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Abstract

In this paper, we define new functionals generalizing scientometric indices proposed by Mesiar
and Gagolewski in 2016 to overcome some limitations of h-index. These functionals are integrals
with respect to a monotone measure as well as aggregation functions under some mild conditions.
We derive numerous properties of the new integrals and analyze subadditivity property in detail. We
also give a partial solution to the problem posed by Mesiar and Stuphanova to find an algorithm
for computing the pseudo-decomposition integral of n-th order based on operations & = + and

® = A, which will be useful in multi-criteria decision problems.

Keywords: scientometrics; Multiple criteria analysis; h-index; Aggregation function; Pseudo-decomposition

integral.

1 Introduction

In order to compare the efficiency of work of two researchers, one must construct a rule that is the most
objective and fair. It turns out that the task is very difficult. Currently, there are many scientometric
indices known in the literature. Their calculations are based on two inputs: number of publications
and number of citations of each publication (measuring the quality and importance of publications).
Nowadays, the most popular scientometric index is h-index introduced in 2005 by Hirsch [23]. It
is implemented in the largest scientific databases such as Scopus, or WoS. An axiomatic approach
explaining the nature of h-index can be found in papers [8 B2, [33, 42], whereas its mathematical
properties can be found in [I7]. Torra and Narukawa [39] proved that h-index is the Sugeno integral
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with respect to the counting measure. And because of specificity of the Sugeno integral, h-index has
some drawbacks, see [31]. For example, let’s consider two researchers possessing the same number of
papers, say n, but each paper of the first one is cited n-times, and each paper of the second one is
cited exactly 3n-times. Using the criterion of importance of author’s publication and the number of
quotations for each paper, one can see that the second researcher should have a higher scientometric
index if both authors work in the same domain and have similar research experience measured by the
years of work. However, h-index of both authors is the same and is equal to n. To overcome the above
limitations, Mesiar and Gagolewski [28] have proposed two new indices based on the idea of h-index
(for more details, see Section .

The present paper introduces and studies properties of two functionals: upper n-Sugeno integral
and lower n-Sugeno integral of a measurable function with respect to a monotone measure. Both
functionals are integrals in the spirit of definition introduced here. Integrals have many applications,
especially in multicriteria decision theory, economy, optimalization or data classification [5l 10} 12 14,
22, 23], 38, 39, [44]. To the best of our knowledge, there are only very few papers which describe the
connection between integrals and scientometric indices, see [21), [39]. From those papers it follows that
total number of citations is related to Choquet integral, h-index and Kosmulski i (2)-index are related
to Sugeno integral, Kosmulski MAXPROD index is related to Shilkret integral, etc. In this paper we
further show that the upper and lower n-Sugeno integrals generalize scientometric indices introduced
by Mesiar & Gagolewski and others, e.g. generalized Kosmulski index [I3], iterated h-index [18], H,
and H? indices [24].

The second main result of the work is a relation between the lower n-Sugeno integral and some
special pseudo-decomposition integral introduced by Mesiar and Stupnanova in [30] (see Theorem m
below). Their question from [30, Conclusion| motivated us to describe an algorithm for computation
of the pseudo-decomposition integral.

Our paper is organized as follows. In Section [2] we provide basic notations and definitions we work
with. In Sections [3] and [] we introduce new concepts of upper and lower n-Sugeno integral, examine
their basic properties and provide their equivalent forms. Section [5]includes applications of the obtained
results mainly to aggregation and scientometrics. For better readability we postpone some technical

proofs of our statements to Appendix.

2 Basic notations and preliminaries

Let (X, .A) be a measurable space, where A is a g-algebra of subsets of a non-empty set X. The class

of all measurable functions f: X — Y, where Y = [0, y] for 0 < 7 < o0, is denoted by F(x y). Usually,



we take § = 1 or § = co. A monotone measure on A is a nondecreasing set function p: A — [0, 0],
i.e., u(A) < pu(B) whenever A C B with u()) =0 and p(X) > 0. The range of u we write as u(A). We
denote by M x 4 the class of all monotone measures on (X, .A). Given f,g € F(xy) and p € Mx 4),
we say that g dominates f with respect to p and write f <, g if p({f > t}) < p({g > t}) for all
t, where {f > t} = {z € X: f(z) > t}. Hereafter, a A b = min(a,b) and a V b = max(a,b). We say
that a function o: Y] x Yo — [0, 00| is nondecreasing if a; o ag < by o by whenever a; < b;, where
ai,b; €Y; C[0,00] for i =1,2.

Sugeno integral of f € F(x y) with respect to u € M x, 4) [37, [41] is defined by

Su(u, f) == fgg{t Ap({f =t} (1)

To this day, many researchers introduced numerous generalizations of the Sugeno integral like general-
ized upper Sugeno integral, pseudo-decomposition integral or g-integral for § = u(X) = 1, and studied
their properties [0, [7, [14] 251 30}, B36].

To make our paper as self-contained as it gets, we give some properties of the Sugeno integral that

we follow later. Hereafter, ¢ \,a and ¢ /* a means that ¢ — a for ¢ > a and ¢ < a, respectively.

Lemma 2.1. Let (i, f) € Mx 4y X F(xy)- The Sugeno integral possesses the following properties:

(a) Su(p, f) €Y,

(b) t> p({f >t}) fort > Su(p, f) and t < p({f > t}) fort <Su(p, f),
(c) Su(p, f) = hrgl’f)(mu({f > t})) if Su(p, f) >

(d) Su(p, f) = im )

hm (Vv u({f >1t}) if Su(p, f) <,
(e) Su(p, f) = 0 zf and only if w({f >t}) =0 for all t > 0.

Proof. Properties (a) and (b) follow from (]), since Y = [0, 7] (see also [4I, Lemma 9.7]). Properties
(c) and (d) follow from (b) as

S — lim t= i £A > 1),
u(y, f) Am msﬁ%,f)( u({f = t})

S — lim t= I £V ).
u(p, f) o t\(SluIa,f)( n({f > t}))

To prove (e), by the definition of the Sugeno integral we have that

0= Stgg{t Ap{f 2t} = (0A X))V igg{t Ap({f =t})}
Now it is evident that u({f > t}) =0 for all ¢ > 0. O

We formulate properties which any integral should possess.

Definition 2.2. A functional J: M(x 4y x F(xy) — [0,00] is called an integral if



(C1) J(u, ) < J(p, g) whenever f <, g,

(Co) J(w, f) < J(v, f) whenever u(A) < v(A) for all A € A,

(C3) J(p,aly) = s(a,pu(A)) for all a € Y and A € A, where s: Y x [0,00] — Y is a nondecreasing
function such that s(a,0) = s(0,b) = 0 for any a,b.

For a fixed u € Mx 4), the property (C3) is known in the literature as p-generated property of
the integral J, see [26] Definition 3.3]. Restriction to the class of monotone measures with p(X) =1
and Y = [0,1] in Definition is closely related to fuzzy integral introduced by Struk [35]. In fact,
the condition (C3) with s(a,1) = a = s(1,a) for any a € [0, 1] implies the conditions (2) and (3) in
[35, Definition 1|. However, the assumption (1) from [35 Definition 1] is stronger than (C7). Examples
of integrals of nonnegative functions with respect to monotone measures include the Choquet integral
[11], Sugeno integral or generalized upper Sugeno integral (see formula (2) in [5]) under some additional

restrictions.

3 Upper n-Sugeno integral

In this section, we introduce a new type of integral with respect to a monotone measure. Our motivation
for doing so comes from the lower 2-h-index defined by Mesiar and Gagolewski (see (19)).

We say that o: Y x Y — Y is an admissible fusion map if it is nondecreasing and 0 o a < «a for all
a € Y. The most important examples for Y = [0, 0o] are: the standard addition, pseudo-addition [3],
the standard product, minimum, maximum or means [2]. Moreover, for Y = [0, 1] the examples are:
boolean conjunctions such as semicopulas [, [5, [I5], copulas [16], t-norms, conjunctive aggregations [2]
and fuzzy conjunctions [14], and other binary operations like uninorms, t-semiconorms or averaging

aggregations [2].

