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ABSTRACT. A sequence a = aiaz...an is said to be non-repetitive if no two
adjacent blocks of a are exactly the same. For instance the sequence 1232321
contains a repetition 2323, while 123132123213 is non-repetitive. A theorem of
Thue asserts that, using only three symbols, one can produce arbitrarily long
non-repetitive sequences. In this paper we consider a natural generalization
of Thue’s sequences for colorings of graphs. A coloring of the set of edges
of a given graph G is non-repetitive if the sequence of colors on any path in
G is non-repetitive. We call the minimal number of colors needed for such a
coloring the Thue number of G and denote it by 7(G).

The main problem we consider is the relation between the numbers 7(G)
and A(G). We show, by an application of the Lovész Local Lemma, that the
Thue number stays bounded for graphs with bounded maximum degree, in
particular, 7(G) < c¢A(G)? for some absolute constant c. For certain special
classes of graphs we obtain linear upper bounds on 7 (G), by giving explicit
colorings. For instance, the Thue number of the complete graph K, is at most
2n — 3, and w(T) < 4(A(T) — 1) for any tree T with at least two edges. We
conclude by discussing some generalizations and proposing several problems
and conjectures.

1. INTRODUCTION

The problem we consider in this paper emerged as a graph theoretical variant of
the non-repetitive sequences of Thue. A finite sequence a = ajas...a,, of symbols
from a set S is called non-repetitive if it does not contain a sequence of the form
TT = T1X2...TpT1T2...Tm, T; € S, as a subsequence of consecutive terms. For
instance the sequence a = 123132123213 over the set S = {1, 2,3} is non-repetitive,
while b = 1232321 is not. A beautiful theorem of Thue [23] asserts that there exist
arbitrarily long non-repetitive sequences built of only three different symbols. The
method discovered by Thue is constructive and uses substitutions over a given set
of symbols. For instance, the substitution

1 — 12312
2 — 131232
3 — 1323132

preserves the property of non-repetitiveness on the set of finite sequences over
{1,2,3}. That is, replacing all symbols in a non-repetitive sequence by the assigned
blocks results in a sequence that still does not contain repetitions. In consequence,
starting from any single symbol one can produce, by iteration of this procedure, a
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F1GURE 1. The Thue number of the Petersen graph is 5.

non-repetitive sequence of any given length. Note that this fact implies also the
existence of an infinite non-repetitive sequence over a 3-element set of symbols.

Sequences generated by substitutions have found many unexpected applications
in such diverse areas as group theory, universal algebra, number theory, dynamical
systems, ergodic theory, formal language theory, etc. (see [2], [5]-[7], [12], [16]-[19],
[21], [22]). Perhaps the most spectacular was their use in the solution of the famous
Burnside problem for groups (see [2], [17]). Also, many generalizations of such se-
quences have been considered. For example, a long standing open problem of Erdos
[10] and Brown [4] concerns the existence of an infinite strongly non-repetitive se-
quence on four symbols. In such a sequence no two adjacent blocks are permutations
of each other. Note that, as in the original case of Thue sequences, it is not a priori
clear that any finite number of symbols will do. However, Evdokimov [11] proved
that the goal can be achieved on 25 symbols and Pleasants [20] and Dekking [8]
lowered this number to 5. Finally, with the help of computer, Kerénen [15] found
a substitution with blocks of length 85 preserving strong non-repetitiveness on 4
symbols, which is best possible.

Another direction of generalizations, undertaken by Bean, Ehrenfeucht and Mc-
Nulty [2], has a continuous flavor. A coloring f : R — S of the real line is said
to be square-free if no two adjacent intervals are colored along the same pattern.
In other words, for any two points @ < y there is a point z € (x,y), such that
f(z) # f(z+y — x). It was proved in [2] that there exist 2-colorings of R satis-
fying the above property. More striking results of this type can be found in [13]
and [14]. For instance, by transfinite induction one can prove that there exists a
2-coloring of the plane such that no two different topological disks D and D’ are
colored similarly, i.e. for any homeomorphism h transforming D onto D’ there is a
point z € D colored differently from its image h(x).

