (1-TCR). This concludes the proof. O

Corollary 20. 2, is also an FDS for the problem (1-TACR).

Remark 21. If Q(Lg) = {XP9} for all L € £p, then ((X, X;) does not
vary on Ly, for any X, € V, which means that C(X) does not vary
either. In such a case it is sufficient to select XP € L, arbitrarily and
set Q = {XP}.

6.3. Computing the objective function of problem (1-TACR)

Let us consider the points of 2, sorted in increasing order.

As it has been stated, €2, generates a partition of L, into in-
tervals such that C(X), Fy(X) and F/(X) are constant in the inte-
rior points of each interval. Additionally, X € Qp if and only if
(Xt X{) € Hyj. for some X{ € V and some OD-pair (i, j). These facts
allow the recursive computation of Fy along the points of €, as
follows:

1. Initially, C(X*) = {(i, j) : (X, X}) e Hy}, and
Z(i’j)ec(xé)\cv ti]‘, fOl‘ all X{ € Qp.

2. Let X¢, X1 be two consecutive points of the sorted list
Qp. If (X4, X{) and (X“+1,X4*1) belong to Hyj, then the ob-
jective value does not vary. Otherwise, (X*,X{) € H;; and

R (X" =



Table 2
Set Q(Lg) for problem (1) on {L,, V(Lg)}.

Point x¢ = (x!,x}) (i, ) axo)
x! = (1.276079, 0) (1, 4) (1,4),(1,5)
x2 = (1.913346, 0) (1,5) (1,5)
x3 = (47653359, 5) (1, 3) (1,3)

(X**1,XJ™1) € Hys. In this case, the objective value is up-
dated by evaluating whether (X¢ X) € Hys or (X‘,XZZ“) c
Hys, (where (X X{) € Hs if fis(X¢ X5) < fi;s). If one of two
cases occurs, then C(X¢) := {C(X%) u {C(X**1)}, and Fy is ad-
equately updated.

In this process each point of €, is compared with the following
one, therefore it must be repeated twice along €2;: left to right and
right to left, to compute the final objective value at each point.

6.4. Example

The construction of £(Lg) is shown in this example, which uses
the same network, demand points and notation as in the previous
example. For the 1-transfer problem restricted to L,, the set £; =
{Lq, L3, Lg} gives the collection {V(L,), V(L3), V(Lg)}, whose union is
V. Furthermore, G, = #.

Fig. 7 (right) shows the FDS for the subproblem (1) when X; €
L, and X; € V(Lg) = {v3, v4}. The feasible domain for this subprob-
lem is given by the boundaries L, x v4 and L, x v3 (i.e., the seg-
ments x, = 0 and x, = 5, respectively). To construct (Lg) we only
need to compute the intersections of the level curves with such
boundaries.

For the subproblem (1) on {L,, V(Lg)}, Table 2 shows the points
of Q(Lg), the OD-pairs (i, j) whose associated level curves originate
these intersections, and the corresponding sets C(X*).

Moreover, Qg =0 for the subproblems on
both {L,, V(L{)} and {L,, W(3)}. Thus the set Q)=
{(1.276079, 0), (1.913346, 0), (4.7653359,0)} c L, is an FDS
for the problem (1-TACR) on Lj.

Finally, problem (1-TACR) on Lg provides the solution to the 1-
transfer problem on the overall network, which is reached at the
points (2.461131,2+6), (2.97537,2+6) € Lg, with objective value
equal 217, and the same set {1, 4), (1, 5), (2, 4), (2, 5)} of covered
OD-pairs.

7. The 2-transfer additional covering problem

The restriction of problem (2-TAC) to a given pair of linear arc
segments Lp, L € £ is formulated as follows:

max FA(X1,X3) = tii
coamax A (X1, X2) > ij
(1)< (0 Xo)uC06 UC0R) )\Go
(2-TACR)

The strategy for discretizing the solution set is based on obtain-
ing the FDS of the restricted problems (2-TCR) and (1-TACR), re-
spectively. These sets together which the level curves from which
they have been obtained will be combined in order to derive an
FDS for (2-TACR). We now describe the elements of this process.

