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Loebl-Komlos—Sos Conjecture: dense case

Jan Hladky* Diana Piguet!

Abstract

We prove a version of the Loebl-Koml6s—Sé6s Conjecture for dense graphs. For each
q > 0 there exists a number ng € N such that for each n > ng and k£ > gn the following
holds: if G is a graph of order n with at least T vertices of degree at least k, then each tree
of order k 4 1 is a subgraph of G.
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1 Introduction

Embedding problems play a central role in Graph Theory. A variety of graph embeddings
(subgraphs, minors, subdivisions, immersions, etc) have been studied extensively. A graph
(finite, undirected, loopless, simple; here as well as in the rest of the paper) H embeds in a
graph G if there exists an injective mapping ¢ : V(H) — V(G) which preserves the edges of H,
i.e, ¢(x)p(y) € E(G) for every edge zy € E(H). As a synonym we say that G contains H (as
a subgraph) and write H C G. Let H be a family of graphs. The graph G is H-universal if it
contains every graph from #H. This fact is denoted by H C G.

In this paper we investigate embeddings of trees. This topic has received considerable
attention during the last 40 years. The class 7, consists of all trees of order £. One can ask
which properties force a graph G to be Tp-universal. One sufficient condition for 7y,-universality
can be given in terms of minimum degree.

Fact 1.1. If a graph G has the minimum degree 6(G) > k then Tp11 C G.

To prove Fact [L1] it suffices to embed a given tree 7" € Tj41 greedily in the host graph G.
Loebl, Komlés and Sés conjectured (see [10]) that the minimum degree condition can be relaxed
to a median degree one.

Conjecture 1.2 (LKS Conjecture). Let G be a graph of order n. If at least 5§ of the vertices
of G have degree at least k, then Tri1 C G.

The bound on k of the minimal degree of large degree vertices cannot be decreased. Indeed,
it G is a graph with maximum degree k£ — 1, then it does not contain a star K ;. The graph
shown in Figure [l shows that the requirement on the number of large degree vertices cannot be
relaxed substantially below 5. See [28] and [I3] for further discussions.

There have been several partial results concerning the LKS Conjecture. In [3], Bazgan, Li
and Wozniak proved the conjecture for paths. Piguet and Stein [22] proved that the LKS Con-

jecture is true when restricted to the class of trees of diameter at most 5, improving upon results
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Figure 1: A graph with almost half of its vertices of degree k& which does not contain a path of
length k.

of Barr and Johansson [2] and of Sun [26]. There are several results proving the LKS Conjecture
under additional assumptions on the host graph. Soffer [25] showed that the conjecture is true
if the host graph has girth at least 7. Dobson [7] proved the conjecture when the complement
of the host graph does not contain a K 3.

A special case of the LKS Conjecture is when k& = 3. This is often referred to as the
(5-5%5) Conjecture, or Loebl’s Conjecture. Zhao [28] proved the conjecture for large graphs.

Theorem 1.3. There exists a number ng € N such that if a graph G of order n > ng has at

least 5 of the vertices of degrees at least 5, then TL%JH CG.

An approximate version of the LKS Conjecture for dense graphs was proven by Piguet and

Stein [23].

Theorem 1.4. For each q,& > 0 there exists a number ng such that for each n > ng and k > gn
the following holds. If G is a graph of order n with at least & vertices of degree at least (1+¢)k,
then Tr+1 C G.

In this paper we strengthen Theorem [[L4] by removing the ¢ term.

Theorem 1.5 (Main Theorem). For each q¢ > 0 there exists a number ng = no(q) € N such
that for each n > ng and k > qn the following holds. If G is a graph of order n with at least 5
vertices of degree at least k, then Tr11 C G.

We can see from our proof of Theorem that the requirement on the number of vertices
n

of large degree can be relaxed in the case when ¥ is far from being an integer.

Theorem 1.6. For each qo > q1 > 0 such that the interval [q%, qil] does not contain any integer,
there exist € = €(q1,q2) > 0 and ng such that for each n > ng and k € (qin,gan) the following
holds: if G is a graph of order n with at least (%—g)n vertices of degree at least k, then Tpy11 C G.

In the paper, we explicitly prove only Theorem In Section 2 we sketch how the proof
method can be revised to give Theorem However, determining the optimal value of £(q1, g2)
remains open. Note also that Theorem has slightly weaker assumptions on G than Theo-
rem [[3] when reduced to the case k = || — when n is odd, the requirement on degrees of
large vertices in Theorem is smaller by one compared to Theorem [[.3l

The property which is considered in the LKS conjecture is given in terms of the median
degree. If we consider the average degree instead we obtain a famous conjecture of Erdds and
Sés which dates back to 1963.

Conjecture 1.7 (ES Conjecture, [8, p.30]). Let G be a graph of order n with more than §(k—2)n
edges. Then T C G.



If true, the ES Conjecture is sharp. After several partial results on the problem, a break-
through was achieved by Ajtai, Komlds, Simonovits and Szemerédi, who announced a proof of
the Erd6s—Sos Conjecture for large k.

Theorem 1.8. There exists a number kg such that for each k > ko the following holds: if a
graph G of order n has more than 3(k —2)n edges, then Tj, C G.

A version of Theorem for k linear in n could be obtained by an application of the
Regularity Lemma; such a theorem would be a counterpart to Theorem The proof of
Theorem by Ajtai et al. uses a decomposition technique which substantially generalizes the
Regularity Lemma, and which is applicable even to sparse graphs. Hladky, Komlds, Piguet,
Simonovits, Stein, and Szemerédi [14], 15} [16], [I7] used this decomposition technique to prove an
approximate version of the LKS Conjecture (see also [I§] for a high-level overview of the proof).

Theorem 1.9. For each € > 0 there exists a number ky such that for each k > kg the following
holds. If G is a graph of order n with at least (% +e)n wvertices of degrees at least (1+¢€)k, then
Te+1 C G.

We believe that the techniques developed for Theorem and for Theorem can be
utilized to proving the LKS Conjecture for £ sufficiently large.

The current work builds on techniques of Zhao [28] and of Piguet and Stein [23]. We
postpone a detailed discussion of similarities between our approach and theirs and of our own
contribution until Section 2l After the first version of this manuscript was posted on the arXiv,
Oliver Cooley [5] published an independent proof of Theorem

1.1 Ramsey number of trees

In this section we show the connection between the LKS Conjecture and the Ramsey number
of trees. For two graphs F' and H we write R(F, H) for the Ramsey number of the graphs F'
and H. This is the smallest number m such that in each red/blue edge-coloring of K, there is
a red copy of F' or a blue copy of H. For two families of graphs F and H the Ramsey number
R(F,H) is the smallest number m such that in each red/blue edge-coloring of K, the graph
induced by the red edges is F-universal, or the graph induced by the blue edges is H-universal.
Theorem [[Himplies an almost tight upper bound (up to an additive error of one) on the Ramsey
number of pairs of families of trees of similar orders. This partially answers a question of Erdés,
Fiiredi, Loebl and Sés [10]. For a fixed real p € (0, %) consider two natural numbers ¢; and ¢,
such that

n0<€1§€2<%, (1.1)

where ng = ng(§) comes from Theorem Consider any red/blue edge-coloring of the graph
Ky, 4o, We color a vertex v € V(Ky, 1¢4,) red if it incident with at least ¢; red edges, and blue
otherwise (in which case it is incident with at least /5 blue edges). Thus at least half of the
vertices of Ky, ¢, have the same color. Applying Theorem to the graph whose edges are
induced by this color, we conclude that R(7z,+1, Tea+1) < 1 + la.

For the lower bound, first consider the case when at least one of #; and /5 is odd. It is a
well-known fact that there exists a red/blue edge-coloring of Ky, 14,1 such that the red degree
of every vertex is £1 — 1. Neither a red copy of Kjy, nor a blue copy of Kj g, is contained in
Ky, y¢,—1 with this coloring. Thus R(7¢+1, Te,+1) > 1 + f2 — 1. A construction in a similar
spirit shows that R(7z,+1, Tep+1) > ¢1+02—2, if both ¢; and /3 are even. Under the assumptions



given by (L)) we thus have

R(Toy 41, Toy+1) =41+ Lo, if €1 is odd or ¢5 is odd, and (1.2)
L+l —1< R(ﬁl+1,722+1) <ty + 4Ly, otherwise.

The ES Conjecture, if true, shows that the lower bound in (3] is attained.
Ramsey numbers of several other classes of trees have been investigated; the reader is referred
to a survey of Burr [4] and to newer results in [9, [T [12].

2  OQOutline of the proof

We iterate the following procedure in steps ¢ = 1,2,3,.... At the beginning of step ¢ we
are given sets Vp,...,V;_1 that were obtained in previous steps. We then find a set @ C
V(G) \ U,<; V; such that at least about a half of the vertices in @ are large (i.e., of degree
at least k). Furthermore, the set @ is almost isolated from the rest of the graph. Using the
Regularity Lemma, we try to embed T in Q. If we do not succeed, then we can extract from @
a subset V; C @ of size approximately k& which is nearly isolated from the rest of the graph, and
for which at least half of the vertices are large. If we cannot embed T in any of the iterating
steps (i.e., V(G) \U; Vi = 0), we obtain a particular configuration of the graph G, called the
Extremal Configuration. The structure of GG is then very similar to that depicted in Figure [
In this case, we prove that T' C G, without the use of the Regularity Lemma.

In the remainder of the overview, we explain in more detail the proof of the part using the
Regularity Lemma, as well as the part when G is in the Extremal configuration.

The Regularity Lemma Part. Before applying the Regularity Lemma, we first resolve two
simple cases. The first one is when @ is close to a bipartite graph with one of its color classes
being the large vertices (see Lemma [0.T]). The second case (see Lemma [5.5]) is when the tree T
is locally unbalanced (see the definition on page [[4]). In both cases easy arguments show that
TCG.

In other cases we use the Regularity Lemma on the graph G and obtain a cluster graph
G. We apply a matching lemma (Lemma [.8]) to the subgraph induced by the clusters in Q.
This lemma guarantees the existence of one of two certain matching structures in G. Each of
these structures exposes a matching M in the cluster graph, and two clusters A and B that
are adjacent in G and that have high average degree to the matching M. These structures are
called Case I and Case II. The principle of the embedding is to use the edges of M to embed
parts of the tree T" in them, and use the clusters A and B to connect these parts.

The Extremal Case Configuration. Inthe Extremal case we are given disjoint sets V;,...,V; C
V(@) such that each of them has size approximately k, contains at least nearly g large vertices,
and each set V; is almost isolated from the rest of the graph.

If the sets Vi,...,V; exhaust the whole graph G, we are able to show T C G as follows.
We find a set V;, so that most of 7' can be embedded in V;,. We may need to use a few edges
that connect distinct sets V; and embed some part of 7" outside V;,. The way of finding these
“bridges” depends on the structure of the tree T

If Vi,...,V; do not exhaust GG, the method remains the same. However, it has two possible
outcomes. Either we show that T'C G or we are able to exhibit a set Q@ C V' \ |J,_, V; with the
properties as above allowing the next step of the iteration.

j<i



Strengthening of Theorem — Theorem The only place where we use the exact
bound on the number of large vertices is the last step of the Extremal case. That is, the whole
vertex set V(G) is decomposed into sets Vi, ..., Vs, each of size approximately k. Assume now
that k € (¢in,g2n). We have n = [Vi| + [Va| + ... + |Vs| = ks € (q15n, gasn), yielding that the
the interval (g1, g2s) must contain 1 (or at least to be “close to 17). Thus the Extremal case
cannot occur when [q%, q%] NN = (). This suffices to prove Theorem

Relation to previous work. The proof of Theorem [LJl is inspired by techniques used to
prove Theorem [[.4] ([23]) and Theorem [[3] ([28]). Both these papers build on a seminal paper of
Ajtai, Komldés and Szemerédi [I] where an approximate version of the (2—2—%) Conjecture was
proven. In [I] the basic strategy is outlined. It is worth noting that even though [I] addresses
explicitly only the (5-5-%) Conjecture the proof actually yields Theorem [[4] in the regime
% > % As in the proof overview above, the key step is a certain matching lemma applied to
the cluster graph of the host graph.

