Codings of rotations on two intervals are full
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EXTENDED ABSTRACT

The coding of rotations is a transformation taking a paian the unit circle
and translating by an anglex, so that a symbolic sequence is built by coding the
iteration of this translation or according to a partition of the unit circl@][ If
the partition consists of two intervals, the resulting oadis a binary sequence.
In particular, it yields the famous Sturmian sequencesefdize of one interval
is exactlya with a irrational [3]. Otherwise, the coding is a Rote sequence if
the length of the intervals are rationally independera ¢§11] and quasi-Sturmian
in the other casef]. Many studies show properties of sequences constructed by
codings of rotation in terms of their subword complexig}, [continued fractions
and combinatorics on wordS6][or discrepancy and substitutiorn§.[ Our goal is to
link properties of the sequence given by coding of rotatiith the palindromic
structure of its subwords. The palindromic complexPalw)| of a finite wordw
is bounded byw| + 1, and finite Sturmian (and even episturmian) words realize
the upper bound7]. The palindromic defect of a finite wond is defined in p] by
D(w) = |w|+1—|Palw)|, and words for whicld(w) = 0 are calledull. Moreover,
the case of periodic words is completely characterize8]inQur main result is the
following.

Theorem 0.1 Every coding of rotations on two intervals is full.

Our approach is based on return words of palindromeswla¢ a word, and
u € Fac{w). Thenv is areturn wordof u in w if u € Pref(v), vu € Fac{w) and
\VU|jy = 2. Similarly, v is acomplete return woraf uin wif v = v'u, wherev' is
a return word olu in w. The set of complete return words win w is denoted by
Rety(u). Clearly, the computation of the defect follows from the caitapion of
the palindromic complexity. Indeed, the reader may veh#/following character-



ization of full words (poorly efficient computationnaly speng) :
wis full <= Vp e Palw),Rety(p) C Palw). (1)

Interval exchange transformations Leta, e,A1,A2,A3 € R be such thak1,A2,A3 >
OandA;+A2+A3 > 0. Moreover, leb=a-+A1,c=b+As,d=c+A3, f =e+Agz,
g= f+Azandh=g+A;. AfunctionT : [a,d[— [e h] is called a 3intervals ex-
change transformatioff

g+(x—a) ifa<x<hb,
Tx)=¢ f+(x—b) ifb<x<c,
e+(x—c) ifc<x<d.

The subintervaléa, b|, [b, c[ and]c,d[ are saidnducedby T.

Coding of rotations. The notation adopted for studying the dynamical system
generated by some partially defined rotations on the ciscfeom Levitt [8]. The
circle is identified withR /Z, equipped with the natural projectign: R — R/Z :

X — X+ Z. We say thalA C R/Z is aninterval of R/Z if there exists an interval

B C R such thatp(B) = A.

An intervall of R/Z is fully determined by the ordered pair of its end points,
Bord(l) = {x,y} wherex <y orx>y. The open interval is denotés,y[, while
the closed ones are denotedy|. Left-closed and right-open intervdls y[ as well
as left-open and right-closed intervalsy| are also considered. The topological
closure ofl is the closed interval = 1 UBord(l), and its interior is the open set
Int(1) =\ Bord(l). Given a real numbes €]0, 1|, we consider the unit circlg& /Z
partitioned into two nonempty intervalg = [0, andl1 = [B,1]. The rotation of
anglea € R of a pointx € R/Z is defined byRy(x) = x+ a € R/Z, where the
addition operation is denoted by the sigrin R/Z as inR. As usual this function
is extended to sets of poin® (X) = {Ry(Xx) : x € X} and in particular to intervals.
For convenience and later use, we deriféx) = x+ya € R/Z, wherey € Z.

Let~ = {0,1} be the alphabet. Given any nonnegative intagand anyx €
R/Z, we define a finite wor@, by

£ if n=0,
Cnh(X) = ¢ 0-Ch_1(Ry(x)) if n>1andx e [0,B],
1-Ch-1(Ra(x)) ifn>1andxe [B,1].



Thecoding of rotation®of x with parameterga, 3) is the infinite word

Ca(x) = lim Cn(x).
For sake of readability, the parametées 3) are often omitted when the context
is clear. One shows th&(x) is periodic if and only ifa is rational. Whero is
irrational, with3 = a or 3 = 1— a we get the well known Sturmian words, the case
B ¢ Z + aZ yields Rote words, whil@ € Z + aZ the quasi-Sturmian word4 .
For each factow of the infinite wordC(x), one defines the nonempty set

lw:={Xx€R/Z | Cn(x) = W}.

Proposition 0.2 [4] Let C be the coding of rotation of parameters3 € R/Z and
neN. Then R= {lw | we Fac(C)} is a partition ofR /Z.