Definition 3.1. Let (i, f) € M(x 4) X F(x,y) and o be an admissible fusion map. For n > 1 the

upper n-Sugeno integral is defined using the recurrence

Sttn (. f) 1= sup { (£ o Suq (. /) Aul{f > 1))}
with the initial condition Suj (g, f) := Su(g, f).

Lemma [2.1|(a) yields Suf(u, f) € Y. The induction implies that Su, (i, f) € Y for all n > 2, so the
functional Su, (p, f) in Definition is well-defined. We show that the upper n-Sugeno integral is an

integral in the sense of Definition 2.2

Proposition 3.2. Letn > 1, f,g € F(x)y) and p,v € M(x a). Then

(a) Su, (i, f) < Suy,(p, g) whenever f <, g.



(b) Su; (u, f) < Su, (v, f) whenever u(A) < v(A) for all A € A.
(c) Su; (p,ala) = sp(a,u(A)) fora €Y and A € A, where s,: Y x [0,00] = Y is a nondecreasing
function such that s,(a,0) = $,(0,b) =0 and sp+1(a,b) = (a o sy(a,b)) Ab for all a,b.

Proof. Properties (a) and (b) follow immediately from Definition and monotonicity of o. We shall
prove by induction that (¢) holds. Clearly, Su(u,als) = a A b with b = p(A). If (c) is true for some
n > 1, by monotonicity of function ¢ + ¢ o b we have
S0, 10) = [0 $0500.01.0) A (O] st {(¢0 S0 a0) A (0 > 1)}
te(0,y
= (00 s,(a,b)) V [(aosy(a,b)) Ab

= (aosp(a,b)) ANb=s,ti(a,b),

as 00 sp(a,b) < sp(a,b) = Su, (u,ala) < b < p(X) and 00 sy(a,b) < ao sy(a,b). The induction

hypothesis implies that s,41 is nondecreasing and s,11(a,0) = $,41(0,0) = 0, as desired. O

Now, we provide other properties of the upper n-Sugeno integral. From now on, to shorten the
notation, we write Su, (f) and Su(f) instead of Su, (u, f) and Su(y, f), respectively f there is no
ambiguity.

Proposition 3.3. (a) Let (u, f) € M(x 4 X Fixy)- If Su(f) = 0, then Su,(f) = 0 for all n.

Moreover, if Sup(f) =0 for some k > 1 and aob > 0 for all a,b > 0, then Su; (f) =0 for any n.

(b) Sup(af) < aSuy,(f) for some a > 1 and for all (p,af) € M(x a) X Fxy) and n = 1 provided
that (ax) o (ay) < a(x oy) for all ax,ay € Y. Moreover, Su; (af) = aSu; (f) for some a € (0,1)
and all (p, f) € Mx 4y X Fix,y) whenever (ax) o (ay) > a(z oy) for all x,y € Y.

(c) p(A) =Su; (yla) for any A€ A and n > 1 whenever (X)) <y and yob > b for allbeY.

(d) (Idempotency) Su; (alx) =a for alla € Y andn > 1 if and only if n(X) >y and aoa = a for
any a €Y.

Proof. (a) If Su(f) = 0, then by Lemma[2.1)(e) we have u({f > t}) =0 for all ¢ > 0. Hence
Sus(f) = [(000) A p(X)] Vv sup {(to0) A0} =0,
1€(0,9]
as 000 = 0. Applying the induction, we will prove that Su; (f) = 0 for all n.

Assume that Suz(f) = 0 for some k > 1. Thus t o Suj,_;(f) =0 for all ¢ > 0 or u({f > t}) =0 for
all ¢ > 0. Suppose that Suj_;(f) > 0. Then by the assumption on o, we have u({f > t}) = 0 for all
t >0, so Su(f) = 0, which implies that Su;_;(f) = 0, a contradiction. Therefore Suj_(f) = 0, which
leads to Su(f) = 0, and so Su, (f) = 0 for all n.



The proof of part (b) is again by induction on n. Clearly,

Su(af) = sup {(a(t/a)) A u{f = t/a})}
< sup {(as) A (au({f > s}))} = aSu(f)

s<y/a
for @ > 1. Assume that the assertion holds for some n > 1. Then, by induction hypothesis,

Supya(af) = sup {((as) o Suj(af)) Ap({f > s})}

s<g/a

< sup {((as) o (aSu;, () A (an({f > s})) }

s<g/a

<asup {(soSu(f) Au({f > )} = aSu ().

s<y/a

The proof for the case 0 < a < 1 is analogous. To prove (c) and (d) one can use Proposition[3.2|(c). O

Proposition 3.4. The sequence (Su,,(f))n>1 is nondecreasing for all (p, f) € Mx 4y X F(x,y) if and
only ifaob>=aANb foralla,be.

Proof. “=" By Proposition [3.2(c) we get Suj(ala) = (ao (a Ab)) Ab, where A € A, a € Y and

) = (
b= p(A). Since Sujy(ala) > Suj(ala), we have (ao(aAb))Ab>aAbforallaecY,be pu(A)NY and
any monotone measure u. Hence, aob > (aob) Ab>= (ao(aAb))Ab>=aAbforall a,be.

“«<” By assumption Su3(f) = sup { (¢ASu(f))Au({f = t})} = Su(f). Suppose that Su;,(f) > Suj,_;(f)
tey

for some n > 1. By the monotonicity ¢t — a ot for all @ and the induction hypothesis, we obtain

Sus . (f) = sup {(tosuy(f) Au{f=1t})}

> sup {(toSuy_(f)) Au({f = t})} = Sup(f),

tey

thus (Su, (f))n>1 is a nondecreasing sequence. O

Let (u, f) € M(x 4y X F(x,y)- Recall that

Su(f) = nf{t v u({f > t})} = sup{inf f(x) A p(A)}, (2)
ey AcA T€A
see [0, 37, [41]. We present formulas for the upper n-Sugeno integral, which have the forms as in .

Theorem 3.5. Let o be an admissible fusion map that is continuous in the first argument. Then for

all (p, f) € M(x 4) X Fx,y) and n =2 we have

SuS(f) = inf { (o Su_y(£) v u({f > 1))}

tey

Proof. The proof is given in Appendix. O



Theorem 3.6. For all (i1, f) € M(x 4y x F(x,y) and n = 2 we have

Sui,(f) = sup {(nf, /() o Suy1(£) Ap(A)}-

Proof. Arguing as in the proof of Theorem 2.2 in [7], we shall show more than it is needed, i.e., if

a map o is nondecreasing in the first coordinate, then

sup{(t o a) A u(1f = t})} = sup{(inf f(z) o a) A u(A)} (3)
tey AcA 7€

for all @ € Y. In fact, let t € Y and A; = {f > t}. Thus, in/fl f(z) >t and
TEAL

(toa) Au({f = 1}) < (inf f(z)oa) A p(Ar) < sup{(inf f(z) 0 a) A pu(A)}.
TEAL Ac A xE

Therefore, the left hand side in is not greater than the right one. Let A € A and ty = inlf4 f(x).
Te
Then A C {f > to} and

(Inf f(z) 0 a) Au(A) < (tooa) Au({f > to}) < fgg{(t oa) Au({f =1t})}.

Thus, the left hand side in is greater than or equal to the right one, which finishes the proof. [

The most important property of an integral is subadditivity. The following concept was introduced
in [5].
Definition 3.7. Let u € M(x 4). We say that f,g € F(xy) are u-subadditive with respect to a map
Vi p(A) x p(A) = p(A) (u-v-subadditive for short) if
p({f > a}Uf{g>b}) <p({f >a})vu({g >0}
for all a,b €Y.