The key ingredient in [28] was to identify — using the approach of Ajtai, Komlés and
Szemerédi combined with the Stability method of Simonovits [24] — one extremal case. This
extremal case was analysed and resolved by ad-hoc methods. The main contribution of [23] is a
more general matching lemma, which is applicable even when % < % In this paper we further
strengthen the matching lemma from [23]. The Extremal case is an extensive generalization of
the Extremal case from [28].

Algorithmic questions. Let us remark that our proof of Theorem yields a polynomial
time algorithm for finding an embedding of each tree T' € Ty, 1 in G, given that k and G satisfy
the conditions of Theorem Indeed, all the existential results we use (Regularity Lemma,
and various matching theorems) are known to have polynomial-time constructive algorithmic
counterparts. We omit details.

3 Notation and preliminaries

For n € N we write [n] = {1,2,...,n}. The symbol A means the symmetric difference of
two sets. The function ci : R — Z is the closest integer function defined by ci(x) = |z] if
x — |z] < 0.5, and ci(z) = [x] otherwise.

We use standard graph theory terminology and notation, following Diestel’s book [6]. We
define here only symbols that are not used there. The order of a graph H and the number
of its edges are denoted by v(H) and e(H), respectively. For two vertex sets X and Y we
write E(X,Y) for the set of edges with one end-vertex in X and the other in Y. We write
e(X,Y) = |E(X,Y)| (note that edges inside X N'Y get counted only once). When X and
Y are disjoint, we write H[X,Y] for the bipartite graph they induced. For a vertex x and a
vertex set X we define deg(z, X) = degx(x) = e({z}, X). For two sets X,Y C V(H) we define

the average degree from X to Y by degy(X,Y) = % We write degy(X) as a short for

degy (X, V(H)). Let X and Y are arbitrary (not necessarily disjoint vertex sets). We define two
variants of the minimum degree: §(X) = min,ex deg(v), and §(X,Y) = min,ex deg(v,Y). In
this case, we may write H in the subscript (e.g. 057 (X)) to emphasize which graph we are dealing
with. We denote by N(z) the set of neighbors of the vertex x, by Nx(z) the neighborhood of x
restricted to a set X, i.e., Nx(z) = N(z) N X, and by N(X) the set of all vertices in H which
are adjacent to at least one vertex from X, i.e., N(X) = (J,cx N(v).

Let P = vjvy...v be a path. For arbitrary sets of vertices X1, Xo,..., X, we say that P is
an X1 — Xo — ... — Xy-path if v; € X; for every i € [(]. An edge zy is an X —Y edge if x € X



and y € Y and a matching M is an X — Y matching if its every edge is an X — Y edge.

A pair (H,w) is a weighted graph if H is a graph and w : E(H) — (0,+00) is a weight
function. For two sets X, Y C V(H) the weight of the edges crossing from X toY is defined by
w(X,Y) =3 epx,y)w(@y). Denote also by w the weighted degree, w(v) = >~ cv (), wue g @ (V1)
For a vertex v and a vertex set X we define w(v, X) analogously to deg(v, X).

We omit rounding symbols when this does not effect the correctness of calculations.

3.1 Trees

Let T' be a rooted tree with a root r € V(T'). We define a partial order < on V(T') by saying
that a < b if and only if the vertex b lies on the (unique) path connecting a with r. If a < b and
a # b we say that a is below b. A vertex a is a child of bif a < b and ab € E(T). The vertex b is
then the parent of a. Ch(b) denotes the set of children of b. The parent of a vertex a is denoted
Par(a) (note that Par(a) is undefined if a = r). We extend the definitions of Ch(-) and Par(-)
to an arbitrary set U C V(T') by Par(U) = (J,cry Par(u) and Ch(U) = U,y Ch(u). We say
that a tree Ty C T' is induced by a vertex x € V(T) if V(Th) = {v € V(T) : v < z} and we
write 77 = T'(r, ] x), or if the root is obvious from the context 77 = T'(] z). Subtrees induced
by a vertex are called end subtrees. Other subtrees are called internal subtrees. A subtree Ty
of T is a full-subtree, if there exists a vertex y € V(T') and a set C' C Ch(y), C' # () such that
To = TH{y} UlUpectv © v 2 b}]. Internal vertices are simply non-leaf vertices.

We will want to find a full-subtree in such a way that we have some control over its order
or over its number of leaves. To this end we will use the following fact.

Fact 3.1 ([28, Fact 7.9]). Let (T,r) be a rooted tree of order m with £ leaves.
(i) For each integer mg, 0 < mg < m, there exists a full-subtree Ty of T' of order m € ["5%, mo).

(id) For each integer £y, 0 < Ly < L, there exists a full-subtree Ty of T" with ? proper leaves
(i.e. leaves of T ), where £ € [2, 4o).

For each tree F' we write Fiy and Fg for the vertices of its two color classes with Fyg, being
the larger one. We define the gap of the tree F' as gap(F') = |Fg| — |Fs|. For a tree F, a
partition of its vertices into sets Uy and Us is called semi-independent if |Uy| < |Us| and Uy is
an independent set. Furthermore, the discrepancy of (Uy,Us) is disc(Uy, Us) = |Us| — |U;| and
the discrepancy of F' is defined as

disc(F') = max{disc(Uy,Us) : (Uy,Us) is semi-independent} .

Clearly, gap(F) < disc(F).
The next three facts relate discrepancy to other properties of trees.

Fact 3.2 ([28] Fact 6.9]). Let (Uy,Us) be a semi-independent partition of a tree T of order
v(T) > 1. Then Uy contains at least |Us| — |Uy| + 1 leaves.

Fact 3.3. Let r be a vertex of a tree F', and let (U1, Us) be any semi-independent partition of F.
Let K be a subset of the components of the forest F — {r} and let V(K) denote all the vertices
contained in the components of K. Then

(@) [[V(K) N Eg| — |V(K) N Fa|| < disc(F) + 1, and
(i) |V () N Us| — [V(K) N Ui | < dise(F) + 1.



Proof. We focus first on The statement is obvious when |V (K) N Fg| — |V(K) N Fg| = 0.
Suppose that |V (K) N F,| — |[V(K) N Fy| = £ > 0, where a,b € {®,8}, a # b is a choice of
the color classes. It is enough to exhibit a semi-independent partition (Wp,Ws) of the tree
F with |Wy| — |W3| > ¢ — 1. Partition the components of the forest F' — {r} that are not
included in K into two families A and B so that A contains those components K ¢ K for which
|[V(K)NF,| > |V(K) N Fp|. Then the partition below satisfies the requirements.

Wi =A{r}u(V(K)NF) U (V(A)NF) U (V(B)N Fa) ,
Wy =(V(K)NF,)U(V(A)NE,)UV(B)NEF) .

The proof of is similar, and we only sketch it. Again, we shall exhibit a semi-independent
partition (W7, Wa) with |[Wa|— |Wy| > |[V(K)NUs| —|V(K)NUi|—1. We put r into W;. On the
components of K the partition into W7 and Wy is inherited from the partition (U, Us). Every
component K ¢ K of F'— {r} is partitioned so that W5 gets the majority color class of K. O

Fact 3.4. Suppose that T is a tree with disc(T) < £. Let V(T) = U1UU; be a partition such
that Uy is independent. Then for the set X of the leaves in Uy that have another leaf-sibling
in Uy we have | X| < L+ |Up| — |Us].

Proof. We have | X| > 2|Par(X)|. Thus, if | X| > ¢ + |U;| — |Us|, we consider the partition
(UL \ X) UPar(X) , (Us\ Par(X)) U X) .

Even though we do not necessarily have Par(X) C Us this is semi-independent partition of
discrepancy at least |Us| — |Uz| + 2(|X| — [Par(X)|) > ¢, a contradiction. O

3.2 Greedy embeddings

Given a tree 1" and a graph H there are several situations when one can embed T in H greedily.
The simplest such setting is given in Fact [Tl An analogous procedure works if H is bipartite,
H = (V1,Va; E), and 6(V1, V) > |T|,6(Va, Vi) > |T5|. The facts stated below generalize the
greedy procedure.

Fact 3.5 ([28], Fact 7.2(2)]). Let (U1, Us) be a semi-independent partition of a tree T. If there are
two disjoint sets of vertices Vi and Vs of a graph H such that min{d§(Vy, Vo), 8(V1,V1),8(Va, V1)} >
|Ui| and 6(V1) > v(T) — 1, then T C H.

Fact 3.6 (28] Fact 7.2(1)]). Suppose that H is a graph with a bipartite subgraph K = (W1, Wa; J).
If §(K) > & and 5y (W1) > £ then Toy1 C H.

Fact 3.7. Suppose H' C H are two graphs. If 6(H') > x and 6y (V(H')) > ¢, then F C H for
each tree F' € Tpy1 with at least { — x leaves.

Proof. We first embed the internal vertices of F' in H' using the greedy procedure from Fact [T
We can then extend this embedding using the high degrees of V(H'). O

The next lemma allows us to embed a tree T" into a graph containing a bipartite subgraph
H which can almost accomodate T'. So, additional connecting structures M, £ that will allow
to divert small parts of T elsewhere are introduced. The main structures assumed in the lemma
are shown in Figure

Lemma 3.8. Suppose that o € (0, 1—10) is arbitrary. For each tree T € Tigy1 with less than ak

leaves the following holds. Suppose that a bipartite graph H = (A, B; E) and graphs {H,}xer
(where I is arbitrary) are pairwise vertex-disjoint subgraphs of a graph G on vertex set V.
Suppose that the following properties are fulfilled.



Figure 2: The situation in Lemma [3.8 Most of the set T is embedded in A, most of the set Tj
will be embedded in B. The connections £ and M are used to divert parts of T' to the graphs
H,.

(1) 0(Hy) > 34ak for each k € 1.
(i7) dc:(A) > k.

(i13) There exists an A— (U, (V(Hx)))-matching €, and a family M of pairwise vertex-disjoint
A— (V\V(H)) - (U, V(H:)) paths. Moreover, V() NV (M) = 0.

E] + M| < ak.
Al + €] = [Tl

)

)

(vi) [B] + €] + M| = [T - 1.

) (A, B) > |B| - ak.
)

The set B has a decomposition B = B,UBq, |Bq| < ak, §(Ba,A) > |A| — ak, and
there exists a family Q of |Bq| pairwise vertex-disjoint A — Bq — A paths. Moreover,
V(Q)N(V(E)UV(M)) =0.

Then, T C G.

The proof is given in the Appendix.

3.3 Specific notation

A graph H is said to have the LKS-property (with parameter k) if at least half of its vertices
have degree at least k, i.e., we have |L| > Lf), where L ={v € V(H) : degg(v) > k}.

When we refer to ¢, ng,n, k or G in the rest of the paper, we always refer to the objects from
the statement of Theorem The vertex set of G is denoted by V. We partition V = LUS,
where L = {v e V : deg(v) >k} and S = {v €V : deg(v) < k}. We call the vertices from L
large and the vertices from S small. The hypothesis of Theorem implies that |L| > %.
Finally T" denotes a tree of order k£ + 1 that we want to embed in G.

We write o <  to express that « is sufficiently small compared to 5.

4 Proof of the Main Theorem (Theorem [1.5])

The proof of Theorem is based on an iterated application of Lemma [£.I] and below. To
state Lemma [I.J] we need to introduce the notion of (f3, o)-extremality. The (/3,0 )-extremality
says that a part of a graph resembles the extremal structure as in Figure [l For two reals
B,o € (0,1), a partition of the vertex set V = ViUVU...UV,UV is (B,0)-extremal if the
following conditions are satisfied.
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>1.

(1—-p)k <|Vi] < (1+ )k for each i € [(] .
e V=>0or|V|>ok.
o ¢(Vi,V\V;) < Bk? for each i € [{] , and e(V,V \ V) < Bk?.

(% — Bk < |V;N L| for each i € [¢] .

o [VNL|<(3-0a)V].
Lemma [T] below, which will be proved in Section [l deals with a graph that admits an

extremal partition.

Lemma 4.1. Given a number g > 0, there exists a constant cg > 0 such that the following
holds. For each o < cg there exists a number B € (0,0) such that if G is a graph satisfying
the LKS-property with k > qn that admits a (8, 0)-extremal partition V =V1U...UV,UV, then
Tii1 C G, or there exists a set QQ C V such that

() QI > £ .
(@) lQnLl >4,
(iii) e(Q,V \ Q) < ok? .

