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Abstract

Denote by R(L, L, L) the minimum integer N such that any 3-coloring of
the edges of the complete graph K contains a monochromatic copy of a graph
L. Bondy and Erdés conjectured that for an odd cycle on n vertices C,

R(Cy,Cp,Cp) =4n—3 for n > 3.

This is sharp if true.

Luczak proved that if n is odd, then R(C,,, Cy,,Cy,) = 4n+o(n), as n — oo.
We prove here the exact Bondy-Erdés conjecture for sufficiently large values
of n. We also describe the Ramsey-extremal colorings and prove some related
stability theorems.
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1. Introduction

For graphs Ly, ..., L, the Ramsey number R(L1, ..., L) is the minimum integer N
such that for any edge-coloring of the complete graph K by k colors there exists a
color ¢ for which the corresponding color class contains L; as a subgraph.

The Ramsey number R(C,,, C,,) has been studied by several authors, for example,
Bondy and Erdés, [4], Faudree and Schelp, [8], Rosta, [22], and it is completely
described and known that

2n — 1, if n > 5 is odd,
R(Cy,Cy) = { 3n _ if n > 6 is even. 1)

2 Y
Bondy and Erdés [4] conjectured that if n > 3 is odd, then
R(C,,C,,Cy) = 4n — 3. (2)

This is sharp if true, as shown by Colorings 1 and 2 in Section 1.2. Luczak [20]
proved that if n is odd, then

R(C,,C,,Cy) = 4n + o(n), (3)

as n — oo. In this paper we shall prove the existence of an ng for which the
exact Bondy-Erdds conjecture holds if n > ng. Our main result actually determines
R(C,,, Cy,, Cyy,) for all odd and sufficiently large ny, ng, ns.

Theorem 1. There exists an ng such that for all odd ny,ns, n3 > ng, we have
R(C,,,Cy,, Cy,) = 4max{ny, nay,n3g} — 3.
In particular, for n > ngy odd,

R(C,,C,, Cy) = 4n — 3.

1.1. Notation

Our notation is quite standard. For graphs, the first subscripts mostly indicate the
number of vertices, e.g., G is always a graph of N vertices, C), a cycle on n vertices,
Py is a path of ¢ vertices. We shall often “patch up” cycles from paths, and in these
cases it is sometimes useful to specify the first and the last vertices of those paths.
Hence, denote by P(u,v) a path whose first vertex is w and the last one is v, and we



shall refer to it as a (u, v)-path. For non-empty disjoint sets X and Y we denote by
K(X,Y) the complete bipartite graph with bipartition X UY".

For a graph G we denote by e(G) its number of edges. Given a set X of vertices
of G, G| X] stands for the subgraph of G induced by the vertices of X. G\ X denotes
the subgraph obtained by deleting the vertices of X and the edges incident to X.
We put e(X) := e(G[X]).

Given two disjoint sets of vertices, X and Y, F(X,Y) denotes the set of edges
joining them, e(X,Y) := |E(X,Y)|, and G[X, Y] is the bipartite subgraph of G with
bipartition X UY and edge set E(X,Y). We also call

e(X,Y)
d(X,Y) = ——
[ XTY]
the density of the pair (X,Y) in G. When there is no danger of confusion, we use
w € GIX,Y]tomeanu € X, v €Y, and uv € E(X,Y).

For a vertex x we denote by N(x) the set of all vertices adjacent to = and set
deg(x) := |N(z)| and deg(x,Y") := |N(z) NY| (the degree of z into Y). Similarly,
for two vertices x and y, we denote by N(x,y) the set of vertices adjacent to both x
and y, and we set deg(z,y) := |N(x,y)|.

Let §(G) and A(G) denote the minimum and the maximum degree of G, respec-
tively. We call G t-complete if §(G) > |V(G)| — 1 —t. For a bipartite graph G with
bipartition U UV, we say that G is t-complete if deg(u, V') > |V| —t for every u € U
and deg(v,U) > |U| —t for every v € V. We remark that the induced subgraphs of
a t-complete graph are also t-complete.

Whenever we speak of colorings, we mean edge-colorings. Mostly we “use” three
colors, red, blue and green, and the subgraphs of given colors will be indicated by
superscripts: G? is the blue subgraph of G, G := G"UGY is the red-green subgraph
of G. However, the corresponding graph theoretical parameters (e.g., numbers of
edges, degrees) will be indicated by subscripts: e,(X,Y) denotes the number of red
edges between X and Y in an edge-colored graph, deg,(z,Y") is the number of green
edges joining x to Y.

1.2. Extremal colorings and stability

Below we describe two colorings of Ky,,, providing the lower bound in Theorem 1.

Coloring 1 (EC;(m)). Take 4 sets X ..., Xy of m vertices each. Color the pairs
inside each group by green, the edges of K (X1, X3)UK (Xs, Xy) by red, K (X7, X5)U



K (X3, X4) by blue, and the edges of K (X, X,) U K(X», X3) arbitrarily, by red and
blue.

The special feature of the second coloring is that it contains both blue and green
complete graphs K,,.

Fig 1: Coloring EC;(m) Fig 2: Coloring ECy(m)

Coloring 2 (ECy(m)). Take 4 groups, X; ..., X4, of m vertices each. Color all pairs
in X; and X, by green, in X3 and X, by blue. Then color K (X3, X4) by green and
K (X1, X3) by blue. Finally, color the edges of K(X; U X5, X3 U X,) by red.

In the proof of the lower bound, we may assume that the color of the longest
cycle is green, that is, n := n3 = maxn,.

Claim 2. For n odd, colorings ECi(n — 1) and ECy(n — 1) do not contain mono-
chromatic C,,. Moreover, ECi(n —1) contains neither blue nor red odd cycles at all.
Consequently, R(C,,,Cp,, Cp,) > 4max{ny,na,ng} — 3.

Proof. In both colorings, each monochromatic subgraph is the vertex disjoint union
of complete graphs K, _; and bipartite graphs (or just one of them). Hence these
colorings do not contain green odd cycles of length n = n3. In EC{(n — 1), both
red and blue subgraphs are bipartite, thus EC;(n — 1) does not contain any odd red
or blue cycles at all. (ECy(n — 1) is an extremal coloring exactly if at least two of
ni,ng, N3 are maximal.) 1

We shall say that a 3-coloring of a graph G contains EC;(m) (ECy(m), respec-
tively) if there exists disjoint subsets Uy, ..., Uy of V(G), each of size m, and an
injection f: U; — X;, i = 1,2,3,4, such that for every edge xy in G[U; U...U Uy,
zy has the same color in G as f(x)f(y) in EC;(m) (ECy(m), respectively).

We shall also say that a 3-coloring of a graph GG can be embedded into coloring
EC;i(m) (ECy(m), respectively) if there exists an injection f : V(G) — X; U Xo U



X3 U Xy such that for all edges zy,vw € E(G), xy and vw have the same color in
G if and only if f(z)f(y) and f(v)f(w) have the same color in ECy(m) (ECy(m),
respectively).

Our main result follows from Claim 2 combined with the following stability the-
orem.

Theorem 3. There exist constants ¢ > 0 and Ny € N with the following property.
For all odd integers ny,ng,n3 > Ny set n = max{ny,ng,n3} and let N > (4 — c)n
be a natural number. Suppose that Ky is 3-colored without red C,,, blue C,,, and
green C,,.

Then N < 4n — 3 and there is a subgraph G of Ky such that e(G) > (];[) — 10N
and the induced 3-coloring of G can be embedded either into ECy(n — 1) or into

Remark 4. The idea of using stability theorems in graph theory was initiated by
the second author, back in the 60’s and 70’s, see, e.g., Simonovits [23], Erdés and
Simonovits [7], Lovdsz and Simonovits [18, 19]. Since then this method has been
successfully applied to many extremal problems, e.g., to find maximal triangle-free
subgraphs of random graphs [1] or some recent exact hypergraph extremal theorems
by Fiiredi and Simonovits [12], Keevash and Sudakov [14], and Fiiredi, Pikhurko and
Simonovits [10, 11].

The proof of Theorem 3 comes in two stages: First we prove Theorem 5, a weak-
ening of Theorem 3, where we have one additional condition that G contains either
EC;(m) or ECy(m), for some m slightly larger than n/2.

Theorem 5. Given three odd integers ni,ng,n3 > 11, set n = max{ny,na,ng}.
Let N and t be natural numbers for which n > 4t + 25, and N > 2n + 8t + 26.
Suppose that an N-vertex t-complete graph G is 3-colored (in red, blue and green)
without red C,,,, blue C,,, and green C,,. Furthermore, suppose that there exists
a t-complete subgraph G' of G' such that the induced 3-coloring of G' contains either
ECi(5(n+ 13) + 2t) or ECy(5(n + 13) + 2t).

Then N < 4n — 3 and there exists a subgraph G" of G such that e(G) — e(G") <
1ON and the induced 3-coloring of G" is embeddable either into ECi(n — 1) or into
ECy(n —1).

Then we shall prove that if a graph G with large minimum degree is 3-colored
and this 3-coloring has no long monochromatic cycles, then it must contain a rela-
tively large colored subgraph of the structure described in Colorings 1 or 2.



Theorem 6 (Ensuring The Additional Condition). There exists an ng > 0 such that
for every n € (0,m¢) there is an ng = ng(n) with the following property.

Let n > ng and (4 —n)n < N < (4 +n)n be integers. Suppose that G = Gy is a
graph with 5(G) > (1—n*)N. Then for any 3-coloring of the edges of G, if G contains
no monochromatic odd cycle longer than (1 + n/100)n, then one can find a subset
W* C V(G) of 4](1/2 + n/4)n]| vertices such that the induced 3-coloring of G[W*]
can be embedded either into EC1([(1/2 4+ n/4)n]) or into ECy([(1/2 + n/4)n]).