In the present paper we propose another variation on the non-repetitive theme,
this time concerning graphs. A coloring of the set of edges of a graph G is called
non-repetitive if the sequence of colors on any path in G is non-repetitive. We
call the minimal number of colors needed the Thue number of G and denote it by
m(G). As an example consider the Petersen graph P. In Fig.1 we show a non-
repetitive 5-coloring of the edges of P. Note that repetitions forming full cycles are
allowed. Since, as can easily be checked, 4 colors do not suffice for this task, we
have w(P) = 5.

The main question we investigate here is how the Thue number 7(G) depends
on the maximum degree A = A(G) of a graph G. The theorem of Thue says simply
that 7(P,) = 3, for all n > 4, where P,, denotes a path with n edges. An immediate
consequence is that 7(C,,) < 4, for all n > 3—simply color a spanning path in C,,
by the first three colors and the last edge by the fourth color. Although it is natural
to suspect that this coloring is not optimal, there are cycles for which three colors
do not suffice. For instance, one can easily check that 7(C5) = 4. Of course, the
result for cycles gives that 7(G) < 4 for all graphs with A < 2, and it is natural to
wonder whether 7(G) is bounded on the class of graphs with A < k, for each k > 3.
In Section 2 we will prove, by the probabilistic method, that this is indeed the case.
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More specifically, by an application of the Lovasz Local Lemma, we obtain that

m(G) < eA?,

for all graphs G with maximum degree at most A, where ¢ is an absolute constant.
In Section 3 we will use explicit colorings to get better estimates for some special
classes of graphs. For instance, the Thue number of the n-dimensional grid is at
most 3n, and for the complete graph K, the Thue number is at most 2n — 3.

The final section of the paper is devoted to open problems and conjectures as
well as the discussion of some possible generalizations.

2. BOUNDING 7(G); AN APPLICATION OF THE LOVASZ LOCAL LEMMA

In this section we prove the upper bound for 7(G) mentioned in the introduction.
It will be convenient to use the following version of the Lovasz Local Lemma, which
is in fact equivalent to the standard asymmetric version (see [1]).

Lemma 1. (The Local Lemma; Multiple Version) Let A= A1 UAsU...UA, be a
partition of a finite set of events A, with Pr(A) = p; for every A€ A;, i =1,2,...,r.
Suppose that there are real numbers 0 < aq,az,...ar, <1l and Aj; >0,4,5=1,2,...,r
such that the following conditions hold:

(i) for any event A € A; there exists a set Dy C A with |Da N A;| < Ayj for all
j=1,2,...,r, such that A is independent of A\ (Da U{A}),

(i) pi < a; [[ (1 —a;)?4 foralli=1,2,..,r.

j=1
Then Pr( () A) > 0.
AeA

We apply this Lemma to prove that Thue number is bounded on the class of
graphs with bounded maximum degree.

Theorem 1. There exists an absolute constant ¢ such that

(@) < eA?,
for all graphs G with mazimum degree at most A.

Proof. Let G be a simple graph with maximum degree A. Randomly color the
edges of G with C' colors, where C' is a number to be specified later. For a path P
in G of even length let A(P) denote the event that the second half of P is colored
the same as the first. In other words, the sequence of colors on P forms a repetition.
Set A; = {A(P) : P is a path of length 2i in G}, so p; = C~%. Since each path
of length 2i shares an edge with not more than 4ijA2 paths of length 25, we may
take Aij = 4Z]A2j

Let a; = a™*, with a = 2A%. Then (1 —a;) > e~ 2% as a; < 1/2, and the Lemma
applies provided

Di Saz‘He 7
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that is,

oa < afinefsija*fﬁf’
J

or

A2 J
C > aexp 82<7>j
J

oo
Substituting a = 2A? into the last inequality, as the series > & converges to 2
j=1
we see that if C > 2e'®A? the Local Lemma guarantees the existence of a non-
repetitive C-coloring. This proves Theorem 1 with ¢ = 2¢'6 + 1. 11

3. ExpLiCcIT COLORINGS

In this section we consider special classes of graphs for which we can give good
bounds on the Thue number by giving explicit non-repetitive colorings. The first
example is the class of complete graphs.

Proposition 1. 7(Ky) = 2% — 1 for all k > 1. Therefore, n(K,) < 2n — 3.