The next statement, which will be proved in Section [6], entails the regularity part of the
proof of Theorem

Lemma 4.2. Given numbers q,c,p > 0 there are numbers X € (0,p) and ny = ng(q,c,p) € N
such that for each graph G on n > ng vertices satisfying the LKS-property with k > gn with a
subset V., €V having the following properties

(i) [Vl > ek,
(i) e(Vi, V\ Vi) < M2, and
(id0) |LOVi] > 5(1 = N)Vi],
there exists a subset V' C V. such that
o (I=pk<[V[<(1+p)k,
o [V'NL|>LV'|, and
o e(V,V\V') < pk?,

or Te4+1 C G.

Proof of Theorem 4. Given q > 0 let cg be given by Lemma Il Further let 8 be given by
Lemma A1) with input parameters ¢,cg and ¢ = cg. Set ¢ = % and C = (%1 We find a
sequence of parameters

<K<K, KL po1 Koo X po, (4.1)



constructed as follows. Set pc = ¢. Inductively for each i = C,... 1 let o; = (g, ¢, p;) be given

by Lemma for input parameters ¢,c and p;. Further let ; be given by Lemma [A1] with

input parameters ¢,cg and . Finally for i > 1 set p;_; = % Set ng = 4I1113X0{n0(q,0, pi)},
i

where the numbers ng(q, ¢, p;) are from Lemma

Let G be a graph satisfying the conditions of Theorem (i.e., q is fixed, n > ng, and
k> qn).

Recall that ci(z) denotes the closest integer to x. Let ¥ = ci(3). We iterate the following
process for at most 9 steps. In step i, i < 9, we prove that Txy; € G or we define a set
Vi €V \ U, Vj such that the following conditions are fulfilled for each j € [i].

(P1); (1 —pi)k <|V;| < (A + pi)k,
(P2); [LNV;| > (3 — pi)k, and
(P3); e(V;, V\V;) < pik?.

In step ¢ = 1, we apply Lemma .2l with parameters ¢, ¢, p; and input set V, = V. We obtain
that Tp+1 C G, or there exists a set V; satisfying (P1);, (P2)1, and (P3);. In step i > 1, suppose
that we have sets Vi,..., Vj_y satisfying (P1);—1, (P2);—1, and (P3);—1. Set V* =V \U,,; V;.

First assume that [V*| > ck. If [LNV*| > £(1—0;)|V*], the graph G satisfies the conditions
of Lemma (with input parameters ¢, c, p; and input set V, = V*). Indeed, |V*| > ck by
assumption, e(V*, V \ V*) < (i — 1)p;_1k* < B;k? < 0;k? because Vi,..., Vi 1 satisfy (P3);_1,
and |[LNV*| > 3(1 — 0;)|V*| by assumption.

If LNV < %(l—ai)|V*|, then the partition V = ViU...UV;_1UV* is (Cp;_1, % )-extremal.
Indeed,

o > 1;

o (1 -Cpi—1)k < (1 —pi—1)k < |Vj| <A+ pic1)k < (14 Cpi—q)k for each j <i—1 by

(P1)i—1;
o |V¥| > ck > Ué'k by assumption;
e ¢(V;,V\V;) < pi_1k* < Cp;_1k?* for each j <i—1 by (P3);_; and

e(V*VA\V*) < (i - 1)pi_1k2 < Cpi_lkz;

V;iNL| > (5 —pi-1)k > (5 — Cpi—1)k for each j <i—1by (P2);_1;

VANL < 30— o)V = (3 - IVl

gq

Therefore Lemma T with parameters ¢, cg, % applies. Thus 7341 C G, or there exists a set
Q C V* satisfying Lemma [.T]|(¢)H(¢72)| It is enough to assume the latter case. Here again, the
graph G satisfies the conditions of Lemma[L.2] (with input parameters ¢, ¢, p; and input set Vi =
Q). Indeed, |Q| > £ > ¥k = ck, e(Q,V\ Q) < Tk < o3k and [Q N L| > & > 1(1 - 0y)|Q].
Thus Lemma yields that 711 C G, or that there exists a set V; C @ satisfying Properties
(P1);~(P3);.

It remains to deal with the case |V*| < ck. The set V is decomposed into sets Vi,...,V;_1,
each of which is of size approximately k, and a little set V*. Thus, ¢ — 1 = 6. Having found
sets V1,...,Vy satisfying (P1)y—(P3)y, we set V] = V1 UV* and V] = Vj for j > 2. The thus
defined partition V' = V/U...UVjUD is (5, cg)-extremal. Indeed, by (P1)y—(P3)y, we have

o > 1;
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o (1= B)k < (1—po)k < V| < VI < Vil +[V*| < (14 pyg + )k < (1+ B)k for cach j < ;

o c(VI,VAV]) <e(Vi,V\Vj) +e(V*,V\V") < pok? + (9 — 1)pyk? < Bk? for each j <o
(the summand e(V*,V \ V*) is necessary only when j = 1);

o V/INLI>|V;nL|>(5—py)k > (53— B)k for each j <.

Lemma 1] with parameters ¢,cg and o = cg yields that Tx11 € G (as no new set @ can
be found). O

5 Tools for the proof of Lemma

5.1 Sparsity in the set of large vertices

Suppose that G is a graph with the LKS-property with parameter k such that its set L of large
vertices is almost independent. In this section we provide an ad-hoc argument showing that
in (a situation a bit more general than) the setting above, we have Tp11 C G. Indeed, in this
case G is close to a k-regular bipartite graph with color classes L and S, and thus we are roughly
in the setting of Fact

Lemma 5.1. For every q¢ > 0 there exists a real cg > 0 such that for each ¢ € (0,cg] and each
n-vertex graph G = (V, E) with the LKS-property with parameter k > qn, and with a set V, CV
satisfying
(i) Vil > ek,
(i1) e(Vi, V\ Vi) < ck?,
(iii) (3 - )Vl < V(L] , and
(iv) e(G[Vi N L]) < en?,
we have Tpy1 C G.

Proof. Set cs = ¢°1078. Let ¢ € (0,cg] be arbitrary. Let G be any graph satisfying the
assumptions of the lemma. First observe that

Vil > 3. (5.1)

Indeed, suppose the contrary. Assumptions and imply that |V, N L| > (% —¢)ck >
1/ck. By the negation of (51I), each vertex in Vi N L emanates at least £ edges into V' \ Vi.
Therefore (Vi N L,V \ V;) > 7z /ck?, a contradiction to

Fix aset L1 € LNV, of size |L1| = (3 — ¢)|Vi|. Define Ly = {u € Ly : deg(u, Vi \ L1) >
(1 — 2y/c)k}. For each vertex x € Ly \ Lo we have that deg(xz, L1) + deg(z,V \ Vi) > 2y/ck,
otherwise z would have been included in Lp. Summing up and we have e(G[L1]) +
e(L1\ L2,V \ Vi) < 2cn?. Theorefore, we have that

4en? mD 9 1
L1\ Ly < 3 V| < = el Vil .
L1\ 2|_2\/Ek< Vg™ |_2\/E| |
Consequently,
|La| > (53 = Vo)Vl (5.2)

We verify that the set S = {u € Vi \ Ly : deg(u, Ly) > (1 — &)k} covers almost the whole set
Vi\ Li. Define L, = {y € Vi \ Ly : deg(y,L2) > k}. Observe that L, C LN S. By [(iv)] less
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than cn? edges of E[Ls, V, \ L] are incident with a vertex from L,. Hence the number of edges
in the bipartite graph B = G[Lq, Vi \ (L1 U L,)] is at least

e(B) > |Lal(1 = 2/ — en? 2 (3 — 20)Vilk . (5.3)

On the other hand, we upper-bound the number of edges in the graph B using the fact that for
each x € S\ L, and for each y € V,\ (L;US) we have that degg(z) < k and degg(y) < (1—/c)k,
respectively.
e(B) < [S\ Lulk + Vi \ (L1 US)|(1 = Ve)k  [as SU(Vi\ (L1US)) = Vi \ L1]
= |Vi\ Lilk — e Vi\ (L1 U S)[k
= (3 + Valk — ¥elVi \ (L1 U S)]k. (5.4)

Combining (B3] with (5.4]) we obtain

Vo (L US| < a9 < 20 (5.5)

By the choice of Ly and S, the minimum degree of the vertices in Ly in the bipartite graph
G1 = G[Ly, 5] is at least (1 — 2y/c)k — |V, \ (L1 U S)|, and of those in S at least (1 — {/c)k.
By (5.5) and the choice of cg we have that §(Gq) > £.

Fact applied on the graphs B and G yields that Tx11 C G. O

5.2 Cutting trees, and (un)balanced trees

Definition 5.2. An (-fine partition of a tree T € Tiy1 rooted at a vertex R € V(T) is a
quaternary D = (Wa,Wg,Da, Dg) with the following properties.

(i) Wa and Wy are sets of vertices in V(T'). Da and Dp are sets of subtrees in T'. Further,
V(T) is a disjoint union of Wa, Wg, and the sets V(t), t € DaUDp.

(1) The distance from each vertex in Wy to each vertex in Wg is odd. The distance between
each pair of vertices in W4 or between each pair of vertices in Wp is even.

(1ii) No tree from Dy is adjacen to any vertex in Wpg. No tree from Dp is adjacent to any
vertex in Wa.

(iv) v(t) < £ for each tree t € Dy U Dp.
)

(v) R€ WU Ws.

(vi) max{|Wal,|[Wg[} < 1.

)
(vii) Dp contains no internal tree.
)

We have

(vidi

o) = > ).

teDA tEDB
t end-tree

(iz) Fach internal tree from D4 is adjacent to two vertices of Wy.

'a subtree t is adjacent to a vertex v if there is at least one edge from v to V (t)
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For an (-fine partition D = (Wy, Wp,D4,Dp) the trees from Dy U Dp are called shrubs.
For a subset F C D4 UDp, we denote the vertices contained in F by V(F) and we write
o(F) = |V(F).

It is proven in [23] that for every ¢ each tree can be cut up in a way which results in a
partition that satisfies (i)—(viii) of Definition Here we extend this result by the additional
requirement of (ix) from Definition

Lemma 5.3. Let T € Tiy1 be a tree rooted at a vertex R and let £ € N, ¢ < k. Then the rooted
tree (T, R) has an (-fine partition.

For the proof, we shall need the following easy claim.

Fact 5.4 ([28, Proposition 7.11]). Let T be a tree with ¢ leaves. Then T has at most £ — 2
vertices of degree at least three.

Proof of Lemma 5.3, We first cut up the tree T into components of order at most £. To this
end we start with an empty set W; and place a token v on the root R. At each step we check
whether all the components of T" — v possibly except the one containing R are of individual
orders at most £. If that is the case then we insert v into W7, and we delete v as well as all the
said components from 7. We restart with the token v again on R. Otherwise, we move v one
vertex down to any component of order more than £. Obviously, at the stage when the process
terminates, we have |[Wp| < % Last, we add R to Wj. Then |[W;| < % + 1.

Next, we want to refine the set of cut vertices Wi in order to satisfy (ix) of Definition
To this end, consider the components D3 of T' — W that neighbour at least 3 vertices of Wj.
Fix an arbitrary tree ¢ € D>3. Let X(t) C V(¢) be the neighbors of Wj. Let X'(t) be all
the vertices of X (¢) with the <-maximal element removed. We have |X'(t)] = |X(¢)| — 1.
Consider the tree branch(¢) C ¢ induced by the paths in ¢ connecting all the pairs of vertices
of X(t). Let Y(t) be the vertices of degree at least 3 in branch(t). By Fact £4 we have
V()| < [X(#)] —2 < [X'(¢)]. Observe that a map assigning to each vertex of U;cp_, X'(¢)

any of its <-minimal neighbors in W} is injective. Set Wy = W U UteD>3 Y (t). By the above,

[Wa| < Wi+ ep., [X'(D)] < 2[WA] < 2(211) + 2. Let S4 and Sp be a partition of all the

components of T'— W5 where the respective membership of a component to S4 or to Sp is given
by the parity of the distance of that component to R, and further such that

doum)y = D> ().

teSy teSp
t end-tree t end-tree

In particular, we can write Wy = Wy UWsp where Way are the parents of all the components
of S4 and Wyp are the parents of all the components of Sg.