Note that all functions f, g are p-V-subadditive if a Vb = (a + b) A u(X) whenever the monotone
measure 1 is subadditive, that is, p(AU B) < p(A) + p(B) for all A, B € A. Recall that f,g € Fxy)
are comonotone if (f(z)— f(y))(g(x)—g(y)) = 0 for all z,y € X. Equivalently, f and g are comonotone,
if for any ¢ € Y either {f > t} C {g > t} or {g > t} C {f > t}. Thus, comonotone functions are

p-V-subadditive for v > V. For more examples of p-V-subadditive functions we refer to [5].
Theorem 3.8. Assume that V: pu(A) x u(A) = p(A), f,9 € Fixy) and
[((a+b) AP O ((c+d) APV (@VB) <[(a0c)Val+[(bod) Vb (4)

for a,bye,d € Y and o, € u(A) such that a +b,c+d € Y with © € {o,P}, where the admissible
fusion map o is continuous in the first argument and xPy = x for any x,y. If f,g are pu-v-subadditive

and f + g € F(xy), then

Su (f +g) < Sud(f) +Su(9) (5)



forn > 1. Moreover, u is a subadditive monotone measure whenever there is some n > 1 such that

holds for all f,g € F(xy) with u(X) <y andyob > b for allb €Y.

Proof. The proof is by induction on n. Let n = 1. Evidently, {f < a}N{g <b} C {f+g <a+b}. As

f(z) + g(z) < g for any x and f, g are u-V-subadditive, we have

[(a+0) AglV p({f +9> (a+b) Ag}) < [(a+b) AglV [n({f > a}) vV u({g > b})]

<laVp(f>ap)]+ bV u({g> b},

where the last inequality holds by with z ©y = z. By we get

Su(f+g) <laVvu{f>a})]+[bVu({g>b})]

Taking the lower bound for a,b € Y finishes the proof of for n = 1.
Assume that holds for some n > 1. By p-V-subadditivity and with ® = o, we get

[[(a+0) A glo[(Sus(f) + Suse) A§]| v u{f +9 > (a+b) Az}
< [[ta+0) A g] o [(Su5(/) +Suie)) A7]| v [u({f > a}) ¥ u{g > b))

< [(aoSup () v u{f > a})] + [(boSuj(9)) v u{g > b})].

By the induction hypothesis and Su; (f + g) < gy, we have for all a,b € Y

[[(a4b) AgloSup(f+9)] vV ul{f+g>(a+b) A7}
< [(aoSup(f) V u{f > a})] + [(boSui(g)) vV u({g > b})].

As a consequence of Theorem we obtain

Sup 1 (f +9) < [(aoSun(f) v u({f > a})] + [(boSup(g)) v ul{g > b})].

Taking the lower bound for a and then for b we finish the proof of .

Suppose that (5 is satisfied for some n > 1. Then Proposition [3.3)(c) yields Sup(y1p) = (D) for all
D and k. Putting f = 514 and g = §lp\ 4 in (5), we obtain p(AUB) < p(A)+u(B\A) < p(A)+p(B).
This completes the proof. O

Corollary 3.9. If p € Mx 4 is subadditive and p(X) < g, then
St (f +g) < Sub(f) + Su(9) (6)

Jor anyn > 1 and all f,g € Fixy) such that f + g € F(xy). Moreover, if there is n such that @

holds for all f,g € F(x y), then p is a subadditive monotone measure.



Proof. The assertion follows from Theorem [3.8/for aob = (a+b) Agand aVb= (a+b) Au(X). O

Corollary 3.10. If f,g € ]:(X y) are comonotone functions and u(A) C Y, then Su (f +9) <
Sul(f) +Suf(g) for alln>1 and f+ g € Fixy)-

Proof. Apply Theorem foraob=(a+b)Ayand V= V. O

Condition () is valid if Vv < + and [(a+b) Ag|o[(c+d)Ay] < (aoc)+ (bod) for any a,b,c,d € Y.
Examples of maps o satisfying the last inequality are:
(i) a
(ii) aob=a” with v € (0,1),
(i) aob=Aa+b)+ (1 = N)(aVb) for A € [0,1] and Y = [0, 0],
) acb=a+b—abforY =[0,1].

ob=MXafor Y =]0,1] and A € (0,1], or Y = [0,00] and A > 0,

(iv

As we have shown above, the upper n-Sugeno integral possesses several properties of the Sugeno
integral, but not all. Hereafter, alx V f = (alx)V f and alx A f = (alx) A f. We say that the
integral J is maxitive homogeneous and minitive homogeneous if J(u,alx V f) = a V J(u, f) and
J(p,alx N f)=aANJ(u, f) for any a, p, f, respectively. Next example demonstrates that it is not the

case of upper and lower n-Sugeno integral.
Example 3.11. Let f = 0.2514 + 0.751p, where AN B = and AU B = X. Assume that u(X) =1
and pu(B) = 0.5. It is clear that (1/3)1x A f =0.2514+(1/3)1p and (1/3)1xV f = (1/3)14+0.751p.
Thus,
Sug (f) =0.75, Suy((1/3)1x A f) =7/12, Suj((1/3)1xV f) =5/6,
so Suj ((1/3)1x A f) > (1/3) ASud (f) and Suj ((1/3)1x V f) > (1/3) v Sui (f).
Now we give one sufficient condition for minitive/maxitive homogeneity of the integral.

Proposition 3.12. Letn > 2 and (u, f) € M(x 4) X F(x,y)- Then

(a) Suy(alx A f)=aASu,(f) foranya €Y if (anb)o(aNc)=aA (boc) for all a,b,c €Y.

(b) Su;(alx V f)=aVSu,(f) foranya €Y if (aVb)o(aVec)=aV (boc) forall a,b,c€Y.
Proof. We show only (a) since the proof of (b) is analogous. Since Su(alx A f) = a A Su(f), we have

from Theorem [3.6| that Su$(alx A f) = sup {[(a A 1r61£f(x)) o(anSu(f)] Au(A)} =aASu§(f). The
AeA z

second induction step proceeds similarly. O

The admissible fusion map z oy = ¢(z) A ¥(y) satisfies the condition of Proposition [3.12|(a) if
©,7: Y — Y are nondecreasing functions such that ¢(a) Ay(a) = a for any a € Y. The assumption of
Proposition (b) holds if z oy = p(z) V v(y), where the functions ¢,~v: Y — Y are nondecreasing
with p(a) Vy(a) =a for alla € Y.



4 Lower n-Sugeno integral

This section is devoted to defining a new functional generalizing the upper 2-h-index and its
properties. We say that x: [0,00] x Y — [0, 00] is a link map if it is nondecreasing and 0* a < a for all

a € Y. Clearly, the link map coincides with the admissible fusion map if and only if ¥ = [0, co].

Definition 4.1. Let (i, f) € M(x 4) X F(x,y) and % be a link map. For n > 1 the lower n-Sugeno
integral is defined by

Supt (u, f) == sup {t A (u({f > t}) *Sul(u, ) }.

tey

where Su, (4, f) = Su(u, f)-

It is clear that Su}(u, f) € Y for all n. The next proposition shows that the lower n-Sugeno integral

satisfies all the properties in Definition [2.2
Proposition 4.2. Letn > 1, f,g € Fx,y) and p,v € Mx 4)-

(a) If f <y g, then Sy, £) < Sul (1, 9).

(b) If u(A) < v(A) for all A € A, then Suf(u, f) < Sul(v, f).

(c) Suj(p,aly) = sp(a, u(A)) fora €Y and A € A, where s,: Y x [0,00] =Y is a nondecreasing
function such that sp(a,0) = s,(0,b) =0 and sp41(a,b) = a A [bx sp(a,b)] for all a,b.

Proof. Parts (a) and (b) are immediate by induction.

(c) We have the following recurrence formula
Su L (, alla) = [a A (u(A) % Su? (1, 014))] V [5 A (0% SuZ (1, al )],
where a € Y. First we show that
Suf(p,ala) < a (7)

for all n and a € Y. We use induction on n. In fact, Su(ala) = a A u(A) < a. Assume that holds

for some n. Since 0 % a < a, we have
Su™ M (p,al ) <[a A ((A)*a)]V[GA(Oxa) <aVa=a

and the proof of is complete. From , we obtain 0+ Su (4, als) <Oxa<a<yforallac.