We prove Theorem 3 in the following way: by combining Szemerédi’s Regularity
Lemma with Theorem 6, we find a large copy of Coloring 1 or 2 in a given 3-coloring
of Ky without red C,,,, blue C,,, and green C,,. Then we apply Theorem 5. The
details of the proof can be found in Section 5.

Remark 7.

(a) Since one of our main tools is the Szemerédi Regularity Lemma [24] (see
Section 4), we cannot push down the threshold ng from which on our theorems hold
(at least, not in this way).

(b) We do not really have to care for getting the exact length of a cycle: the
Regularity Lemma enables us to get a monochromatic (odd) cycle of any length
between a large constant and m if we can find a monochromatic (odd) cycle longer
than m + em. Mainly for this reason the proof of Theorem 3 reduces to the proof of
Theorem 6.

(¢) Our proof of Theorem 1 has roots in the work of Luczak [20] into which we
incorporated some new stability results.

The rest of this paper is organized as follows: In the next section we prove
Theorem 5 and, in Section 3, we prove Theorem 6. Szemerédi’s Regularity Lemma
is given in Section 4. The details of the proof of Theorem 3 follow in Section 5.

2. Proof of Theorem 5

2.1. Density statements

We first list several results concerning cycles and paths in graphs with large minimum
degree that we later use in the proof of Theorem 5.

Theorem 8 (Erdés, Gallai, [5]). For any graph Gy with

e(Gy) > %(z C)(N-1)+1,



Gy contains a cycle of length at least (.

When a graph has large minimum degree we can say a bit more. The following
is a consequence of the well-known result of Bondy.

Theorem 9 (Bondy, [3]). Suppose that Gy is a graph on N wvertices with §(Gy) >
N/2. Then C,, C Gy for each k =3,...,N.

The next two lemmas provide sufficient conditions under which any two vertices
of a given graph are connected by a path of prescribed length.

Lemma 10 (Williamson, [25]). Suppose that G is a t-complete graph on N vertices
for some integer 1 <t < N/2 —2. Then for every 2 < { < N — 1 and for any two
vertices u,v € V(Gy) there is a (u,v)-path of length £ in Gy.

Lemma 11. Let H be a t-complete bipartite graph with bipartition U UV . Then

(A) for any two vertices u,u’ € U there exists a (u,u’)-path of length 20 for every
1 < ¢ <min{|U|—-1, |V|—=2t}; the analogous statement, obtained by exchanging
the two vertex classes, also holds.

(B) for any two vertices uw € U, v € V there exists a (u,v)-path of length 20+ 1 for
every odd 1 < ¢ <min{|U|, |V|} — 2t — 1;

(C) there is a cycle of length 20 for every 2 < ¢ < min{|U]|,|V|} — 2t.

Proof. Without loss of generality, we may assume |V| > 2¢t. Fix any 2 vertices
u,u’ € U. Since deg(u,u’, V) > |V| — 2t > 0, there exists a common neighbor v € V'
and, thus, a (u,u')-path of length 2.

Suppose u; = U, U1, Uz, Vo, ...,V U1 = U is a (u,u’)-path of length 2¢ for
some ¢ < min{|U| — 1,|V| — 2t}. Since ¢ < |U| — 1, there is a vertex w € U \
{uy,ug, ..., upr1}. We have £ < |V|—2t, deg(w, upi1, V) > |V] — 2t, deg(ug, w, V) >
|V | — 2t, and, therefore,

IN(w, uppr) \{vi, v, ..., ve—1 }, [N (ug, w) \ {v1,v9,...,00-1}| > |V]|=2t—(£—1) > 2.

Hence, there exist two distinct neighbors, v" of w, u,y1 and v” of uy, w, so that
Uy = U, V1, Ug, Vo, . .., Up, V' w0,V upyy = 0! is a (u, u')-path of length 2¢ + 2.

To see (B), for given u € U, v € V we first find neighbors v’ # uw € U of v and
v' # v € V and then apply (A) to the t-complete bipartite graphs H — v and H — u.
Finally, (C) follows from (B) by taking any edge uv of H. 1



2.2. Proof of Theorem 5

Let the odd integers ny, no, n3 > 11 be given and set n = max{n, ns,n3}. Let N and
¢ be natural numbers satisfying t < (n — 25), and N > 2n + 8t 4 26. Suppose that
a t-complete graph G = G is 3-colored without red C,,,, blue C,,, and green C,,.

Furthermore, suppose that there exists a t-complete subgraph G’ C G whose
induced 3-coloring contains either ECy(3(n + 13) + 2t) or ECy(5(n + 13) + 2t).
Hence, there exist four disjoint sets of vertices Uy, ..., Uy, |U;| = %(n+ 13) + 2t, such
that either

(al) G'[Uy] and G'[Us] are green, the other two, G'[Us] and G'[U,], are blue, and

G'|

G'[U;] is t-complete for i = 1,2, 3, 4;

(a2) G'|Uy,Us] is a blue t-complete bipartite graph, G'[Us, Uy is a green t-complete
bipartite graph and G’'[U; U Uy, U3 U Uy] is a red t-complete bipartite graph;

or

(bl) G'[Uy], G'[Us], G'[Us] and G'[U,] are green t-complete graphs;

(b2) G'[Uy,Us] and G'[Us, Uy] are blue t-complete bipartite graphs, G'[Uy, Us] and
G'[Us, Uy] are red t-complete bipartite graphs, and G'[Uy, U] and G'[U,, Us] are
t-complete bipartite graphs without green edges.

The t-completeness of G'[U;] and |U;| = 1(n + 13) + 2t imply that 6(G'[U;]) >
Uil = 1 —1t > |U;|/2 for each i = 1,2,3,4. By Theorem 9, G'[U;], i = 1,2,3,4,
contains a cycle of every length between 3 and |U;|. So we conclude that either

(a3) ng > |Un], [Us] and ng > |Us|, [Ud],
or
(b3) ng > |U;| for i =1,2,3,4.

Let W :=V(G) \ (Uy UUy U Uz UUy) be the set of “leftover” vertices in V(G). We
shall partition W into 4 classes:

W=Ur0U; UU UU;

and show that coloring of Gy induced on the union of classes U, = U, U Ur, i =
1,2,3,4, is of the same type as the “special” coloring of GG’, apart from ten vertices.

More precisely, we shall prove the following:



(A) for each ¢ = 1,2,3,4, all the edges in U; and all the edges between U; and U}
have the same color as the edges in G'[U;];

(B) For i =1,2,3,4, we have |U;| < n. Thus, N < 4n — 3;

(C) the sets U, i = 1,2,3,4 determine either ECy(n — 1) or ECy(n — 1), with the
exception of edges incident to at most 10 vertices.

Clearly, statements (A)-(C) prove the theorem.

We distinguish two cases depending on whether the conditions (al)-(a3) or the
conditions (b1)-(b3) apply.

2.2.1. Case 1, corresponding to Coloring 1.
Here the conditions (b1)-(b3) apply. We first show that
all the edges of G[U;] have the same color as the edges of G'[Uj]. (4)

Let wyvy € GUy| \ G'[U;]. By Lemma 11 and since G'[Uy, Us] is a blue t-complete
bipartite graph, there is a blue (uy, vy)-path of length ny — 1. Note that

1
3§n2—1§n—1<2(§(n+13)+2t)—4t—2§2min{\U1]—1,]U2\—2t}

and Lemma 11 applies. Similarly, since G'[Uy, Us] is a red t-complete bipartite graph,
there is a red (ug,v;)-path of length ny — 1. Thus, to avoid a red C,,, and blue C,,,
uyv; must be green. By symmetry, all the edges of G[U;|, i = 1,2,3, 4, are green.

Consider an arbitrary vertex x € W. We claim that, for some i = i(z), = is
adjacent to all the vertices of U; in green. Suppose this is not the case. Then in red
or blue, z has at least one neighbor u; in each U;. Since G'[Uy, Us] is a blue t-complete
bipartite graph, by Lemma 11, it contains a blue path P(u,us) of length ny — 2.
Note that in this case, we have 3 <ny —2<n—2<2(3(n+13) +2t) —4t — 1 =

Hence, at least one of xu;, xus must be red (otherwise we could find a blue C,,
using zuy, rus and P(uq,us)). Assume that zuy is red. Then, since G'[Uy, Us] is a red
t-complete bipartite graph, zus must be blue (by the same argument as above). The
blue t-complete G'[Us, Uy implies that zuy is red, and the red t-complete G'[Us, U]
implies that zus is blue.

Suppose there exists a blue edge vyv4 such that v; € U; and vy € Uy. By
Lemma 11 and since G'[Uy, Us| and G'[Us, Uy] are blue t-complete bipartite graphs,
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there are a blue (v, ug)-path of length ny — 6 and a blue (us,v4)-path of length 3.
These two paths together with zus, ruz, and vyvy form a blue C,,,, which is a con-
tradiction. Therefore, G[U;, Uy| is red and t-complete. By Lemma 11 again, we find
a red (uq,uy)-path of length ny — 2. This path forms a red C,,, with u;x and xuy —
a contradiction.

Thus we can partition W into Uy UU; U U3 U U] by putting a vertex w € W into
Uf if all the edges in the set E(w,U;) are green. If there are two such U;’s, choose
one of them arbitrarily. This completes the proof of (A).