It remains to add further cut vertices in order to satisfy (iii) and (vii) of Definition
Initially, set W3 = W5. For each internal tree tg € Sp we take its unique =<-maximal vertex
and add it to the set W3. Further, we add Par(Wsp) NV (tg) to W3. For each internal tree
ta € Sq we add Par(Waop) NV (ta) to W3. See Figure Bl As each vertex of Wap has at most
one parent lying in some internal tree from Sy U Sp, we have

|[Ws5| < |Ws| + |[{internal trees in Sg}| + [Wap] .

As each internal tree can be associated with a unique vertex of Wy lying directly below it we
get |Ws| < 3|Ws| < Sl 4 6 < 12k 1t is straightforward to check that the set W3 parti-

1 .
tioned according to the bipartite colouring W3 = W,UWp with the correspondingly partitioned
components DyUDp of T — W3 satisfies all requirements of Definition O
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° ° Waa
° ° Wap

Waa

Wap

Waa

Wap

o Waa
° ° Wap

e Wy

Figure 3: Obtaining the set W3 from the set W5 on examples of four internal trees depending
on the parity of the neighbouring vertices of W5 (which are denoted by dots). The newly added
vertices are marked by stars.

The next lemma will allow us to remove trees which are locally unbalanced from further
considerations in our proof of Theorem [l Let us introduce the notion of (un)balanced forest
1

now. For a real number ¢ € (0, ) we say that a family C of trees of total order at most k +1 is

c-balanced if the forest formed by the trees ¢t € C with |tg]| > ¢ - v(t) is of order at least ck, i.e.,

Z v(t) > ck .

teC
[to|>cu(t)
Otherwise, we say that C is c-unbalanced.
Note that when C is c-balanced, then

> ftel = k. (5.6)

teC

Lemma 5.5. For each number ¢ > 0 there exists a constant cy > 0 such that the following
holds for each n-vertex graph G with the LKS-property with parameter k > gn. Suppose that
T € Tis1 is given. If there exists a set W C V(T), |W| < cuk such that the family C of all
components of the forest T'— W is cy-unbalanced, then T C G.

Proof. Set cy = %, where cs is given by Lemma 511

If the set L induces less then cgn? edges then we have 7' C G by Lemma [5.1] with V, = V.
In the rest we assume that G[L] contains at least cgn? edges. A well-known fact asserts that
there exists a graph G’ C G[L] with minimum degree at least half of the average degree of G[L],
i.e., 6(G") > cgn > 6ey(k +1).

Let C' C C be those trees t € C for which |tg| < cywv(t). Since C is cy-unbalanced we have
>tec\er V() < cuk. Consequently,

Zv(t) =vu(T)—|W| - Z v(t) > k+1—cuk—cuk>1—-2cu)(k+1). (5.7)
tec’ tec\C!

Fact B2 gives that each tree t € C', v(t) > 1 contains more than (1 —2cy)v(t) leaves. The same
property holds trivially for each tree t € C’, v(t) = 1. Employing (5.7)), we get that there are at
least (1 —2cu) Y ;e v(t) > (1 —4cu)(k + 1) leaves in the trees of C'. A leaf of a tree t € C' is
either a leaf of T or it is adjacent to a vertex in W. We root T' at an arbitrary vertex r, thus
obtaining a partial order <. Let X be the set of vertices that are leaves of some tree t € C' but
not leaves of 7. Each vertex in X is either a <-minimal or a <-maximal vertex of some tree
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t € C. Let Xpin € X be the <-minimal vertices and Xpax = X \ Xmin. (Note that the vertices
which come out from 1-vertex trees of C’ are included only in Xy,;,.) As each tree in C’' has a
unique =<-maximal vertex we get |Xyax| < h, where h is the number of trees in C’ which have
order more than 1. Observe that each such tree has at least ——  vertices and thus h < cy(k+1).
For each v € Xy, we have |Ch(v) "W > 1. Since for each u€ W it holds |Par(u) N Xmin| <1,
we have | Xpin| < |W| < cyk. Summing the bounds we get |X| < 2cy(k 4+ 1). Thus T has at
least (1 — 6cy)(k + 1) leaves. Therefore, we can apply Fact B on G’ C G and conclude that
T CAG. O

5.3 A matching structure

A graph H is said to be factor critical if for each its vertex v the graph H — v has a per-
fect matching. The following statement is a fundamental result in Matching theory. See [6),
Theorem 2.2.3], for example.

Theorem 5.6 (Gallai-Edmonds Matching Theorem). Suppose that H is a graph. Then there
exist a set Q@ C V(H) and a matching M of size |Q| in H such that every component of H — Q
1s factor critical and the matching M matches every vertex in Q) to a different component of

H—Q.

The set @ in Theorem [5.6] is called a separator. In order to introduce the main result of this
section, Lemma [£.8], we need the following setting.

Setting 5.7. Let s > 0 and let (H,w) be a weighted graph of order N, with w: E(H) — (0, s].
Let o, K be two positive reals with ﬁ <o < min{?ﬁ%, 3—10} Let L be a set of vertices such that

(i
(i

) V(H)\ L is an independent set,

)
(iii) w(u) > K for every u € L,

)

)

|‘c| __UN7

(iv) the set L induces at least one edge in H,

(v) w(u) < (14 0)K for everyu e V(H)\ L.

Lemma 5.8. Let s,N,o0,K, L, and a graph (H,w) be as in Setting[5.7. Set L* ={u e V(H) :
w(u) > 2(1+ o)K}. Then there exist a matching M such that at least one of the following
holds.

Case I There are two adjacent vertices A,B € V(H)\ V(M) with A€ L, w(A,V(M)) > K — s,
and w(B,V(M)UL*) > (1 +0)K. For each edge e € M we have [N(A) Ne| < 1.

Case II There exists a set O C V(H) such that for each x € O all but at most 20N neighbours of x
are covered by M. Furthermore, the set ONL induces at least one edge, and |V (M')\ O] <
1, where M' = {zy € M : z,y € N(O)}.

Moreover, observe that each edge e € M intersects the set L.

Proof. Among all the matchings satisfying the conclusion of Theorem 5.6l choose a matching M,
that covers the maximum number of vertices from V(H) \ £*. Let @ be the corresponding
separator. By definition, My is a Q@ — (V(H) \ Q)-matching. Set Lo = L\ Q and S =V (H)\ L.
We distinguish three cases.
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Case 1

{
Figure 4: Two resulting matching structures from Lemma [B.8 Dashed lines represent no
connections (in Case I), or sparse connections (in Case II).

e There exists an Lo — Lo edge. Let C' be a component of H — () containing an Ly — Ly
edge. If V(My) NV (C) # 0, then we take {2z} = V(My) N V(C). Otherwise, we choose
z arbitrarily in C. Since C is factor critical, there exists a perfect matching M; in C — z.
We claim that the conditions of Case II are satisfied for M = My U M;, and O = V(C).
Thus, O N L induces an edge. Next, let x € O. We have N(z) \ {z} C V(M). Therefore,
w(z, V(M)) > w(r) — s > w(z) — 20Ns. Consequently, all but at most 20N neighbours of x
are covered by M. To check that |V (M')\ O| < 1, it is enough to observe that each edge of M’
except at most one is contained entirely in C.

o We have Lo = 0. Set O = V(H) and M = My. Setting B.7|(2v)| implies that there is an
edge in ON L. Tt is clear that V(M) \ O = 0. Since Q@ D L, |L| > 5 —oN, and |V(M)| = 2|Q|
it holds that all but at most 20N vertices of H are covered by M. The conditions of Case II
are met.

e L is an independent set and Ly # (). We first derive some auxiliary properties of the
graph H.

Claim 5.8.1. Each component C' of H — (@ is a singleton.

Proof. Indeed, since § and Ly are independent, all the edges in each matching in C' are in the
form S — L. Since C is factor critical, we have |V (C' —u) N Ly| = |V (C' —u)NS]| for each vertex
u € V(C). This is possible only when v(C) = 1. O

Claim B.8Jlimplies that Mo is a maximum matching in H. Define L={ueN(Ly : wu)>
K}. Observe that £ C Q. By Setting |5_._'_Z| we also have

N(L)\LCQ\L. (5.8)
Claim 5.8.2. We have £ # 0.

Proof. Assume for contradiction that £ = (. Then for every vertex u € N(£Lg) we have w(u) <
K. We get |Lo|K < w(Loy,N(Ly)) < KIN(Lp)| (the second inequality is indeed strict because
N(Lo) # 0) implying

Lol < IN(Lo)] - (5.9)
On the other hand, from £ = ) it follows that N(£g) N £ = §. Thus every vertex in N(Lp) is
matched by My to a distinct vertex in Lo, a contradiction to (5.9)). 0
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We show that the graph V(H) fulfills the conditions of Case 1. Suppose first that B € N(Lg)
is such that w(B,V(My) U L*) > 3(1 +20)K and let A € N(B) N Ly be arbitrary. Set M =
My\{A, B}. It can then be easily shown that that pair (A, B) satisfies the conditions of Case I.

So assume that for every B € £ C N(Ly) we have

w(B,V(Mp)UL*) < 1(1+20)K , (5.10)
which yields
w(B,X) > 3(1-20)K , (5.11)

where X =V (H) \ (V(Mp) U L*).
Claim 5.8.3. My does not contain any edge with both end-vertices in L.

Proof. Indeed, suppose that such an edge zy € M exists. Then z € £y and y € £. By G100,
w(y, X) > %(1 — 20)K. In particular, there exists a vertex p € Nx(y). The matching {yp} U
My \ {zy} is a matching as in Theorem (with separator @) which covers more vertices of
V(H) \ £* than M. This contradicts the choice of M. O

Observe that for each vertex u € X, we have w(u,V(M)) = w(u) < 2(1 +0)K. As
L C V(My), we have w(u,£) < (1 + 0)K. We bound w(£, X) from both sides.

LK ED K
(1-2)l5 £ w(£X)<1+0)X|5 .

which yields
140

1— 20

We use (B.10) and £y C L* to get w(ﬁ,ﬁo) < |L|(1 4 20)K/2. Also, by the definition of £, we
have w(N(Lp) \ £, Ly) < K|N(Ly) \ £]. Therefore,

L] <

| X1 . (5.12)

Lol K < w(Q,Ly) <w(L, L) +w(N(Ly)\ L, Lo)
< (1+20) 5 14] + KIN(£) \ £

E3) K, -
< (1+20) €]+ KIQ\ £].

which gives

Lol < (1+20)|L] +2/Q\ L] . (5.13)

Every vertex in @ \ £ is matched with a vertex in £y. The converse is true due to Claim
if a vertex in Ly is matched then it is matched with a vertex in @ \ £. Therefore, |Q \ £| =
|LoNV (Mp)|. Combined with ([GI3) we get that 2|Lo\ V (Mp)| < (1420)|£|. Plugging in (5.12)
we obtain

(1+20)?

1-20

By Setting B.71[(#)] we have |£| > |V(H) \ £| — 20N. By Claim E83] we get [£o \ V/(M)| >
|X| — 20N. Combined with (.14]) we obtain

2|Lo \ V(Mp)| < | X . (5.14)

2
(1+20) ¥

21X| - 40N < T[] .
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We use the bounds o < min{ 326(\73’ 35} to get
40N

SK
X[ <—— <8 N<—. 1
X = T =8N = 55 (5.15)
On the other hand, using (511 and Claim 582, we get w(L£, X) > (11— 20)K|L|. As w(e) < s
for each e € E(H) we get w(£, X) < s|£||X|. Combining these two bounds we arrive at
(1-20)K K
N A > —,

2s 4s
a contradiction to (5.15]). O

X >

5.4 Regularity Lemma

In this section we recall briefly the Regularity Lemma [27] and establish related notation. The
reader may find more on the Regularity Method in [20] 19} 21].

Let H = (V(H); E(H)) be a graph. For two nonempty disjoint sets X,Y C V(H) we
denote the density of the pair (A, B) by d(A, B) = ig‘l"g‘) The pair (A, B) is e-regular, if for
any subsets X C A, Y C B with |X| > ¢|A| and |Y| > ¢|B|, we have |d(X,Y) — d(A, B)| < e.
Such sets X and Y are called significant. We say that a vertex v € A is typical with respect to
(“w.1.t.”) asignificant set Y C B, if deg(v,Y) > (d(A, B) —¢)|Y|. Analogously, if {(4, B;)}¢_,
are e-regular pairs, and Y; C B; are significant, a vertex v € A is typical w. r. t. Uil Y;, if
deg(v,Uf:1 Y)) > Zle(d(A, B;) — ¢)|Y;|. Note that our definitions of typicality is only one-
sided; this turns out to be sufficient for our proof.

