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Finding robust solutions of an optimization problem is an important issue in practice, and various con-
cepts on how to define the robustness of a solution have been suggested. The idea of recoverable robust-
ness requires that a solution can be recovered to a feasible one as soon as the realized scenario becomes
known. The usual approach in the literature is to minimize the objective function value of the recovered
solution in the nominal or in the worst case.

As the recovery itself is also costly, there is a trade-off between the recovery costs and the solution value
obtained; we study both, the recovery costs and the solution value in the worst case in a biobjective
setting.

To this end, we assume that the recovery costs can be described by a metric. We show that in this case
the recovery robust problem can be reduced to a location problem.

We show how weakly Pareto efficient solutions to this biobjective problem can be computed by minimiz-
ing the recovery costs for a fixed worst-case objective function value and present approaches for the case
of linear and quasiconvex problems for finite uncertainty sets. We furthermore derive cases in which the
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size of the uncertainty set can be reduced without changing the set of Pareto efficient solutions.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Robust optimization is a popular paradigm to handle opti-
mization problems contaminated with uncertain data, see, e.g.,
Aissi, Bazgan, and Vanderpooten (2009); Ben-Tal, Ghaoui, and Ne-
mirovski (2009) and references therein. Starting from conservative
robustness models requiring that the robust solution is feasible for
any of the possible scenarios, new concepts have been developed,
see Goerigk and Schébel (2016) for a recent survey. These concepts
allow to relax this conservatism and to control the price of robust-
ness, i.e., the loss of objective function value one has to pay in
order to obtain a robust solution, see Bertsimas and Sim (2004).
In many real-world problems these new robustness concepts have
been successfully applied.

Motivated by two-stage stochastic programs, one class of such
new models includes the so called recoverable robustness intro-
duced in Cicerone, D’Angelo, Stefano, Frigioni, and Navarra (2007);
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Liebchen, Liibbecke, Mohring, Stiller, and Zaroliagis (2009) and in-
dependently also used in Erera, Morales, and Savelsbergh (2009).
Recoverable robustness is a two-stage approach that does not
require the robust solution to be feasible for all scenarios. In-
stead, a recoverable-robust solution comes together with a recov-
ery strategy which is able to adapt the solution to make it feasi-
ble for every scenario. Such a recovery strategy can be obtained
by modifying the values of the solution or by allowing another re-
source or spending additional budget, as soon as it becomes known
which scenario occurs. Unfortunately, a recoverable-robust solution
can only be determined efficiently for simple problems with spe-
cial assumptions on the uncertainties and on the recovery algo-
rithms (see Stiller, 2008), and the recoverable-robust counterpart
is known to be NP-hard even in simple cases (Cicerone, D’Angelo,
Stefano, Frigioni, & Navarra, 2009a).

Our contributions. In this paper we analyze the two main goals
in recoverable robustness: Obtaining a good objective function
value in the worst case while minimizing the recovery costs. We
consider the g-constrained version as a geometric problem, which
allows to interpret robustness as a location planning problem, and
derive results on Pareto efficient solutions and how to compute
them.
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Overview. The remainder of the paper is structured as follows.

In the next section we sketch classic and more recent robust-
ness concepts before we introduce the biobjective version of re-
coverable robustness in Section 3. We then analyze how to solve
the scalarization of the recoverable-robust counterpart in Section 4,
and consider reduction approaches in Section 5. After discussing
numerical experiments in Section 6, we conclude with a summary
of results and an outlook to further research in Section 7.

2. Robustness concepts
2.1. Uncertain optimization problems

We consider optimization problems that can be written in the
form

(P) minimize f(x)
s.t. F(x) <0
xe X,

where X C R" is a closed set, F : R® — R™ describes the m con-
straints and f: R" — R is the objective function to be minimized.
We assume f and F to be continuous. In practice, the constraints
and the objective may both depend on parameters which are in
many cases not exactly known. In order to accommodate such un-
certainties, the following class of problems is considered instead of

(P).

Notation 1. An uncertain optimization problem is given as a param-
eterized family of optimization problems

P(&)

minimize f(x, &)
s.t. F(x,€) <0
Xe X,

where F(-,€) : R" - R™ and f(-, &) : R" — R are continuous func-
tions for any fixed & e &/, ¢/ < RM being the uncertainty set which
contains all possible scenarios & € RM which may occur (see also
Ben-Tal et al., 2009).

A scenario £ €U/ fixes the parameters of f and F. It is often
known that all scenarios that may occur lie within a given uncer-
tainty set U/, however, it is not known beforehand which of the
scenarios & € & will be realized. We assume that ¢/ is a closed set
in RM containing at least two elements (otherwise, no uncertainty
would affect the problem). Contrary to the setting of stochastic op-
timization problems, we do not assume a probability distribution
over the uncertainty set to be known.

The set X contains constraints which do not depend on the
uncertain parameter £. These may be technological or physical
constraints on the variables (e.g., some variables represent non-
negative magnitudes, or there are precedence constraints between
two events), or may refer to modeling constraints (e.g., some vari-
ables are Boolean, and thus they can only take the values 0 and
1).

In short, the uncertain optimization problem corresponding to
P(£€) is denoted as

(P(§),§ eU). (1)
We denote

F(E)={xeX:F(x.§) <0}

as the feasible set of scenario & € &/ and

fr(€) =min{f(x,§) : F(x.§) <0.x e X}

as the optimal objective function value for scenario & (which might
be oo if it does not exist). Note that F(§) is closed in R", as we

assumed X to be closed, and F(-, £) to be continuous. In the fol-
lowing we demonstrate the usage of & € R for the case of linear
optimization. In the simplest case, & coincides with the uncertain
parameters of the given optimization problem.

Example 1. Consider a linear program minimize{ctx:Ax <b,x e
R"} with a coefficient matrix A € R™", a right-hand side vector
beR™ and a cost vector c € R™. If A, b, and ¢ are treated as un-
certain parameters, we write

P(A, b, ) minimize f(x, (A, b,c)) = c'x

st. F(x,(A,b,c))=Ax—b <0
xeX =R",

ie,E=@Abc)eRMwithM=n-m+n+m

However, in (1) we allow a more general setting, namely that
the unknown parameters A, b, ¢ may depend on (other) uncertain
parameters £ € R, For example, there might be M = 1 parameter
& € R which determines all values of A, b, c. As an example imagine
that the temperature determines the properties of different mate-
rials. In such a case we would have

f(x, &) :R"xR— R, and
F(x,€) :R" xR — R™,

where f(x,&) =c(&§)'x and F(x, &) = A(§)x — b(§).
We now summarize several concepts to handle uncertain opti-
mization problems.

2.2. Strict robustness and less conservative concepts

The first formally introduced robustness concept is called strict
robustness here. It has been first mentioned by Soyster (1973) and
then formalized and analyzed by Ben-Tal, El Ghaoui, and Ne-
mirovski in numerous publications, see Ben-Tal et al. (2009) for
an extensive collection of results. A solution x € X to the uncer-
tain problem (1) is called strictly robust if it is feasible for all sce-
narios in U, i.e., if F(x, &) < 0 for all £ € &. The set of strictly ro-
bust solutions with respect to the uncertainty set ¢/ is denoted by
RKRWU) = Neeu F(&). The strictly robust counterpart of (1) is given
as

RC(U) minimize supg, f(x,£)

s.t. x e R(UA)

The objective follows the pessimistic view of minimizing the worst
case over all scenarios.

Often the set of strictly robust solutions is empty, or all of the
strictly robust solutions lead to undesirable solutions (i.e., with
considerably worse objective values than a nominal solution would
achieve). Recent concepts of robustness hence try to overcome the
“over-conservative” nature of the previous approach. In this pa-
per we deal with recoverable robustness which is described in
the next section. Other less conservative approaches include the
approach of Bertsimas and Sim (2004), reliability (Ben-Tal & Ne-
mirovski, 2000), light robustness (Fischetti & Monaci, 2009; Scho-
bel, 2014), adjustable robustness (Ben-Tal, Goryashko, Guslitzer, &
Nemirovski, 2004) (which will be used in Section 3.3), and com-
prehensive robustness (Ben-Tal, Boyd, & Nemirovski, 2006). For a
more detailed recent overview on different robustness concepts we
refer to Goerigk and Schébel (2016).

3. A biobjective approach to recoverable robustness

Our paper extends the recently published concepts of recover-
able robustness. As before, we consider a parameterized problem
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P(§) minimize f(x, £)
st.F(x,§) <0
XeX

The idea of recoverable robustness (see Liebchen et al., 2009) is
to allow that a solution can be recovered to a feasible one for ev-
ery possible scenario. There, a solution x € X is called recoverable-
robust if there is a function y : &/ — X such that for any possible
scenario & € U, the solution y(§) € F(§) is not too different from
the original solution x. This includes on the one hand the costs
for changing the solution x to the solution y(£), and on the other
hand the objective function value of y(&) compared to the objective
function value of x. The solution y(&) is called the recovery solution
for scenario &.