1. For a given pair Lp,Lg € £, let G and X be the collection of
level curves and the partition of L, x Lq, respectively, stated
in Theorem 17 for the restricted problem (2-TCR). From this
Theorem, both F(X;, X3) and (C(X;, X;) are constant in the
interior points of each region of such a partition.

2. Let ©p and 24 be the FDS of the problem (1-TACR) on L, and
Lg, respectively. The vertical and horizontal segment lines
through the points of 2, and 24 give rise to a grid I' which
partitions L, x Lq on cells, such that for k =1, 2, both Fy(X;)
and (X)) are constant on the interior points of each cell.

3. Finally, let X UT" be the partition of L, x L; obtained by
overlapping ¥ and I'. From construction, possible changes
in the objective function of (2-TACR) only take place at the
points of the boundary of each region of X UT.

Let , x 4 be the set of the corner points of the grid I', and
let Q, =G nT be the set containing the intersection points of the
level curves in G with the segment lines of I'. The above argu-
ments and the fact that Cy is a constant set yield the union of the
sets 2, 2, x g, and 2y, is an FDS for problem (2-TACR).

Corollary 22. The set Q4 = QU (R2p x Qq) U, contains some op-
timal solution for both the restricted problem (2-TACR) and the asso-
ciated restricted problem in which Cy is not excluded.

7.1. Some insights on evaluating the objective function

Evaluating the objective function at each point (X, X;) € Qa
requires computing C(X;, X) and C(X;), k=1, 2.

1. The algorithm for solving (2-TCR) provides C(Xi, X5), for all
(X1, X2) € Q2. However, for the points in £, x 24Uy, the
sets (X, X) are constructed by checking each OD-pair.

2. On the other hand, for all (X3, X3) € Qp x g, the sets C(Xj),
k =1, 2 can be known by means of the algorithm for solving
(1-TACR). Such an algorithm will be described subsequently.
The knowledge of C(X;) for the points in €, x €24 allows the
computation of C(X), (k=1,2), for all (X, X;) € QUQ,. In
effect, each point (X;, X3) € €, belongs to some line seg-
ment of ', from which we can obtain C(Xy), k=1,2, as
follows: suppose that (X;.X,) e [X{,X{*!] x X, where X!,
X{*1 are two consecutive points of €, and X§ € Q4. Thus,
C(Xy) =C(X5), and C(X;) € {Gy (X}), C(Xf”)}. The computa-
tional effort is spent for inserting X; in the sorted list €2;.
This argument can also be extended to any point (X;, X;) €
Q: since (X, X;) belongs to some cell of the grid I, it is
only necessary to insert Xy and X, in the sorted lists €2, and
Qq, respectively.

8. Algorithms and complexity

Assuming that some technical questions (such as the bi-
dimensional representation of the restricted problem by means of
a parametrization of linear arc segments) have been previously ob-
tained, the algorithms for solving the three restricted problems an-
alyzed are based on progressively constructing their FDS, and then
evaluating the corresponding objective function on the points of
the FDS for finally selecting the best solution.

We start with a preprocessing phase in which the ordered se-
quence L(e) of all linear arc segments of each edge e is computed.
At the end of such a phase we can know if two linear arc seg-
ments L, € £(ep) and Lg € L(eq) are whether or not antipodal to
each other. In the case of having an antipodal pair {L,, L}, the
distance d(Xi, X3), for (X, X3) € Ly x Lg can be established from
Lemma 7.

8.1. The 2-transfer covering problem (2-1C)

The solution procedure for both the concave and the convex
case selects the global solution as the best of local solutions ob-
tained from the collection of restricted problems.