Proof. First, label the vertices of Kor by distinct elements of the additive group
7%, the direct product of k copies Z,. Next, color the edges by non-zero elements
of ZX, so that an edge with vertices labeled by  and y gets color = +y. It is easily
seen that repetitions appear only on cycles, since z +x = 0. I

For the second example we need a non-repetitive sequence which is also palindrome-
free. A sequence a = ajas...a, is a palindrome if it is equal to its own reflection
4 = apGn_1...a1, as, for instance, 1231321. It is easy to see that on three symbols
repetitions and palindromes cannot be avoided simultaneously in long sequences.
On four symbols they can; simply take an arbitrary non-repetitive sequence on the
set {1,2,3} and insert the fourth symbol between consecutive blocks of length 2.
For example, from the sequence 123132123213 one gets 124314324124324134.

Proposition 2. Let T be any tree with A(T) > 2. Then n(T) < 4(A(T) — 1).

Proof. Let T be a tree of maximum degree A > 2. Choose a vertex of degree strictly
less than A as the root of T and arrange the rest of vertices by their distance from
the root. The edges of T can be naturally partitioned into levels, L1, Lo, . . ., each of
which consists of disjoint stars. Let b = b1bs ... be a non-repetitive and palindrome-
free sequence over the set {1,2,3,4}, which we will assign to the levels of T'. Take
four disjoint sets of colors A; = {i’,i",...,i/»~Y} i = 1,2,3,4, and colour each star
on level j by distinct colors from the set Ap,. For an example of such coloring see
Fig.2.

It is easy to see that this coloring is non-repetitive: suppose that a = ajas...as,
is a sequence of colors on some path P C T forming a repetition. Note that
n > 2. Also, since b is non-repetitive, P cannot be monotone, i.e., it must have
two consecutive edges belonging to the same star, with colors from the same set A;.
Since this situation may happen only once in P, it must take place in the middle
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FIGURE 2. n(T) < 4(A(T) —1).

of P. Consider the sequence ¢ = cjica...co, defined by ¢ = j if ar € A;. Since
the first half of a is the same as the second half, the same is true of ¢. Also, from
the shape of P, the second half of ¢ is the reverse of the first. Thus cica...c, is a
palindrome, contradicting the assumption that b is palindrome-free, and completing
the proof. i

In the next proposition we estimate the Thue number of the n-fold Cartesian
product of trees. The Cartesian product G x G' is the graph with vertex set V(G) x
V(G") in which the vertex (v,v’) is adjacent to the vertex (w,w’) whenever v = w
and v’ is adjacent to w’, or v = w’ and v is adjacent to w. Since this operation is
associative, G1 X ... X GG, is well defined for n > 2. When all of the G; are paths
we obtain the n-dimensional grid.

First, we prove a simple general observation concerning arbitrary walks in non-
repetitively colored graphs.

Lemma 2. Let f : E(G) — {1,2,....,k} be a non-repetitive coloring of the set of
edges of a graph G. Suppose W = ejes...eam, m > 1, is an acyclic walk in G such
that f(e;) = f(€ixm), for alli =1,2,....m. Then W must be closed.

Proof. We apply induction on m. For m = 1 the assertion is clear. Assume it holds
for all walks of length at most 2m — 2. Consider a pair eje; 1 of adjacent edges of
W such that e; = e;41. Such a pair must exist, since otherwise W is a simple path,
which contradicts the assumptions. If 1 < j < m then also €j4m = €j114m, by
assumption. So, by removing the edges €;, €11, €j4m, €j+14+m from the walk W
we get a shorter walk W’ with repetitive color pattern. Thus W', and consequently
W, is closed. Similarly for m < j < 2m.

In the rest of the proof we do not use induction. It remains to consider the
situation in which j = m and there are no other places in W where two adjacent
edges are equal. Then we can write W = zygz, where g is the reflection of y, and
P = zz is a simple path. Denote by [ the length of the sequence y, and by a = f(y)
the sequence of colors on the edges of y. We will show that the sequence of colors
f(P) on the path P always contains a repetition in the middle, the length of which
depends on [, unless P is empty. In fact, if I < m/2 we may write

fW) = f(2)f(y)f(9)f(2) = abaaba,

for some non-empty sequence b. Hence, in this case we get

f(P) = abba.