Examples include recoverable-robust models for linear pro-
gramming (Stiller, 2008), shunting (Cicerone et al, 2007),
timetabling (Cicerone et al., 2009b), platforming (Caprara, Galli,
Stiller, & Toth, 2014), the empty repositioning problem (Erera et al.,
2009), railway rolling stock planning (Cacchiani et al.,, 2012) and
the knapsack problem (Biising, Koster, & Kutschka, 2011). An ex-
tensive investigation can be found in Stiller (2008). Note that the
model has the drawback that even for simple optimization prob-
lems an optimal recoverable-robust solution is usually hard to de-
termine.

3.1. Model formulation

Various goals may be followed when computing a recoverable-
robust solution: On the one hand, the new solution should be re-
coverable to a good solution y(§) € F(§) for every scenario & € .
On the other hand, also the costs of the recovery are important:
A new solution has to be implemented, and if x differs too much
from y(&) this might be too costly. We assume that the recov-
ery costs can be measured by a metric d : R" x R" — R. An ex-
ample for metric recovery costs can be found, e.g., for shunting
in Cacchiani et al. (2012); recovery costs defined by norms are
also used frequently, e.g., in timetabling (Liebchen et al., 2009), in
recoverable-robust linear programming (Stiller, 2008), or in vehi-
cle scheduling problems (Goerigk, Deghdak, & T'Kindt, 2015). Re-
cently, distance functions have also played a role in the devel-
opment of uncertainty sets for distributional robustness, see, e.g.,
Ben-Tal, Hertog, De Waegenaere, Melenberg, and Rennen (2013);
Bertsimas, Gupta, and Kallus (2013); Carlsson, Behroozi, and Mihic
(2015).

In our approach we use both objectives: quality of the recov-
ered solution and recovery costs. The resulting biobjective model
for recoverable robustness can be formulated as follows:

(Rec) vec — minimize (f(y),r(x,y))

= (Supf(y(%‘),é),supd(x,y(é))>
e Eeu

st. F(y(£),E) <0 forallé eu
XeX,y:U—>X

We look for a recoverable robust solution x together with a recov-
ery solution y(§) € F(&) for every scenario £ € Y. Note that if ¢/ is
infinite, (Rec) is not a finite-dimensional problem. In the objective
function we consider

o the quality fiy(§), &) of the recovery solutions, which will fi-
nally be implemented, in the worst case, and

o the costs of the recovery d(x, y(§)), i.e., changing x to y(£), again
in the worst case.

As usual in multi-criteria optimization we are interested in
finding Pareto efficient solutions to this problem. Recall that a solu-
tion (x e X,y :U — X) is weakly Pareto efficient if there does not

pe

F(1)

% >

1 X1

Fig. 1. An instance of (Rec) not having any Pareto efficient solution for an uncer-
tainty set &/ with only two scenarios.

exist another solution x’ € X,y : i/ — X such that

Zugf(y’(é),é) < ssugf(y(é),é’) and
supd(x',y' (§)) < supd(x, y(§)).
Eel Eel

If there does not even exist a solution X’ € X,y : Y — & for which
one of the two inequalities holds with equality, then (x, y) is called
Pareto efficient.

Notation 2. We call x recoverable-robust for (Rec) if there exists y :
U — X such that (x, y) is Pareto efficient for (Rec). y(&) is called
the recovery solution for scenario &.

We are interested in finding recoverable-robust solutions x.
Note that (Rec) depends on the uncertainty set /. This dependence
is studied in Section 5.

In (Rec), the worst-case objective f does not depend on x. This
is because we assume that x is always modified to the appropriate
solution y(£) when the scenario is revealed.

We remark, that even if x or y is fixed, the resulting problem
(Rec) is still challenging. If x is given, we still have to solve a biob-
jective problem and choose y(£) either with a good objective func-
tion value in scenario £ or with small recovery costs close to x. If
y is given, (Rec) reduces to a single-objective problem in which a
point is searched which minimizes the maximum distance to all
points y(§),& e U.

Our first result is negative: Pareto efficient solutions need not
exist even for a finite uncertainty set and bounded recovery costs
as the following example demonstrates.

Example 2. Consider the uncertain program

P(§) min f(x,§)
sit. 1 <&xix;
x>0
X >0,

where U/ = {—1,1} is the uncertainty set and X = R?. The feasible
sets of scenario £! = —1 and scenario £2 = 1 are given by:

F(=1) ={(x1,%) e R* 1 x1%, < —1, %, <0, x, = 0},

F(1) ={(x1,%) e R* : x1%, = 1, x1,X, > O}

Both feasible sets are depicted in Fig. 1.

For the objective function f(x,&) = |x;| and the recovery distance
d(x,y) = ||y — x||1 the problem does not have any Pareto efficient so-
lution.

This can be seen as follows: Let x = (x1,%;), y' = (y1.y}) and
y 1= (yl‘l,ygl) be an arbitrary feasible solution to (Rec) where
y! and y=1 are the two recovery solutions for the scenarios & =1
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and £ =—-1. Let a:= max{xz,y;,y2*1}+1. Then the solution X :=
(0,a),5' := (1,a) and y~' := (=1, a) is strictly better in both objec-

tive functions. To this end we use that y} > )% >Landy;' < —yl—l <
2

2
1
—3 and compute

£y = max{ly!], ly;') > max{| 1], |[-1[} = £ 7).
r(x,yy™") = max{llx -y, Ix -y '}

max{|x; *Y%L X1 *YI1|}

lyl—y7' 1 o o
AN max(lR =3 1% -5
r(x.y.y ).

It is known that all weakly Pareto efficient solutions are optimal
solutions of one of the two e-constraint scalarizations which are
given by bounding one of the objective functions while minimizing
the other one.

The first scalarization bounds the recovery costs and minimizes
the objective function value in the first place, i.e.,

(Rec®35(8)) minimize supg g, f(y(§).§)
st. dx,y(&)) <6 forallé eu

F(y(£),§) <0 forall & eu
XeX,y:U— X.

v

This problem has been introduced as recoverable robustness (see
Liebchen et al., 2009) and solved in several special cases, e.g., in
Biising et al. (2011); Goerigk et al. (2015); Kasperski and Zielinski
(2015). It is hence denoted as the classic scalarization approach.

In this paper we look at the other scalarization in which we
minimize the recovery costs while requiring a minimal quality of
the recovery solutions:

(Rec(e)) minimize supgg, d(x,y(§))
st. f(yv(&),éE)<e forallécu (2)
F(y(€),E) <0 forallé et (3)

XeX,y:U—-> X

Note that Constraints (2) and (3) of this second scalarization do not
depend on x. To determine feasibility of (Rec(¢)), we hence check
if for every & e U there exists y(&) such that

fy(). &) <eand F(y(§),£) <0,

i.e,, if the sets

Ge(§) :i={yeX:F(y.§) <0and f(y.§) <¢}
=FE)n{yex: f.§) <¢}

are not empty for all £ e 4. For a fixed scenario & the set G. (&)
contains all feasible recovery solutions y which have a sufficient
quality, i.e., it is the intersection of the feasible set with the level
set (for level ¢) of the problem P(£). To extend a given x to a fea-
sible solution, we choose some y(£) € G- (£) which is closest to x
w.r.t the metric d. This is possible since G¢ (§) is closed: we define

d(x,G:(§)) =ygglig)d(x,w,

where the minimum exists whenever G, (§) # 9.
With d(x, #) := oo, we can now rewrite (Rec(¢)) to an equivalent
problem in the (finitely many) x-variables only:
(Rec'(¢)) minimize supe, d(x.Ge(§)) (4)
st.xe X,
i.e., x is an optimal solution to (Rec’(¢)) if and only if (x, y) with
y(§) € argming, ¢,d(x,y) is optimal for (Rec(e)).

Fig. 2. The sets G.(£),& € U together with an optimal solution x and recovery so-
lutions y(&), & € Y. x minimizes the maximum distance to the sets G, ().

3.2. Location-based interpretation of (Rec(€))

In a classic location problem (known as the Weber problem or as
the Fermat-Torricelli problem, see e.g., Drezner, Klamroth, Schobel, &
Wesolowsky (2002)) we have given a set of points, called existing
facilities, and we look for a new point minimizing a measure of
distance to these given points. If the distance to the farthest point
is considered as the objective function, the problem is called center
location problem. We have already seen that for given y : i/ — X,
our biobjective problem (Rec) reduces to the problem of finding
a location x which minimizes the maximum distance to the set
{y(&) : & eu}, ie, a classic center location problem.