ALGORITHM FOR THE CONCAVE RESTRICTED PROBLEM (2-TCR)(1)

1. Set Q := §.
2. For each OD-pair (i, j), do
—=+.b

(a) Obtain the level curves EJ’G, Gij
For each 7 € {+, -}, do
i If Eé’a uC,;'b #¢, then compute Q7(i,j) =
—=t.a _—=tb
(1) If Q7 (i, j) # 4, then Q := QU Q° (i, j).
(2) Otherwise, set Q := QU{X?, X}, where

X@, Xb, are arbitrarily selected points from
—7a =Tb .
G,; ‘ Giz , respectively.

(3) For each (X1,Xy) € Q% (i, ),
CXy, %) ={(, ), (4, D}
3. For each different OD-pairs (i, j) and (k, r), do
(a) Obtain P((i, j), (k,r)), the set of intersection points of

all pairs of level curves {@?’t, C,fr’t }ofor 7, v/ e {+, -}
and t, t' € {a, b}.
(b) If P((i, j). (k,1)) # @, then
i. For each (Xq,X3) € P((i, ), (k, 1)),
compute C(Xy,Xp) = {(i, ), (. ), (k, 1), (1, k)}
ii. Set Q:=QUP((,}J), (k,1)).
4. If Q = ¢, select arbitrarily XP9 € L, x Lg.
Initialize C(XP?) = ¢, and set Q = {XP9}.
5. For each (Xq, X) € €, do
(a) For each OD-pair (i, j), do
i If (X], Xz) € HU' then
update C(X;, Xp) := C(Xy, X2)u{(i, j), (, i)}, and
F(X1, Xo).
6. Select as a solution a point (X{,X3) for which F(X],X3) =
Maxx, x,)eq F (X1, X2) (there may be several solutions).

—=-.a —=-.b
s GU s and GU .

initialize

To discuss the resulting complexity we first analyze the cardi-
nality of the sets Q, P, composing the FDS 2. We have previ-
ously pointed out that, as it is usual in origin-destination prob-
lems, henceforth we will use N=0(n?) to denote the number
of OD-pairs in order to reflect the complexity as a function of
N (instead of as a function of the number n of isolated demand
points).

In this process, the main computational effort of the first four
steps is spent in computing the O(N2) sets P((i, j), (k,r)). Each
G;; is the boundary curve of the convex set Gij't, which is the

G-t

ij
sublevel set of the convex function gl.fj*t (-). The algebraic struc-
ture of these functions allows us to establish (by means of Be-
zout’s theorem), that for 7,7’ € {+, -} and ¢, t’ € {a, b}, the num-
ber of intersection points of two different curves C,-tj’t, E,:r,’[, is (up-
per) bounded by 12 (see Kirwan, 1992; Korner et al., 2014). Since
each P((i, j), (k,r)) is obtained from the intersection of (at most)
42 = 16 pairs of curves, the complexity of P (the total number of
intersection points) is O(N2). From the same argument, the cardi-
nality of O (computed in step 2) is also O(N?), consequently ||
€ O(N2). This implies that Step 5, in which for each point (X;, X3)
e Q the associated set C(X;, X;) and the objective value is com-
puted, requires O(N3) time. This gives a final complexity of O(N3)
for solving the concave restricted problem (2-TCR)(1).

This algorithm also solves the convex restricted problem (2-

TCR)(2) by introducing some slight modifications in steps 2 and
3:

2. For each OD-pair (i, j), do
(a) Obtain the level curves ﬁ:; and Hy;.
For each 7 e {+, -}, do
i. If Hj; # ¢, then
(1) Set Q := QU{X?}, where X7 = (X, X])
is an arbitrary point in ﬁf]

(2) Initialize C(X?) = {(i, j), (j, )}
3. For each different OD-pairs (i, j) and (k, r), do
(a) Compute P((i, j), (k,r)), the set of all intersection

points obtained from ﬁ,»rj mﬁ,:r/, for 7,7’ € {+, -}
(b) If P((i, j), (k.T)) # @, then
i. For each (X1,X3) € P((i, j), (k, 1)),
compute C(Xy,Xp) = {(, j), (j, i), (k, 1), (1, k)}.
ii. Set Q :=QUP((,J), (k,1)).