Fact 5.9. Let X,Y1,Ys,..., Yy be disjoint sets of vertices, such that (X,Y1),(X,Y2),...,(X,Yy)
are e-reqular pairs. Suppose that sets W; C'Y; are significant.

. . . 14
(2) All but at most €| X| vertices of X are typical w. r. t. | J;_y W;.

(17) All but at most \/e| X | vertices of X are typical w. 1. t. at least \/el sets W.
The proof of can be found in [28] Proposition 4.5]. We prove in the Appendix. The

next fact is the well-known “slicing property” of regular pairs.

Fact 5.10 ([20, Fact 1.5]). Suppose that (X,Y) is an e-regular pair of density d. Let A C X
and B CY be such that |A| > «|X|, and |B| > «a|Y| for a > 2e. Then the pair (A, B) is
max {%, 26}—7’egular of density at least d — €.

A partition V(H) = VoUV1U...UVy of the vertex set a graph H is called (g, N)-regular if
Vol < ev(H), |Vi| = |Vj| for every i,j € [N], and for each i € [N] at most eN pairs (V;,V})
(where j € [N]) are not e-regular. The sets V1,...,Vy are called clusters.

We are now ready to state a standard version Szemerédi’s original result [27].

Theorem 5.11 ([27]). For every € > 0 and every mg,r € N, there exist numbers My, Ny € N
such that every graph H of order m > Ny whose vertez sets is partitioned into r sets V(H) =
01U05U ... U0, admits an (g, N)-reqular partition V(H) = VoUWV U...UVN for some mgy <
N < My such that for every i € [N] we have V; C O; for some j € [r].

In the above setting, let H; denote the graph obtained from H by deleting the edges incident
to Vp, contained in some V;, or in pairs of clusters that are irregular or of density smaller than
some fixed constant d. Let H denote the cluster graph induced by H,. That is, H has order NV,
its vertices are V(H) = {V4,...,Vy} and edges are

EMH) ={V;V; : (V;,V}) is a e-regular pair with density at least d} .

Set degy (C, D) := degy,(C, D), for any disjoint sets C, D C V(H). The function degyy induces
a weight function on H.
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5.5 Embedding lemmas

In this section, we introduce tools for embedding trees into regular pairs. Similar results are folk-
lore. Here we give statements tailored to our needs; their proofs are included in the Appendix.
The first lemma deals with embedding a tree into one regular pair.

Lemma 5.12. Let (t,r) be a rooted tree, and d > 2¢ > 0. Let (X,Y) be an e-regular pair
with | X| = |Y| = s and density d(X,Y) > d. Let PP C P C X and Q" C Q C Y be such
that min{|P|,|Q|} > A and max{|P'|,|Q'|} > A, where A > %. Then there exists an
embedding ¢ of t to PUQ such that the root r is mapped to P'UQ’. Moreover, if |P'| > A, the

vertex r can be mapped to P', and if |Q'| > A, the vertex r can be mapped to @Q'.

The next lemma deals with embedding a tree using a matching structure in the underlying
cluster graph. A simplified picture of the situation is given in Figure

OOy @y -
VIV v 1% )//\.\» i

Mx

Figure 5: A simplified picture of an embedding provided by Lemma The lemma provides
with an embedding of a tree with a given fine partition (Wx, Wy, Dx, Dy). The cut-vertices Wx
and Wy are mapped to X and Y, respectively. The shrubs Dy are mapped to the part VY of the
regular matching M. The shrubs Dx are embedded using one of three different ways which is
indicated by the partition Dx = D;UDoUD3. The shrubs of D; are mapped to VX \ |J V (Mx).
The shrubs of Dy which are required to be balanced are mapped to VX NV (Mx). Finally,
the shrubs of D3 are accommodated to a set V2 with their roots placed to an additional set of
clusters Z.

Lemma 5.13. Let 0 < ¢,&,d < 1 and 7,5 be such that 7/s < & < £2d/400.  Let F be a
tree of order at most k + 1 with a T-fine partition (Wx, Wy, Dx,Dy) and let D{UD2UD3 be an
arbitrary partition of Dx. Let H be a cluster graph corresponding to an e-reqular partition of an
n-vertex graph H, whose edges have density at least d and clusters have size s. Let XY € E(H),
and X' C X, Y' CY such that |X'|,|Y'| > (1 —d/2)s. Let Z C V(H)\ {X,Y}. Further let
Mx C M be matchings in H disjoint from Z U{X,Y} such that for each edge of Mx contains
at most one vertex of Ng(X). Let VX, VY VZ C|JV(M) be pairwise disjoint sets. Suppose
that

(i) For allCD € M, |CNVX|=|DnVX|, |CNVY|=|DnVY|, and |CNVZ| = |DNVZ|.
(ii) For all C € V(M), |CNVX[,|CNVY[,|CNVZ| € {0}U es,s].
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(iii) If Dy # 0, then degg(Y,VY) > v(Dy) +én .
(iv) If Dy # 0, then degg (X, VX \ UV (Myx)) > v(D1) + &n .
(v) If Dy # 0, then Dy is c-balanced and degg (X, VX N UV (Mx)) > v(Dy) — 2k +én .
(vi) If D3 # 0, then degy (X, Z) > |[V(Ds) NNp(Wx)| +&n .
(vii) If D3 # 0, then for each Z € Z, degy(Z,VZ) > v(D3) + &n .

Then there is an embedding ¢ of F in H such that o(Wx) C X', o(Wy) CY', o(V(Dy)) C VY,
and p(V(Dx)) C (VX UVZUl2).

6 Proof of Lemma

Suppose that ¢,c, and p are given. Let cg be given by Lemma [E1] for input parameter gq.
Further, let cy be given by Lemma [B.3] for input parameter ¢. Set reals (, «,, 3,9, A, k so that

I<a<kK Ky A (K Y<K Kk <<min{p,c,cs,cu,q}.

Let ng (the minimal order of the graph) and IT; (the upper bound for the number of clusters)
be the numbers given by the Regularity Lemma [E.IT] for input parameters a (for precision),
Iy = 2 (for the minimum number of clusters) and 4 (for the number of pre-partition classes).

Let G be a graph of order n > ng that has the LKS-property. We can assume that G is
LKS-minimal, that is, there is no proper spanning subgraph G’ C G with the LKS-property.
Then clearly,

the set S is independent . (6.1)

Let Vi, C V satisfy the assumptions of Lemma and let 7' € Tgy1 be arbitrary. Our goal
is to show that T" C G. Root T at an arbitrary vertex R, and consider any 7-fine partition
(Wa,Wp,Da,Dp) of (T,R), with 7 = ﬁ—’f The existence of such a partition follows from
Lemma (.31

Prepartition the vertex set V into V, N L,V, NS, L\ Vi, and S\ V.. By the Regularity
Lemma [E.1T] there exists a partition V = CoUC1U. .. UCy satisfying the following.

(R1) Iy < N <11,

(R2) |C;| = s for each i € [N],

(R3) Co| < an.

(R4) for each i € [N], all but at most aN pairs (C;,C;) (where j € [N]) are a-regular,
(R5) for each i € [N], if C; N L # () then C; C L, and if C; NV, # () then C; C V..

Let G, denote the graph obtained from G by deleting the edges incident to Cp, contained
in some Cj, or in pairs of clusters that are irregular or of density smaller than + and let G be
the corresponding cluster graph with weight function deégg. Observe that by |[(R1)H(R4)| we

have
e(G) > e(GQ) — 2an? —yn? > e(G) — \k? . (6.2)

Denote by L the set of clusters contained in L NV, which have large average degree in V,:

L={CeV(G): CCLNV,, degg(C,V,) >k —VAn} .
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Note that |[(R5)| supports the definition and observation below. Let V. be the set of clusters
contained in V,; we write N, = |V,|. Observe that each cluster inside L N Vj is in £, unless
it sends many edges to V \ V.. To estimate the size of £, we set B = {C € V(G) : C C

Vi,degg(C,V\ Vi) > @} It follows from the assumptions of Lemma [£.2] that
1B < 3VAN . (6.3)
Further, observe that we have
LO{CeV(G):CCV.,NL}\B. (6.4)

The ratio |L N V| : |Vi| approximately corresponds to |£| : |[Vi|. More precisely, we use later
the following lower-bound on |L£],

1£] > 11— 20N, — |B] > B —4V/AN > B (N, (6.5)

where we use A < ( < ¢,q.

Let H be the subgraph of G induced by V, such that all the edges induced by the set V, \ £
are removed. The cluster graph H naturally inherits the function degg of G (which is denoted
by dégg;). The next lemma gives some simple properties of H.

Lemma 6.1.
(i) For each C' € L, we have 3 peny, o) 4€8u(C, D) =3 peng(cv.) 488 (C, D).

(ii) All but at most 3v/AN clusters C € V, \ L satisfy
S demg@D)> (Y deme(C,D)) —3vAn.

DeNg(C) DeNg(C,Vx)

Proof. Part |(i)| follows directly. Let us now deal with part By ([63), for any cluster C' €
V. \ (LU B), we have deggy (C) > degg (C, Vi) — |B|s > degg (C, Vi) — 3v/An, as edges of G sent
by C' go either to B or are kept in H. At most 3v/AN clusters in V, \ £ may be contained in
B. O

6.1 Matching structure in the cluster graph

Set ¢ = min{cs,c*}. If e(G[Vi N L]) < ¢/n?, then the conditions of Lemma [5.] are satisfied
for the set Vi and parameter ¢;q)= ¢. Indeed, the assumptions |(4)|(227)| of Lemma [5.1] follow
from the assumptions of Lemma 2] and the fact that A < ¢/. Then, by Lemma [E.1] we get
Ter1 € G. Therefore, we assume in the rest of the proof that e(G[Vi N L]) > ¢n?. By (62) as
A< d, we get e(Gy[ViNL]) > %/nQ.

Lemma 6.2. The set L induces at least one edge in H.

Proof. By (64) and (63) at most 4v/An? of the edges of F(G,[V. N L]) are not induced by the
vertices of |JL£. As e(G,[V.NL]) > %ln2 > 4v/An?, £ induces at least one edge in G. This
edge is also an edge in H. O

The weighted graph (H,degy) satisfies the conditions of Lemma [5.8 with parameters s,
N = N,, 0 =(,and K = k—+/An. Let us verify Conditions (v)|of Setting [B.71 Condition
is satisfied by the way H was derived from G. Condition [(i4)| follows from (G.35]). Condition [(ii)|
is given by the definition of £. Condition was derived in Lemma[6.2]1 Finally, Condition
follows from the definitions of L and £. LemmalG.8 ensures that one of the two specific matching
structures in H exists.

Case I: There are two adjacent clusters A, B and a matching M in H — {4, B} such that:
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(a) We have degg(A,V(M)) >k — 2/ An.
(b) For each edge e € M we have |[Ng(A) Ne| < 1.
(c) There is a set £L* € V(H) such that for all C' € £* we have degy(C) > (1 + %)% and
k
degy(B,V(M)U L") > (1+5) - (6.6)
Case II: There exist a set of clusters O C V(H) and a matching M in H such that:

(a) ON L induces at least one edge in H.
(b) [V(Mp)\ O| <1, where Mp ={CD e M : C,D € Ng(O)}.
(¢) All clusters of O N £ and all but at most 3v/AN clusters C' € O \ L satisfy
degy (C, V(M) > degg(C, Vi) — 3¢n. .
To see this, recall that by the assertion of Lemma we have that
DeNg (C)NV (M) DeNg(C)
for each C' € O. Thus the assertion follows from Lemma [6.1]

(d) Each edge of M intersects L.

We partition Dy = TpUTy, where T are the internal shrubs and by T4 are the end-shrubs
of D4. Recall that Dp contains only end-shrubs and that v(Dp) < v(74). We shall assume
that 7z U T4 U Dp is cy-balanced, otherwise T C G by Lemma (.51

As we shall show shortly, the proof of Lemma .2 follows from the following three statements,
proofs of which are postponed to subsequent sections.