To see (B), assume that one of the sets U; has at least n > ng vertices. In case
of strict inequality, we omit some vertices from U} so that |U;| = |U| + |U;| = n.
Recall that $(n3+3) < 2(n+13) +2t = |U;| < n3 by (b3) and 6 < |U;| =n—|U;| =
1(n—13) —2t. Since G*[U;, U] is t-complete, using Lemma 11 we find an (u, v)-path
P of length min{2|U}|, n3 — 1} for some green edge uv, u,v € U;. Note that in order
to avoid a green C,, we must have 2|U| < n3 — 1 and P covers all the vertices
of Uj. A simple counting shows that G[(U; \ P)U{u,v}] is a green t-complete graph
satisfying |(U; \ P) U {u,v}| = |U;| = |U;| + 1 = 14 4+ 4t > 2(t + 2). Since

2 <ng = 2Uf| <n =2|U7| = U] = U] = (Ui \ P) U{u,v}| = 1,

by Lemma 10, G[(U; \ P) U {u,v}] contains a (u,v)-path P’ of length ng — 2|Uf|.
Clearly, P U P’ is a green C,.

From now on, we call two edges independent if they are vertex disjoint. In order
to verify (C), first we prove that

Claim 12. There are no two independent green edges between U; and Uj, fori#j.

Proof. Assume there are two green independent edges ey, es between [71 and UQ.
We claim that there exist distinct vertices uy,v; € Uy, ug, vy € Us, a green path
P(uq,us), and a green path P(vy,vs), vertex-disjoint from the previous one, both of
length at most 3.

Indeed, we set u; = e; NU; if e NUF = (), i = 1,2. Otherwise, we define u; as
any green neighbor of the vertex in e; N U} in U;. Similarly, we set v; = e; N U; if
ea NUF =10, i = 1,2, otherwise, v; is any green neighbor of the vertex in es N U}
in U; \ {u;}. This is always possible because the bipartite graphs G[U;,U;| and
G[Us, Us] are green and t-complete.

Since G[U;| and G[Us] are green and t-complete, there is a path P(u;, v;) C G[U;]
of any length ¢;, 2 < ¢; < |U,|, for i = 1,2. Since |U;|+|Us| > n+134+4t > ng > 11, we
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can choose 2 < ¢; < |Up| and 2 < ¢y < |Us| so that €1+ 0o+ | P(uy, us)| + |P(vy, v0)| =
ns. Clearly, P(uy,vy1), P(ug,vs) together with P(uy,us) and P(vy,vy) form a green
Chp, — a contradiction. 1

Hence there are no two independent green edges between U; and U, and, by
symmetry, neither between any U; and any Uj, i # j. By removing the centers of
at most 6 green stars we get that all G [UZ, U]] are t-complete and contain no green
edges. Furthermore, we remove at most 3 vertices from each U,.

Now we distinguish 4 sub-cases:

(1a) there exists either a red edge in one of G[Uy, Us]\G'[Uy, Us|, G[Us, Uy ]\G'[Us, Uy]
or a blue edge in one of G[Uy, Us] \ G'|Uy, Us], G[Usz, Uy] \ G'[Us, Uy);

(1b) G[Uy,Us], G[Us, Uy] are blue, G[Uy,Us], G[Us, U] are red, and there exists
either a red edge in one of G[UT, Us], G[Uy, Us], G[Us, U4], G|Us, U] or a blue
edge in one of G[UY, Us|, G[Uy,Us], G[Us, U], G[Us, Us];

(1c) all the edges of G[Uy,Us] \ G[UZ, Uz] and G[Us, Uy] \ G[Uz,U;] are blue, all
the edges of G[Uy, Us] \ G[U;, U] and G[Us, Uy] \ G[Us, U] are red, and either
one of G[Uy,Us], GlU;, U;] contains a red edge or one of G[U;,Us], G|Us, U;]
contains a blue edge;

(1d) all the edges of G[Uy,Us] and G[Us, Uy] are blue and all the edges of G[U, Us]
and G|[Us, Uy] are red.

We will show that sub-case (1a) reduces to (1b), (1c) or (1d), sub-case (1b) reduces
to (1c) or (1d), sub-case (1c) reduces to (1d), and (1d) implies (C). This will conclude
the proof in the Case 1.

(1a) reduces to (1b), (1c) or (1d).

By symmetry, suppose that vsvy € G[Usz, Uy] \ G'[Us, Uy, v3 € Uz, vy € Uy, is red.
We are going to show that all the edges of G[Uy, U,], G[Us, U;] are blue and all the
edges of G[Uy, Us], G[Us, Uy] are red. By renaming U; to Uy, and U;* to U, we see
that one of (1b), (1c), (1d) must hold. The assertion of this sub-case follows from
the following two claims.

Claim 13. All the edges of G[Uy,Uys| and G[Us, Us| are blue.

Proof. To the contrary, let wywy € G[Uy, Uy] be a red edge. By Lemma 11, there is
a path P(vy,wys) of length 2 (or 0 if vy = wy) in the red t-complete G'[Us, Uy|. Since
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G'[Uy, Us] is also red and t-complete, the same lemma implies the existence of a red
path P(wy,v3) of length ny —2 — |P(vyg, wy)|. Clearly, P(v4, wy), P(wy,vs), vsvs, and
wiwy form a red cycle of length n; - a contradiction. Similarly, G[Us, Us] is blue. 1y

Claim 14. All the edges of G[Uy,Us| and G[Us, Uy are red.

Proof. To the contrary, suppose that wews € G[Usz,Uy] is a blue edge. Since
G'|Us, Uy] is blue and t-complete, there exists a blue edge wsw, for some wz € Us.
By the previous claim, G[Us,Us] is a blue t-complete bipartite graph, hence, by
Lemma 11, there is a (w9, ws)-path P of length ny — 2. Clearly, P, wows, and wswy
form a blue cycle of length nsy - a contradiction. For G[Uy, Us] we proceed similarly.

(1b) reduces to (1c) or (1d). Without loss of generality we may assume that
there exists a red edge ujus with u; € Uy and ug € U,. We are going to show that
all the edges of G[Uy,Us] \ G[U,Uz] and G[Us, Uy] \ G[Us,U;] are red, and all the
edges of G[U,, Us] \ G[Us, Uz] and G[Uy, U] \ G[U;, U}] are blue. By renaming U; to
Uip1 and U} to Uf,,, we see that either (1c) or (1d) must hold.

Since G[Us,Uy] is red and t-complete, every vertex in U, is connected to each
vertex in Uy by a red path of length n; — 2, by Lemma 11. To avoid a red C,,, all
the edges from u, to U, are blue. Similarly, every vertex in Uy is connected to any
vertex in Us by a blue path of length ny — 2. To avoid a blue C,,,, all the edges from
uy to Us must be red.

We claim that all the edges of G[Uy, Uy] are red. Indeed, let wiwy € G[Uy, Uy] be
a red edge and let w3 € Uz be any common neighbor of u; and w;. Since G[Us, Uy] is
red and t-complete, there is a red (wy, ug)-path of length n; — 4. This path together
with red edges wywy, uijuy, ujws, wyw; form a red C),, — a contradiction again. So
G|Uy, Uy is completely blue. Similarly, all the edges of G[Us, Us] are blue.

The assertion of this sub-case follows from the following two claims.

Claim 15. All the edges of G|Uy,Us], G|UY,Us], GlUsz, U] and G[U;, U] are red.

Proof. Suppose that wow, € G[U;,Uy], we € Us, wy € Uy, is a blue edge and
consider arbitrary neighbors w; € Uy, w3 € Us of wq. If either wywy or wows is blue,
then we have a blue C,, because we can join w; and wy by a blue path of length
ny —2 in G[Uy, Uy] and w3 and wy by a blue path of length ny — 2 in G[Us, Uy]. (Both
graph are t-complete and Lemma 11 applies.) Hence wjwy and wows are both red
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and we obtain a red C),, by finding a red (w;,ws)-path of length n; — 2 in the red
t-complete graph G[Uy, Us]. We would proceed similarly if there were any blue edges
in G[Ul,Ug], G[Ul*,Ug], or G[U27UI] [ ]

Claim 16. All the edges of G[Uy,Uy|, G|Uy, Uy, G|Us, Us], and G[U;,Us] are blue.

Proof. To the contrary, let vivs € G[Uy, Uf] be any red edge. By (b2) and Claim 15,
G[Uy,Us] is red and t-complete, thus, by Lemma 11, there is an (uy,v;)-path of
length ny; — 5. Similarly, since G[Us, (74] is red and t-complete, there exists a red
(ug, v4)-path of length 3. Clearly, these two red paths and wjuy, v1v3 form a red C,,,
— a contradiction. We would proceed in the same way if there were any red edges in

G[Uf,Uzl]’ G[UQ,U;], or G[U;’Uzl] []

(1c) reduces to (1d). One of our assumptions in this sub-case is that either
GUS, Us] U GlUS, Uy contains a red edge or G[Uf, U] U G[Us, U;| contains a blue

edge. Without loss of generality we may assume that
there exists a red edge ujuy € G[U;, Us].

In Claims 17 and 18 below we are going to prove that all the edges of G [Ul, (~]3] and
G|Us, Uy] are red and all the edges of G[Uy, Uy| and G[Us, Us] are blue. However, now
we are in the sub-case (1d) with the role of U; and U;" played by U1 and U}, ;.

Claim 17. All the edges of G[Uy,Us] and G[Us, Us| are blue.

Proof. Indeed, suppose that some viv4 € G[Ul, (74] is red. Since G[Ul, Us] is red and
t-complete, by Lemma 11 there is a (ug,vy)-path P of length 2. (If u; = vy, we set

P = uy.) Both G[Us,Uy] and G[Us, Uy] are red t-complete bipartite graphs with at
least 1(n -+ 13) 4 2t — 3 vertices in each partite set. By Lemma 11 there exists a red
(ug,vq)-path P’ of length ny — 2 — |P| in G[Us, Uy] because

1
< 2 (max{|U2|,|U4|} ot 1) 41

Clearly, P, P, ujus, v104 foer a red C),, — a contradiction. We proceed in the same
way for any red edge in G[Us, Us). 1
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Claim 18. All the edges of G[Uy,Us] and G[Us, Uy] are red.