The above modifications do not reduce the complexity of O(N3) ob-
tained for the concave problem, since for the convex case we also
have O(N?) sets P((i, j), (k, r)).

These reasonings imply that the restricted problem (2-TCR) can
be solved in O(N3) time (independently of the case: concave or
convex). Taking into account that there are at most |V||E| linear arc
segments in the network, the number of pairs of linear arc seg-
ments is O(|V]?|E|?), which is the number of restricted problems
(2-TCR) to be solved. This finally gives a complexity of O(|V|2|E|2N?)
time for solving the 2-transfer problem (2-TC) on the overall net-
work.

8.2. The 1-transfer additional covering problem (1-TAC)

With some modifications, the above algorithms can be applied
to the restricted problem (1-TACR). We first assume that Cy, has
been computed in a previous phase, which takes O(N|V|?) time.

Each level curve El;’t contributes with at most four points (if
it is a closed curve) placed on the boundaries L, x {X3: X, €
V(Lq)}, which implies that €(Lg), the FDS of (1), has a complexity
of O(N). From construction, |Lp| = O(|V]), therefore €2p, the FDS of
(1-TACR), has O(|V|N) points.

Once these points have been sorted (in O(|VIN max{log]|V],
log N}) time), the objective value can be recursively computed from
a point to the following one in O(|Cy|) time. In summary, the final
complexity for solving (1-TACR) is O(|VIN max{|Cy/|, log|V], log N}).

ALGORITHM FOR THE RESTRICTED PROBLEM (1-TACR)

1. Set €, := ¢, and construct Lp.
2. For each Lg € £p do
(a) Set Q(Lq) := 0.
(b) For each O/D pair (i, j) do
: : —=+.a —=+b —=-.a
i. Obtain the level curves G;;", G;;™, Gj;
——.b
Gl] .
ii. For T € {+, -}, t € {a, b}:
Compute 6,-5’tﬂ{X2 =v} for all veV(ly), and
update (Lg).
(c) Update Q2 = QpU{X: (X, X3) € Q(Lg)}-
3. If Qp = ¢, then choose any point XP € Lp, and set €2, := {XP}.
4. Sort 2p, and compute the objective function along £2;.
5. Select X* € €2p such that F/ (X*) = maxyeq, K (X).

, and

From the above discussion, the 1-transfer additional covering
problem (1-TAC) can be solved on the overall network in
O(|VI2|[E[Nmax {|Cy|, log|V], log N}) time.

8.3. The 2-transfer additional covering problem (2-TAC)

For finding €24, the FDS stated in Corollary 22, we start by com-
puting €2, €, and g4, for which we use the algorithms for prob-
lems (2-TCR) and (1-TACR), respectively. Regarding the complexi-
ties already established, we have |Q| € O(N?) and |Qp x Qq| €
O(]V]? N2). On the other hand, each level curve of the collection G
is convex on L, x Lg and intersects with (at most) O(|V|N) segment
lines of the grid I', which implies that £2,, has O(]VIN?) points. This
leads to a complexity of O(|V|2 N2) for the set 4.



ALGORITHM FOR THE RESTRICTED PROBLEM (2-TACR)

1. Obtain G, 2, and C(X;, X3), V(X1, X3) € L, by algorithm for
problem (2-TCR).
Set Q4 = Q.

2. Obtain €2, 4, and the sets C(X), (k=1,2), for (X;, X3) €
©p x g, by algorithm for problem (1-TACR).
Update €24 1= Q4 U (2p x Qq).

3. Set ) := @. For each level curve 5,5’[ €G do

Compute E,;’t N {X; = X{} and C,;'[ N{X; = X5}, forall X! e
Qp, X5 € Qq.
Update 2, and €24.

4. For each (X;, X3) € QUQy, do

Insert X; and X, into 2, and €4, respectively, and com-
pute C(X;), k=1,2.

5. For each (Xj, X3) € p x QqUQy, do

For each OD-pair (i, j), check whether (X;, X;) € Hj;.
Update C(X;, X,) adequately.