We now show that also the e-constrained version (Rec(e)) of
recoverable robustness

min ?Q{xd(X, Ge(§))

can be interpreted as the following location problem: The exist-
ing facilities are not points but the sets G, (£), & e U. (Rec(¢)) looks
for a new location in the metric space X, namely a point x ¢ X
which minimizes the maximum distance to the given sets. For a
finite uncertainty set ¢, such location problems have been studied
in Brimberg and Wesolowsky (2000,2002a) for the center objective
function and in Brimberg and Wesolowsky (2002b); Nickel, Puerto,
and Rodriguez-Chia (2003) for median or ordered median objective
functions. We adapt the notation of location theory and call such a
point (which then is an optimal solution to (Rec(e)) a center with
respect to {G.(§) : £ e} and the distance function d. In our fur-
ther analysis we consider (Rec(e)) from a location’s point of view.
To this end, let us denote the objective function of (Rec(¢)) by

re(x,U) = supd(x, G:(§))
Eel

and let us call ro(x,u/) the (recovery) radius of x with respect to ¢
and U. Let r; (i) denote the best possible recovery radius over X (if
it exists). For a center location x* we then have re (x*, i) =i (U).
Fig. 2 illustrates this point of view: For six scenarios, we depicted

the sets G¢(§;), i=1,...,6. We look for a point x which minimizes
the maximum distance to these sets. If x has been fixed, the recov-
ery solutions y' :=y(€'),i=1,...,6 can be chosen as projections

from x on the sets G (£1).
For specific shapes of the sets G, (£), algorithms of location the-
ory may be used to find a solution x to (Rec(¢)) efficiently. For
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example, if the sets G, (&) are balls of equal radius, it is known that
the point x minimizing the maximum distance to the sets G;(§) is
the same as the point x minimizing the maximum distance to the
center points of these sets. The latter is a classic point location
problem which can be solved efficiently (Megiddo, 1984), hence in
such a case an optimal solution to (Rec(e)) and therefore a weakly
Pareto efficient solution for (Rec) can be computed efficiently.

Closely related are quadratic programming problems of the
type

I n

PE) min{> > (x; - &> xe R”}

i=1 j=1

with uncertain parameters & = (§;)i_1, 1 j=1,.n € R, where the
level sets of the optimization problem P(£¥) and hence the sets
g_g(é") for a specific scenario £% are balls around the centroid
gh= 12, ko i £l) € R" of the row vectors of &*.

3.3. Relation of the biobjective model to other robustness concepts

We first point out the relation between (Rec) and the con-
cept of strict robustness of Ben-Tal et al. (2009). To this end recall
from Section 2.2 that R(U) ={xe X : F(x,&) <0 for all £ eu} is
the set of strictly robust solutions and RC(Z/) is the strictly robust
counterpart of (P(£),& eU).

Lemma 1. Let an uncertain problem (P(§),& < U) be given. Then we
have:

1. If X is an optimal solution to RC(U) then (x,y) with y(§) :=
x for all £ e is a lexicographically minimal solution to (Rec)
w.rt (r(x, y), f(y)).

2. Let (X,y) be a lexicographically minimal solution to (Rec) w.r.t
(r(x, y), f(y)). Then R(U) # @ if and only if r(X,y) = 0 and in this
case (X,y) is optimal to RC(U).

Proof.

1. Let X be an optimal solution to RC(i/). Define y(§) :=x for all
& cU. Then r(x,y) = 0. Now assume (X,y) is not lexicograph-
ically minimal. Then there exists (x’, y') with r(x’,y’) =0 and
f(y') < f(y). The first condition yields that d(x’,y’(§)) =0 for
all £ eu, hence ¥ =y’ (&) for all £ e, and x' € RU). Us-
ing X' =y/(§). the second condition implies supg., f(x'.§) <
supg ¢, f(%,§), a contradiction to the optimality of X for RC(!).

2. Now let (x,y) be lexicographically minimal to (Rec).

o Let r(x,y) = 0. Then 0 =r(X,y) = supgg, d(x,y(§)), ie, X =
y(&) for all £ eyd. Hence x e F(&) for all £ elds, ie, Xe
RKRWU).

e On the other hand, if R(U) # @ there exists x € F(£) for
all £ eyd. We define y(§) := x for all £ e/ and obtain
r(x,y) = 0. Since (x,y) is lexicographically minimal this im-
plies r(x,y) = 0.

Finally, if r(x,y) =0 we already know that x=y(£) for all
& el and X e R(U), i.e., feasible for RC(/). The lexicographic
optimality then guarantees that X is an optimal solution to
RC(¢). O

Sorting the criteria in the objective function in the other order,
i.e.,, minimizing first f(y) and then r(x, y) is not directly related to
any known robustness concept. This lexicographically minimal so-
lution (x, y) realizes an optimal solution y(£) in every scenario, and
among these optimal solutions minimizes the recovery costs.

Lemma 2. Let (x, y) be a solution to (Rec) which is lexicographically
minimal w.r.t (f(y), r(x, y)). Then f(y(€),&) = f*(&) for all £ e u.

We now turn our attention to (Rec(e)) and show that this
scalarization can be interpreted as adjustable robustness as in Ben-

Tal et al. (2004). Motivated by stochastic programming, the vari-
ables in this concept are decomposed into two sets: The values
for the here-and-now variables have to be found in the robust opti-
mization algorithm while the decision about the wait-and-see vari-
ables can wait until the actual scenario & € &/ becomes known. For
an uncertain problem (P(§),& e i/), recall that (Rec(e)) is given
as

minsupd(x, Ge (£)).
xeX §€M

We can rewrite this problem in the following way:
min{z: V& et Iy e G (§) :d(x.y) <2}

which has the same structure as an adjustable robust problem. As
an example, for a problem with linear objective function f(x,&) =
c(&)tx, linear constraints F(x,&) =A(§)x—b(§) <0, and |-||; as
recovery norm, we may write

min { Yz VE cu Iy c®)ly <o AG)Y <bE),
’ i=1

z’gxysz’}. (5)

Note that this is a problem without fixed recourse (i.e., coefficients
of second-stage variables are affected by uncertainty), such that
most of the results in Ben-Tal et al. (2004) are not applicable.
However, we are still able to apply their results on using heuris-
tic, affinely adjustable counterparts, and Theorem 2.1 from Ben-Tal
et al. (2004):

Theorem 1. Let (P(§),& eU) be an uncertain linear optimization
problem, and let the uncertainty be constraint-wise. Furthermore, let
there be a compact set C such that F(£) € C for all & € Y. Then,
(Rec(e)) is equivalent to the following problem

min { Y zi:AyVEeu:c®)y<e AE)y<b),
’ i=1

—z/<x—y<z’}. (6)

Note that problem (6) is a strictly robust problem, which is con-
siderably easier to solve than problem (5). Furthermore, Ben-Tal
et al. (2004) show that there is a semidefinite program for ellip-
soidal uncertainty sets which is equivalent to problem (5).

Problem (Rec(e)) can also be interpreted as a strictly robust
problem in x (see (4)). However, the function & — d(x, G;) has in
general not much properties such that most of the known results
cannot be directly applied. Nevertheless, our geometric interpre-
tation gives rise to the results of the next section, in particular
within the biobjective setting.

4. Solving (Rec(¢))

In this section we investigate the new scalarization (Rec(e)).
After a more general analysis of this optimization problem in
Section 4.1, we turn our attention to the case of a finite uncer-
tainty set in Section 4.2 where we consider problems with convex
and with linear constraints.

4.1. Analysis of (Rec(e))

Let us now describe some general properties of problem
(Rec(e)). Since d is a metric we know that

0<r:(x,U) <+oo forall xeR", (7)
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hence the optimal value of (Rec(¢)) is bounded by zero from below,
although it is +oo if all points x have infinite radius re (x, /). This
event may happen even when all sets G.(£) are non-empty. In-
deed, consider, for instance, ¥ =R, G:(§) ={&} for all £ et/ =R.
One has, however, that finiteness of r.(x,2{) at one point xo and
one ¢ implies finiteness of r,/ (x, ) for all x € X and for all ¢’ > ¢.
In that case we obtain Lipschitz-continuity of the radius, as shown
in the following result.

Lemma 3. Let an uncertain optimization problem (P(£),& eU) be
given. Suppose there exists xy € R" such that re(xg,U) < +oc. Then,
re(X,U) < +oo for all xeR" and for all &' > e. In such a case,
the function R" > x — r(x,U) is Lipschitz-continuous with Lips-
chitz constant L = 1 for every &’ > e.