Proof. By the assumptions of (1c¢), we know that all the edges of G[Ul, (73] \G[Uy, U;]
and G [(72, 04] \ G[U;3, Uj] are red. Hence what remains to verify is that all the edges
of G[UJ, U;] and G[U;, U] are red.

To the contrary, let uqus € G[Us,U;] be a blue edge. Since G|Uj, (72] and
G[Uy, U,] are blue and t-complete (by the assumptions of (1c) and Claim 17), there
are two distinct vertices wy, w] € U; such that upw; and usw] are blue. By Lemma 11,
wy and w] are joined by a blue path of length ny — 3 in the blue ¢-complete graph
G|Uy, Us]. This path together with usuy, usw; and uyw] form a blue C,,, — a contra-
diction. We can rule out the existence of any blue edge in G[U;, U;]| similarly.

(1d) implies (C). We know that all the edges of G[Uy,Us] and G[Us, U,] are
blue, all the edges of G[Uy, Us] and G[U,, Uy] are red, and all 4 graphs are t-complete.
For every i = 1,2, 3, 4, we also have |U;| > 1(n+13)+2t—3 > max{1(n; —1)+2t+1,
%(ng — 1) + 2t + 1}. Therefore, Lemma 11 implies that any two vertices of U} are
connected by a red path of length n; — 1 and by a blue path of length ny, — 1. Hence
all the edges within U} are green and (C) holds. The second part of (C) follows from
the fact that in the above argument we ignored only edges incident to at most six

vertices.

2.2.2. Case 2, corresponding to Coloring 2.

This is the easier case, since here the coloring is “more” unique. Now the conditions
(al)-(a3) apply. First of all, similarly to (4), all the edges of G[U;] must have the
same color as the edges of G'[U;].

Secondly, since G'[U; U Uy, U3 U Uy is a red t-complete bipartite graph and |U; U
Us|, |UsUUs| =n+ 1344t > 1(ny —3) + 2t + 1, Lemma 11 implies that every vertex
of U; U U, can be connected to any vertex of Us U Uy by a red path of length n; — 2.
Hence, no vertex of W can be adjacent to both U; U Uy and U3 U Uy by a red edge,
because that would imply having a red cycle of length ny. Thus the set W splits into
two disjoint subsets Wi, and W3y so that the vertices of Wi, are adjacent to Uy U Us
only in blue and green and the vertices of W3, are adjacent to Us U U, only in blue
and green (again, ties are decided arbitrarily).

Since G'[Uy, Us] is blue and it is a t-complete bipartite graph, by Lemma 11, for
each u; € Uy and uy € Us, it contains a blue (uq,us)-path of length ny — 2. Hence
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no vertex of Wiy can be adjacent to both U; and U, by a blue edge. We divide
Wis into Uy, Us so that the vertices of Uy (Us respectively) are adjacent to vertices
of Uy (Us respectively) by green edges only. We do the same (except we use green
instead of blue) to split W34 into Uy, Uf so that the vertices of U (U respectively)
are adjacent to all vertices of Uy (Uj respectively) by blue edges. This completes the
proof of part (A). The proof of part (B) is exactly the same as in Case 1.

Lemma 11 also implies that any two vertices of U; UU; or UsUU, can be connected
by a red path of length n; —1. Hence, there is no red edge in G[U; UUs] and G[UsUU,].

The argument used to prove Claim 12 in Case 1 also yields that there are no two
green independent edges between U; and U, and there are no two independent blue
edges between Us and Uy. Hence, by removing the centers of one green and one blue
star we obtain that G[U;, Us] and G[Us, Uy] are blue and t-complete and G[Us, Uy]
and G[(L, Us] are green and t-complete. Moreover, there are no green edges between
U and U and no blue edges between U; and Uj.

From Lemma 11 and from the t-completeness of G[U, Us] we conclude that any
two vertices of U, are joined by a blue paths of length ny — 5 and ny — 7. Since
G|U;,Us] and G[Us| are t-complete and blue, we conclude that any two vertices of
Uy can be joined by a blue path of length 3 or 5. Consequently, any two vertex
disjoint blue edges between U; and U; would yield a blue cycle of length ny — a

contradiction.

Hence, by symmetry, there are no two independent blue edges between U; and
U; for (i,5) = (1,3), (1,4), (2,3), (2,4). Similarly, there are no two independent
green edges between U; and Uj for (i,7) = (1,3), (1,4),(2,3),(2,4). We remove at
most 8 centers of green and blue stars and achieve that GG [(71 U UQ, Ug U [74] is a red
t-complete bipartite graph.

From Lemma 11 we immediately have that any two vertices in U; U Uy and any
two vertices in Us U Uy can be joined by a red path of length n; — 1. Hence there are
no red edges in G [Ul U UQ] and in G [(73 U U4]. Consequently, all the edges between
Uf and U; are blue and all the edges between U3 and Uj are green. It is easy to see
now that the all edges in U] and Uj are green and all edges in U5 and Uj are blue.

The second part of (C) follows from the observation that in the above argument
we ignored only edges incident to at most 10 vertices. 1
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3. Structure of 3-colorings without long monochro-
matic odd cycles

In this section we prove Theorem 6. First we state two lemmas.

3.1. Some results about 2-colorings of graphs with large min-
imum degree

We know that R(C,,C,) = 2n — 1 for every odd n > 4. In [20], Luczak needed
a similar, but in some sense more general result on 2-colorings of “almost complete”
graphs on slightly more than 2n vertices.

Lemma 19 (Claim 8 in [20]). Let 0 < n < 1075 and n > nyo(n) := exp(n=19).
Furthermore, let G = G be a graph with N = (2 + n)n vertices and let

e(G) > (];]) — 14n°n?.

Then every 2-coloring of G yields a monochromatic odd cycle of length at least (1 +
n/10)n.

We shall use an improved version of this lemma, in which it is strengthened in two
ways: by adding structural stability and bringing down the size of N from (2+o0(1))n
to (3/2+ o(1))n.

Lemma 20 (2-color stability lemma). There exists a positive integer nog with the
following property. Let n > nyy, s be any integer in (20n%3,n/160), and N =
3n/2 + 80s. Suppose that G = Gy is (s/100)-complete. Then any 2-coloring of G
either contains a monochromatic odd cycle longer than n + s or else V(G) can be
partitioned into V3 UV, so that

(a) all the edges of G[Vi] and G[Va] are of the same color and |Vi|,|Va| < n+ s,
(b) all the edges of G[Vi,Vs] are of the other color, with the possible exception of
edges incident to one fived vertex.

The proof of this lemma can be found in [15]. For complete graphs (i.e., when
s = 0) this result was observed by Nikiforov and Schelp [21].
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3.2. Luczak’s even-odd decomposition

If we know only that a graph GG does not contain odd cycles longer than m, then it
easily can be the union of complete graphs of size at most m and a bipartite graph.
Luczak showed that up to some error the converse is also true.

Lemma 21 (Luczak’s decomposition lemma, Claim 7 in [20]). For every 0 < § <
107 and m, N satisfying

max{QéN, }<m<N

N
log(IN)§16

the following holds. If a graph G = G contains no odd cycles longer than m, then
G contains two subgraphs F and B for which

(A) V(F)UV(B) =V (G), V(B)NV(F) =0, and each of V(B) and V(F) is either
empty or contains at least ym /2 vertices,

(B) B is bipartite,

(C) e(F) < sm|V(F)|, and

(D) e(G) —e(B) —e(F) < N2,

Notice that Luczak’s decomposition lemma defines a natural decomposition of
V(G) into at most three sets: the vertex set of F, called the odd part, and the two
sets of B, defining the even — or bipartite — part. We will refer to this decomposition
as the Luczak decomposition.

3.3. Proof of Theorem 6

First we sketch the proof, then give the details.

Let G be a graph on at least (4 —n)n vertices and with large minimum degree, let
1n > 0 be sufficiently small, and let n be sufficiently large. We consider a 3-coloring
of G with no monochromatic odd cycle longer than (1 4+ 7/100)n . By symmetry,
we may assume that the green subgraph has the smallest edge-set. Then we apply
Lemma 21 to the red and blue subgraphs, obtaining the red Luczak decomposition
V1 (odd part), Vs, V3 (bipartite part), and the blue Luczak decomposition W; (odd
part), Wa, Ws (bipartite part).
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We shall distinguish three cases:

(a) The first case occurs when both sets V3, V3 in the red even part or both sets
Wy, W3 in the blue even part are “large” — larger than (3/2 + n)n.

(b) The second case is when only one of V5, V3 or one of Wy, W3, say Vs, is larger
than (3/2 +n)n and |Vi|+ |Va| > (24 n)n.

(c) The last case covers the remaining part when |Va|, [V3|, |Wa|, W3] < (3/2 +
n)n. This is the most involved case, requiring the most work.

In the first case, using the 2-color stability lemma, Lemma 20, we show that the
subgraph of GG induced by the red even part or by the blue even part is basically an
EC1([(1/2 4 n/4)n]) or EC,(([1/2 +n/4)n]).

In the second case, again by using Lemma 20, we show that the subgraph of
G induced by Vi UV, contains a monochromatic (blue or green) odd cycle longer
that (1 + 7n/100)n, which is a contradiction with our assumptions on the original
3-coloring.

In the last case we find a monochromatic odd cycle longer that (1 + 1/100)n by
patching together long paths in monochromatic dense subgraphs of GG induced by
the sets V; NW;, which is again a contradiction with our assumptions on the original
3-coloring.