The setl, needs not be an interval, but under some constraints, therguar-
antee thaty, is indeed an interval.

Lemma 0.3 Let | be a finite set. LetA;)ic; be a family of left-closed and right-
open intervals AC R/Z. Let{ =min{|Ai|:i €1} and L=max{|Ai| ;i €l}. If
¢+L <1, thenN)c Ai is an interval.

Lemma 0.4 Let C(x) be a coding of rotations. If both lettefsand 1 appear in the
word we Fact{C(x)), then |y is an interval.

Lemma 0.5 Let C be a coding of rotations of parametarsf3, x. If a < 3 and
o < 1-— 3, then |y is an interval for any we Fac{C).

Definition 1 We say that a coding of rotations C of parametersp3, x is non
degeneraté a < 3 anda < 1— 3. Otherwise, we say that C degenerate

In [4], the authors used the global symmetry axis of the partiBgrsending
the intervall,, on the intervalg. In fact, there are two pointg, andy/, such that
2-Yn=2-y,,=B—(n—1)a and the symmetr§, of R/Z is defined by — 2y, —x.

Lemma 0.6 Let S, be the symmetry axis related toaN, x,a € R/Z such that
X ¢ P, and me N.
(i) If Sh(x) =x+ma, then {(x+a) =X+ (m—1)a.
(i) Ifx e Int(ly), then Q(x) € Iy
(iii) If Sh(x) = x+ ma, then G m(X) is a palindrome.
Complete return words. this subsection describes the relation between dynamical

systems and their associated w&@d More precisely, we link complete return
words ofC to the Poinca’s first return function.



Poincagé’s first return function Let I,J C R/Z be two nonempty left-closed and
right-open intervals and € R. We define a mapy(l,J) : | — N* by rq(1,J3)(x) =
min{k € N* | x+ka € J} for x € |. ThePoinca€’s first return function R(I,J) of
Ry onl is the functionPy(1,J) : | — J given byPy(1,J)(X) = X+rq(l,J)(X) - Q.

The study of Poinca's first return function is justified by the following result
which establishes a link with complete return words.

Proposition 0.7 Letwe Fach(C) and r=rq(lw, lw). ThenRetw) = {C;x)n(X)|x €
lw}-

Lemma 0.8 If | C R/Z is a left-closed right-open interval, thery@®,1) is a 3-
intervals exchange transformation.

Lemma 0.9 If w=a" is a word such thaty} is not an interval, then &I, lpw),
where be {0, 1}, is a3-intervals exchange transformation.

Properties of complete return word3 he next results use the following notation.
Letw € Fach(C). Suppose tha (lw, i) is an 3-intervals exchange transformation
and letd;, J, andJs be its induced subintervals. Liet {1,2,3} andx be the middle
point of J. It follows from the preceding lemmas that(lw, l¢) (X) = roa(lw, i) (%)

for all x € J;. Hence, we defing = rq(lw, Ig) (X)-

Lemma 0.10 For all X,y € J;, we have that £(x) = C;,(y).
Proposition 0.11 Assume thaty is an interval and 1= rq (I, lw). Then,Ret{w) =
{Crin(%1),Crpin(X2), Crgin(Xa) }-

Corollary 0.12 Every factor of a non degenerate coding of rotations as well as
every factor of any coding of rotations containing b@handls has at mos8
(complete) return words.

Proposition 0.13 Suppose that is not an interval, i.e. Ww=a""1, ac {0,1}. Let
be {0,1}, b#a, w=wb and r=rq(lyp,lbw). Then,

Retw) C {@"} U{Cr n(x1),Crpn(X2),Crasn(Xa) }-
Corollary 0.14 Every factor w of any coding of rotations has at méstomplete
return words. Moreover, this bound is realized only iEna".
The last Corollary is illustrated in the following example.

Example 1 Let x= 0.23435636 a = 0.422435236and 3 = 0.30234023 Then

C= Cg(x) = 01011110101111011110101111010111101011010111More-
over,%t;(lll) ={11101011111101011010111111 1110113, so that the fac-
tor 111 has exactlyl complete return words in C, all being palindromes.

We then have all the necessary tools to prove that every aepturn words



of a palindromev € C is a palindrome and this implies the main result of this paper

The fact that the number of (complete) return words is bodrme3 for non
degenerate codings of rotations can be found in the work ahKeRauzy or Adam-
czewski P,10,1] with a irrational. Nevertheless, the proof provided takes into ac
count rational values af andf. We already know thgRet'w)| for a nondegen-
erate interval exchange daintervals isk [12], and that|Retw)| for a coding of
rotation of the formC§ (x) (the Sturmian case) is equal to 2. Here we handled the
degenerate case as well.
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