Proof. Take xeR" and & eid. Let
d(x9, G (£)) = d(xo,y). We have that

d(x,G:(§))<d(x,y) <d(x,X0)+d(X0,y) = d(x,X0) + d(x0, G:(§))

Hence,

y€Ge(§) such that

maxd(x, Ge(§)) < d(x,Xo) + maxd(xg, G=(§)) < +o0,
el e

and therefore, rg(x,¢/) is finite everywhere. Since r.(X,U) <
re(c,U) for all &’ > & we also have finiteness if we increase &.

We now show that r (-, %) is also Lipschitz-continuous. Let § >
0, and let x, X' € R". Take &* such that

§+d(x, G (%) = 1 (x, U).

Since G.(§*) is closed, take

d(¥,Ge(6*)) =d X, y").

Then,

reX,U) =T (X', U) < §+d(X,Ge(§%)) —d(X, G=(§%))
<d+dxy)—dx.y)
<84+dx,x).

Since this inequality holds for any &6 >

re(x,U) —re(x',U) <d(x,x'), hence the function

Lipschitz-continuous with Lipschitz constant 1. O

also y' € G:(£*) such that

0, we obtain
r(-,u) is

In what follows we assume finiteness of the optimal value of
(Rec(¢)), and thus Lipschitz-continuity of r.(-,/). Hence, (Rec(e))
may be solved by using standard Lipschitz optimization methods
(Sergeyev & Kvasov, 2010).

For a given x e R" let us call £ e/ a worst-case scenario with
respect to x (and ) if

d(x,Ge(§)) = e (x. U)

and let WG (x, U) be the set of all worst-case scenarios, i.e., scenar-
ios & e U yielding the maximal recovery distance for the solution
x. Under certain assumptions, any optimal solution x* to (Rec(g))
has a set WC (x*,U4) with at least two elements, as shown in the
following result.

Lemma 4. Let an uncertain optimization problem (P(£),& eU) be
given. Suppose that U is finite (with at least two elements) and X =
R". Fix some ¢ and assume that (Rec(e)) attains its optimum at some
x* ¢ R". Then, |WCe (x*, )| = 2.

Proof. Finiteness of &/ implies that the maximum of d(x*, G¢(£))
must be attained at some &. Hence, |WC, (x*,U)| > 1.

In the case that r¢(x*,24/) =0, we have that WC,(x*,U/) = U.
Thus, let ro (x*, 1) > 0.

In the case that WG (x*,U4) = {£*} for only one scenario £* e U,
we can construct a contradiction by finding a different x with a
better radius: Take y* € G (§*) such that d(x*,y*) = d(x*, G: (E*)),
and, for A € [0, 1], define x; as

X, = (1= A)x* + Ay~

Since, by assumption, WC, (x*, /) = {£*} and U/ is finite, there ex-
ists § > 0 such that

d(x*,Ge(§)) <d(x".Ge(§7)) -8  VEelU §#£E"

Let us show that, for A close to zero, x; has a strictly better objec-
tive value than x*, which would be a contradiction. First we have

d(x),G:(5%)) < d(x,,y%)
=1 -Mlx =yl =0 -1dEx*, G:(E))
< d(x*,G:(§%)) for A > 0.

For the remaining scenarios & # &%,

d(x,,G:(§)) < inf X — X'+ ||x* —
(%3, G (6)) yegg(é){” A ” ” J’II}
= inf {A|x* —y*|| + |x* —
yggg(g){ I v+ YH}

= Mx =y [ +d(x". Ge (§))
< Alx =yl +d(x*, Ge(§7)) — &
)
llxs —y=II”

we would have that

< d(x*,G:(§%)) for A <

5
Hence, for 0 < A < ek

maxd(x;, Ge (£)) < d(x*, Ge (£*)) = maxd(x*, G¢ (§)),
seu Eeu

contradicting the optimality of x*. O

If the finiteness assumption of Lemma 4 is dropped, not much
can be said about the cardinality of WC (x, %), since this set can
be empty or a singleton:

Example 3. Let ¢/ = {-1,1} x [1,0), and let F(x, (£1,&)) = (x —
ED(Exx — &1& +&1). Let f(x) = const and choose & > const. It is
easily seen that

1
Go(~1.82) = F(-L&p) = [ -1 -1+ £ ]

1
G: (1.62) = F(1.£2) = [1- 5—2,1] (8)
For x =0, re(x,U) =1, but there is no £ e &4 with d(x,G:(§)) =1.
In other words, WCs (0,U) = 0.

4.2. Solving (Rec(e)) for a finite uncertainty set U

In this section we assume that #/ is finite, &/ = {§1, ..., EN}. This
simplifies the analysis, since we can explicitly search for a solution
yk = y(£¥) for every scenario £X € ¢/. Using the y¥ as variables we
may formulate (Rec(e)) as

minr

st. F*, €Yy <Oforallk=1,...,N
fok & <eforallk=1,...,N 9
d(x,y*) <rforallk=1,...,N )
xeX,reR
ykex forallk=1,...,N

We can write (Rec(¢)) equivalently as

. k
min 1mkal<>l(vd(?<, Ge(§9)).

Assuming that the distance used is the Euclidean dy(-, -), the func-
tion x — max, d, (x. Ge (§¥)) is known to be d.c. for closed sets G
(Horst & Thoai, 1999), i.e., it can be written as a difference of two
convex functions, and then the powerful tools of d.c. programming
may be used to find a globally optimal solution if (Rec(e)) is low-
dimensional (Blanquero, Carrizosa, & Hansen, 2009), or to design
heuristics for more general cases (An & Tao, 2005).
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4.2.1. Convex programming problems

We start with optimization problems P(&) that have convex sets
Ge (&) for all £ e u. This is the case if the functions F and f of P(§)
are quasiconvex for all fixed scenarios &, and X is convex. We fur-
thermore assume that d is convex, which is the case, e.g., when d
has been derived from a norm, i.e. d(x,y) = ||y — x|| for some norm
lI-1I-

Let us fix £. Then the function R" > x — d(x, F(£)) describes
the distance between a point and a convex set and is hence con-
vex. We conclude that also r.(x,2/) is convex, being the maximum
of a finite set of convex functions.

Lemma 5. Consider an uncertain optimization problem (P(§),& e U)
with quasiconvex objective function f(-, £) and quasiconvex constraints
F(-, &) for any fixed &. Let X C R" be convex, U be a finite set and d
be convex. Then problem (Rec(e)) is a convex optimization problem.

In order to solve (Rec(e)) one can hence apply algorithms suit-
able for convex programming, e.g., subgradient or bundle methods
(Hiriart-Urruty & Lemaréchal, 1993; Sun & Yuan, 2006). In partic-
ular, if (Rec(e)) is unconstrained in x, a necessary and sufficient
condition for a point x* to be an optimal solution is

0ed(re(x*,U)),

i.e., if 0 is contained in the subdifferential of r.(-,2/) at the point
x*. By construction of (-, /), we obtain

0 € conv{dd(x*, G.(§)) : £ e WG, (x*,U)}

where WG, (x*,U/) is the set of worst-case scenarios (see Hiriart-
Urruty & Lemaréchal, 1993), and ad(x*, G- (£)) is the subdifferen-
tial of d(-, G (§)) at x*.

Now, dd(x*, G¢(£)) can be written in terms of the subdifferen-
tial of the distance used, see Carrizosa and Fliege (2002), where
also easy representations for polyhedral norms or the Euclidean
norm are presented. Although we do not know much a priori about
the number of worst-case scenarios, we do not need to investigate
all possible subsets but may restrict our search to sets which do
not have more than n + 1 elements as is shown in our next result.
This may be helpful in problems with a large number of scenarios
but low dimension n for the decisions.

Theorem 2. Let U be finite with cardinality of at least n+ 1. Let
X =R". Suppose (Rec(g)) attains its optimum at some x*, and that
for each & the functions F(-, &) and f(-, &) are quasiconvex. Let d be
convex. Then there exists a subset U € U of scenarios with 2 < |U| <
n+ 1 such that

U =re (X U) =r.(x*, U) =12 U).

Proof. Let x* be optimal for (Rec(¢)). The result is trivial if
re (x*,U4) = 0: take any collection of n + 1 scenarios. Hence, we may
assume 1 (x*,U) > 0, which implies that x* does not belong to all
sets Ge (§).