Otherwise, if m/2 <1 < m we have f(z) = f(2) which means that the colors of
two edges in the middle of P are identical, completing the proof. I

IN

Proposition 3. Let Ty, Ty, ..., T,, be trees. Then w(Th x Ty X ... x Ty,) m(T3).

In particular, if G is an n-dimensional grid then m(G) < 3n.
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F1cURE 3. Thue number of a plane grid is at most 6.

Proof. Let Ay, As, ..., A, be pairwise disjoint sets of colors such that |4;| = 7 (T;)
for ¢« = 1,2,...,n. The graph T = T} x T3 X ... X T,, may be decomposed into
“parallel” copies of the graphs 7; in a standard manner. Color each copy of T;
non-repetitively by colors from A;, so that the corresponding edges get the same
color (see Fig.3). Now, if P is a path in T then its “projection” on a fixed copy of
T; is a walk and the assertion follows from Lemma 2. 1

4. FINAL DISCUSSION

First, let us point out that the idea of applying probabilistic methods in Thue-
like problems is not new. There are two earlier results establishing rather strong
avoidability properties for infinite binary sequences using probabilistic arguments.
One of them is the theorem of Beck [2] asserting, for any £ > 0, the existence of
an infinite binary sequence in which two identical blocks of length n > ng(e) are
separated by at least (2 — e)™ terms. The other is an exercise in the book of Alon
and Spencer [1], and says that for any € > 0 there is an infinite binary sequence
in which two adjacent blocks of length m > my(e) differ in at least (1 — )m
places. Both results rely on the Lovasz Local Lemma and both imply the existence
of infinite non-repetitive sequences over some finite set of symbols, although the

resulting number of symbols is much bigger than 3.

4.1. Asymptotics of m(n). Actually, the main subject of our interest is the as-
ymptotic shape of the function 7(n) defined by

m(n) = max{7(G); A(G) < n}.

It should be stressed that for n > 3 the situation is very different from the original
case of sequences. The quadratic upper bound on 7(n), obtained probabilistically
in Theorem 1, is the best known at this moment. Actually, we do not know of
any other argument proving finiteness of 7(n), for any n > 3. On the other hand,
the results of Section 3 suggest that perhaps some general constructive method is
possible, giving better estimates. Anyway, we propose the following conjecture.

Conjecture 1. There is an absolute constant ¢ such that

w(n) < en,

foralln > 1.

Obviously, non-trivial lower bounds for m(n) are also desired. Here, one may
look for bad graphs among members of some special families. Good candidates
seem to be complete graphs with 2% + 1 vertices. For instance, one can check that
m(K5) = 7, which is quite a jump from w(K,) = 3.
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4.2. Concrete problems. One concrete problem in this area has been touched
on in the introduction. It concerns the Thue number of cycles. We know that
m(Cp) < 4, and it is easy to see that 7(C5) = 4. By numerical experiment we have
found that the same happens also for n = 7,9, 10, 14 and 17, and for no other value
up to 2001. This justifies the following conjecture.

Conjecture 2. 7(C,) = 3, for alln > 18.

It was proved in [2] by the method of substitutions that there are infinitely
many n for which 7(C,) = 3. Our experiment suggests also that the number
of non-equivalent non-repetitive colorings of C,, grows exponentially with n. For
sequences it is well known that this is the case (see [5]). The best known lower
bound on the number of ternary non-repetitive sequences of length n is 2/17, due
to Ekhad and Zeilberger [9].

It would be also nice to know the exact value of Thue number for other graphs.
By Proposition 2 we have w(T") < 8, for any binary tree T', but this seems to be an
overestimate. From Proposition 3 it follows that 7(Z?) = 5 or 6, but which is the
correct number?

4.3. Generalizations. There are many exciting generalizations of non-repetitive
sequences and for most of them it also make sense to study their graph theoretical
variants. In principle, any property of sequences can be translated into a property
of graphs, via colored paths. In particular, one may take any avoidable pattern
(see [2], [5]-[7], [17]) and study its behavior on graphs. For instance, the property
of strong non-repetitiveness, mentioned briefly in the introduction, also leads to
similar intriguing problems.

