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Abstrat

The Multilevel Bottlenek Assignment Problem is de�ned on a weighted graph of L

levels and onsists in �nding L � 1 omplete mathings between ontiguous levels,

suh that the heaviest path formed by the ars in the mathings has a minimum

weight. The problem, introdued by Carraresi and Gallo (1984) to model the ros-

tering of bus drivers in order to ahieve an even balane of the workload among

the workers, though frequently ited, seems to have never been applied or extended

to more general ases. In this paper, we disuss one possible extension, that is the

introdution of multiommodity aspets to model di�erent lasses of workers.
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1 Introdution

The Bottlenek Assignment Problem is the searh for a omplete mathing on

a weighted bipartite graph, suh that the weight of the heaviest edge in the

mathing is minimum. Its multi-level version is de�ned on a weighted graph of

L levels and onsists in �nding L� 1 omplete mathings between ontiguous

levels, suh that the heaviest path formed by the ars in the mathings has a

minimum weight. It was introdued by Carraresi and Gallo (1984) to model

the rostering of bus drivers in order to ahieve an even balane of the workload

among the workers. Their algorithm determines a starting feasible solution by

solving a sequene of Bottlenek Assignment Problems on the single levels;

then, furtherly improves the solution through a \stabilization" proess. The

�nal result, though not neessarily optimal, has a bounded gap with respet

to the optimum, and is asymptotially optimal for a large time horizon. Our

interest in this problem derives from a similar appliation: the rostering of

workers' shifts for the junk removal ompany of Crema, in Italy. This pratial
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ase, however, requires a more omplex model, beause eah driver is quali�ed

to perform only a subset of the possible shifts.

Crew Rostering has been a lively �eld of study over the last deades. Most

of the approahes in the literature, however, end up with a Set Partitioning

model, whose variables orrespond to the feasible sequenes of shifts assigned

to eah worker (Caprara, Toth, Vigo and Fishetti , 1998). Some approahes

take into aount all variables or a heuristi subset, while the others start with

a redued set of promising variables and apply olumn generation to introdue

other variables only if neessary. Beasley and Cao (1998) proposed a dynami

programming approah. Cappanera and Gallo (2003) give a multi-ommodity

ow formulation for an airline rew rostering problem, whih is strengthened

by valid inequalities and solved with a general-purpose MIP solver.

The bottlenek approah by Carraresi and Gallo (1984), though frequently

ited, seems to have never been applied or extended to more general ases.

Therefore, the main onern of this paper is to suggest one of the possible

extension, that is the introdution ofmultiommodity aspet to model di�erent

lasses of workers. After reporting a NP-ompleteness proof, we propose a

Lagrangean Deomposition (Guignard and Kim , 1987). Sine the Lagrangean

subproblem is not trivial, this paper introdues upper and lower bounding

proedures whih integrate the ideas in Carraresi and Gallo (1984) in a more

general framework.

2 Notation and NP-ompleteness

Given a time horizon of L days, a weighted level graph G (V;E) of L levels

models the struture of the servie. Its verties, partitioned into subsets V

`

assoiated to the single days (V = [

L

`=1

V

`

) orrespond to the shifts. Without

loss of generality, one an assume the number of shifts per day to be equal to

the number of workers n (V

`

=

n

u

`

1

; : : : ; u

`

n

o

for ` = 1; : : : ; L): dummy shifts

an be added to guarantee this result. Eah shift u

`

i

implies a workload w

`

i

.

The edges of graph G onnet only verties in ontiguous levels. They also

model trade union agreements: edge

�

u

`

i

; u

`+1

j

�

exists if and only if a worker

is allowed to perform shift i in day ` and shift j the day after. Let S

`

i

denote

the subset of verties in V

`+1

whih are linked to vertex u

`

i

and P

`

i

the subset

of verties in V

`

whih are linked to vertex u

`+1

i

. The workers form K lasses:

there are n

k

workers of lass k (with

P

K

k=1

n

k

= n), and they are able to

perform only a spei� subset T

k

of the shifts in V .

Proposition 1 It is NP-omplete to determine whether the MMBA problem

admits any feasible solution.
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PROOF. Given a SAT instane with n variables x

i

and m lauses C

j

, build

the following MMBA instane. Graph G (V;E) is made up of L = m + 1

levels of 2n verties eah. The verties u

L

i

and u

L

i+n

of level L are assoiated

to variable x

i

(i = 1; : : : ; n). Vertex u

j

1

in eah of the other m = L� 1 levels is

assoiated to the orresponding lause C

j

(j = 1; : : : ; m). In eah level from 1

to m, the �rst n verties (u

j

i

for i = 1; : : : ; n) are linked to all verties in the

following level, while the last n verties (u

j

i+n

) are only linked to the last n

verties. There are K = 2n lasses of workers, whih onsist of single workers:

lass i orresponds to literal x

i

, lass i+n to �x

i

. Subset T

i

inludes all verties

of the graph, apart from the 2n � 2 verties of level L whih are assoiated

to variables di�erent from i and the lause verties u

j

1

suh that lause C

j

is

not satis�ed by literal x

i

; a orresponding de�nition holds for subset T

i+n

and

literal �x

i

. By onstrution, the path of worker i ends either in u

L

i

or in u

L

i+n

.