Lemma 6.3. If we have Case I, then T C G.

Lemma 6.4. If we have Case II, then T C G, or for any two clusters A, B € O N L that are
adjacent in H, there exists a matching Mg C M — {A, B} such that My and V4 = |JV (M4)
satisfy the following properties.

(i) degg(A, C),degg (A, D) > (1 — 29)s and degg (A, CD) > (2 — 39)s, for all CD € My.
(i1) degg (A, V(Ma)) > (1 — 80)k.
(i11) (1 —80)k < |Va| < k.
) V(My) CO.

(v) Ifv(Dp) > /Ck, then degg(B,V (My)) > (1 — 99)k.

(vi) If v(Dp) < /Ck, then there exists a matching Mg C M — (V(Ma) U {A, B}) such that
|Mg| < /(N and v(Dg) + Ak < degy (B, V(Mp)) < v(Dp) + Ak + 2s.

(iv

(vii) [VanL| > 3[Val.

Lemma 6.5. Suppose we have Case II and let A,B € ONL, AB € E(H). Suppose that
My, Mp and V4 satisfy from Lemma[6F (For convenience, we take Mp = 0 if the
assumption of Lemma is not satisfied.) If leq,(Va,V \ Va)| > "‘T"Q, then T C G.

Given Lemmas B.3H6.5] Lemma B2 follows. Indeed, we get that Tp11 € G, or eq., (Va, V' \
Va) < k*n%/2, with V4 from Lemma In the latter case, the assertions of Lemma are
fullfilled with the set V' := V4. Indeed, by LemmaH.2](ii)]and by (6.2]), we have ec:(Va, V\Va) <
ea(Vi, VA VL) 4+ eq, (Va, V\ Va) + e(G) — e(Gy) < 2Xk* + kn? /2 < pk?.
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6.2 Proof of Lemma

We shall partition each cluster C € V(H) so that the partition defines two disjoint sets
VE VB C V(G). The embedding ¢ : V(T) — V(G) of T will be defined in three phases. In the
first phase, we shall embed the subtree 7" = T[W, UWg UV (Tp U Téw )], where Téw C Dp will
be defined later. The trees T will be embedded in V¥ and the trees Té\/[ in VB, In the second
phase, we shall embed 72 = Dp \ TA! in VB. In the last phase, we shall embed T4 in V(G).
From now on, we write ¢ for the partial embedding (at the current stage) of T.

The difference between the present proof of Theorem and its approximate version Theo-
rem [[.4] is that in the proof of Theorem we have to fight to gain back small loses caused by
the use of the Regularity Lemma. However, this is not necessary when we have the matching
structure of Case 1. Indeed, we can reduce this situation to the “approximate version”, i.e., to
a setting of similar nature as in Theorem [[.4l

Preparation. We partition each cluster C' € V(H) into sets C*" and C® in an arbitrary way
so that |CF| = (1 —%)|C| and |CB| = y|C|, where

:U(TAUDB). 1<+)\ZM.L+)\_ (6_7)
k 1+ Eooo1+4
Note that
v(Tr) ¢ v(TaUDpR)
—y> 2. — .
1—y> . + S ? A (6.8)
> Tr) _ (6.9)
k
Set

vi= ) ¢?, vf= ] oF,
CeV(H) CeV(H
MP=vEnlJv(m), MF=vFnlJV(M), and LP=VFn| £\ {4,B)}).

Observe that ([6.7) gives y € (A, 1 — \). Indeed, the lower bound is trivial and the upper bound
follows from 1i< <1-=2\
i

Let T2 C Dp be a maximal subject to

> w(t) < degu(B, MP) = An. (6.10)

teTA!

Let T4 = Dp \TE];W . From the maximality, we have

> u(t) > deg(B,MP) = dn—1k or TE=0. (6.11)

teTH!

We now proceed with the three-phase embedding outlined above.

Phase 1 of the embedding. Let A’ C A be the set of typical vertices w. r. t. all but at
most BN sets C € V(M) and let B’ C B be the set of typical vertices w. r. t. LZ. From

Fact [£.9],
min{|A’|,|B|} > (1 — Va)s . (6.12)
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We use Lemma to embed the tree T = T[W4 U Wg UV (Tp UTAY)] with the following
setting. The cluster graph is H, with AB € F(H) and A’ C A, B’ C B. The set Z is empty. The
tree 7" has a T-fine partition (Wa, Wg, Tr, TAT). We have disjoint sets METUMPUY C |JV (M).
The sets M*, MB and 0 play the roles of VX, VY and VZ from Lemma If Tp is cuy/2-
balanced, we set Dy = Tp, D1 = D3 = () and Mx = M. If Tp is not cy/2-balanced, we set
Dy =Tp, Dy = D3 = (), and Mx = (). In particular, note that

o(V(ITH\V(TA)NME =0 (6.13)

We now verify the assumptions of Lemma[B.13] where we use di5131= 7, §1513 = A 61513 =
a. The parameters 0 < a < A < v < 1 and 7, s satisfy 7/s < a < A?y/400. The bound (.12
guarantees that A” and B’ have sizes as required by the lemma. Condition follows from the
way V" and VP were defined and Condition [(ii)|holds as y € (A, 1—\). Conditions[(v7)]and [(vii)]
hold trivially. Condition follows from (G.I0). If 77 is cyy/2-balanced, Condition holds
trivially and for Condition |[(v)| observe that

degp (A, M") > (1 - y)(degu (A, V(M) —an  [by ([E3) and Case [(a)]
> o(Tr) — 3Van > o(Tr) — %k +An .

As T4 U Tp UDp is cy-balanced we get that if Tp is not cy/2-balanced then 74 U Dp is
cu/2-balanced. Condition holds trivially and for Condition observe that

d@H(A,MF) > (1 —y)(degg(A,V(M)) —an [by (6.8]) and Case
>v(Tr) +v(Ta U DB)% — 3V > o(Tp) + M.

Phase 2 of the embedding. Phase 2 is skipped when 72 = (). We label the shrubs of T
as ti,... ,tm%‘. In step i > 1, we define the embedding for the shrub ¢; in a suitable edge

CD € E(G). Set U; = o(V(TrUTA) U Uj<; V(t))). Let z; € Wi be the parent of the root of
the shrub #;. The vertex ¢(x;) is typical w. r. t. L® and hence by (6.8), (6.7) and (G.I1), we
have
deg(p(w:), L) > dogp (B, L7) — an > degg (B, M7 U L?) — degy(B, M”) — an
ZU(DB)+%—U(T§/I) —An— 7k —2an > o(TE) + \n .

Thus there is a cluster C € £* with

as+ T

An
; > — > .
Ne@)nC\U = 5 > S5

From the definition of £*, ([6.7), and (6.13]) we obtain
degg (C, V7 \ V) > deg(C,V7) = [o(V(Dg)) NUI| = 3 .

Therefore there is a cluster D € Ny (C) with |D\ U;| > f;‘fg; We use Lemma [5.12] to embed ¢;

in (CU D)\ U; so that the root of the shrub ¢; is mapped to N(¢(z;)) N C \ U;.

Phase 3 of the embedding. We label Ty as t1,...,¢7,. Instep i =1,...,[Ta|, we define
the embedding for the shrub t;. Let x; € W4 be the parent of the root r; of t;. Set U; =
e(V(Tr UDp) UU;.; V(t))). For an edge CD € M with C € Nu(A) we define

Top = min{|N(p(z:)) N C\ Ui, ID\ Uil} .
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By Lemma [5.12], the shrub ¢; can be embedded in unused vertices of an edge CD € M so that r;
is mapped to a neighbor of ¢(z;), whenever C'D satisfies TiCD > As. f TRpUDpg is cTU—balaunced
then by (B.6) we have

c2
Y max{|CNU|, |IDNU[} < o(Ta)+o(TrUDB)— Y Jte| < o(Ta)+o(TprUDg)— Uk .
CDeM teTrUDR
CENp(A)

By Fact 5.9 we have

Yo Tp> D ( ) NC| —max{|CNUT;|,|DNU})
CDeM CDeM
CeNgu(A) CeNn(A)

>degy (A, V(M) — 2v/an — (o(Tr UDg) — H5) — o(Ta) = An.

If TrUDp is -unbalanced, then Ty is & -balanced. Then by @), max{|V (Ta)NTg|,|V (Ta)N
Tof} < o(Ta) - ()2, We get

Yo Tp> D ( ) NC|—max{|CNUT;|,|DNU;})
CDeM CDeM
CeNgu(A) CeNn(A)
>degy (A, V(M)) = 2v/an — v(Tr UDp) — (v(Ta) — )> A

In both cases, there is an edge CD € M with T& ) > As.

6.3 Proof of Lemma

Let M C M be the minimum matching covering clusters A and B. We claim that
min{degy (A, V(M \ M), degy (B, V(M \ M))} > k — 4¢n . (6.14)

As A, B € ON L, min{degg (4, Vi), degg (B, Vi)} > k — VAn. From Case II[(c)] and the fact
that ]V( )| < 4, [614) follows.

The proof of (7)—(vi) corresponds to Lemma 6.11 from [28]. The hypotheses of [28, Lemma 6.11]
and the present Lemma are almost identical. We describe the correspondence and slight
differences. Our Case I1[(b)]implies hypothesis given by Claim 6.7(3) in [28]. Our Case II[(c)]is
weaker than the corresponding hypothesis given in Claim 6.7(2). In his proof, Zhao only uses
Claim 6.7(2) to deduce that the clusters A and B have a large weight to the matching Mzpao
(which corresponds to our matching M). For the adaptation of the proof, we can use (G.14]),
instead. To help the reader comparing both statements, we indicate the differences in the
notation

A= 3'.)/Zhao C ~ thao U~ T1Zhao N ~ 2kZhao s~ NZhao k=~ NZhao N~ 27WLZhao

(6.15)
Ma = Minzhao M = Mzhao VA = Vizhao v(DB) = fozhao MB =~ My zhao -

The bound in (7ii) is phrased in [28] Lemma 6.11(iii)] in terms of the cluster graph however this

is an inessential difference.

It remains to prove (vii). This follows from Case II as JL C L.
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6.4 Proof of Lemma

Let M C M be the minimum matching covering clusters A and B. Lemma follows from
the following Lemmas [6.6] and 68 Set S ={C : CD € Ma, C ¢ L}, S =S, and
M;, ={CD e M,y : {C,D} C L}.

Lemma 6.6. If eGW(S', V\ Va) > 539n?, then T C G .
Lemma 6.7. If e (S,V \ Va) < 530n2, then T C G or |My| > 99N.
Lemma 6.8. If |My| > 99N, then T C G .

To prove Lemmas we use auxiliary Lemmas [6.9], and

Lemma 6.9. Let P C V(My) such that eq, (JP,V \ Va) > &n?. Then there exists EN/2 —
6VAN clusters C € P with degg(C,V (M \ (Ma U Mp))) > €n/2 — 23/Cn.

Set T=3 ={t€Da : [V(t) \Np(Wa)| >2}. Fori=1,2,set T' = {t € T : v(t) = i}.

Lemma 6.10. Let M~ C My and T3 € Da. If o(T;) > 2|M~|s + 10Un, then there exist
disjoint matchings Mgy, My, C (Mg U Mp)\ M~ such that

degg (A, V(M,)) > v(Da) — v(T5) + Ak , and (6.16)
degy (B, V(My)) > v(Dg) + Mk . (6.17)

Lemma 6.11. If v(T=3) > 519n or v(T1) > 109n, then T C G .
In the proof of Lemma we use the following fact.

Fact 6.12 ([23, Lemma 9]). Let J be a finite nonempty set, and let a,b, A > 0. Fori € J, let
a;, Bi € (0,A]. Suppose that

a b
+ <1.

Dics ¥ DegBi T

Then J can be partitioned into two sets J, and Jy so that ZieJa a; >a—A, and Zier Bi > b.

Proof of LemmalG.9. At least % clusters C' € P satisfy degg (C,V \ Va) > %" From (6.3]) we
have that all but most 3v/AN clusters C of P satisfy degg (C,V \ Vi) < vAn/2. Therefore, all
but at most (% — 3V A)N clusters C € P satisfy degg(C, Vi \ Va) > %" - @

By Case 11 and by Lemma all but at most 3vAN clusters C' € P satisfy
degy (C, V(M) > degg(C, Vi) — 3¢n. As degy(C,Va) < degg(C,Va), at least £ — 6/ AN
clusters C' € P satisty degy(C,V (M) \ V4) > %” — 4¢n.