Let us turn to the details. We set ng := 107° and, for a given 0 < n < ng, we
let ng := exp(8n~'%). Suppose that n > ng, (4 —n)n < N < (4+n)n and G = Gy
is a graph with minimum degree §(G) > (1 — p*)N. Let G = G" U G®* U GY be an
arbitrary 3-coloring of its edges by red, blue and green, with

no monochromatic odd cycle longer than (1 + 5%5)n. (5)

Without loss of generality we may assume that e(G") > e(G?) > e(GY). Hence
2e(G N(N -1
D>y MEED ©)
3 3
We apply the Luczak decomposition lemma, Lemma 21, with § = n® and m =
(14n/100)n to the red graph G™ and obtain a decomposition of V(G) into Vi, V5 and

e(G™) = e(@") + e(G") >
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V3 and two subgraphs F" and B" so that the vertex set of F" is V;, B" is bipartite
with bipartition V5 U V3,

e(F) < 5 (14 70 ) nlVi], 7)
and
e(G") — e(F") — e(B") < n®N?. (8)

Similarly, we apply Lemma 21 to the blue graph G and obtain the decomposition
of V(G) into Wy, Wy and W3 and two subgraphs F° and B® so that the vertex set
of F?is Wi, B is bipartite with bipartition W5 U W,

e(F?) < % (14 205) il (9)
and
e(G?) — e(F*) — e(B®) < n® N2, (10)

Note that after removing at most 78N? red edges and n®N? blue edges from the
original 3-coloring

(A) the graphs induced by V5 and by V3 and the bipartite graph induced by V; and
V5 U V5 are 2-colored by blue and green only,

(B) the graphs induced by W5 and by W3 and the bipartite graph induced by W
and Wy U W3 are 2-colored by red and green only,

(C) fori,j € {2,3}, the graphs induced by V;NW; and the bipartite graphs induced
by Vi N Wy and V; N W;, are completely green.

Furthermore, there are at most 2n*N vertices incident to more than 2n*N edges
removed above. We delete these vertices and obtain

(D) a [3n*N]-complete subgraph of G with at least (4 — 2n)n vertices. Without
loss of generality we identify G with this subgraph, at least in this part of the
proof.

We distinguish three cases, as discussed in the outline of this proof.
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3.4. Either both V5, and V3 or both W, and W3 are “large”

Throughout this section we will assume that

3
Vel il > (5 +) m.
(The case when |Ws|, |[Ws| > (3/2 4+ n)n is handled in the same way.) By (A) and
(D) we know that for the blue-green graph G%,

S(GYVI]) > [Vi| = 3p' N for i=2,3.

We apply Lemma 20 with s = 7/100 to G*[V;] for i = 2,3. Since G*[V;] does
not contain any monochromatic odd cycles longer than (1 4+ 7/100)n, there must
be a partition Vj; U Viy of V; such that G®[V;;] and G*[V;y] are monochromatic in
the same color (blue or green), and G*[V;;, Vis] is monochromatic in the other color,
with a possible exception of some edges incident to one vertex. We remove this
vertex.

By (D), for the monochromatic graph G[V;;] = G*[V;;],
§(G™[Vy,]) > |Vij| = 3n* N fori=2,3, and j = 1,2.

Suppose |V;;| > (1 4+ n/2)n. Since §(G[Vy;]) > |Vij| — 3n*N > |V;;]/2, by Lemma 9,
G[Vij] C G contains a monochromatic odd cycle longer than |V;;| —2 > (1+4n/100)n,
which is a contradiction.

Hence each of four vertex sets Va1, Voo, Va1, V3o must be smaller than (1 + 7/2)n
which in turn implies that each of these sets must have size at least (1/2 + n/2)n.
We need two consider two sub-cases:

(a) the induced subgraphs G%[Vy], G"[Vay], and G"[V3y, Vay] are green and
GY[V31], G[Vag] and G [Vyy, Vay] are blue;

(b) the induced subgraphs G*[Vy], G"[Vay], G*[V31], G™[Vs,] are green, and
G Va1, Vo] and G¥[V3y, Vs, are blue.

Observe that in both sub-cases, by Lemmas 10 and 11 applied with ¢ = [3n* N7,

(E) any two vertices in V;; are connected (in G*[V;;]) by a monochromatic path of
length ¢ for every 2 < ¢ < (1+n/4)n;

(F) every vertex in Vj; is connected (in G"[Vj,Vjs]) to every vertex in Vi by
a monochromatic path of length ¢ for every odd 3 < ¢ < (1 4 n/4)n and
i =23
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(G) any two vertices in V;; are connected (in G*[V;1, Vjs]) by a monochromatic path
of length ¢ for every even 2 < ¢ < (14 n/4)n and i = 2, 3.

Statements (E) — (G) remain true after removing arbitrary set of nn/10 vertices
from G.

3.4.1. Sub-case (a): Distinct color patterns

Sparse Red! Bipartite Red Sparse Red! Bipartite Red

In this sub-case, there are no two independent blue or green edges in G[V5;, Vs;] for
any 7,7 € {1,2}. Indeed, if there were two blue edges uv and u'v" with u # u' € V5,
and v # v € V3;, then using (G) and (E) we could find a blue even (u,')-path of
length at least (1 + 7/100)n in G[Vay, Vas] and also a blue (v,v’)-path of length 3
in G[V3;]. These two paths, uv and v/, would form an odd blue cycle longer than
(14+n/100)n — a contradiction. We would obtain a contradiction for two independent
green edges similarly.

Hence each of the four graphs G[V5;, Va;] contains at most one green star, one
blue star, and all the other edges are red. We remove the 8 centers of these stars
together with all the edges incident to them. All the edges of the remaining graph
G[Va1 U Vi, Va1 U V3| are red and, by (D), this graph is still [3n*N]-complete. Since
Va1 U Vag|, | Va1 U Vae| > 3n/2, Lemma 11, applied with ¢ = [3n*N7], implies that any
two vertices of Vo1 U Ve and Vi3 U Ve are connected by an even red path of length
(1 4+ n)n. Hence there are no red edges in G[Va1 U Vool neither in G[Vz; U Vas).

Clearly, by removing vertices, we can reduce each V;; to size [(1/2 + n/4)n] and
these four sets induce a coloring embeddable into ECo([(1/2+n/4)n]). This was to
be proven.
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3.4.2. Sub-case (b): The same color patterns

Sparse Red!: Bipartite Red

Similarly to Sub-case (a), there are no two independent green edges between Va; and
Vi, 4,7 € {1,2}. Hence, by removing the centers of at most 4 green stars, we achieve
that all the edges of G[Va1 U Vag, V31 U V3] are red and blue only.

By (F), there is an odd blue path of length at least (1 + 1/100)n between any
vertex in V51 and any vertex in Vay (Vi1 and Vag, respectively). Since there is no blue
odd cycle longer than (1 + 1/100)n, no vertex of V3 (Va, respectively) is adjacent
to both V41 and Vay (Va1 and Via, respectively) by a blue edge. Furthermore, suppose
there are vertices u, v € Vo, v € Va1, v/ € V3o such that uu’ and vv’ are both blue.
By (G), there exists a w € Vi3 such that uw and vw are blue and, by (F), there is
an odd blue (u/,v’)-path of length at least (1 4+ 7/100)n in G[V31, V3s]. This path
and uu’, vv’, vw and vw form a blue odd cycle longer than (1 + 7/100)n, which is
a contradiction.

Thus, by symmetry, the graphs G[V5;, V3], 4, j € {1,2}, are monochromatic and
either G[Vay, V1] and G[Vag, V] or G[Vay, Vas] and G[Vaa, Va1] have red edges only.
As before, we can reduce the size of each V;; to [(1/2 + n/4)n]| and these four sets
induce a coloring embeddable into EC([(1/2 + n/4)n]).

3.5. Exactly one of V;, V3 or one of Wy, W3 is “large”
Throughout this section we will assume that
Vol > (3/2+n)n, V3| < (3/2+n)n and |Vi| + Vo] > (24 n)n.

We start exactly as in Section 3.4 and apply Lemma 20 (with s = [nn/100])
to G%|[V,]. Since G%|[V5] does not contain any monochromatic odd cycles longer
than (1 + n/100)n, there must be a partition Vo, U Vo of V5 such that G*[Vs]
and GYG|[Vyy] are monochromatic in the same color (say, green), and G®[Vay, Vo
is monochromatic in blue, with a possible exception of some edges incident to one
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vertex that we remove. Moreover, Va1, Voo satisfy

I n ]
2T, < < (1 —) .
(2+2>n_|val|,|v22|_(+2 n

and also, by Lemmas 10 and 11 applied with ¢t = [3n*N] (cf. Section 3.4),

(E’) any two vertices in Va; are connected (in G*[V4;]) by a green path of length ¢
for every 2 < ¢ < (1+n/4)n and j = 2, 3;

(F) every vertex in Vs is connected (in G®[Vayy, Vas]) to every vertex in Vi by
a blue path of length ¢ for every odd 3 < ¢ < (1 +n/4)n;

(G’) any two vertices in Va; are connected (in G*[Vay, Vas]) by a blue path of length
¢ for every even 2 < ¢ < (1+mn/4)n and j = 2, 3.

Statements (E’)—(G’) again remain true after removing arbitrary set of nn /10 vertices

from G.

By (D), G*[V1, V5] is a [3n*N]-complete bipartite graph. Suppose that one of
the vertices v € V; has blue neighbors u € Vo, and w' € Vay. By (F’), v and u’ are
connected in G*[Vy1, Vi) by a blue odd path of length at least (1 4 7/100)n. This
path and vu, v’ form an odd blue cycle longer than (1 + 1/100)n — a contradiction.
Therefore, each v € Vj has either only green neighbors in V5 or only green neighbors
in Vos. We split V] into two sets Vj; and Vis such that there are only green edges
between Vi, and V5;. Since

Vir| + |Vaia| + [Var| + [Vae| = VA + V2| > (24 n)n,

either |Vi1| + [Va1| > (1 +n/2)n or |Via| 4+ |Vae| > (1 + n/2)n. Without loss of

generality, we may assume that |Vis| + |Vaz| > (1 4+ n/2)n.