Hence,
Suit (u,ala) = [a A (u(A) % Su (s, ala))] V [0+ Su} (s, ala)].
As 0% Sul(p,ala) < Oxa < aand 0*Sul(p,alag) < p(A)*Sul(p,als), we get
S (1,0La) = a A [(A) # Sl (1,0l ). )

Applying induction on n, we obtain the statement (c). O
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To shorten the notation, we write Su}(f) instead of Sul(u, f) if there is no ambiguity. Hereafter,
for a link map x and pu € Mx 4y we use the convention ji1(A) = pu(A) x pi(A) for all & > 1
with p(A) = u(A) provided that p(X) € Y for all k. It is evident that u) is a monotone measure
if uy(X) > 0. Some properties of the lower n-Sugeno integral are analogous to those of the upper

n-Sugeno integral, which is shown in what follows.
Proposition 4.3. Let (i, f) € M(x 4y X Fixy) and A € A.

(a) If Su(f) = 0, then Su™(f) = 0 for all n > 2. If Su¥(f) = 0 for some k > 1 and axb > 0 for all
a,b >0, then Su}(f) =0 for alln >1

(b) Sui(f) = lim (0N @({F > ) > SUTHS)) if ST () > 0.

(¢) Sul() = lim  (0V (ul{f > 1))« Sul (1) i Sul(s) <.

(d) There is a > 1 such that Su;(ag) < aSuy(g) for all (v,ag) € M(x 4y X Fixy) and n > 1, if
xx(ay) < a(zxy) for allx € v(A) and ay € Y. Moreover, Su,,(ag) > aSu,,(g) for some a € (0,1)
and for all (v,g) € M(x a4y x F(x,y)y andn = 1, if zx (ay) = a(x*y) for allz € v(A) andy € Y.

(¢) Sui(ala) = pn(A) fora € [max pi(A), g].

(f) (Idempotency) Sul(alx)=a for alla €Y andn > 1 if and only if u(X) >y and p(X)*a > a
foralla ey.

Proof. (a) The first assertion follows from Lemma(e) and the induction, since 0x0 = 0. If Su¥(f) = 0
for some k > 1, then repeating similar argument as in the proof of Proposition (a), we get the
assertion.

(b) and (c) By monotonicity of x, we have t > u({f > t})* Su? ' (f) for t > Su?(f) and ¢t < u({f >
t}) * Su 1 (f) for t < Su?(f). In consequence, both properties (b) and (c) hold. See the proof of
Lemma 2.1)(c)-(d).

(d) The proof is similar to that of Proposition [3.3)(b).

(e) and (f) The proofs go by induction on n; see (§)). O

Proposition 4.4. The sequence (Suj(f))nZ, is nondecreasing for all (u, f) € M(x 4y X F(xy) if and

n=1

only if axb > aAb for all a € [0,00] and b €Y.

Proof. “=" By (§)) for n = 1, we have SuZ(ala) = a A [b* (a AD)], where A€ A, a €Y and b= u(A).
Since Sul(aly) < SuZ(aly), we obtain a Ab<aA[bx(aAb)] <bxaforallacY and b€ [0, ], as
desired.

“«<=" The proof is similar to that of Proposition so we omit it. O

Theorem 4.5. For all (u, f) € M(x 4y X F(x,y) and n > 2

Suz(f) = sup { inf f(2) A (u(4) *SuZ ()}

AcA T€A
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Proof. Use the same arguments as in the proof of Theorem [3.6] for a nondecreasing map * in the first

coordinate. ]

The following extension of the first equality in will be needed to prove the subadditivity property

of the lower integral.

Theorem 4.6. Assume that x is a continuous link map in the first argument. Then for each (u, f) €

M x4 X Fix,y) and n = 2 we have

Su(f) = Inf {t v (u({f > 1}) = Suy () }-

Proof. The proof is given in Appendix. O

Next, we show that the lower n-Sugeno integral is also a subadditive functional under some extra

assumptions.
Theorem 4.7. Suppose that V: ju(A) x p(A) — u(A), f,g9 € Fixy) and
(a+d) NGV [(a@vB) @ ((c+d)AY)] <[aV(a®c)]+ bV (B®d)] (9)
for a,b,c,d € Y and o, B € p(A) with ® € {x,P}, where x is a continuous link map in the first
argument and zPy = x for any x,y. If f,g are p-V-subadditive and f + g € F(xy), then
Sul(f + g) < Sul(f) + Su(g) (10)

for all n > 1. Moreover, if is valid for all f,g € F(xy) such that f + g € F(xy) and n such that

o (X) > 0, then the monotone measure y, is subadditive.

Proof. We use the induction by n. The proof of subadditivity of the Sugeno integral (the case n =1
and ® = P) can be found in the proof of Theorem Assume that inequality holds for some
n > 2 and all u-V-subadditive functions f,g. Combining inductive hypothesis and @ with ® = %
yields

[(a+b) AGIV[u({f +9> (a+b) Ag}) * (Sul(f +9) Ay)]
< [(a+0) Ayl Vv [(w({f > a}) Vu({g > b})) * ((Sul(f) + Sul(g9) Ay)]
< [av (u{f > a})*SuZ ()] + [bV (u({g > b}) *Sul(g))]

for all a,b € Y. By Theorem [4.6] we get

St f 4+ 9) < [aV (u({f > a}) *Sul(f)] + [bV (({g > b}) *Sul(g))]

for any a,b € Y. Taking infimum over a and then with b gives .
Put f =aly and g = alp\ 4 in , where a > max i (AU B). Then from Proposition (e) and
<n
by monotonicity of p, we get py (AU B) < py(A) + py (B\A) < i (A) + py(B), as desired. O
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Example 4.8. There are many link maps * with Y = [0, 00] such that subadditivity of u) with
arbitrary n implies subadditivity of p. For instance, all idempotent operators (e.g. axb = a” b'P and

axb=plaNb)+ (1 —p)(aVb) with p e (0,1)) as well as mappings
2) axb= f@f(),  b)axb=glab), O axb—hlatb), ) axb=(a+ b0

where ¢ > 0 and f,g,h: [0,00] — [0, 00] are increasing superadditive functionsﬂ vanishing at 0, such

that h(z) < z for all z. In order to prove a) and b) one can use the inequality a” + b" < (a 4+ b)".

Corollary 4.9. If i is a subadditive monotone measure, or f,g € F(x [0,00]) aT€ cOmonotone functions,

then

Sulf (f +g) < SuL(f) + Suli(g) (11)

for all n > 1. Moreover, if (1)) is valid for some n and all f,g € F(x [0,o0))> then p is subadditive.

Proof. Put Y = [0,00], *x = + and aVb = (a+b) A u(X) or Vv = V in Theorem and use
Example [£.8)(d) with ¢ = 1. O

Next, we give a partial solution to the problem posed in [30]. The question is how to compute the

pseudo-decomposition integral of n-th order defined as
n
Ig’G(va):suP{@ a; © u(A @az]lA f, a; €Y, AlC...CAn} (12)
i=1

based on a pseudo-addition ®: Y2 — Y and a @-fitting pseudo-multiplication ®: Y x [0, u(X)] — Y
(see [3, Definition 3.1 and 3.4]). The integral I®>® is also called the Benvenuti integral of n-th order.

Our aim is to compute the integral It (u, f). By the definition we get

I,J{’/\(u,f):sup{z a; \ u(A ZaﬂlA f,AlC...CAn}
i=1

n n n

= SUP{Z(CM A p(Aq)): Z (Zakz) Iyt S f,AC...C An}
i=1 =1 k=1

:sup{Z((bi—le)A,u({f>bi})): 0=bnit <bn <...<b gg} (13)
=1

n

with b; = Z ay and Ag := (), but computation of the integral from formula is still a difficult task.
k=i

However, there is a connection with the lower n-Sugeno integral.