By Lemma for all clusters C' € V(H) we have degg(C,V (Mp)) < v/Cn. This

proves the lemma. O

Proof of Lemma 610 1If v(Dg) < /Ck, set M, = Ma\ M~ and M, = Mpg. From the as-
sumption of the lemma, we have Mp N M~ C Mg N My = (. Condition ([GIT) follows from
Lemma [6.3] (vi). For (G.I6]), Lemma gives

degg (A, V(M) > degg (A, V(Ma)) — 2|M~|s > k — 89n — 2| M~ |s
> 0(Da) — o(T3) + Ak .
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If v(Dg) > /Ck, we get M,, My, C M4\ M~ satisfying ([6.I6) and (6I7) using Fact with
the following setting: A = 2s,a = v(Da) —v(T}) +2Xk,b = v(Dp) + Ak, J = M4\ M~ and for
every CD € J, acp = degg(A,CD) and Beop = degy(B,CD). Byandof Lemma [6.5]

v(Da) —v(TH) +2Xk v(Dp) + Ak - k—v(T})+ 3\k
degp (A, V(Ma\ M™))  degg(B,V(Ma\M™)) = k—99n—2[M~[s =

as required for an application of Fact [G.12] ]

Proof of Lemma 611
Claim 6.11.1. If v(T') > 109n, then T C G.

Proof. By Lemma[6.10] with TX 513 7! and Mm = (), there exists a partition M, UM, =
M\ M satisfying [6I6) and BIT7). We embed the tree 7/ = T'— V(T) using Lemma 513 with
Dy 15131 = DPs and D, 1513 = Pxip13 = Pa \ T'. Tt is easy to check that the conditions

of Lemma [5.13] are met. The trees of 7' are leaves of T whose parent vertices are mapped to
A C L, and can be then embedded greedily. U

We use Lemma with setting P = V(My) and £ = k/2, and obtain a set C C V(My)
with |C| = 200N such that for all C' € C we have

degy (C, V(M \ (Ma U Mg))) > &2 (6.18)

Set M~ = {CD € My : {C,D}NC # 0}. Let T; C T=3 be maximal, subject to v(73) <
500n+ 7. Hence, v(T;) > 500n > 2|M~|s+109n. By Lemma [6I0l there are disjoint matchings
My, My € (MaUMp)\ M~ satisfying (6.16) and (G.I7).

We use Lemma [E.I3] to embed the tree T' with the 7-fine partition (W4, Wpg,Da,Dp) in G
with the following setting: HygTg = H, XﬂEB] =X = 4 Y513 = YL/m = B,

2513 = C, My 513 = 0, Mg =M\ (MUM™), D513 = Do\ T}, Dy 1513 = 0,
and Dy F13 = T, Dy 513 = Ds: VIE:B = UV (M,), VIE:E = JV(My), and VIZB:E =
UV(M\ (MsU Mpg)). The parameters 513 = o, {513 = M AET3 = 7> 7, and s satisfy
7/5 < a < M¢?v/400. Let us now verify the conditions of Lemma Conditions
and trivially hold. Conditions and follow from (6.I6) and (G.I7), respectively.
Condition follows from (6.18)).

For Condition first observe that |75| + |[Wa| > |V(T4) N Ng(Wy)|. This is because
each vertex in V(7)) NNy (W,) is either a root of a shrub, or a predecessor of a vertex in W4.
Moreover, each vertex in Wy is a predecessor of at most one such vertex. As 7 C T3,

deggr (4, JC) = (1= 20)200n > v(T)/3 + [Wal + Me > [V(T) " Np(Wa)| + M .
O

Proof of Lemmal6.6. Using Lemma with the setting P = S and € = 539 and obtain a set
C' C S of size 189N such that for every C € C’,

degg (C, M\ (Ma U Mp)) > 259n , (6.19)

At least 99N such clusters are in different edges of M. Let C be the set of such clusters. Set
M- ={CDe My : {C,D}NC#0}and C~ =V (M) \C. Note that |[M~| = 99N and that
C-CL.

Lemma tells us that 7 C G if v(T') > 109n or v(T=3) > 519n. Therefore, suppose
that v(T') < 109n and v(T=3) < 519n.
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Observe that D4 \ (723U T2 UT?) consists of those internal shrubs that have at most one
vertex that is not adjacent to Wy. Consider a shrub ¢ in D4\ (T=3UT2UT?'). Any vertex in ¢
is either a predecessor of W4, or the only vertex of ¢t not adjacent to W4, or the only root in t.
Moreover, t always contains a predecessor of Wy, and each vertex in W, is a predecessor of at
most one vertex in such shrubs. Hence, v(Da \ (TZ3U T2 UT!) < 3|Wy|. Therefore

v(T?)

v(Da) = o(TZ3) = (T —v(DA\ (T2 UT?UTY)
> 5 W4 UWg| - 519n — 1000 — 3|Wa| > 290n .

Let 74 C T2 be maximal subject to v(74) < 299n. Then v(T}) > 289n > 2|M ~|s + 109n and
that T'— V(T}) is a tree. By Lemma [6.10] there exist disjoint matchings M,, My C (M4 UMp)\
M~ satistying (6.16]) and (6.17).

Set B’ = B and let A’ C A be the set of typical vertices w. r. t. [J V(M ™). By Fact E3[(2)]
min{|A’|,|B|} > (1 —«)s. We use Lemma[5.I3lto embed T'— V(73) in A’UB' UV (M, U M,)
with DY,Lm = Dp and Dl,m = Dx’m =Dy \’7;’{ It is easy to check that the conditions
of Lemma [5.T3] are met. It remains to embed 7} .

Let C' C [JC be the set of typical vertices w. r. t. [JV (M \ (M4 U Mg). By Fact
|UC\ C| < an. As the current embedding satisfies p(W4) C A’, we get for every z € Wy,

deg(p(z),C U UC*) > (1—=209)2|M ™ |s —2an > 179n > v(T4)/2 4+ An .

We map the roots of the trees in T to C U|JC~. The rest of the trees in T4 can be then
embedded greedily using the typicality of the vertices in C, (619]) and that | JC~ C L. Thus,
T C G as needed. 0

Proof of Lemma[6.8. The proof is similar (and actually simpler) to that of Lemma and we
provide only the needed adaptations. We use M, instead of M~. When 7' and 723 are small
we use the property that |JV (M) C L instead of (619) to embed greedily 7. O

Proof of Lemma [67

Claim 6.7.1. There exists a set C € Ng(A) N LN O of size 55N such that for every C' € C, we
have degyy(C, Vi \ Va) > % and the clusters of C lie in different edges of M.

Proof. We have

e, (Va\ 5, Vi \ Va) > e, (Va, V\ Vi) = e, (5,V \ Va) — e, (Va, V\ Vi)

> 8% 53002 — \k? > K00

8 16
different edges of M, and denote them by C. As V, \ L is independent, C C L. Moreover,
by Lemma we have C C O. By Lemma [GIJ(i)} we have V(M4) C Nu(A) and thus C

satisfies the assertion of the claim. O

Thus, ¥ clusters C' of V(M) \ S satisfy degq, (C, Vi \ Va) > 5. Pick &N of them in

For each X € V(H), we define M3 = {CD € M : |degy(X,C) — degy (X, D)| > Us}.
Claim 6.7.2. For each cluster X € ONLNNg(ON L), we have [M%| < IN/2, or T C G.

We do not prove Claim [6.7.2] here. The proof can be taken verbatim from [28, Lemma 6.15
(Case 1)]. There, Zhao considers two adjacent clusters Aznao, Bzhao With high average degree
in a matching. He shows that if for some X € {Azhao, Bzhao}, the matching M% is substantial,
then 7' C G. (He uses notation M bt zhao = M ; recall ([GI5]) for further vocabulary). The
condition of Case II|(c) is the counterpart of the property [28] (6.14)].

Let C be given by Claim BZIl Set D = V(M \ Ma)NONL.
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Claim 6.7.3. We have T C G or [D| > & and eq (UC,UD) > “34%

Proof. For each C € C, we apply Claim G721 We get that M| < UN/2 as otherwise T' C G
and we are done. Hence, degg (C,V (M \ (M4 U ME))) > 5+ — 9n. Let

Mg ={DiDy € M : degy(X,D;) < ¥s or degy(X, Dy) < Us} .

By the definition of M, the weight C' sends to both end-clusters of M \ M, differs by at
most ¥s. Thus, degy (C,V (M \ (M4 UMEUMS))) > 5 — 49n. By Case II[(d)] all edges in
M\ (Mg UM{U Mg ) meet L. The definition of M tells us that

A05a(C, L0 V(M (Ma U ME U M) > 5 degin (€, V(M \ (Ma UM U M)

> (1-9)5% —49n .

Case I1[(B)] gives that [V/(M \ M)\ O] < 1. Therefore, degy (C, D) > £2, implying |D| > &5

The assertion follows from the bound on |C| given by Claim [6.7.1] O

Claim 6.7.4. We have T'C G or |Mp| > ;i{)\i

Proof. Let us assume that T'Z G. In particular, the second assertion of Claim [6.7.3] applies. At
least kIN/680 clusters D € D satisfy degg,, (D,C) > k*n/680. By Claim B.72) we may assume
that each of these chosen clusters satisfy deg_(D,C\V(M})) > 288 Yn, as otherwise ' C G.
By Lemma BGJ(i)} these clusters satisfy degg (D, C\V(M* ) > ’596‘ Let C- =V(M)\C. By the
definition of Ml*j, we get degy (D, C~\V(M})) > 298 In > ’;O” Observe that C~\V (M) C S.
As |D| > =X we get,

s <ee, (UDUC) <eq, (UD.S) +ea, (D V(ML) < 5300% + [My|sn

implying | M| > 5575

Claim [6.7.4] gives the statement of the lemma (recall that x> ¥).

This finishes the proof of the Lemma

7 Proof of Lemma [4.1] (Extremal case)

Let cg be sufficiently small compared to q. Given o € (0,cg], let 8 and v be chosen so that
B < v < 0. Given a (f,0)-extremal partition V = ViU...UV,UV we show that 751 C G, or
there exists a set Q C V satisfying Properties [(1){(777)] of Lemma E11

The proof of Lemma [£1]is split into two statements, Lemma [[.T] and Lemma [(.2] according
to the number of leaves of the tree T' € Ti 1 considered.

Lemma 7.1. Let T' € Ty41 be a tree that has at most 607k leaves. Suppose that G admits
a (B,0)-extremal partition V = ViU...UV,UV. Then T C G, or there exists a set Q C V

satisfying Properties |(i)H(i1%)| of Lemma [{_1]

Lemma 7.2. Let T € Tiy1 be a tree that has more than 60vk leaves. Suppose that G admits a
(B, 0)-extremal partition V =V,U...UV,UV. Then T C G.
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Lemma 7] follows Lemmas [.1] and The proofs of these lemmas occupy Sections [T.1],
and First however, we establish some basic properties of a (3, 0)-extremal partition.
Throughout this section we write m = ci(%) for the integer closest to 7. The sets V;, i € [(] are
called clumps.

Suppose that G admits a (3, o)-extremal partition V = V4U...UV,UV. Then £ < m.

Lemma 7.3. For each i € [{] the following holds.

(i) For all but at most \/Bk vertices v € V; N L, we have that deg(v,V;) > k — /Bk.

(11) For all but at most 2+/Bk vertices v € V;N S, we have that deg(v,V;NL) > |V;NL| —+/Bk.
(iii) For all but at most \/Bk vertices v € V' \'V;, we have that deg(v,V;) < /Bk.

Proof. (i) Let U={veV;NL : deg(v,V;) <k —+/Bk}. Since every vertex v € U sends at
least \/Bk edges outside V;, we deduce from e(V;, V \ Vi) < Bk? that |U| < \/Bk.