In the latter ase, this path only visits verties u

`

r

with r > n. Therefore, n of

the 2n paths are on�ned in this half of the graph, while the other n paths are

on�ned in the other half. More spei�ally, for eah pair of omplementary

literals, one only onerns verties u

`

r

with r > n and the other only verties

with r � n. The lause verties an only be visited by paths orresponding to

satisfying literals. Thus, a feasible solution to theMMBA identi�es a satisfying

truth assignment.

3 A model

The problem admits the following mathematial formulation. Let y

`

ij

= 1 if a

worker of any group is assigned to shift i in day ` and to shift j in day `+1, 0

otherwise. Let x

k`

ij

= 1 if a worker of group k is assigned to shift i in day ` and

to shift j in day `+1, 0 otherwise. Note that x

k`

ij

is unde�ned when the workers

of lass k are unable to perform either shift i in day ` or shift j in day `+ 1.

Let s

`

i

be the total workload from day 1 to day ` of the worker performing

shift i in day `, and z the maximum total workload over all workers.

P

1

: min z

s.t.

X

j2S

`

i

y

`

ij

= 1 i = 1; : : : ; n; ` = 1; : : : ; L� 1 (1)

X

i2P

`

j

y

`

ij

= 1 i = 1; : : : ; n; ` = 1; : : : ; L� 1 (2)

K

X

k=1

x

k`

ij

= y

`

ij

�

u

`

i

; u

`+1

j

�

2 E (3)

X

j2P

`�1

i

x

k`

ji

=

X

j2S

`

i

x

k`

ij

u

`

i

2 V

2

; : : : ; V

L�1

; k = 1; : : : ; K (4)
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n

X

i=1

X

j2S

1

i

x

k1

ij

= n

k

k = 1; : : : ; K (5)

s

1

i

= w

1

i

i = 1; : : : ; n (6)

s

`

i

� w

`

i

+

X

j2P

`�1

i

s

`�1

j

y

`�1

ji

i = 1; : : : ; n; ` = 2; : : : ; L (7)

z � s

L

i

i = 1; : : : ; n (8)

x

k`

ij

2 f0; 1g

�

u

`

i

; u

`+1

j

�

2 E; k = 1; : : : ; K (9)

y

`

ij

2 f0; 1g

�

u

`

i

; u

`+1

j

�

2 E (10)

3.1 A Lagrangean approah

If one relaxes in a Lagrangean fashion onstraints (3), the problem deomposes

in two lasses of subproblems. The former inludes K min-ost ow problems,

whih only onern the x

k`

ij

variables

L

k

1

:min

X

(u

`

i

;u

`+1

j

)2E

�

`

ij

x

k`

ij

(11)

s.t. (4) (5) (9)

where the integrality onstraints (9) are redundant. Also notie that the un-

derlying graphs are ayli.

The latter is an unusual assignment problem, onerning the y

`

ij

, s

`

i

and z

variables:

L

2

: min z +

X

(u

`

i

;u

`+1

j

)2E

�

`

ij

y

`

ij

(12)

s.t. (1) (2) (6) (7) (8) (10)

whose objetive funtion is omposed of two terms. The �rst term leads to the

bottlenek assignment problem introdued in Carraresi and Gallo (1984), for

whih an asymptotially optimal approximation algorithm exists. The seond

one leads to a lassial assignment problem: onstraints (6), (7) and (8) are

redundant sine z is here a free variable.

To solve L

2

, we obtain a lower bound by optimizing separately the bottlenek

and the min-ost subproblems, and summing the resulting optimal values.

Notie that the bottlenek subproblem, whih is the harder of the two, does not

depend on the Lagrangean multipliers �

`

ij

. Therefore, even if the multipliers

are iteratively updated, e. g. by a subgradient proedure, it is solved one
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for all at the beginning of the omputation. On the ontrary, the min-ost

subproblem needs to be solved at eah step.

We observe that the algorithms for both the bottlenek and the min-ost

assignment problems are based on the improvement of a given starting solution

through the determination of augmenting paths. Adapting these proedures,

it is possible to obtain an upper bound for the problem L

2

.

4 Conlusions

In this work, we have presented a new problem, derived from a real-world

appliation, whih extends the lassial paper by Carraresi and Gallo (1984)

on the Multilevel Bottlenek Assignment Problem. We have also outlined a

possible solution sheme, based on a Lagrangean approah, whih provides

lower and upper bounds on the optimum.

Another possible solving approah ould take into aount the speial \onion-

like" struture in whih T

1

� : : : � T

K

. This ase is not furtherly disussed

here, beause it does not hold in our pratial appliation, though it ould

haraterize other real-world ases.

A di�erent approah an onsider a two-phase model: the �rst one distributes

the shifts among the workers' lasses; then, a seond phase models, for eah

lass, the assignment of the shifts to the workers. Following this approah,

approximation algorithms an be derived.
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