Theorem 4.10. For all (u, f) € M(x 4) X F(x,y) andn > 1

L, f) = Suli(u, f). (14)
1 A function f is superadditive if fla+b) > f(a)+ f(b) for any a,b.
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Proof. See Appendix. O

Combining the definition of Su’f (i, f) with Theorem gives the following simple recurrence

scheme

Lo, f) = sup {yn (u{f =) + 150 1)}

with I (i, f) == Su(f).

Example 4.11. Let X = [0,1], f(z) = z and u(A) = (A(A))"/?, where X is the Lebesgue measure.
Then

2L,-1 —1++/5—41,4
I, = 5 , n=12,.

where I, := L7 (u, f) and Ty := 0. If u(A) = (A(A))?, then

L3 E AT
N =

2 ?

n=12,....

The next result provides a connection between the lower n-Sugeno integral and the generalized

Choquet integral introduced in [9] and deeply studied in [29].

Theorem 4.12. Let (u, f) € M x4 X Fixy) and n > 2. The lower n-Sugeno inlegral can be repre-

sented as

n

Su” (f) :inf{Z((bi—le)\/,u({f > bi}):0=byi1 <bp<...< b <g}.

i=1

Proof. See Appendix. O
The lower 2-Sugeno integral is neither maxitive nor minitive homogeneous functional.

Example 4.13. Consider f as in the Example Let u(B) = 0.25 and pu(X) = 1. Then Sui(f) =
0.5 and Su? ((1/3)1x V f) = 7/12, so Su? ((1/3)1x V f) > (1/3) V Su(f).

Example 4.14. Let f = 0.514, u(A) = 0.5, u(X) = 1 and * = -. After simple calculations, we get
Su?(f) = 0.25 and Su?(0.11x A f) = 0.05. Thus, Su?(0.11x A f) < 0.1 A Su?(f).

Now we give a sufficient condition for minitive/maxitive homogeneity.
Proposition 4.15. Suppose that n > 2 and (u, f) € M(x 4) X F(x,y)-

(a) Suj(alx A f) =aASul(f) foranya €Y ifan(bx(anc))=aAN (bxc) for all a,c €Y and
be p(A).
(b) Sul(alx V f)=aVSul(f) foranyacY if u(X) =y andbAc<bxec<bVe forallbe |0,o00]

andceY.
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Proof. The proof of part (a) is similar to that of Proposition [3.12|(a) (applying Theorem [4.5)), so we
omit it.
Now we show (b) by induction. The proof for n = 2 will be omitted as it is quite similar to the proof

of the second induction step. From Theorem [I.5 and the induction hypothesis, we have
Su(aLx v f) = sup {(aV inf £(2)) A [n(4) » (a v S~ ()]}
= sup {(a v inf £(2)) A [(4(4) xa) v (u(4) » Sl ()]}
= sup {[a.A (1(4) * )] V [ 7 ((4) % S0 ()]
v [int f(@) A (u(A) )] V [ inf f@) A u(4) xS ()]},

where we write sup instead of sup . Furthermore
A AeA

Suf(alx V f) = [a A (u(X) *a)] V [a A (1(X) * SWi ™ (f))] v sup { inf f(2) A (u(A) xa)}
Vsup { i, F() A () S (1)}
By the assumption that p(X)*a > u(X)Aa = a and the fact that a A (u(X)*Su? " (f)) < a, we have
Suf(alx V f)=aV Sgp{iggf(w) A (u(A) x a)} vV Sul(f). (15)

Observe that

sup { inf f(2) A (u(A) xa)} < sup { inf f(2) A (n(A) Va)}
= sup {(;ggf(w) A p(A)) v (;ggf(w) Na)}
< Su(f)Va<Sul(f)Va,

where the last inequality follows from Proposition By (15)), we obtain Su}(alx V f) = aV Su}(f),
as desired. 0

The condition in (a) is satisfied if # xa > a for any z and a, e.g. x*a := (27 +a?)/? for p > 0. On
the other hand, any OWA operator of the form =z xy = p(x Ay) + (1 — p)(x V y) satisfies the condition
in (b) for p € [0,1].

5 Applications

(A) Scientometric indices

We put X = N, where N = {1,2,...} denotes the set of all positive integers, and p: 2 — [0, 00

is the counting measure, i.e., u(A) = Card(A) for any A € 2. A scholar with some publications is
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formally described by an infinite vector x = (x1, x9,...), called a scientific record, where x; € Ny with
No = NU {0} such that x; > xo > .... The positive value of x; gives the number of citations of i-th
scholar publication, and the value xz; = 0 means either a paper with zero citations or a nonexisting
paper. From now on we consider the scientific records with x; > 1. The h-index of x is defined as

follows [23], 28]
H(x) = max{k: z > k} = ml?x{k Az}

Note that there are several papers characterizing the Hirsch index via various axioms, e.g. [8,32] [33] [42].

An interesting axiom H(x) = H(yx) is called the symmetry of the h-index, see [43 Proposition 3.1].
00

Here yx := (y1,y2,...) is called the conjugate of x with y; = Z 1{z,>i) providing the number of
publications with at least ¢ citations. =

As it is well known, the Hirsch index has some drawbacks. In order to compensate some defects of

h-index, many authors have introduced new scientometric indices that lead to better discrimination

of some types of data than h-index (see |28, [31, 42]). Here we discuss a few of them and show that

the upper/lower n-Sugeno integrals generalize some known scientometric indices. Firstly, recall that

Narukawa and Torra [39] have shown that h-index is the Sugeno integral with respect to counting

measure. In consequence, the upper/lower n-Sugeno integral generalizes h-index too.

(i) Generalized Kosmulski index There are several modifications of h-index based on the input
k, e.g. ha(x) = max{k: 2, > Ak} of Van Eck [40], h(2)-index H2(x) = max{k: z; > k?} of Kosmulski
[27], or its extended version max{k: z; > k™} with m = 3,4,.... In general, for any nondecreasing
function s: [0,00] — [0, 00| the generalized Kosmulski index is given by Ky(x) = max{k: xy > s(k)},
see [13]ﬂ

Now we will show the connection between generalized Kosmulski index and upper/lower 2-Sugeno
integral. For this purpose consider o,: [0, 00]? — [0, 00| defined as a0y b = s(a) with s: [0, 00] — [0, oc]
being a nondecreasing function such that s(0) = 0. Immediately, os is an admissible fusion as well
as a link function with ¥ = [0, oc]. Note that each scientific record x uniquely determines a function

f: X — Ny as z; = f(i), and vice versa. Hence, the notation Sus*(x) is justified and
Sus (x) = mac{s(k) A p({i: 2i > k)} = max{s(e;) A u(fi: 2 > 7)),
J
Since p is the counting measure, we get

Suy* (x) = max{s(z;) A j} = max {s(u({i: y; > j}) A j} = Suz, (yx), (16)

*In order to get an integer-valued index, in the original paper authors consider the function s: No — Ny with s(0)=0

and s(k) > 1 for each k € N.
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where yx is the conjugate of x. Moreover,
SuZ (x) = max {kns(u{i:z; 2 k}))} = max {ze As(p({i: 2 > x}))}
= max{re A s(k)} = max{p({i: v > k) A s(k)} = Sug (v (17)

It is easy to see that Squ (x) and Sug®(x) for s(a) = a (under the convention s(co) = 00) coincide with
the h-index of x. In consequence, this proves Proposition 31 from [43], i.e., the symmetry H(x) = H(yx)
of h-index. However, the integrals Suj® () and Sugs(-) are not symmetric in general, i.e., the equalities

Suy® (x) = Sug’ (yx) and SuZ_(x) = SuZ_(yx) need not hold for each s and x.

Example 5.1. For s(a) = 2a and the scientific record x = (3,0,...) with yx = (1,1,1,0,...) we have
Suy’(x) = 1 = Su?_(yx), but Suy’ (yx) = 2 = SuZ_(x). Note that for s(a) = Aa with A > 0 it follows
from that Sugs (x) = mkax{xk A (Ak)}. This index was introduced in [20, Definition 2|.