In another direction, one may look at different types of colorings. Certainly, it
could be equally interesting to consider vertex non-repetitive colorings. Obviously,
Theorem 1 remains true in this case, but for some classes of graphs the vertex Thue
number may be bounded, even if A is arbitrarily large. For example, for any tree
four colors suffice; this can be proved like Proposition 2, by using a palindrome-free
non-repetitive sequence on four symbols. Is it true that the vertex Thue number
of planar graphs is bounded? We conclude this paper with the following theorem,
that shows that for vertex coloring, the quadratic dependence of the number of
colors, provided by Theorem 1 (for vertex coloring) is nearly tight.

Theorem 2. There exists an absolute constant ¢ > 0 with the following property.

For every integer A > 1, there exists a graph G with mazimum degree A such that
2

every non-repetitive vertex coloring of G uses at least clﬁﬁ colors.

Proof. The proof is probabilistic, and we make no attempt to optimize the absolute
constant ¢ it provides. We also omit all floor and ceiling signs whenever these are
not crucial, to simplify the presentation. Clearly, it suffices to prove the assertion
for large values of A (as the result for small A is trivial if ¢ is sufficiently small).

Let n be a (large) number, define p = wiv\/l%g'", and let G = G(n,p) be the random

graph on a set V' of n labelled vertices obtained by choosing each pair of vertices to
be an edge, randomly and independently, with probability p. We first claim that
almost surely (that is, with probability that tends to 1 as n tends to infinity), G
satisfies the following three properties.

(i) The maximum degree of G, denoted by A, satisfies, A < 20+/n logn.
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(ii) There is at least one edge of G between any two disjoint sets of size at least
n/12 each.
(iii) For every collection of m = n/4 pairwise disjoint subsets

{ulvvl}a {u27 U2}a ey {umyvm}

of V, there is an S C {1,2,...,m}, |S| > m/3 = n/12, such that the graph on the
set of vertices {s: s € S} in which st is an edge iff both usus and vsv; are edges
of GG is connected.

To prove this claim note first that (i) and (ii) are trivial. To prove (iii) fix
m = n/4 pairwise disjoint sets as above, and let us estimate the probability that
there is no S as required. Let H be the graph on the set of vertices {1,2,...,m} in
which ij is an edge iff both u;u; and v;v; are edges of G. Obviously this is a random
graph with m = n/4 vertices in which every pair of vertices forms an edge, randomly
and independently, with probability p? = 1001%. Our objective is to estimate
the probability that there is no connected component of at least m/3 = n/12
vertices in H. But if this happens then the set of vertices of H can be partitioned
into two disjoint sets, each of size at least m/3 and at most 2m/3, with no edges
between them. The probability of this event is at most 2™ (1— 1001%)2”12/9 <n7".
n/2
n/2

Since the number of possible choices for the m sets {u;,v;} is smaller than n
we conclude that the probability that the assertion of (iii) fails is at most n~
completing the proof of the claim.

Returning to the proof of the theorem let G be a graph satisfying all three
properties (i),(ii),(iii) above. To complete the proof we show that in any vertex
coloring of G by at most n/2 colors, there is a path which is colored repetitively.
Given such a coloring f, omit, first, one vertex from each color class containing
an odd number of vertices, and partition the remaining vertices into pairs, where
each pair of vertices has the same color. Clearly this produces at least m = n/4
pairs. Let {uy,v1},...,{tm,vm} be m of these pairs. By property (iii) there is
an S C {1,2,...,m} satisfying the assertion of (iii), and by (ii) applied to the
two sets {u; : t € S} and {v,s : s € S} there is an edge uvs of G with s,t € S.
Let s = s1,s9,...,5, = t be a path from s to ¢ in the graph on S in which 4j is
an edge iff both u;u; and v;v; are edges. (Such a path exists, by (iii)). Then, the
path usts,Us, . . . UtVsVs, Vs, - - . U shows that the coloring is not non-repetitive, and
completes the proof of the theorem. I

Acknowledgement 1. We would like to thank Béla Bollobds, Tomasz Luczak,
Andrzej Ruciriski and Doron Zeilberger for their interest and wise comments.

REFERENCES

[1] N. Alon, J.H. Spencer, The probabilistic method, Second Edition, John Wiley & Sons, Inc.,
New York, 2000.

[2] D.R. Bean, A. Ehrenfeucht, G.F. McNulty, Avoidable patterns in strings of symbols, Pacific
J. Math. 85 (1979), 261-294.