Now we find a green odd cycle of length longer than (1 4 1/100)n in Vis U V.
Since G9[Viy, Vao| is [3n*N]-complete bipartite graph, by Lemma 11 there exists
a green even (v,v')-path P of length at least 2 min{|Vas| — nn/8, |[Via| —2[3n* N} for
some v,v" € Vay. Set P~ = P\ {v,v'} and notice that, by (D), G9[Va \ V(P7)] is
[3n*N]-complete. Furthermore,

p- Vas| — ([Vag| — 2

Therefore, by Lemma 10, the graph G9[Va \ V(P ~)] contains a green odd (v, v)-path
P’ of length at least |V \ V(P)| — 1. Thus, P U P’ is an odd green cycle of length
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at least
. n
2min { [Vao| = 2, [Via| = 2[30* N1 | + Ve \ V/(P)| — 1

) n
= [Vaal -+ min {[Vaal = L — 1,V2u] — 239N — 1}
nn

> win { [Vl + Vial, 272l — 2.

By our assumptions we have |Vao| 4+ [Vig| —nn/7 > (14+n/4)n—nn/7 > (1+n/100)n
and 2|Vao| —nn/7 > 2(1/24+n/2)n —nn/7 > (1 4+n/100)n. Hence, P U P’ is an odd
green cycle of length at least (1 + 71/100)n, which is again a contradiction.

The case when |[W;| > (3/2 +n)n and |[W5_;| < (3/2 4 n)n, i = 2,3, is handled

similarly.

3.6. Vs, V3, Wy, W3 are all “small”

Now we deal with the last case. It is impossible to have |V5| > (3/2 + n)n, |V3] <
(3/2+n)n, and |Vi|+ |Va] < (2+n)n because, by (D), [Vi|+ |Va| +|V3| > (4 —2n)n.
Hence,

3
Vel Vil < (5 0) o (1)
must hold, and, consequently,
3
Vil > (= 2n =2 (5 +u) n= (1= dnn (12)

By the same argument, we also have |WW;| > (1 — 4n)n and |Ws|, [W3] < (3/2 + n)n.
Let S = (Vo N Wa) U (Vo N Wa) U (Vs N Wa) U (Vs N W) and Q == Vi N W;. We

also set 0 := |S|/n and 7 := |Q|/n and make the following observation.
Claim 22.
(i) o > 0.48;

(ii) if T > o, then o > 0.66;
(iii) if 7,0 > 1/2 +n, then there is an odd green cycle of length (1 + n/100)n.

The proof of Claim 22 is deferred to Section 3.6.3. Now we show how Claim 22
implies the existence of an odd monochromatic cycle longer than (1 +7/100)n. We
distinguish two sub-cases.
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3.6.1. Sub-case (a): o > 1+ 357

We call V, "W, 1,7 € {2,3}, “negligible” if |V; N W;| < 11pn and “non-negligible”
otherwise. By (C) and (D), G[V; NW,] is a green t-complete graph with ¢ = [3n*N7].
Since each “non-negligible” set V;NW; has at least 11nn > 2t4-2 vertices, Theorem 9
applies. In particular, each “non-negligible” set V; N IW; contains an odd green cycle
of length at least |V; N W;| — 1. Since G[V; N W] contains no odd green cycle longer
than (1 +7/100)n, we must have |V; N W;| < (14+1n/50)n. As 0 > 1+ 357, there are
at least 2 “non-negligible” sets V; N W;.

(al) Suppose first that 7 > 1 and all four sets V; N W; are “non-negligible”. As
each G9[Q),V; N W,] is a t-complete graph (see (C) and (D)) and |Q|,|V: N W;| >
t + 2, where t = [3n* N7, there are six distinct vertices g2, 23, ¢32, q33 € @ and
wij, vi; € Vin W, 4,5 € {2,3} for which all the edges gaouaz, V22423, ¢23t23, V23Gs3,
3333, V33032, G32U32, UsaQea are green. Since |V; N W;| > 11nn > 2t + 4, Lemma 10
applies and each GY[V;NW,] contains a path P(u;;,v;;) of length at least |[V;NV;|—1
and such that |P(ug2, v99)| + | P(uas, vo3)| + | P(use, v32)| + | P(uss, v33)| is odd. These
four paths and eight edges form an odd green cycle of length at least on—3-11pn—4 >
(14n/100)n. The same argument works when we have two or three “non-negligible”
sets only.

(a2) Assume now that 7 <. From (12) we conclude that

Vi@ Wi\ Q= (1 = 5n)n.
Notice that, by (A) and (B),
GIVi\ QWi \ Q] CG[V1,VaU Vsl NGIWy U Ws, Wi

is a green bipartite graph. By (D), it is also t-complete. Therefore Lemma 11 implies
that any two vertices in V; \ @ or in W \ @ are joined by an even green path of
length at least (2 — 10n)n — 4t > 3n/2.

This means that if we find two green independent edges between any “non-
negligible” set V; N W, and V; \ @ or W, \ @, then we join their endpoints in V; NV
by a path of length 3 and the endpoints in V4 \ @ (or in W; \ Q) by an even green
path of length at least 3n/2, thus obtaining an odd green cycle of length at least
3n/2 > (1+n/100)n.

By symmetry, we may assume that V5 N Wy is a “non-negligible” set, i.e., Vo N
Wy| > 11nn > 2[3n*N. If either |Vo N Wy| or [WWo N V)| is at least 11nn, then there
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are two green independent edges in either G[Vo N Wo, Vi NWy] or G[Vo N Wy, Vo N ]
because both graphs are green (by (A) and (B)) and [3n*N]-complete (see (D)).

Otherwise, we have [VoNW1|, [WonVi| < 11nn. Since [VI\Q|, [W1\@| > (1-5n)n,
we get
VanWi| = [Wi\ Q| — [Va nWi| > 11nn > 235" N

and
(W3 N Vi = [Vi\ Q| — [Wan Vi| > 11nn > 2[35* N,

There exist at least two “non-negligible” sets, thus one of the sets Vo N W3, V3N W,
V3N W3 must be “non-negligible”. The bipartite graphs G[Vo N W3, Vi N W3], G[V3N
Wa, VanW], G[VaNWs, VanWy] are all green (by (A) and (B)) and [31* N|-complete
(by (D)). Hence any one of them whose both partition sets are “non-negligible”
contains two green independent edges.

3.6.2. Sub-case (b): 0.48 < o <1+ 357

Claim 22(iii) implies that we cannot have o,7 > 1/2 4+ 7. By (ii) of Claim 22, we
cannot have 0 < 1/2+n < 7 either. Hence we may assume that 7 < 1/2 + n, and,
therefore, |Q| = mn < (1/24n)n. (12) implies that |Vi \ Q|, [W1\ Q| > (1/2 — 5n)n.

If there are at least two “non-negligible” sets V;NWj, i, j € {2, 3}, then we obtain
an odd green cycle of length at least (1 + 1/100)n similarly to (a2) above: first we
find two green vertex disjoint edges e, f between some “non-negligible” set V; N W;
and V1 \ Q or Wy \ Q. Then we join their endpoints in V; NV, by a green odd path P
of length at least |[V;NW;| —1 in a green [3n*N]-complete graph G[V; N W;] (see (C)
and (D)). We also connect the endpoints of e, f in V; \ @ (or in W; \ Q) by an even
green path P’ of length at least 2(1/2 — 5n)n — 4[3n*N]. Clearly, P U P' U {e, f} is
an odd green cycle of length at least

1
VAW, —1+2 <§ . 577) n—A[37 N > 11gn+(1—100)n—5[37*N] > (1 + 1%) n
Thus, by symmetry, we may assume that |[Vo N Ws| > on — 3 - 11nn is the only
“non-negligible” set. If |[V; NWs| > nn/2 or [IWyNVa| > nn/2, then we again proceed
as above to obtain a green odd cycle longer than (1 + 7/100)n.
Consequently, we also assume |V} N Wa|, [Wy NV, < nn/2. Since |V| = |S| +
Q + [Vi N Wa| + Wi N Va| + [Vi N W] + [Wh N V3], we get

Vi nWs| 4+ Wy N Vs| > (4—2n)n—an—7n—nn—2% > (2.5 —40n)n.
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Since |V3], [Ws| < (3/2+ n)n by (11), we obtain (1 —41n)n, |V; N W3] > (1 — 41n)n.
The induced bipartite subgraph G[V, "W, WiNVs] C G[Vi, VoaUVS|NG[Wy, WoUWs]
has all its edges green by (A) and (B), and it is also [3n*N]-complete by (D). Lemma
11 implies that any two vertices of Wi N V3 (V4 N Wi, respectively) are connected by
an even path of length at least 2((1 — 41n)n) — 4[3n*N| > (1 + n/100)n. Hence,
there are no green edges in Wi N V3 and in Vi N Wi.

By (A), there are no red edges in Wy N V5 either. Hence, by (D), G[W; N V3] is
a [3n* N-complete blue graph. Since 2[3n*N] < (1—41n)n < (1—41n)n, Theorem 9
applies and G[W; N V3] contains green cycles of all lengths between 3 and |[W; N V3.
Using (5) we obtain that |[IW; N V3| < (14 n/100)n + 2.