Proposition 5.2. Let o,: [0,00]* — [0,00] be such that a o, b = s(a) with s: [0,00] = [0, 00] being an

increasing and continuous function such that s(0) = 0. Then for each scientific record x we have
(a) Ks(x) = Su," (x),
(b) Ks(x) = [Suy*(x)] = [5(Suz, (x))],

where |-| is the floor function and § = s~ L.

Proof. Observe that Ky(x) = max{k: s *(z;) > k} = max{k: [s '(zx)] >k} = mgx{k ALs7H )]}
From (16), we get Ky(x) = Suy ™ (x), as ol is an admissible fusion function. Next, note that
Su;LgJ (x) = Lm}gx{kz A s ()}, since |k Aa] =k A |a] for each @ > 0 and k € N and ml?xg(zk) =
g(mgx 2y ) for any nondecreasing function g. Using again, we obtain K,(x) = |Suy®(x)]. Moreover,
Ks(x) = LS_I(HI’?X{S(I{J) Azi)})] = |5(Su?, (x)) |, where the latter equality follows from (7). O

All the above considerations are true also for the upper/lower n-Sugeno integral for any n > 2.

(ii) Upper and lower 2-h-indices We return back to the original indices our motivation comes
from. Indeed, Mesiar and Gagolewski [28] introduced the upper 2-h-index and the lower 2-h-index of

a scientific record x as follows:
HY (x) = rn]?x {(k + H(x)) A wk}, (18)
Hé(x) =H(x) + mkax {(k —H(x))+ A :):k} = m]?x {k A (z + H(X))}, (19)

where a4 = max(a,0). In other words, upper 2-h-index is h-index increased by the value of h-index cal-
culated for the scientist’s output after removing h citations from each work. On the other hand, lower 2-
h-index is h-index increased by the value of h-index of a scientific record x|r(x) = (TH(x)+1> TH(x)+2> - - -)-

The latter h-index of X|(x) corresponds to h-index of x without publications in the Hirsch core, cf. [34].
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Example 5.3. Let x = (6,6,4,3,1,1,1,0,...). Clearly, H(x) = 3, and x|p) = (3,1,1,1,0,...) is
the scientific record obtained from x after removing the Hirsch core, i.e., the first three papers. Since

H(x|H(x)) = 1, we have H,(x) = 4. Analogously, HY(x) = 5, see Fig.

6 6
S5+ —-——-—-—-— A 5
I
4 c:._. 4 o
I
3+-—---- - - ¢—e 3+-—-—-——---- B
| |
21 I 21 I
| |
11 | e 14 B —
| | |
’*'—l—'—'—l—l—>

Figure 1: Illustration of formula for HY(x) = 5 (left) and for H(x) = 4 (right).

Proposition 5.4. For each scientific record x we have Suj (x) = Hh(x) = Su?(yx) and Su?(x) =
H3 (x) = Suj (yx)-

Proof. For proving the statements, the admissible fusion function and the link function is oy, = +.

Repeating the considerations from and we finish the proof. O

(iii) Ho and HP-indices Next we show that the indices H, and H” recently introduced in [24] as
Ha(x) = max {l(@p/a) Ap({i: 2 = a})]|} = mgx{[(:z:k/a) Nk}, a >0,
MO () = [mase (g A (u((52 21 > 2))/8)}] = Ty A (R/B))], B0,

are also a special case of upper/lower Sugeno integral. Here, [-] is the ceiling of a real number. Index

H, is able to compensate a lower number of citations and HA compensates a lower number of papers.

Proposition 5.5. For each scientific record x we have

(1) Ha(x)
(i) Ho(x) =

Suy® (x) with s(a) = |a/a],

uz_(x) with s(a) = [a/B].

Proof. (i) Based on ([16) we have Sug*(x) = ml?x{ |xr/a| Ak}. To finish the proof one can use the fact
that |a A k] = [a] Ak for each a > 0 and k € N.

(i) Using we get SuZ_(x) = m]‘?x{xk A Tk/B1}. Since [a Ak| = [a] Ak for a > 0 and k € N, so
Sugs (x) = mkax{ [z A (k/B)]}. To get the statement, use max g(zx) = g(ml?x zj) for any nondecreasing

function g. O
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Using the similar arguments as in the proof of Proposition [5.5](ii) one can show that H(x) =
|Suy*(x)] with s(a) = a/a and H?(x) = [Sugs (x)] with s(a) = a/B. Thence and from Proposi-
tion[5.2)(b) we conclude that H, is a special case of the generalized Kosmulski index Ky with s(k) = k.

(iv) Iterated h-index In 2009 in Garcia-Pérez [18, [19] considered a multidimensional h-index and
showed that the additional components are useful to distinguish individuals with the same h-index.
This approach has been studied further in [4] in order to provide its axiomatic characterization. For-
mally, the iterated h-index iH of a scientific record x is a vector iH(x) = (iH;(x), iHa(x), . ..) with the

components iH, (x) defined for each n € N by

iHn(x) = max {k A Titg (o141 04k )

with iHp(x) := 0. Clearly, iH;(x) = H(x) and iH;(x) > iH2(x) > .... Also, it is easy to see that
iH,(x) = Su’} (x) — Suﬁ_l(x). Thus,
n

Proposition 5.6. For each scientific record x and each n € N we have Su’} (x) = Z iHg(x).

k=1
(v) p-index and c-index It follows from Proposition [5.6/ that the functional defined by Su’(x) :=
sup Su’} (x) gives a number of publications with at least one citation. This index is known as the p-
irrzldex (see [40, Definition 2.5]). On the other hand, the number SuZ (x) := sup Su,; (x) = z; represents
a number of citations of the most important paper and it is called the c-?ndex [40, Definition 2.6],
or the maximum-index [42, Definition 2.5|. The p- and c-indices measure almost completely opposite
aspects of the performance of a researcher. The p-index can be seen as a measure of productivity
with focusing on productivity (i.e., number of papers) and paying almost no attention to impact (i.e.,
number of times a paper has been cited). On the other hand, the c-index can be seen as a measure of
impact with focusing on impact and paying no attention at all to productivity. For instance, it prefers
a single highly citeglo paper over a large number of slightly lower cited papers. Finally, the s-index
defined by s(x) = Z x; equals the total number of citations of all papers published by the scientist.
Thus, the s-index gllies into account all papers published by a scientist and not only the most cited

paper (as in c-index).

(B) Aggregation functions

Nowadays, aggregation processes naturally appear in almost every discipline and importance of aggre-
gation functions may be seen in various applications including data fusion, decision making, computer

science, social choice, etc. We shall show here that both the upper n-Sugeno and the lower n-Sugeno
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integrals are new aggregation functions under some mild assumptions on maps o and * with a very

natural max-min-type representations. Firstly we recall the definition of an aggregation function.

Definition 5.7. |2, Definition 1.5] A function A: [0,3]™ — [0,7] is said to be an m-ary aggregation
function, if it is nondecreasing and it satisfies the boundary conditions A(0,...,0) = 0 and A(g, ...,y) =

Y.

Put X = {1,2,...,m}, Y = [0,9] and p € M(x 4y such that u(X) > y. For n > 2 the upper
n-Sugeno integral Su; (x) with x = (z1,...,%m), x; € Y, and an admissible fusion map o satisfying
gyoy =1, Is an m-ary aggregation function. Indeed, from Proposition (d) we get Su; (ylx) =g
and Suj,(0Lx) = 0 for all n. Monotonicity follows from Proposition [3.2)(a). Additionally, the lower n-
Sugeno integral Suf(x) for n > 2 is also an aggregation function if the link map *: [0,00] x Y — [0, 00]
is such that » > A. In fact, the monotonicity follows from Proposition [4.2|(a), and by Proposition [4.3)(f)
we have Su}(ylx) =y and Su}(01x) = 0. Moreover, for each n € N we obtain

Supa(x) =\ [((A z) oSui(x)) Ap(D)],  suiTx) =\ [( i) A ((T) x Su}(x))]

TCX €T TCX €T

(see Theorem and Theorem for A = 2%) providing the weighted max-min-type representations

of the two sequences of aggregation functions.