[3] J. Beck, An application of Lovész Local Lemma: there exists an infinite 01-sequence contain-
ing no near identical intervals, in: Finite and Infinite Sets, Eger 1981, Colloquia Mathematica
Societatis Janos Bolyai, 1983, 103-107.

[4] T.C. Brown, Is there a sequence on four symbols in which no two adjacent segments are
permutations of one another ? Amer. Math. Monthly 78 (1971), 836-888.

[5] Ch. Choffrut, J. Karhumaiki, Combinatorics of Words, in Handbook of Formal Languages (G.
Rozenberg, A. Salomaa eds.) Springer-Verlag, Berlin Heidelberg, 1997, 329-438.

[6] J.D. Currie, Open problems in pattern avoidance, Amer. Math. Monthly 100 (1993), 790-793.



NON-REPETITIVE COLORINGS OF GRAPHS 9

[7] J.D. Currie, Words avoiding patterns: Open problems, manuscript.
[8] F.M. Dekking, Strongly non-repetitive sequences and progression free sets, J. Combin. Theory
Ser. A 16 (1974), 159-164.
[9] S.B. Ekhad, D. Zeilberger, There are more than 2n/17 p_letter ternary square-free words, J.
Integer Sequences 98.1.9. (1988).
[10] P. Erdés, Some unsolved problems, Magyar Tud. Akad. Mat. Kutato. Int. Kozl. 6 (1961),
221-254.
[11] A.A. Evdokimov, Strongly asymmetric sequences generated by finite number of symbols,
Dokl. Akad. Nauk. SSSR 179 (1968), 1268-1271; Soviet Math. Dokl. 9 (1968), 536-539.
[12] W.H. Gottschalk, G.A. Hedlund, A characterization of the Morse minimal set, Proc. Amer.
Math. Soc. 15 (1964), 70-74.
[13] J. Grytczuk, Pattern avoiding colorings of Euclidean spaces, to appear in Ars Combinatorica.
[14] J. Grytczuk, W. S'livva7 Non-repetitive colorings of infinite sets, manuscript.
[15] V. Kerénen, Abelian squares are avoidable on 4 letters, Automata, Languages and Program-
ming: Lecture notes in Computer science 623 (1992) Springer-Verlag 4152.
[16] J. Larson, R. Laver, G. McNulty, Square-free and cube-free colorings of the ordinals, Pacific
J. Math. 89 (1980), 137-141.
[17] M. Lothaire, Combinatorics on Words, Addison-Wesley, Reading MA, 1983.
[18] C. Mauduit, Multiplicative properties of the Thue-Morse sequence, Periodica Math. Hungar.,
43 (2001), 137-153.
[19] M. Morse, A one-to-one representation of geodesics on a surface of negative curvature, Amer.
J. Math. 43 (1921), 35-51.
[20] P.A.B. Pleasants, Non-repetitive sequences, Proc. Cambridge Philos. Soc. 68 (1970), 267-274.
[21] E. Prouhet, Memoire sur quelques relations entre les puissances des nombres, C. R. Acad.
Sc. Paris 33 (1851), 31.
[22] M. Queffelec, Substitutions dynamical systems - Spectral analysis, Lecture Notes in Mathe-
matics 1294, Springer Verlag, Berlin, 1987.
[23] A. Thue, Uber unendliche Zeichenreichen, Norske Vid Selsk. Skr. I. Mat. Nat. K1. Christiana,
7 (1906), 1-22.

DEPARTMENT OF MATHEMATICS, TEL Aviv UNIVERSITY, RAMAT Aviv, TEL Aviv 69978, ISRAEL
E-mail address: nogaa@tau.ac.il

INSTITUTE OF MATHEMATICS, UNIVERSITY OF ZIELONA GORA, 65-246 ZIELONA GORA, POLAND
E-mail address: jarek@axel.im.pz.zgora.pl

INSTITUTE OF MATHEMATICS, UNIVERSITY OF ZIELONA GORA, 65-246 ZIELONA GORA, POLAND
E-mail address: M.Haluszczak@axel.im.pz.zgora.pl

TRINITY COLLEGE, CAMBRIDGE CB2 1TQ, ENGLAND
E-mail address: omr10@dpmms . cam.ac.uk