By Lemma 4, |WC (x*,U)| > 2. If [WCe(x*,U)| <n+ 1, then we
are done. Otherwise, |WC; (x*,U/)| > n+ 1, we have by the optimal-
ity of x* and convexity of the functions d(-, G- (£)), that

0 € conv{dd(x*,G:(§)) : £ e WG, (x*,U)}

By Carathéodory’s theorem, WCg (x*,1/) contains a subset #/,1 <
t/l <n+1 such that Oeconv{dd(x*Ge(§)):& eld}. Such U
clearly satisfies the conditions stated. O

4.2.2. Problems with linear constraints and polyhedral norms as
recovery costs

As in the section before, we assume a finite uncertainty set &/ =
{1, ..., EN}. Let us now consider the case that all sets G (£¥), k =

1,..., N are polyhedral sets. More precisely, we consider problems
of type

P(§) min f(x,&) :=c(§)'x
st. F(x, &) :=AE)x-b() <0
xe X

with a finite uncertainty set ¢/ = {£',..., &N}, linear constraints
A(E)x < b(&) for every & e U, a linear objective function ¢(&)ix and
a polyhedron X.

Furthermore, let us assume that the distance d is induced by
a block norm ||-||, i.e.,, a norm whose unit ball is a polytope,
see Ward, Wendell, and Richard (1985); Witzgall (1964). The most
prominent examples for block norms are the Manhattan (d;) and
the maximum (d.,) norm, which both may be suitable to represent
recovery costs: In the case that the recovery costs are obtained by
adding single costs of each component, the Manhattan norm is the
right choice. The maximum norm may represent the recovery time
in the case that a facility has to be moved along each coordinate
(or a schedule has to be updated by a separate worker in every
component) and the longest time determines the time for the com-
plete update.

We also remark that it is possible to approximate any given
norm arbitrarily close by block norms, since the class of block
norms is a dense subset of all norms, see Ward et al. (1985). Thus,
the restriction to the class of block norms may not be a real re-
striction in a practical setting.

The goal of this section is to show that under the assumptions
above, (Rec(¢)) is a linear program.

We start with some notation. Given a norm ||-||, let

B={xeR":|x]| <1}

denote its unit ball. Recall that the unit ball of a block norm |||
is a full-dimensional convex polytope which is symmetric with re-
spect to the origin. Since such a polytope has a finite number S
of extreme points, we may denote in the following the extreme
points of B as

Ext(B) ={e;: 1 <i<S}.
Since B is symmetric with respect to the origin, S € N is always
an even number and for any e; e Ext(B) there exists another e; €

Ext(B) such that e; = —e;. Its dual (or polar) norm defined as ||x||o
:= max{x'y: ||y|]l < 1} has the unit ball

B°={xeR":x'y <1 for all y € B).

It is known that B® is again a polyhedral norm with extreme

points

Ext(B%) ={e : 1 <i <5},

where SO is the number of facets of B (see, e.g., Rockafellar, 1970).
The following property is crucial for the linear programming

formulation of (Rec(e)). It shows that it is sufficient to consider

only the extreme points Ext(B) of either the unit ball B of the block

norm, or of the unit ball BY of its polar norm in order to compute
|lx|| for any point x € R".

Lemma 6 (Ward et al. (1985)). Let Ext(B) ={e; : 1 <i < S} be the
extreme points of a block norm ||-|| with unit ball B and let Ext(B%) =
{e? 11 < i< 5% be the extreme points of its polar norm with unit ball
BO. Then |-|| has the following two characterizations:

s s
x| =min > Bi:x=>) Be, fi=0Vi=1,....S

i=1 i=1
and

x| = max x‘ef.
i=1,...,50
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Lemma 6 implies that we can compute |x —y| for any pair
x,y € R" by linear programming. Thus, our assumptions on the sets
Ge (%) and Lemma 6 give rise to the following linear formulations
of (Rec(¢)), if X is a polyhedron:

min r
s.t. A(E¥)y* < b(E¥) forallk=1,...,N (10)
cEHyk<e forallk=1,....N (11)
s
Y—x=>"Ble forallk=1,...,N (12)
i=1
S
> Bf=<r forallk=1,...,N (13)
o1
x,y*e Xforallk=1,...,N (14)
rBk=0 forallk=1,...,N, i=1,....§ (15)

Note that constraints (10) and (11) are just the definition of the
sets G¢ (£X). Furthermore, (12) and (13) together ensure that ||x —
yk|| <r forall k=1,...,N. Hence, the linear program is equivalent
to the formulation (9) for a finite set of scenarios each of them
having a polyhedron as feasible set and if a block norm is used as
distance measure. In this case we have hence shown that (Rec(¢))
can be formulated as a linear program. In order to use the second
characterization of block norms in Lemma 6 we replace (12) and
(13) by

(e?)t(y"—x)gr forall k=1,...,N, i=1,...,5° (16)

to ensure that the value of ||x —y¥|| is correctly computed. We
summarize our findings in the following result.

Theorem 3. Consider an uncertain linear optimization problem
(P(§),& eU) Let U ={€E¥ : k=1,..., N} be a finite set and let d be
induced by a block norm. Let X € R" be a polyhedron. Then (Rec(s))
can be solved by linear programming.

If the number of constraints defining X, and either the number
of extreme points of B or the number of facets of B depend at most
polynomially on the dimension n, then (Rec(g)) can be solved in poly-
nomial time.

We note that block norms may be generalized to the broader
class of polyhedral gauges where the symmetry assumption on the
unit ball is dropped (see e.g., Nickel & Puerto, 2009). Nevertheless
it is readily shown that Lemma 6 applies to polyhedral gauges as
well. Hence, it follows that Theorem 3 also holds for distance func-
tions derived from polyhedral gauges.

4.2.3. Problems with hyperplanes as feasible sets

We consider a special case in which (Rec(e)) can be rewritten
as a linear program, even though the distance measure does not
need to be derived from a block norm, namely if the sets G, (§) are
all hyperplanes or halfspaces. Before we show the resulting linear
program for this case, we consider some situations in which this
happens:

Example 4. Let d be a distance derived from a norm, and let X =
R".

1. For feasibility problems of type
P(a, b) min const
st. F(x,(a,b)) :=a'x—b=0
with o = {(al,b!),..., @V, My}, dt, ..., aN£0 we obtain
Ge (@k, b¥) = {x : ak'x — b¥ = 0} for all & > const.
2. The same holds for problems

P(&) min{f(x,&):xe F(&)} for&E cu

if 7(£) is a hyperplane for each £ e/ and ¢ > flx, &) for all

xe F(&).

3. For unconstrained uncertain linear optimization of the form

P(&) min{c(&)'x:x e R"}

the resulting sets G (§%) = {x : c(£)'x < &} are halfspaces.

Let us first consider the case of hyperplanes: For £k = (ak, b¥),
let Ge(§) =Hy i = {xeR": a'x = b¥} be a hyperplane. Then
(Rec(e)) is given by
min r

st.dx Hyy) <rforallk=1,....N
xeR"reR,

Recall the point-to-hyperplane distance (Plastria & Carrizosa,
2001)

|atx — b|
dx,Hgp) = ———,
“ llall°
where ||||° denotes the dual norm to |-||. As the values of [ak||°

can be precomputed and the absolute value linearized, we gain a
linear program
min r
Kt
a“x—b
s.t.frswsrforallkzl,...,N (17)
xeR reR.

For halfspaces G. (&) = Hi p={xeR": a¥'x < b} instead of
hyperplanes, the distance is given by
|atx — b|*
dix,H" )= ——n,
ab llall°

where |a'x — b|t = max{a‘x — b, 0}, resulting in the linear pro-
gram

min r
Kby,
a”;ikncbgrforallk:l,...,N (18)
r>0
xeR" reR

Theorem 4. Consider an uncertain optimization problem with finite
uncertainty set and sets G. (&) that are hyperplanes or halfspaces. Let
X =R" and let d be derived from a norm |-||. Then (Rec(¢)) can be
formulated as linear program (see (17) and (18)) and be solved in
polynomial time, provided that the dual norm of ||-|| can be evaluated
in polynomial time.

5. Reduction approaches
In this section we analyze recoverable-robust solutions for dif-

ferent uncertainty sets ¢/, and hence write Rec(i/), f;; and ry to
emphasize the uncertainty set that is considered:
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Rec(Z/) minimize (f,(y),ru(x,y))

= (SUP f().§),sup d(X,J’(E)))
Eeu Eeu

st. F(y(§),E) <0 forallé cu
XeX,y:U—> X

Recall that a solution x is recoverable-robust with respect to U if
there exists y : Y/ — X such that (x, y) is Pareto-efficient for Rec(t/).

The main goal of this section is to reduce the set ¢/ to a smaller
(maybe even finite) set ¢4’ C U, such that the set of recovery-robust
solutions does not change. This is the case if we can extend any
feasible solution (x, y’) for Rec(i/’) to a feasible solution (x, y) for
Rec(/) without changing the objective function values.

