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ON THE RECONSTRUCTION OF GRAPH INVARIANTS

T. KOTEK

ABSTRACT. The reconstruction conjecture has remained open for simple undi-
rected graphs since it was suggested in 1941 by Kelly and Ulam. In an attempt
to prove the conjecture, many graph invariants have been shown to be recon-
structible from the vertex-deleted deck, and in particular, some prominent
graph polynomials. Among these are the Tutte polynomial, the chromatic
polynomial and the characteristic polynomial. We show that the interlace
polynomial, the U-polynomial, the universal edge elimination polynomial &
and the colored versions of the latter two are reconstructible.

1. INTRODUCTION

1.1. The Reconstruction Conjecture. Let G = (V(G), E(G)) be a simple undi-
rected graph. For a vertex v € V(G), we define the vertex-deleted subgraph G, as
the subgraph obtained from G by deleting v and all its incident edges. We define
the deck of G, D(G), as the collection of subgraphs G, for every v € V(G). The
deck D(G) is a multiset which consists of isomorphism types of subgraphs. We
say a graph H is a reconstruction of G if V(G) = V(H) and for every v € V(QG),
G, & H,. A graph G is reconstructible if every reconstruction of it is isomorphic
to it.

The reconstruction conjecture asserts that every simple undirected graph with at
least three vertices is reconstructible. We say a graph invariant u is reconstructible
if for every H and G which are reconstructions of each other, p(G) = u(H). If p is
the characteristic function of a class of graphs C, we say that C is recognizable.

For graphs H and G we define s(H,G) as the number of subgraphs of G which
are isomorphic to H.

Lemma 1 (P. J. Kelly, 1957). For any H and G such that |V(H)| < |V(G)|,
s(H,G) is reconstructible from the deck of G.

Another useful lemma by Tutte is the following (see [10]).

Lemma 2. The number of disconnected spanning subgraphs of G having a specified
number of components in each isomorphism class and the number of connected
spanning subgraphs with a given number of edges are reconstructible.

An edge-colored graph G is G = (V(G), E(G), f) where f : E(G) — [A] is a
coloring of the edges of G. Similarly to the deck of a simple undirected graph, we
define the deck D(G) of a colored graph G to be the multiset of colored graphs
G, for all v € V(G) which consist of G with v and all incident edges deleted from
it, and f restricted to V(G) — {v}. Reconstruction results on graphs can often
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be adapted to colored graphs, and in particular, Kelly’s lemma works for colored
graphs, see [8] [L1].

1.2. Graph polynomials. Graph polynomials are functions F' from the class of
simple undirected graphs to a polynomial ring R|[Z] that are invariant under graph
isomorphism. They are natural to the study of reconstruction. The characteristic
polynomial P(G,x) is the characteristic polynomial of the adjacency matrix Ag
of the graph G, P(G;z) = det(z -1 — Ag) = ZSQV(G)(—x)'V(G)HS'det(AGS).
Tutte showed a generalization of the characteristic polynomial is reconstructible in
[10]. The Tutte polynomial is T'(G; 2, y) = 3_ p/c p(a) (¥ — 1)rE =D () @D,
where k(M) is the number of connected components of the spanning subgraph
(V(G), M), r(M) = |V (G)| — k(M) is its rank and n (M) = |[M| — |[V(G)| + k (M)
is its nullity. The Tutte polynomial was shown to be reconstructible by Tutte.
The chromatic polynomial x(G, A), which counts the number of proper colorings
of G with at most A colors, is an evaluation of the Tutte polynomial, and so is
reconstructible as well.

2. MAIN RESULTS

2.1. Reconstructibility of graph polynomials. For a graph G and vertex set
S, we denote by GJ[S] the subgraph induced by S. The polynomial ¢(G;x,y) =
Yy (@— 1) HESD (y — 1)) where rk(G[S)) is the rank of G[S]'s adja-
cency matrix, and n(G[S]) + rk(G[S]) = |S] is the 2-variable interlace polynomial
().

Proposition 3. The interlace polynomial is reconstructible.