Conclusions

Generalizing the upper and lower 2-h-indices of Mesiar and Gagolewski [28] we have constructed upper
and lower n-Sugeno integrals via iterating the Sugeno integral. These two classes of new functionals
also include the generalized Kosmulski index [I3] and H,-index [24]. We have examined some of their
universal mathematical properties that are useful in various fields such as scientometry, theory of
integral and aggregation functions. Since there is only a few number of papers combining the above
fields, the present paper stimulates a deeper study of the relationship between nonlinear functionals
and scientometric indices. Thus, an applied research is supported by a theoretical research.
As a by-product, we have partially solved the question on computation of certain pseudo-decomposition

integral providing the representation of Benvenuti integral of n-th order with respect to operations
@ =+ and ® = A as the lower n-Sugeno integral with respect to +. So, our approach provides a new

way to look at pseudo-decomposition integrals and possibilities of their computation.
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Appendix
Proof of Theorems [3.5 and [{.6 The arguments are similar to those of [6, Theorem 2|. Put

Sprr=sup{(toSp) A (w({f =t})*xSn)}, Zny1=inf {(toZy)V (u({f>1t})*xZn)}
tey tey
for all n > 1 with S1 = Su(f) = Z1, where

(A) the map o is given in Theorem and a xb = a, or
(B) the map « is defined in Theorem and aob = a.

Assume that Sy > 0 as if S1 =0, then S, = 0= Z, for all n (see Propositions [3.3)(a) and [£.3)(a)). By
induction we show that S,, = Z,, for all n. Clearly S; = Z;. Suppose that S, = Zj for all k£ < n. Set

Ii={teY:u({f 2t})xSp2to S}, J:={teY:u({f>1t}) xS >toln}.
Clearly, J C I and 0 € J in the case (B). In the case (A) we have a x b = a, so we find that

00S, <S,= tiél}f;{(tosn—l) Vu{f>1t}h)}

< (00 8,-1) Vu({f >0}) < Spa Vu({f > 0})

§...gSl\/u({f>0})::U’({f>0})ﬂ

as 0oy < y and S; = Su(f) = tln}f/ {tVvu{f>1t}H} < p{f > 0}). In consequence, 0 € J in both
€

cases. Since t — t oS is nondecreasing and t — u({f > t}) x Sy, is nonincreasing, we have I = [0, a]

or I =[0,a) and J = [0,b] or J = [0,b) with b < a. We need to show that a = b. Suppose that b < a.

Hence by the definition of I and J, we have

p({f > t}) * Sp <to Sy < pu({f = t}) x Sn

for any ¢t € (b,a). Let b< d < c < a. As {f > ¢} C {f > d}, we get

p({f = ) x Su <p({f > d}) x Sp < do S, <coSy < p({f > ¢})*Sn,
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a contradiction.

For each interval D, let D = [0, g] \ D. By continuity of the maps t — to s and t — ¢t x s we obtain
Spt1 = su}p/) {0 S) A (n{f=1t})*Sn)} = suII){t oSp}V sufp {p{f =t})*Sn}
te te telc

yoSy if I =10,7],
=9 (aoSy)V (u({f =a"})*S,) ifI=][0,a],a<y,
(ao Sn) \ (:U*({f P a}) *Sn) if I = [O’a)7 a<y

with the convention that sup = 0 and i%f = 00. Observe that
0

e if I = [0,a] for a < g, then from the definition of I, u({f > a™})x S, < aoS,, so Sps1 = ao Sy,

o if I =10,a) for a <y, we have u({f > a}) xS, <aoS,, so Sy,t1 =aoS,.

This implies that S,4+1 = a 0 .S,,. Further, we have

Zny1 = tig}f,{(to Su) V (u({f > 1}) % Sn) } = Inf{u({f >t}) * S} A inf {to Sp}
0% S, if J = 10,7,
=13 (aoS) A (u{f >a})*S,) it J=1[0,a],a<7,
(aoSp) A (p({f >a })*S,) if J=[0,a),a<y
0xS, ifJ=10,7],
aoS, if J=1[0,a],a<y or J=10,a),a<7y,
as

o if J=[0,a] and a < g, then pu({f > a})*Sp, = aoS,, so Zyt1 =ao Sy,
e if J=10,a) and a < gy, then pu({f >a }) xS, =2 aoS,, and so Z,4+1 =aoS,.

Consequently, we need to show that S, 11 = Z,41 if J = [0,y] = I. Indeed, we have S, +; = go S, and
Zn+1 = 0% S,. Moreover,

0% S = u({f > §}) *Sn 2 yo Sn.

In the case (A), we have 0 = 0% S, > 50 S, > 0, so Sp41 = Z,41. In the case (B), Sp+1 = 7,
Zp+r1=0%xS, and 0% S,, > y§. As S, 2 0% S, and S, < g, we get 0% S,, = ¢, and 80 Sp,4+1 = Zpt1.

The proof is complete. O

Proof of Theorem [[.10, We begin with the formula (I3). It is clear that I;"(u, f) = Su(f) =
Su (f). From Lemma (e) it follows that if Su(f) = 0, then u({f > t}) =0 for all ¢ > 0. Hence by
Proposition 4.3|(a), L" (i, f) = 0 = Su’} (f) and the assertion holds for any n.
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From now on let us assume Su(f) > 0. To get a better understanding, we first consider the case
n = 2, that is, we show that Su? (f) = sup My (b2), where
bocY

Ma(ba) = (b2 A p({f = ba})) + sup {(b1 —b2) Au({f = 01})}.

b1>bo

Clearly, ba A p({f = ba}) < Su(f), so ba A u({f = ba}) < b2 ASu(f) and

M3(b2) < (b2 ASu(f)) + ot {(br — (b2 ASU(f))) Ap({f = br1})}

= sup {b1 A (M({f >b1}) + (b A Su(f)))}
b1=baASu(f)

< osup {bi A (u({f =b1}) +Su(f))}
b1=baASu(f)

—Su(f)+ sup  {(b —Su(f) Au({f > b))}

b1 262/\811(_}")

Since sup {(br = Su(f)) A({f =b1})} =0, we have
b1 €[baASu(f), Su(f)]

M (b2) < . Elélp(f) {b1 A (W f = b1}) +Su(f)} = Sul(f).

From the above it follows that
sup Ma(bs) < Su(f). (20)
bocY
Now we show that the reverse inequality holds in (20)). Recall that Su(f) > 0. Evidently
sup Mg(bg) 2 lim Mg(bg).
baeY b2 /Su(f)

By Lemma[2.1](c), we get

lim Ms(bg) =S + i by — bg) A >b
b 2(b2) = Su(f) bQ/}gll(f)bSl;Igz{(l o) Au({f =bi})}

>Su(f)+, Tim o sup {(br = Su(f) Au({f=b0})}

=Su(f)+ sup {(b1—Su(f) Au{f=b0})}.

b1=Su(f)

Thus, sup Ms(ag) > Sui( ), so there is the equality in ([20)), as claimed.
as€Y

Now, we show that the assertion holds for all n > 2. Observe that

I:{’/\(,u, f) = bmgi)/ Mn(bna bn—l—l)a

where b, 11 = 0 and M, is defined recursively using the formula

My (bg, biy1) = [(bk = b)) A p({f = be})] + sup My (bg—1,by)

b —12bg
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for £ = 2,...,n with the initial condition M;j(b1,b2) = (b1 — b2) A p({f = bi}). Put M} (bg) :=

sup  Mjy_1(bg—_1,bx) for k > 2. Mimicking the proof for n = 2, we obtain

br_12bg

(bnabn—H) (bn /\Su(f)) sup {[(bn—l_b )/\M({ Z by 1})] _1(bn— 1)}

bp—12bn
< (bn A Su(f))

+  sup [ (bar = (bn ASU()) A p({f = baa D] + My (ba) }
brn—1=bnASu(f)

— s { Pt A (S 3 bt} + B ASU()] + M (b))
brn—1=2bnASu(f)