Lemma 7. Let &’ c u. If for all feasible solutions (x, y') of Rec(U’)
there exists y : U — X such that

e (x, y) is feasible for Rec(i), i.e., F(y(§), §) < O for all £ e U, and
o fu(y) =£, (V') and 1y (x,y) =1, (x,y")

then Rec(U{) and Rec(U’) have the same recoverable-robust solu-
tions.

Proof. Let (x, y) be feasible for Rec(i/). Define
Yo 1U' — X through y,,(§) :=y(§) forall £ et/

Then (x, y') is feasible for Rec(/’) and £, (y') <fy(y), 1y (x.y') <
r, (x,y). Together with the assumption of this lemma Pareto opti-
mality follows since a solution can be improved by switching be-
tween Rec(/) and Rec(i'):

o Let x be recoverable-robust w.r.t /. Then there exists y : Y — X
such that (x, y) is Pareto efficient for Rec(/). Define y’ := Y-
Then (x, ') is Pareto-efficient for Rec(¢/’): Assume that (%, 7')
dominates (x, y’). Due to the assumption of this lemma there
exists (%, ¥) which is feasible for Rec(¢/) and fy,(¥) =f,,(J') and
(% y) =1, (X §). ie, (X 7) then dominates (x, y), a contra-
diction.

Let x be recoverable-robust w.r.t Z/’. Then there exists y' : t// —
X such that (x, y’) is Pareto-efficient for Rec(i’). Choose y
according to the assumption of this lemma. Then (x, y) is
Pareto-efficient for Rec(/): Assume that (%,y) dominates (x,
y). Then (X, y,.) is feasible for Rec(/’) and £ ) < fu@)
and 1y (8 Jyp) <tu(X,¥), ie, (& ;) then dominates (x, ),
a contradiction. O

We now use Lemma 7 to reduce the set of scenarios ¢/. Our first
result is similar to the reduction rules for set covering problems
(Toregas, Swain, ReVelle, & Bergman, 1971).

Lemma 8. If P(§2) is a relaxation of P(§1) for two scenarios £1,£2 ¢
U, then Rec(U) and Rec(U \ {£%}) have the same recoverable robust
solutions, i.e., scenario £2 may be ignored.

Proof. We check the condition of Lemma 7: Let (x, y') be feasible
for Rec(i/ \ {£2}). Define

if & eu\ {&2}
if & = &2
Then (x, y) is feasible since F(y(£), £) < 0 for all £ e/ \ {£2} and

F(y(52).&%) =F(y(§"),£?) <0 since F(y(§"), &') < 0 and P(§?) is
a relaxation of P(£!). Furthermore, f(y(£2),£2) = f(y(£1),£2) <

f(y(g"), &") implies
fu(y) =sup f(y(§).&§) = sup f(y(§).§)
el Eeu\(6%)

= sup fQ'(§).§) =fnen (V).
seu\(2)

y:U— x through y(§) := {;:g?)

Finally, y(¢€1) = y(£2), hence
ry(x,y) =supd(x,y(§)) = sup d(x,y(§))
Eeu £eu\(£2)

= sup dxy(§)) =1, Y).
ge\(£2)

O

Note that depending on the definition of the optimization prob-
lem and the uncertainty set &/, often large classes of scenarios
may be dropped. This is in particular the case if the sets F(§) are
nested.

In the following we are interested in identifying a kind of core
seti’ < U containing a finite number of scenarios which are suffi-
cient to consider in order to solve the recoverable-robust counter-
part. More precisely, we look for a finite set &’ such that Rec(i/)
and Rec(¢/") have the same recoverable-robust solutions.

In the following we consider a polytope ¢/ with a finite number
of extreme points £1,... &N ie., let

U =conv(U') where U’ ={&',... EN}.

Then many robustness concepts have (under mild conditions)
the following property: Instead of investigating all £ e, it is
enough to investigate the extreme points &1,...,&EN of u. For
example, for the strictly robust counterpart RC(i/) of an uncer-
tain optimization problem (P(£),& e U = conv{€!, ..., EN}), RC(1)
is equivalent to RC({&1,...,ENY), if F(x, -) is convex for all x € X.

Unfortunately, a similar result for the recoverable-robust coun-
terpart does not hold. This means that the set of Pareto efficient
solutions of Rec(/’) does in general not coincide with the set of
Pareto efficient solutions of Rec(i/) with respect to the larger set
U = conv(U’) as demonstrated in the following example.

Example 5. Consider the following uncertain optimization prob-
lem:

P(aq, ay, b) min f(x1,x,) = const
s.t.a1X; +ax, —b=0
X1.X € R,
where

U = conv(Ud") with &’ = {(1,0,0), (0,1,0), (1,1, 2)}.

Let the recovery distance be the Euclidean distance. Then x* =
(2 —+/2,2 —+/2), the midpoint of the incircle of the triangle that
is given by the intersections of the respective feasible solutions, is
a Pareto efficient solution of Rec(¢/’), as it is the unique minimizer
of the recovery distance (see Fig. 3(a)).

On the other hand, this solution is not Pareto efficient when
the convex hull of ¢/ is taken into consideration. Indeed, by ele-
mentary geometry, one finds that

r(x*, U) =2 (2 -+2)~0.828,

r(x,u) = % ~ 0.707,

where X = (3. 1) (see Fig. 3(b)). Therefore, solving Rec(t/') does
not give the set of Pareto efficient solutions for Rec(Z/) .

However, assuming more problem structure, we can give the
following result.

Theorem 5. Consider an uncertain optimization problem with uncer-
tainty set U = conv(Ud’) with U’ :={&1,... ENY). Let F consist of m
constraints with F,: R" x4 - R, i=1,...,mand f: R" x4 — R be
jointly quasiconvex in the arguments (y, £). Let d(x, -) be quasiconvex.
Let X be convex.

Then Rec(U) and Rec(U’) have the same set of recoverable-robust
solutions.
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(a) Optimal solution w.r.t. U’.

%1‘1 + él‘z =0

(b) Optimal solution w.r.t. U.

Fig. 3. Rec(¢/’) and Rec(/) may have different optimal solutions.

Proof. Let (x, y') be feasible for Rec(i/’). We first define y : i/ — X.
Let & c¢y. Then there exist A;,i=1,...,N such that &=
SN oAED with YN 24;=1 and A; > 0. We set y(&):=
YN Ay (€). Note that this implies y(&') =y'(&") for all i=
1,..., N. We now check the conditions of Lemma 7.
For every constraint k=1,...,m the joint quasiconvexity im-
plies that

N N
F(y(§).§) = K <Z}w3’($i)a ZM?)

i=1 i=1

< .nllaxNF,{(y(S"), EHY<0OVk=1,....,m,
1=1,...,

where the last inequality holds since y(¢%) = y/(£%) and (x, ') is
feasible for Rec(/’). We hence have that (x, y) is feasible for Rec(i/).

Analogously, joint quasiconvexity of f implies f(y(£),£) <
max;_;__n f((§), &) for all £ e U, hence

f) = $up FV(§). £) = max [/ (6). §)
= max [/ (§).6) = ).

Finally, for the recovery distance d we assumed quasicon-

vexity in its second argument which implies d(x,y(§)) <
max;_; . nd(x,y(£")), hence
ry(x,y) =supd(x,y(§)) = maxd(x, y(§))
Eel Eel
=maxd(x,y'(§)) =1, (x.y').
Ee
O

An important particular case of Theorem 5 is the case in
which

F(x.§) =G(x) —b(§)

for a convex G and concave b (i.e., the uncertainty is in the right-
hand side), since F is then jointly quasiconvex in (x, &).

Corollary 1. Let (P(§),& eU) be an uncertain optimization prob-
lem with uncertainty set U = conv(U’) with U/ :={&1,... EN}. Let
F(x,&) = G(x) —b(&) with a convex function G:R" - R™ and a
concave function b(£) : RM — R™. Let f(x, &) be jointly quasiconvex,
X be convex, and let d(x, -) be quasiconvex. Then Rec(id) and Rec(U")
have the same recoverable-robust solutions.

We remark that G must not depend on the scenario &.
Example 5 shows that Corollary 1 is not even true for a linear
function F(x,&) =A(&)x — b(£): If the matrix A is dependent on
&, we cannot conclude that Rec(/) and Rec(i/’) have the same
recoverable-robust solutions.

Note that Corollary 1 applies in particular for the special case
where b(§) =&, ie, for uncertain convex optimization problems
of the type

P(b) m}{lﬂl{f(x) : G(x) < b}. (19)

In particular we know for P(b) that the center with respect to
some finite set ¢’ solves the uncertain problem with respect to
U = conv(U").

This means we can use the finite set ¢/’ instead of &/ when solv-
ing (Rec) if the conditions of the previous theorem apply. This is
summarized next.