Similarly, using the red [3n*N-complete graph G[WsNV;], we obtain [W3NV;| <
(14n/100)n+2. Equation |V| = |S|+|Q|+|VinWs|+|WiN Vs |+ [ViNWs| 4+ |W1N V3|
yields

nn ( n ) 3
>@—2n—mn—2L o141 Vp—a> (2 .
on > ( nn —1n 5 +100 n _(2 5n)n
We know that |Vo N Ws| > on — 33nn > (3/2 — 38n)n. Since G[Vo N Wy is a green
[3n*N]-complete graph (see (C) and (D)), by Theorem 9, it contains a green odd
cycle of length at least [Vo N Wy —1 > (3/2 —38n)n — 1 > (1 + n/100)n. This is
again a contradiction with (5).

What remains to prove is Claim 22.

3.6.3. Proof of Claim 22

To get (i), first we need an upper bound on e(G™). By (A), there are no red edges
between V; and Wy \ Vi or in Wi \ V4. Similarly, by (B), there are no blue edges
between Wi and V; \ Wy or in V4 \ Wi. Thus, by (7) and (9), there are at most

1 U 1 U n> ViU W
2<1+100>”|V1|+2<1+100>”|Wl| s 2 <1+100 S
%)
< (14— N —
= ( *+ 100) "N —om)
red and blue edges in V; U W;. We have at most
2,2

o“n
2

> (VenWilva Wl + (W VI N V) <

i,j€{2,3}
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red and blue edges in V(G) \ (V; UW)) and the number of (potentially) red and blue
edges between S and V; U W \ @ is bounded by

on(N —on — mn).

Finally, by (8) and (10), the number of red and blue edges not included above is
bounded by 2n®N?2. From this we obtain that

2n2

e(G™) < (1 + L) n(N —on) +

100 +on(N —on — mn) + 2n° N2,

This upper bound is decreasing in 7, hence using 7 = 0 and combining it with (6)
and (4 —n) < N < (4+n)n results in a quadratic inequality that yields o > 0.48 for
every 1 < 1073. To obtain (ii), we just replace 7 by o (instead of 0) and proceed as
above.

Now we prove (iii). It follows from (C) and (D) that G9[Q, V; N W;] and GY[V; N
W,] are [3n*N]-complete graphs; therefore, G9(Q, S] is also [3n*N]-complete. We
assume that o > (1/2 + n)n, therefore at least one set V; N W; must have size at
least n/8. Since GI[V; N W] has minimum degree at least n/8 — [3n*N| > 4, we
deduce that it contains an (u,v)-path P of length 3 for some u, v € V; N W,. Let
P~ =P\ {u,v}.

By Lemma 11, there exists a green (u,v)-path P’ of length 2min{|S| — |P~| —
2[3n*NT,|Q|} in GY[Q, S\ P7]. We have |Q| = mn > (1/2+ n)n and |S| — |P~| —
2[3n*N| > on— TN > (1/2+n/2)n. Hence, P U P’ form a green odd cycle longer
than (1 +n/100)n. ]

4. Regularity Lemma for graphs

The Szemerédi Regularity Lemma [24] asserts that each graph of positive edge-
density can be approximated by a union of a bounded number of random-like bi-
partite graphs. To formulate it, we need the concept of e-reqular pairs.

Definition 23. Let G = (V, E) be a graph and let 0 < ¢ < 1. A pair (A, B) of two
disjoint subsets of V' is called e-regular (with respect to G) if

d(A',B') — d(A,B)| < ¢

for any two subsets A’ C A, B’ C B satisfying |A’| > ¢|A|, |B'| > ¢|B|.
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This definition states that the edges are uniformly distributed in a regular pair.
The Regularity Lemma of Szemerédi [24] asserts that we can partition the vertex set
V(G) of a graph G into v sets V3 U ... UV, so that most of the pairs (V;, V) satisfy
Definition 23. The precise statement, extended to edge-colored graphs, is as follows.

Theorem 24 (Multicolor Regularity Lemma). For every e > 0 and k,xk € N there
exist two integers Ny = No(e, k, k) and Ty := Ty(e, k, k) with the following property:
if we color the edges of any graph G on N > Ny vertices with k colors and denote by
G*,...,G" the subgraphs defined by these colors, then there is a partition of V(Q)
into v classes

V(G)=Viu...UV,

such that

(A) k <t<Tp,

(B) |Vi| > | N/v| for everyi, 1 <i<v, and

(C) all but at most e(3) pairs (V;,V;), 1 <i < j < v, are e-reqular with respect to
every G*, 1 <1 < k.

Remark 25. The original Regularity Lemma refers to the case k = 1. The proof
is (basically) the same for an arbitrary fixed number £ of colors. This version was
used, for example, in [6], and formulated in the survey [17].

In our proof we also use some simple properties of e-regular pairs. One of them is
that they contain paths of any prescribed length between almost all pairs of vertices
provided that some natural parity condition is satisfied (see also [20]).

Claim 26. Suppose 0 < ¢ < 1/100. Let (V1,V3) be an e-regular pair in a graph G
and d(Vy,Va) > Y4, Then, for all but at most ¢|Vy| vertices v, € Vi, for all but at
most |Va| vertices vy € Vi, and for every £, 2 < £ < (1 — 2y/e) min{|V3], |Va|}, the
bipartite graph G[Vi, V] contains a (vy,ve)-path of length 20 — 1.

This implies the following:

Claim 27. Suppose that 0 < ¢ < 1/100. Let Vi, Vo, ..., Va1 be disjoint subsets
of wvertices of a graph G such that |V;| > m, the pair (V;,Vii1) is e-reqular, and
da(Vi, Vig1) > e'/* for each i € [2r +1]. (Take Vapio :=Vi.) Then,

(A) for every £, r < { < (1—>5y/e)rm, G contains a cycle of length 20 + 1;
(B) for all but at most |V;| vertices uy,vy € Vi, and for every ¢, 2r < £ < (1 —
5ve)rm, G contains a (uy,v1)-path of length (.
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Claim 28. Suppose 0 < e < 1/100. Let Vi, Vs, ..., Vo, be disjoint subsets of vertices
of a graph G such that |V;| > m, the pair (V;,Viy1) is e-reqular, and dg(V;, Vi) >
e'/* for each i € [2r —1]. Then, for all but at most |Vi| vertices v, € Vi, for all but
at most €|Va,| vertices vy, € Va,., and for every £, r < £ < (1 — 5y/2)rm, G contains
a (vy, v, )-path of length 20.

5. Proof of Theorem 3: Getting the exact result

Proof. First we define all the constants. We set n = 1/2000 and define & := 1%,
c1 :=n"% and ¢, 1= e = n.

Since (2n)? < 107® = 15, Theorem 6 gives ng := ng((21)?). The Multicolor Regularity
Lemma (Theorem 24) used with s := max{2ng, 1} yields constants Ty = Ty(e, 3, &)
and ngy = noy(e, 3, k). Finally, we let

No := max{2Tp, noy }-
Let ny,ng,n3 > Ny be odd, n = max{n;,ns,nz}, and N be an integer satisfying
N> (4—c)n.

Suppose a graph Gy with §(Gx) > N — con is colored with 3 colors, red, blue,
green, without red C,,, blue C,,, and green C,,. Denote the corresponding graphs
— defined by the colors — by G, G% and G%. Without loss of generality we may
assume that

N < (44 ¢1)n. (13)

Now we apply Theorem 24 (the Multicolor Regularity Lemma) to G, G% and G%
and obtain a partition V;U. ..UV, of V := V(Gy), where k < v < Tj, that is e-regular
with respect to each of Gy, G4 and G% and each V; satisfies |V;| > m := |[N/v|.

We define the 3-colored cluster-graph H, on {1,...,v}, by joining the vertices
i and j in color ¢ if the pair (V;,V}) is e-regular, it has density at least 3et/* and
color ¢ is used the most. (Ties are decided arbitrarily.) The partition is e-regular
for each of G, G% and GY%, therefore there are at most 3¢ (g) irregular pairs. Since
§(Gy) > N — con and each pair with density smaller than 3'/% < 1/4 contains at
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least 3(N/v)?/4 non-edges, there are at most 4conN/(3N?/1?) < e(}) pairs with
density smaller than 3'/%. Hence

e(H,) > (1 — 4e) (g)

By removing at most 24/cv vertices whose degree is less than (1 — 3/2)v, we get
a subgraph H’ of H, with

v' > (1-3e

vertices and minimum degree
O(H') > (1 =5vE)v > (1—(2n)°)v".

We claim that the induced 3-coloring of H’ has no monochromatic odd cycle
longer than (1 + (27)?/100)v’/4. Indeed, suppose that iy,. .., 45,1 are the vertices
of a monochromatic odd cycle with 2r +1 > (1 + (21)?/100)v’/4. We may assume
that it is red. Then all pairs (V;,,V; ) are e-regular with respect to Gy and each
pair has density at least £(3¢'/%) (by the definition of H' and H). By Claim 27, G
contains every odd cycle of length between 2r + 1 and (1 — 51/¢)2r| N/v|. Since

2T+1§V,§V§TQ<N0§H1

and

(1=5ve)2r L%J > (1= 6+/75%) (1 + (fg())

>n > ny,

2) (1—3ye)v (d—ca)n
4 v

there exists a red C),, in K — contradicting our assumption.
Since v/ satisfies v’ > (1 —3+/2)k > (1 —34/2)2ns > ng, we can apply Theorem 6
to H' and obtain that there exists aset W C V(H') C V(H) = {1,...,v} of size 4w,

o[ e)5).

such that the induced 3-coloring of H'[W] is embeddable into either EC;(w) or into
ECy(w). We may assume, by permuting the names of the colors if necessary, that
the induced 3-coloring of H'[W] is actually EC;(w) or ECy(w).

We will deal only with the harder case, when the coloring is EC;(w). The case
when the coloring is EC;(w) follows essentially the same proof line. Hence, suppose
that W splits into 4 sets W1, ..., Wy, each of size w, so that there is an injection
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f W, — X;, i = 1,2,3,4, such that for every edge zy in H'[W], xy has the
same color in H" as f(z)f(y) in ECy(w). Let U := UvjeWi Vi, i =1,2,3,4, and
U*:=U;uUU; UU; UU;. Now we show that G [U*] has a large and dense subgraph
whose coloring is ECy([(1/2 + n*)n]).