< sup {[baa A (p({f = baa}) +Su(f))] + My _q(bn1) }
brn—1=2bnASu(f)

= s Naa(bes):
bn—1>bn /\Su(f)

Here and subsequently,
Ni(b) := [bA (u({f > b}) +Sui™"()] + M (b)

for all k = 1,...,n — 1 with the convention Mj(b) := 0. By the very definition of Su? (f), we have
A (u{f = b}) +Su(f)) <bASuiL(f) for b € Y. Thus

Nn—l(bn—l) < (bn—l A Sll%_(f)) + sup {[(b —2 — bn— 1) A ,u({ 2 by 2} ] bn 2)}

bn—22bn—1

< (bn—l A Sui(f))

+ sup {[(bn—2 = (bp—1 A Sui(f))) A p({f = bn- 2})] Q(bn—Q)}
bn72>bn71/\su3,(f)
= sup {[bn—2 A (W{f = bu2}) + (ba1 ASUL()))] + M;;_5(bn—2)}
bn—Qan—l/\SUi(f)
< s Do A (UUF 3 bua)) +SE)] + Ma(ba2)}
bn,Qanfl/\Sui(f)
= sup Nn—Z(bn—Q)
bn,2>bn,1/\Sui(f)
for any b,—1 > b, A Su(f). In the same manner we obtain for k =1,...,n — 2,
sup ank(bnfk’) < sSup ankfl(bnfk’fl)'
bn—k2bn—k11ASUE (f) b ——12bn_ ASUST(f)

As a consequence, we get
M, (by, bry1) < sup Np—1(bp—1) < ... < sup Ni(br) = Su’}(f)
bn—1>bn/\su(f) b1 ZbQ/\Su’_n‘_il(f)

for all b,, € Y. Therefore,

Ly " (s, f) < Sulp(f)-
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To finish the proof it is sufficient to show that sup M,,(b,,bpy1) = Su’y(f). Using Lemma (c) and
bn€Y
mimicking the proof for n = 2, we obtain

sup M, (b, by, > lim M,(b,, b,
Sup Mnlbnrbrgr) > | Mg ) Mn(ons b

= Su(f) + bn}%ﬂ(f) byilllgbn { [(bnfl - bn) A M({ > n 1})] (bn 1)}

>Su(f)+, lm S {[(ba—1 = Su(f)+ A p({f = bar})] + Myy_1(bn—1) }

=Su(f)+ sup  {[(bn—1 —Su(f) Ap({f = bor})] + My (bn-1) }

br—128u(f)

= sup Np_1(bp-1)- (21)
br— 1/Su(f)

By Proposition Su? (f) = Su(f) > 0. Proposition (b) and implies

sup My(busbs1) > B ([baoa A (5L > baoa}) + Su(h)] + My (b))

bn€Y bn—1,/Su2 (f)
= Su? (f) + lim sup  My,_2(bp—2,bp_1). (22)
b — 1/SU+(f)bn 22bn—1
Next, we get
lim sup Mn—?(bn—27 bn—l)
bn—1,/S03 (f) by—2>bp—1

S 1{[<bn_2—8ui<f>>+w<{ > bya})] + My (bu2)}

> s {[(buer — SE(F) A p({F > baz})] + M y(ba)}. (23)
by—2>Su (f)

Thus from and we obtain

sup Mn(bmbn—H) = sup Nn—2(bn—2)'
bneY bn—22Su? (f)

Repeating the same reasoning we get
sup Mn(bna bn+1) = sup N (bl) = Su?—(f)v
bneY bi=Su’t 1 (f)

as required. The proof is complete. O

Proof of Theorem [{.12 Let n > 2. We need to show that Su’}(f) = Ly, where

n

Ly Zin{Z ((bi = bi1) V u({f > bi})): 0=bpg1 < bp < ... < b1 < 33}'
i—1

Clearly, L, = binfy M,,(by, bny1), where M, is defined recursively using the formula
"€

My (bg, bes1) = [(bg — brg1) V u({f > bp})] + inf My (bp_1,bz)

by —12>bg
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for any k = 2,...,n with M;i(b1,b2) = (b1 — b2) V u({f > b1}). For simplicity, put M} (by) =
inf  Myg_1(bg_1,b) for k =2,...,n. Since bVu({f > b}) = Su(f), we have bV u({f > b}) = bvSu(f)

br—12bg

for all b € Y. Thus,

My (bnbusr) > (b VSu(f) +  nf  {[(baor — (b VSu(f)) V a({f > buos})] + My (b))}

bn_1=>bn /\Su(f)

= inf  {[ba1 V (u({f > bae1}) + (bn Vv Su(f))] + My (ba—1) }

by 1>bn ASu(f)

2 1/1,)na8u(f) {{bn-1V (W({f > bn1}) +Su(f))] + M;_;(bp-1)}

= inf Np_1(bp_1), 24
o iy Vo1 (o) (24)

where Ny(b) == [bV (u({f > b}) + Sut"(f))] + Mj(d) for k = 1,...,n — 1 with M;(b1) := 0
Theorem gives that bV (u({f > b}) + Su(f)) = bV Su? (f) for all b € Y. Thus,

Np—1(bn-1) = (bp—1V Sui(f)) + inf {[(bn—Q —bp—1) V pu({f > bn—Q})] + M;—Z(bn—Q)}

bn—22bn_1
> (bp—1V SuZ(f))

" bn72>bnif11f/\8ui(f) {[(br—2 = (b1 VSUWL(S))) V u({f > bua})] + My _5(bn2)}
= bn,gbnifllfASui(f){[ n—2 V (W({f > bu-2}) + (bn—1 VSWL(f)))] + M _5(bn-2)}
z bn—22bnif11f/\8u3_(f) {[bn—2 V (W({f > bu—2}) +SuZ(f))] + M;;_5(bn2)}

— inf Nyp_2(bn_2)

bn72>bn71/\sui(f)

for any b,—1 > b, A Su(f). Analogously, for k =1,...,n — 2 we get

inf Np—k(bn—k) = inf Np—p—1(bp—p—1), (25)
by Zbn g 1ASUE(f) bp—k—1 by ASUT ()

where we use the fact that forallbe Y and k=2,...,n—1

V (u{f > b)) +SufTH(f)) = bV sui(f)
(see Theorem . As a consequence of and , we obtain

My (by,bpi1) = inf Np1(bp1) = ... > inf N1(b
( +1) bn—1=bnASu(f) 1(bn-1) by =ba ASu’} 1 (f) 1(b1)

> birgf Ni(b1) = Suly(f)

for all b, € Y. Therefore L,, > Su’} (f). We show that L, < Su’}(f).
Let Su’{ (f) = 3. Then
Ly < My(, but1) = § + M (y) = § = Su’i(f).
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Assume that Su'} (f) < §. Using Lemma [2.1(d), we have
PR

=Su(f)+, T ind {[(bia = b) V(LS > b)) £ M (i)}

< Su(f) + bn{i‘g}(f) bnirllibn {{(bn—1—=Su(f)) vV u({f >bp1})] +M;_1(bu1)}

=su(f)+, it { (o= SV S > buoa)] + M (a)}

= inf  Nu_1(bp_1). 26
b1 55u(f) 1(bn-1) (26)

From , Propositions and (c) we get

L, < inf Nn—l(bn—l) < inf Nn—l(bn—l)
bn—125u(f) bn—125u% (f)

< bn_ll\igﬁm ([bn-1 V (e({f > ba1}) +Su(f))] + M (ba1))

=Su?(f)+ lim M (b, 1) 27
+(f) g (1 1(bn-1) (27)

Next, we have

li M (bpo1) < i inf bp_o — Su?(f)) Vv > by )] + M _o(bp
o Mt <t ([ =SSO VIS > beead)] 0}

< inf o {[(bpa = SUL(N)) V u({f > bno})] + My _s(ba2)}.  (28)

bn—22sui(f)

Thus, from and we obtain

Repeating the same reasoning we get

Lo, dnf Nilb) =S+ id {0 Sul ()Y (T > 0 = Suk0)

as required. O
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