Corollary 2. Let (P(£),& e U) be an uncertain optimization problem
with uncertainty set U = conv(U’) with U’ :={&1,..., €N} and with
constraints F(x, &) = G(x) —b(¢) with a convex function G:R" —
R™ and a concave function b(€) : RM — R™. Let X < R" be convex,
let f be jointly convex, and let d(x, -) be convex. Then (Rec) can be
formulated as the following convex biobjective program:

min (r,2)
st. GO <b(E% forallk=1,...,N
dx,y) <r forallk=1,....,N (20)
fyk £ <z forallk=1,...,N
X, yk ex forallk=1,...,N
T,z e R

Combining this corollary with Theorem 3 from Section 4.2.2, we
obtain the following result: The recoverable-robust counterpart of
an optimization problem with convex uncertainty which is only in
its right-hand side and with polyhedral uncertainty set can be for-
mulated as a linear program if a block norm is used to measure the
recovery costs. In particular, the recoverable-robust counterpart of
such a linear program under polyhedral uncertainty sets and block
norms as distance functions remains a linear program.

Theorem 6. Let (P(£),& € U) be an uncertain linear program with
concave uncertainty only in the right-hand side, and U = conv(U')
with U’ = {£1, ..., &N}, Let d be derived from a block norm. Then,
(Rec) can be formulated as a linear biobjective program.
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If the terms defining X and either the number of extreme points
or the number of facets of the unit ball of the block norm depend at
most polynomially on the dimension n, then the problem (Rec(e)) be
solved in polynomial time.

Proof. According to Theorem 1 we can replace ¢ by the finite set
U’ in the recoverable-robust counterpart, i.e., we consider Rec(i/’)
instead of Rec(/). We are hence left with a problem for which the
assumptions of Theorem 3 are satisfied yielding a formulation as
linear program. O

Note that many practical applications satisfy the conditions of
Theorem 6. Among these are scheduling and timetabling problems
where the uncertainty is the length of the single tasks to be com-
pleted and hence in the common linear formulations in the right-
hand side. We refer to Goerigk and Schébel (2010) for applications
in timetabling, to Herroelen and Leus (2005) for project scheduling,
to Erera et al. (2009) for container repositioning, and to Bouman,
van den Akker, and Hoogeveen (2011) for knapsack problems.

6. Numerical experiments

In the following, we consider two computational experiments:
The first experiment is concerned with computation times on
randomly generated portfolio optimization instances. We analyze
the difference between our scalarization (Rec(¢)) and the “classic”
scalarization (Rec?5(8)) to calculate the Pareto front. In the sec-
ond experiment, we use real-world stock exchange data and ana-
lyze the performance of the biobjective model.

Note that both recovery distance and worst-case performance
are relevant quality measures in portfolio optimization. On the one
hand, a good worst-case performance ensures that the solution
will perform well over all scenarios. On the other hand, however,
the small recovery distance adds an element of stability to the op-
timization, as it can be used to avoid solutions where only few
stocks are bought. This stability then translates to additional ro-
bustness over time.

6.1. Experiment 1: computation times

6.1.1. Problem setting
We consider a portfolio problem of the form

n
max Y pix;
i=1

n
s.t. ZX; =1
i=1

x>0

where variable x; denotes the amount of investment in opportunity
ie{1,...,n} with profit p;, We assume that profits are uncertain
and stem from a finite uncertainty set &/ = {p!,..., pV} C R} The
biobjective recoverable-robust model we would like to solve is the
following:

(max z, min d)

n
st.z< ) pixt Vk=1,....,N
i1

n
ZX,' =1
i=1

n
doxk=1 k=1,....N
i=1

n
Y xi—x)?<d Vk=1,....N
i=1

x, x>0

In this setting, we would like to fix some choice of investment x
now, but can modify it, once the scenario becomes known. Our aim
is to maximize the resulting worst-case profit, and also to mini-
mize the modifications to our investment, which we measure by
using the Euclidean distance.

We compare the two e-constraint approaches, where either a
fixed budget on d is given (Rec3s(§)), or a budget on z is given
(Rec(e)).

Moreover, we consider the following iterative projection method
as another solution approach to (Rec(e)) It is based on the method
of alternating projections. Say we have some candidate solution x
available. For every scenario k, we want to find a solution x* that
is as close to x as possible, and also respects a desired profit bound
P. The resulting problems are independent for every k. For a fixed
k, it can be formulated as the following quadratic program:

n
min Y (xf - x;)?

i=1

n
sty xf =1
i1

n
> =7
i1
x>0

Having calculated all points x¥, we then proceed to find a new so-
lution ¥’ that is as close to all points x* as possible:

min d
n
sty x=1
i=1

Y -xH)?<d
i=1

X >0

Vk=1,...,N

We then repeat the calculation of closest points, until the change
in objective value is sufficiently small. In this setting, the projec-
tion method is known to converge to an optimal solution (see, e.g.,
Dattorro, 2010; Goerigk, 2012)

6.1.2. Instances and computational setting

We consider instances with n =5, 10, 15,20,25,30 and N =
5,10, 15, 20, 25, 30, where we generate 100 instances for each set-
ting of n and N (i.e,, a total of 6.6-100 = 3600 instances were
generated). An instance is generated by sampling uniformly ran-
domly values for pk in the range {1,...,100}.

For each instance, we first calculate the two lexicographic solu-
tions with respect to recovery distance and profit. Then the follow-
ing problems were solved:

e We solve the classic scalarization, (Rectas5(§)), i.e., (Rec) with
bounds on the recovery distance, where the bounds are calcu-
lated by choosing 50 equidistant points within the relevant re-
gion given by the lexicographic solutions. This approach is de-
noted as Rec-P.

« For solving the new scalarization, i.e., (Rec(¢)), we used three
different approaches:

- Using also 50 equidistant bounds on the profit, we solve
recoverable-robust problems (Rec(¢)) directly. This approach
is denoted as Rec-D.
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Table 1

Average computation times in s to calculate Pareto solutions.
n N Rec-P Rec-D Rec-It Rec-M
5 5 0.29 0.32 1.70 0.48
10 048 0.56 2.56 0.77

15 0.74 0.91 3.43 1.16

20 0.99 115 3.78 1.40

25 1.26 1.49 414 1.75

30 1.55 1.86 5.30 218

10 5 0.57 0.62 331 0.74
10 1.45 1.53 6.22 1.67

15 2.70 2.59 8.60 2.79

20 4.42 411 13.15 433

25 3.70 412 17.95 4.99

30 4.47 5.04 21.36 6.38

15 5 0.85 0.96 5.08 1.04
10 2.85 2.97 8.62 2.84

15 5.46 513 14.82 4.94

20 10.85 9.16 25.65 8.80

25 18.08 14.56 32.12 13.31

30 10.37 20.83 46.30 19.07

20 5 119 1.25 6.74 133
10 4.86 5.08 13.60 4.50

15 11.23 10.03 25.10 8.91

20 20.48 13.22 34.78 12.27

25 30.02 2281 49.34 19.98

30 44.38 36.88 65.80 3145

25 5 1.57 1.51 8.08 1.59
10 5.06 4.22 19.55 423

15 10.58 8.62 29.81 8.35

20 19.04 15.10 46.93 14.19

25 35.82 28.18 75.60 26.09

30 53.97 42.80 102.47 38.49

30 5 2.02 1.83 9.77 1.84
10 6.27 4.98 25.59 5.16

15 13.44 10.29 45.68 10.32

20 24.04 18.31 71.05 18.44

25 39.49 29.53
30 68.43 51.67

101.90 28.90
145.12 47.77

- In the same setting as for Rec-D, we use the iterative projec-
tion algorithm instead of solving the recovery problem di-
rectly with Cplex. This is denoted as Rec-It.

- Finally, as preliminary experiments showed that Rec-It is es-
pecially fast if the bound on the profit P is large, we used a
mixed approach that uses Rec-D for the 2/3 smallest bounds
on P, and Rec-It for the 1/3 largest bounds on P. This is de-
noted as Rec-M.

We used Cplex v.12.6 to solve the resulting quadratic pro-
grams. The experiments were conducted on a computer with a 16-
core Intel Xeon E5-2670 processor, running at 2.60 gigahertz with
20 megabytes cache, and Ubuntu 12.04. Processes were pinned to
one core.

6.1.3. Results

We show the average computation times for the biobjective
portfolio problem in Table 1.

The best average computation time per row is printed in bold.
Note that Rec-It requires higher computation times than any other
approach; however, in combination with Rec-D (i.e., Rec-M), it
is highly competitive. While Rec-P performs well for smaller in-
stances, Rec-D and Rec-M perform best for larger instances.