. For each (X1, X3) € 2,4, compute F4(X7, X3).
7. Select the best solution as a solution for the problem (there
may be several solutions).

Steps 1 and 2 of this algorithm takes O(N3) and O(|V|N
max{log|V|, logN} time, respectively. Inserting a point into the
sorted lists 2p and 4 requires O(|V|N) time and, from Section 7.1,
this is the complexity of Step 4. Taken into account that €, x 24
is the set with the largest cardinality and |Cy| < N, the complexity
of Steps 5 and 6 is O(|V]2 N3) time, which also is the final complex-
ity for solving (2-TACR).

There are O(|V|%|E|?) restricted problems, therefore the 2-
transfer additional covering problem (2-TAC) can be solved on the
overall network in O(|V]*|E|2N3) time.

<]

Remark 23. Although from a theoretical point of view the com-
putational analysis of these problems deals with the worst-case
complexity, in practise only a few OD-pairs are involved in each
subproblem. In effect, given L,, Lq, the pair (i, j) can be ex-
cluded if min{||A; - Lp|| + [|Aj — Lgl|, |1A; — Lpl| + [|A; - Lgl [} = dyj,
where ||A —S]| is the Euclidean distance between the point A and
the segment S. Likewise, a set of linear arc segments could be re-

moved, which leads to an improvement of the average complexity.

9. Conclusions and further research

Given a set of origin-destination pairs in the Euclidean plane,
the problem of locating one or two transfer points on a high-speed
network embedded in the plane under different OD-pairs covering
objectives has been analyzed and solved in this paper.

The first problem studied seeks to locate two transfer points
so that the amount of weights of the covered pairs is maximized.
Given the lack of convexity of the mixed planar-network distances
our approach is based on a decomposition of the network into
smaller regions such that the travel distances between them are
either concave or convex. This decomposition gives rise to two dif-
ferent restricted problems which have been analyzed and, for each
of them, a finite dominating set of polynomial size has been de-
rived. Hence, the problem can be solved by a polynomial time al-
gorithm. Moreover, this solution method also represents a general
approach for solving the remaining problems treated in this paper,
as it has been described in the mechanism for adapting the general
strategy to each case. Indeed, this method could also be extended
to problems with more transfer points, although it is predictable
that the complexity increases dramatically.

On the other hand, the methodology proposed here does not
prejudge the assessment of whether one or two transfer points

must be located, since this question involves a decision-making
process in which additional considerations would be taken into ac-
count. From a strategical point of view, locating 2-transfer points
guarantees better coverage in a long-term approach, however, in
short-term decisions, it may be suitable to locate first a single
transfer point and, at a later stage, to determine the convenience
of locating the second one.

A way of making the model more realistic is to introduce accel-
eration and deceleration between nodes as well as dwell times as-
sociated with these points. This problem deserves further research.
Actual or Manhattan distances are more appropriate in some cases.
Whereas the counterpart problems deserve to be studied, they
clearly are beyond the scope of this paper. We note that since
the computational complexity of the corresponding problem of lo-
cating more than two transfer points is high, other methodolo-
gies such as the Big Cube Small Cube algorithm (Schébel & Scholz,
2010) could be useful for this extension. Another line of research
could be oriented to considering a set F of forbidden regions (con-
tained in the high-speed system) in which it is not possible to
locate facilities. The forbidden regions arise when, for example,
zones of the network pass under a river, or cross a natural park,
etc. The algorithm presented in this paper can be adapted for deal-
ing with this model in the following manner: both deleting from
Q those points that lie inside some forbidden region and adding
finite intersections between F and the level curves of all sublevel
sets.

Finally, a generalization of the model can result by incorporat-
ing other objectives (such as minimizing the sum of all distances
between covered pairs, or maximizing the sum of differences be-
tween the acceptance level and the mixed travel distances, or by
introducing other criterion associated to some costs). This multi-
objective formulation possibly will yield optimal points placed in
the interior of some sublevel sets, which provide a wide under-
standing of the role of solutions in order to select a more realistic
optimal decision.
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