First, we delete from G y[U*] all the edges in the pairs corresponding to the edges
in the complement H' of H'. Since e(H') < e(H) < 4e(}), we remove this way at
most 4e () - (m + 1)* < 3p°N? edges.

Secondly, we delete from Ky[U*] all the edges within clusters V;, where j €
W1 U W, UWs U Wy, discarding at most v - (N/v)? < eN? = 5 N? edges.

We also remove at most () - 3e'/4(m + 1)? < 2! N? edges from the pairs with

density smaller than 3¢'/%. Finally, we delete one more set of edges, but we need to

state the following claim first.

Claim 29. There exists a permutation (aq, g, ag, o) of (1,2,3,4) for which all of
the following hold:

(a) For every j € {1,2,3,4} and for every i,i" € Wy, i # i, we have e,(V;, Vi) <
V4 (m +1)2 and ey(Vi, Vir) < eV4(m +1)%.

(b) Suppose that i € W,,,1" € Wa,, for some 1 < j < g < 4. Then e,(V;, Vi) <
e/t m +1)2.

(c) Let i € W,,,i € Wa,,, where (7,7") = (1,3) or (2,4). Then e, (V;, Vi) <
e (m + 1)2.

(d) Let i € W,,,i" € W, where (7,7") = (1,2) or (3,4). Then e.(V;, Vi) <
eV (m 4+ 1)2. |

The proof of Claim 29 appears at the end of this section. We remove all the red
edges given by (a) and (d) from the pairs (V;, Vi/), all the blue edges given by (a)
and (c) from the pairs (V;, Vir), and all the green edges given by (b) from the pairs
(Vi, Vir). Tt follows from Claim 29 that we deleted at most

3. (;) VA (m 4+ 1) < 29O N?
edges. Thus we obtain a subgraph G’ C Gy[U*] such that
B(GN[U*] \ G/) S 37764N2 + 7764N2 4 27716]\72 4 27716N2 S 57716N2.
Each set U] has at least
2(1 _ _ 2
Wil -m > w LEJ > (1+29°)(1=3Ve)y (4—a)n > <1 3n )n

1% 8 v
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vertices. We remove all the vertices of U* that are adjacent to at most |U*|— [4n*N]
vertices of U*. Since e(Gy[U*]\G’) < 5n'® N2, we remove at most 3n* N vertices. By
removing a few further vertices (if needed), we obtain the sets U; C Uy , i = 1,2, 3,4,
of the same size such that for ¢ := [4n* N, we have

(13)
(i) |U;] = 2(n+13) + 2t < (1/2+3n?/2)n — 3n*N;
(il) G'[U; U Uy U Uz U Uy is t-complete;
(iii) the induced 3-coloring of G'[U; U Us U U3 U Uy] is ECy(2(n + 13) + 2t).

Applying Theorem 5, we obtain Theorem 3. What remains to prove is Claim 29.

Proof.

Part (a): Let 4,7/ € W. Since H' is [5y/ev]-complete, by Lemma 11, there is
a blue (i,7')-path of length 2(w — 2[5+/ev]) in H'[Wy, W3]. By Claim 28, all but at
most 2¢(m + 1)? pairs of vertices v;vy, v; € Vi, vy € Vi are joined by a blue path of
any prescribed length 2¢ satisfying

2(w — 2[5y/ev]) < 20 < 2(1 — 5y/e)(w — 2[5v/ev])m.
For 2¢ = ny — 1, we have

(1+2n*)v’

2(w — 2[5v/ev]) < 1

<v<Ty<n—1<ny,—1=2

and
2(1 - 5v)(w — 2[5v/E])m

oo ()

> (1—6v5) ((1 +2772>(i — 3V _4[5\/51/1) (4 —Vcl)n

> (1= 6y (- 21V (4=

4
> n>ng—1=2¢0.

Hence, since G,, does not contain a blue C,,,, none of these pairs v;vy can be blue
either.

There is also a red (i,4")-path of length 2(w — 2[5y/ev]) in H'[W7, W3] and, the
same argument as above yields that there are at most 2e(m + 1)? < e¥/4(m +1)? red
edges in (V;, Vir). We obtain the same conclusion for i,i" € W;, j = 2,3, 4.
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Part (b): Let i € W) and i/ € W3 be arbitrary. Since H' is [5y/ev]-complete
and w > 2[5/ev]+4, by Lemma 10, there is a green odd cycle containing i of length
at least w — 1 in H'[W;]. Similarly, there is a green odd cycle containing vi’ of length
at least w — 1 in H'[Wy].

Consequently, by Claim 27(B), all but at most 2e(m + 1)? pairs of vertices in V;
(Vir, respectively) are joined by a green path of any prescribed length between w — 1
and (1 — 5y/¢)(w — 1)m. Notice that

(1+27}2)V/ TO n—1<n3—1

<

1< <V<h
wehs =99 STy =T

<

v
2

and

n—1_n3—1
>
2 = 2

(1= 5vE) (= Dm > (1 = 5V2)(w — 2[5v/Ev])m >

(see the calculation in part (a)).

If the pair (V;, Vi) contained more than £'/4(m + 1) green edges, we could find
two green independent edges w;u; and v;vy, u;, v; € Vi, uy, vy € Vi, such that wu;, v;
and wuy, vy can be joined by disjoint green paths of any length between w — 1 and
(1 —5y/¢)(w — 1)m. Hence, we could find an odd green (u;, v;)-path P and an even
green (u;,vy)-path P such that

|P| + |P| = ny — 2.

This is a contradiction because P U P U {u;u;,v;vy} is a green C,,. Therefore,
eg(Vi, Vi) < et*(m+ 1)%

Part (c): If e,(Vi, Vi) < e/4(m + 1)? for all i € W;,i’ € Wy and for (j,;') =
(1,3),(2,4), then we set o; =i for i = 1,2, 3, 4.

Hence, without loss of generality, suppose that 1 € Wy, 3 € W3, (V4,V3) is
e-regular w.r.t. G5, and e,(Vi, V3) > e'/4(m + 1)2. Now we show that

eo(Vi, Vir) < eV m +1)? for all i € W;,i' € Wy, ii' € H', and (14)
(7:0") = (1,4),(2,3).
Indeed, suppose that ¢ € Wy,7" € Wy are such that i/ € H' and e,(V;, Vi) >

e/4(m + 1)2. By Lemma 11, there is a (1,i)-path P of length 2 (or 0 if i = 1)
in the blue [5y/ev]-complete graph H'[W;, Ws]. Since H'[W3, Wy] is also blue and
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[54/ev|-complete, the same lemma implies the existence of a blue odd (7', 3)-path P’
of length 2w — 4[5y/ev] — 1 in H'[W3, Wy]. The edges 13, ii’ and paths P, P’ form
an odd cycle of length at least 2w — 4[5y/ev| + 1. Every two consecutive clusters in
this cycle form an e-regular pair with the blue edge density at least /4. Claim 27
implies that G contains a blue cycle of length 2¢ 4+ 1 provided

20w —2[5y/ev]) +1 <204+ 1 < 2(1 — 5y/e)(w — 2[5v/ev])m + 1.
From part (a), we have
2(w —2[5v/er]) + 1 < ny < 2(1 — 5v/e)(w — 2[5/ev])m + 1,

hence G contains a blue C),,, which is a contradiction. We obtain a contradiction in
the same way for i € Wy, i’ € Wj.

From (14) it follows that a1 = 1, as = 2, a3 = 4, a4 = 3 is a permutation
satisfying (a)-(c).

Part (d): If e,(V;, Vi) < e/4(m + 1) for all i € W,,,i" € Wy, and (j,5') =
(1,2),(3,4), then the proof is finished. Otherwise, there exist i € W, and i’ € Wa.,,
where (j7,7) = (1,2) or (j,7') = (3,4), such that (V;, Vi) is e-regular w.r.t. G and
er(Vi, Vir) > e'/4(m + 1)2. Then the following holds:

e,(Vi, Vi) < 51/4(m+ 1)? for all i € Wa,, 1 € Wa, 1 € H', and
(4,5) = (1,4),(2,3).

The proof of this statement is analogous to the proof of (14) and we omit it here.
By replacing ay with oy and ay with ag, we obtain a permutation (o, ag, ag, o) of
(1,2,3,4) satisfying (a)-(d). ]

6. Concluding Remarks

As we know, the behavior of Ramsey numbers for even cycles differs from that for
odd ones, even for two colors (see (1)). For three colors, Figaj and Luczak [9] proved
that if n; > ny > ng are even, then

n2+n3

R(Cyyy Cryy Cry) =0y + 5

+ o(ny),
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as ng — 00. This trivially implies that

n2+n3

R(Pnlapnzvpng):nl+ 2

+o(ny),

in particular,
R(P,, P,, P,) = 2n + o(n),

where P, is a path on n vertices.

Slightly later, independently, Gyérfds, Ruszinkd, G. Sarkozy, and Szemerédi [13]
proved the same result for the diagonal case (i.e. when n; = ny = n3) and, moreover,
for n large, they obtained the exact result for paths of the same length:

2n — 2, n is even,

R(Pn,P'rw]Dn):{2,”1_17 TI,iSOdd-

Recently, Benevides and Skokan [2] proved that R(C,,C,,C,) = 2n for all even,
sufficiently large values of n.

We also remark that the conjecture of Bondy and Erdds extends to arbitrary
number of colors:

2Pl n—1)+1 n is odd
R(C,,...,C) = " ’ ’
( ) { (k+21) +0(1),

k

n is even,

and it is still open for k > 3.
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