There are some surprises in Table 1, which are not due to out-
liers. For Rec-P and n = 10, one can see that solving N = 20 takes
longer than solving N = 25. The same holds for n = 15, N = 25 and
N = 30. Also, for N =15, we find that Rec-P is faster for n =25
than for n =20 (the same holds for Rec-D). This behavior disap-
pears for large n and N.

Summarizing, our experimental results show that switch-
ing perspective from the classic recoverable-robust approach

(Rec@ss(§)) that maximizes the profit subject to some fixed recov-
ery distance to the (Rec(¢)) approach we suggest, in which the dis-
tance is minimized subject to some bound on the profit, results in
improved computation times. These computation times are further
improved by applying methods from location theory, that can al-
low the (Rec(¢)) version to be solved more efficiently.

6.2. Experiment 2: performance on real-world instance

6.2.1. Setting

In this experiment we analyze the performance of the biobjec-
tive model on a real-world portfolio instance. We use data of the
S&P 100 stock market index consisting of 100 companies that are
amongst the largest and most established at the US market ex-
change. Our dataset consists of daily values of all stocks for the
time period 1/4/2010 - 31/12/2015. These 2100 days are divided
into 70 periods of 30 days each.

As a starting portfolio, a unit of wealth is equally distributed
over all available stock options. After each 30 day period, the port-
folio can be changed. When the portfolio is recomputed, we use
the last 30 days as one scenario each. Using historical data as sce-
narios in such a way is considered a simple yet reasonable way to
generate meaningful scenarios, see Guastaroba, Mansini, and Sper-
anza (2009).We remark that better scenario sets may be generated
by forecasting methods.

As recovery distance, we use the median with respect to the
Manhattan norm, and also include the current portfolio in the
computation of the distance. We test different weight values w e
[0, 1] between the two objectives from (Rec), namely recovery dis-
tance r(x, y) (in the portfolio case mind) and worst-case perfor-
mance f(y) (in the portfolio case maxz).

Note that for the special case w = 0, the equidistributed start-
ing solution is kept over all periods (i.e., it is an index tracker
fund). For the special case w=1, we use a lexicographic post-
optimization to ensure that we find an efficient solution (i.e., each
scenario is solved separately, and then the median of all solutions
with additional portfolio value constraint is computed).

Additionally, we compute a worst-case solution on the same
scenario set for comparison; i.e., a single portfolio that maximizes
the worst-case performance over the observations of the past 30
days. We denote this solution as “WC” in the following. Note that
WC protects only against these past scenarios, but future develop-
ments may be different. Furthermore, the worst-case solution may
not be “robust” in the sense that it spreads the portfolio over many
options, but it may instead use few options that seem to perform
well in the worst case.

The purpose of this experiment is to compare the performance
and qualitative properties of the approach (Rec) for various objec-
tive function weights and also with the worst-case approach. Our
aim is not to solve the portfolio problem more efficiently than in
the current literature, for which more advanced scenario genera-
tion procedures and optimization models can be found in the lit-
erature, e.g., Prigent (2007).

6.2.2. Results

We present the key findings in Fig. 4.

The average value of the portfolio over the 2100 day pe-
riod for different weights w is shown in Fig. 4(c). The horizon-
tal blue line indicates the average value of WC. While the aver-
age portfolio value fluctuates over w, there is a slight trend that
higher weights (i.e., models where the worst-case performance is
weighted higher) perform better on average. For w = 1, the solu-
tion shows very different performance than for any other value of
w. Also, note that nearly all approaches perform better than the
simple index tracking solution w = 0.
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Fig. 4. Results of Experiment 2.

The average value is complemented by Fig. 4(d), which shows
the value of the portfolio at the end of the 2100 day period. It can
be seen that even though some weight values did not perform well
on average, they did give a high value in the end, which is often
better than WC.

This behavior can be explained by Fig. 4(a) and (b), where the
average size of the portfolio (i.e., the average number of stocks i
for which x; > 0) and the portfolio value over time for a sample of
weight values is shown, respectively.

As can be seen in Fig. 4(b), the weight w and the size of the
portfolio are clearly correlated. The maximum average portfolio
size is 95, as not all stocks options that are included in this in-
stance were already part of the S&P index at the starting time of
the considered time period. The more important the worst-case
performance becomes, the less stock options are being used. This
gives the potential of high gains, but at the same time, also makes
the solution more vulnerable. In this sense, also WC is not “robust”.

In Fig. 4(b), the effect of this vulnerability can be seen shortly
before the end of the 2100 day period. Both the solution for w =1
and WC decrease dramatically in value, as one of the few stock op-
tions that were being used decreased in value. This did not happen
for w = 0.47, which spread the wealth over a more diverse set of
options. As the uncertainty set cannot make accurate future pre-
dictions, this adds another layer of security to the portfolio. The
solution with respect to w = 0, for example, shows little fluctua-
tion, but is in this sense too conservative to increase in value as
the other approaches.

Overall, we find that using both recovery distance and worst-
case performance in a biobjective setting can help improving the
portfolio value in this real-world example, in particular, the re-
sulting portfolios performed better as the equidistributed starting
solution which corresponds to an index tracker fund. Both WC and

the lexicographic approach that solves each scenario separately,
and then takes the median over all solutions, turn out to use only
few of the available stock options. If a scenario occurs that is not
part of the uncertainty set (as it is likely in this setting), such a
restricted choice can lead to a bad performance overall. By using
a weighted sum between both objectives, a good compromise can
be found between over-specialization and over-spreading of the
portfolio.

7. Summary and conclusion

In this paper, we introduced a location-analysis based point of
view to the problem of finding recoverable-robust solutions to un-
certain optimization problems. Table 2 summarizes the results we
obtained.

The following variation of (Rec) should be mentioned: In many
cases it might not be appropriate to just look at the worst-case ob-
jective function of the recovered solutions, because there might be
one very bad scenario which is the only relevant one. Pareto effi-
cient solutions would hence neglect the objective function values
of all other scenarios.

This might lead to another goal, namely to be as close as pos-
sible to an optimal solution in all scenarios instead of only looking
at a few scenarios which will be very bad anyway. This leads to
the following problem in which we bound the difference between
the objective value of the recovered solution and the best possible
objective function value in the worst case:

(Rec)  minimize (f(y), r(x, y))

= (Supf(y(é), &) - ). supd(x,y(é‘)))
Eeld el
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Table 2
Summary of properties of (Rec) and (Rec(¢)) depending on the optimization problem P(§), the uncertainty set ¢/, the type of uncertainty, and the recovery costs.
Uncertainty  Constraints Uncertainty Rec. costs Deterministic Results
set U F, &) F(x, -) d constraints X
Finite Quasiconvex  Arbitrary Convex Convex and closed - (Rec(g)) convex problem (Lemma 5)
X =R" - Reduction to (Rec(/) for smaller sets / (Theorem 2)
Finite Linear Arbitrary Block norm  Polyhedron - (Rec(e)) linear problem (Theorem 3)
Polyhedron Jointly quasiconvex Convex Closed - Pareto solution w.r.t. extreme points of ¢/ is Pareto (Theorem 5)
Polyhedron ~ Convex Quasiconvex, right-hand Convex Closed - solution w.r.t extreme points of ¢/ is Pareto (Corollary 1)
side Convex and closed - (Rec(¢)) convex problem (Corollary 2)
Polyhedron Linear Quasiconvex, right-hand side  Block norm  Polyhedron - (Rec(¢)) linear problem (Theorem 6)

st. F(y(£),E) <0 forallé eu
XeX,y:U—> X

The new objective function fin (ﬁ&) can be interpreted as a
minmax-regret approach as described in Kouvelis and Yu (1997).
Again, we can look at the scalarizations of this problem. Instead of
(Rec(e))we receive

(Rec(e)) minimize supg, d(x,y(§))

st. f&).&)—f¢E)<e forallécu

F(y(§),) <0 forall& eld
XeX,y:U—-> X

In case that f*(£) is known for all £ e/, (Rec(¢)) admits similar
properties as (Rec(¢)).

Note that the lexicographic solution of (ﬁ?c(e)) with respect
to (f, r) requires to find optimal solutions for each scenario & e
U which can be reached with minimal recovery costs. It can be
found by solving (ﬁe\c(O)). This is exactly the robustness approach
recovery-to-optimality which has been described in Goerigk and
Schobel (2014), see Goerigk and Schébel (2010, 2011) for scenario-
based approaches for its solution. On the other hand, the lexico-
graphic solution of (ﬁ?c(e)) with respect to (r, f) is related to min-
max regret robustness.

Ongoing research includes the analysis of other special cases of
(Rec) as well as its application to other types of problems e.g. from
traffic planning or evacuation. We also work on generalizations to
multi-objective uncertain optimization problems as already done
for several minmax robustness concepts (Ehrgott, Ide, & Schdbel,
2014).
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