Proof. Proof (Sketch) The determinant of Ag is reconstructible (see [I0]). r&(V (G))
[V(G)| iff det(Ag) # 0, and if rk(V(G)) # [V(G)|, 7k(G) = maz,cv(a)rk(Aa, ).
So we can reconstruct the term for S = V(G). The rest are reconstructible by
Kelly’s lemma. O

The U polynomial U(G; &, y) = ZAQE(G) ylAl=r(4) HD:@CC(D) 7|y (p)|, Where the
product iterates over the connected components of the graph (V, A), and r(A4) =
[V(G)| — k(A), was introduced in [9]. The U(G;z,y) polynomial generalizes both
the Tutte polynomial and a graph polynomial related to Vassiliev invariants of
knots. The graph polynomial on colored graphs Uias(G;Z,9) = > sc g [ leca Yete) -
HD:<I>CC(D) x|y (p)| is a generalization of U to colored graphs. We show that Uy, is
reconstructible (see also [7]):

Theorem 4. The Uqp-polynomial is reconstructible.

Proof. Proof (Sketch) Let G be a colored graph with color-set [A]. For ¢ € [A] we
denote by f~!(c) the set of edges colored ¢, and note |f~!(c)| is reconstructible
by Kelly’s lemma. For a tuple (ai,...as) € N* we say a subgraph A C E(G)
is (a1, ...ap)-colored if for every color ¢ € [A], there are a. many edges colored
c. For every (ai,...ap) € N2, the number of (ay,...as)-colored subgraphs is
—1

HCE[A] (‘f aC(C)‘)'

We reconstruct the terms of Uj,, that correspond to subgraphs which are not
spanning subgraphs by Kelly’s lemma. For disconnected spanning subgraphs, we
go over all tuples (F1,...,F}), t > 1, of isomorphism types of colored graphs such
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that the number of vertices in all the F;’s is Ef.:l [V (F;)| = |V(G)|. For each such
tuple we find the number of ways of choosing subgraphs G, ..., G; of G such that
G; =2 F; for every i, and their union szl G; is G. We can do this by subtracting
the number of ways to choose subgraphs as above such that their union does not
span V(G) from s(Fy,G) - - - s(F, G), the number of ways to choose the G; without
restriction.

For any (ai,...a,n) € N, the number of (ai,...a,s )-colored spanning con-

nected subgraphs is HCQ[A] (‘fi;c(c)‘) minus the number of (aq,...a,x )-colored sub-
graphs which are not spanning connected subgraphs. For them, the corresponding

term is T\ Hce[A] ygc.
g

Corollary 5. LemmalZ holds for colored graphs.

The universal edge elimination polynomial &(G;z,y, z) introduced in [2] is de-
fined with respect to three basic operations on edges of the graph: edge contrac-
tion G, edge deletion G_. and edge elimination Gy.. It is the most general
graph polynomial which satisfies a linear recurrence relation with respect to the
above operations which is multiplicative with respect to disjoint union and has
initial conditions £(F1) = z and £(0)) = 1. The £ polynomial generalizes a num-
ber of graph polynomials and graph parameters which satisfy linear recurrences
with respect to these operations, including the bivariate matching polynomial, the
Tutte polynomial, and the bivariate chromatic polynomial (the latter defined in
[6]). The authors of [2] also defined a version &4 for colored graphs, given by
&ab(Gs2,2,8) = Yaupepe) ®" M (Meeaun tee) 27, where the summa-
tion is over subsets A and B of E(G) which cover disjoint subsets of vertices
V(A) and V(B), keov(B) denotes the number of connected components in the
graph (V(B), B), and k(A U B) denotes the number of connected components in
(V(G), AU B), the graph which consists of the vertices of G and the edges of A
and B.

Theorem 6. &, and its evaluations, including the colored Sokal polynomial, Za-
slavsky’s mormal function of the colored matroid, the chain polynomial and the
multivariate matching polynomial, are all reconstructible.

Proof. Proof (Sketch) A monomial of Ujg, for some M C E(G) corresponds in
&ap to monomials for which AU B = M. Since A and B are disjoint in vertices,
every connected component must be either entirely in A or entirely in B. We can
reconstruct the number of connected components spanned by M as the number
of x variables in the monomial and the number of vertices spanned by M as the
sum of the indices of the x variables. Now we need only choose for each connected
component whether it is in A or in B. O

Restricting to uncolored graphs we have:

Theorem 7. The U and & polynomials and all of their evaluations, including the
bivariate chromatic polynomial, the chromatic symmetric function Xqg and the poly-
chromate polynomial, are reconstructible.
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