(i) Let W={veV,nS : deg(v,V;NL)<|V;NL|—+/Bk}. From
e(VinL,V;NS)>|VinLlk—|VinL> - k%> > |V;NL||V;N S| —26k* , and
e(VinL,V;nS)=e(V;NL,W)+e(V;NLV,NS\W)

< (Vi N Ll = v/BRIW|+ Vi 0 LI([Vi N S| = [W])
= [Vin L|[Vi N S| — /Bk[W]|
we infer that |W| < 2v/Bk.
(iii) Let Z ={v € V\V;:deg(v,V;) > +/Bk}. We have

BE? > e(Vi, VA V) > Y deg(v, Vi) > |Z|\/Bk

veEZ

which proves the statement.
O

For each i € [(], we set L' = {u € L : deg(u,V;) > (1—3)k}. For every A C V;, Lemma[Z3]i)
and the assumption |V; N L| > (3 — B)k give that

IL|>(1—-2)% and &(L\,A) > |A|_72—k. (7.1)

|

For each i € [{], we set S§ = {v € SNV; : deg(v, L?) > |Li| - %k} As the sets V; are pairwise
disjoint, so are the sets S, 52,...,5§. Any vertex v € SNV; with deg(v, V;NL) > |[V;NL|—+/Bk
satisfies deg(v, L') > |V; N L*| — v/Bk — |(ViN L)\ L| > |L*| — Bk — |(Vin L) \ LY — |L*\ Vil.
Therefore by Lemmal[Z3(i),(iii) any such vertex v belongs to S§. By Lemma [Z3)(ii) and by (7))
we have

LU SH > (1- D)k . (7.2)

The next lemma allows to discard trees with substantial discrepancy from further consider-
ations.

Lemma 7.4. Suppose that G admits a (B, 0)-extremal partition V = "V1U...UV,UV. Then each
tree T' € Try1 with discrepancy at least 2vk is a subgraph of G.
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Proof. Fix i € [{]. Choose L* C L' with |L*| = (1 — %)%, and set S* = (LU S}) \ L*. By (T2),
|S*| > (1 — 2)%. Using (ZI) and the definition of S}, we have

min{d(L*, S*),8(S*, L*),6(L*, L*)} > (1 — %)g .

Take a semi-independent partition (Uy,Us) of T witnessing that disc(T)) > 2vk. We apply
Fact to embed T in G using the sets L* and S*. O

Lemma 7.5. (i) The sets {L'};cpq are mutually disjoint, or Tpy1 C G.

(i7) Suppose that V = 0. If there exists a vertex u € L\ (J; L), then Tpy1 C G.

Proof. For each i € [{], fix a set A; C L of size (3 — )k, and set B; = (L' U S}) \ A;.
By (1)), (Z2)) and the definition of the set S we have

5(GlA;, BY)) > (% - %) k. (7.3)

Proof of Part . Suppose that there exist distinct indices 4,5 € [¢(] and a vertex u € L* N L.
Let T' € Ty41 be arbitrary. By Lemma [Z.3)(iii), we have

k
LN L] < 100 - (7.4)

By Lemma [[4] we can assume in the following that disc(T") < 2vk. By Fact BTl there exists
a full-subtree T' C T rooted at a vertex r such that v(T') € [%, %] We map r to u, and embed
the tree T in G[A;, B;] greedily. This is possible since

max{|Ts N V(T)], [To N V(T)|} < 2L 4 29k < £ 4 29k

by Fact B3, and the graph G[A;, B;] satisfies (Z3). It remains to embed the tree T' — T.
By Fact B3l we have min{|Tgy N V(T — T)| |To N V(T — T)} > TTT) — 27k, and thus
max{|Ts N V(T = T)|,|Tc N V(T — T)|} < 25 + 2vk. We embed T — T in G[A;, B] greedily
(avoiding the previously used vertices of LN LJ we use (4] to bound the number of occupied
vertices).

Proof of Part . Suppose that there exists a vertex u € L\ |J; L. By Part[(7)] of the lemma,
we may assume that the sets L' are pairwise disjoint. Let

Xi={ue A; : deg(u,V;) > (1 — 13- )k} , and
Yi={ueB: deg(u,Li) > L — 2Ey .

13m
(In applications, we use that deg(u, X;) > | X;|— g3~ for every u € Y;.) Applying Lemmal[Z3] (i)~
(ii) to L%, Si, X; and Y;, we get that
Vi\ (X UY)| < gz - (7.5)

As X; C L' and V; C S}, all the sets X; and Y; are pairwise disjoint. Without loss of generality,
we assume that deg(u, X1 UY7) > ... > deg(u, X,, UY;,). Asu € L'\ L' we have

k< deg(u,L) < deg(u, X; UY;) + g5 < (1 3)k+ »_ deg(u, X; UY;) + &
i=1 1=2

< (1= 2)k+ (m—1)deg(u, Xo UYs) .
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This yields that .
77 >
Sm—1) = 2. (7.6)
Let T' € Try1 be arbitrary. Analogously as in the proof of Lemma [[.4]l we have T' C G if
disc( ) > “/k . Therefore we assume that disc( ) < Lk By Fact B there exists a full-subtree
TCT rooted at a vertex r such that v(T) € [0.3k, O Gk] Let D be the set of leaves of T in
Np(r). We first embed the tree T'— D, mapping r to u, as described below. The embedding is
then extended to an embedding of T" using the fact that u € L.
A 2% -component is a component of the forest T'—r of order at least two. Let C be the family
of all 27-components. For each subfamily C' C C, we have by Fact and by the assumption
disc(T) < % that

deg(u, X1 UY7) > deg(u, Xo UYs) >

max{|V(C") NTs|, |V (C') N T |} < LI L ok 1 q (7.7)

By (Z3) at most g—k vertices of the graph G are not contained in (J,(X; UY;). Thus,
deg(u,J;(X; UY;)) > (1 — g&)k. We assign each 2*-component C' € C an index i¢ € [m] such
that C' will be mapped to the clump Vj.. For each j € [m] we shall require:

deg(u, X; UY;) > {C €C : ic=j}| , and (7.8)
> w@)<(1-Pk. (7.9)
CGC

Claim 7.5.1. There exists a family {ic}cec such that (Z.8) and (Z9) are satisfied.

Proof. We order the 2*-components as Ci,..., Cjg so that v(C1) > v(Cy) > ... > ’U(C‘q) For
j=1,...,|C|, take the smallest index i € [m ] with the property that after assigning ic;, = 1,
the properties (Z8) and (ZJ) are satisfied for the partial assignment {ic, };<;. If for a given j
there exists no such value i we just mark C; as unassigned and proceed with j + 1.

We thus need to check that actually each 27-component C; was assigned. Suppose for a
contradiction that C, was not. We have v(C;) < 0.7k, and for £ > 2 we have v(Cy) < .

These bounds and (6] guarantee us that Ci,...,Cy can always be assigned; one assignment
satisfying (Z8) and (Z9) is i¢, = ic, = l,ic, = icy = 2. Thus g > 4, and consequently
v(Cy) < 0.2k.

To finish the argument, we distinguish two cases. First, assume that deg(u, X; UY7) > 0.5k.
Since v(C) > 2 for each C' € C, property ([Z8) for j = 1 holds trivially. As Cy could not be
assigned with ic, = 1, by (ZJ) we get that 3, _,; v(C) > (1 — 3)k — v(Cy). In particular, the
number of 27-components C that are unassigned, or have i # 1 is less than 1+ %C. Further, the
total order of the 2" -components to be assigned to other clumps is at most v(C,) + % < 0.4k.
Thus, (Z9) holds trivially for j > 1. The reason why the component C, was not assigned is
that it did not satisfy (Z8]) for any j > 1. Hence, by (Z.5]) we have

1+ 3> 3 deg(u, X; UY)) 2 k= deg(u, X1 UYY) ZlV\ (& Uyl =

j>1

wlw

a contradiction with the choice of ~.
Now, consider the case that deg(u, X; UY7) < 0.5k. Then deg(u, X3 UY3) < 0.5k. Observe

that for j = 1,2 we have >, _,v(C) > 2deg(u, X; UY;) — %k —v(Cy), as otherwise we could
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have assigned ic, = j without violating (Z8) and ([Z9). For j > 2 by similar arguments we
have »-; _;v(C) > min{0.7k, 2 deg(u, X; UY;)}. Summing these bounds, we get that

m
> 0(C) > 2deg(u, X1UY1)+2 deg(u,XQUYé)—2l;—2v(Cg)+Z min{0.7k, 2 deg(u, X;UY;)} .
cec j=3
(7.10)
Suppose that for some j > 2 we have 0.7k < 2deg(u, X; UYj). Then 2deg(u, X; UY;) >
2deg(u, X2 UYs) > 0.7k, and thus

k
3" 0(C) > 0.7k + 0.7k — 2% — 20(Cy) + 0.7k > 1.6k > k ,
cec

where we used that v(Cy) < 0.2k. This is a contradiction. Thus, we can assume that for all
Jj>2,0.7k > 2deg(u, X; UY;). Plugging into (ZI0)) we get

m
k k
Y (€)=Y 2deg(u, X; UY;) 2'% —20(C,) >2-0.9k — 27? —2.02k >k,
cec j=1
which again gives a contradiction. U

We embed the tree T'— D as follows. Let us consider the indices {ic}cee from Claim [[5T1
The vertex r is mapped to u. For each component C' € C we map its root rc € V(C) N Np(r)
to one vertex from (X;. UY;.) NNg(u) (so that distinct roots are mapped to distinct vertices).
We denote the image of the root r¢ by ¢(rc). The mapping of the roots is extended to an
embedding of all 27-components. This can be done greedily since each of the graphs G[X;, Y]
has minimum degree at least (% — 1)k + 1, and we have by a double application of (Z1)) that

Yoo v@OnTsl+ Y V(O)NTs| < (1-3)% +2(hs +1) < 6(G[X:,Y]) , and
cec cec

e(ro)eX; (ro)ey;
Y VEONTl+ Y VO N Tl < (1- Dk 422 + 1) < 5(GIX,, Vi)
ceC cec

e(ro)eX; o(ro)ey;

O

Much of the work for proving Lemma [4.1] splits according to the following distinction. A
(B,0)-extremal partition is said to be abundant if there exists an index i € [¢] with |L¢| > &EL.
It is called deficient otherwise.

We now derive properties of GG in the deficient case. First, we observe that G is decomposed
into clumps.

Lemma 7.6. Suppose that G admits a (B, 0)-extremal deficient partition V = ViU ... Uvuv.
Then V =0, and ¢ = m. Further,

m(k+1) >n. (7.11)
Proof. Since the partition is deficient we have [LNV;| < & for all i € [¢]. Thus by the definition
of (B, 0)-extremality, we have IL| < 5+ (3 = 0)|V], and |S| > 01— B)% + (2 4+ 0)|V]. Since
|L| > |S|, we infer that |V| < %{C. This in turn implies that V' = (). Thus, £ = m. To get the
bound (7.I1]), we observe that

- kE+1
n:\L]—l—!S]SQ]L\:QZ\LﬂVi\<2mT.

i=1

33



!

Lo Lj\ ( Lo =T 70 | ——
K L — g ®
L J \ B J h /
L ST L ) J" 4 J \

(a) Connecting structure guaranteed by Lemmal[77 (b) Connecting structure guaranteed by Lemma [.8]
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Figure 6: Structures in Lemma [.7l and Lemma

Lemmas [Z.7] and [Z.8] deal with the deficient case. It may happen that none of the clumps
is suitable for the embedding of the tree T' € Tj;1. For this reason, we must find connecting
structures that allow us to distribute parts of 7" to different clumps. Each lemma is used for a
different type of trees.

For j € [m], set S = {v € S : deg(v,L7) > L}

Lemma 7.7. Suppose that G admits a (3,0)-extremal deficient partition V = ViU...UV,,,

such that {L'}™, is a partition of L. Then there exist an index i € [m] such that we have
|K| > k/10 for the set

. 4 S k1
K =qvelL": deg(v, L") + deg(v, U (L7us?)) > %

J#i0

(7.12)

Proof. We partition (J; S7 into sets S, j € [m] such that S7 C S7. As |L| > |S|, there exists
an index i € [m] such that |S?| < |L!| < £ Without loss of generality, assume that & — | S| is
k —|S% (i € [m]); then iy = 1 is the index asserted
by the lemma. We have that £ — |S'| is non-negative. For each vertex v € L'\ K, we have

the maximum value among all the values

deg(v, S\ | &) = deg(v, 5\ |J &) 2 §.
#1 i#1

Thus deg(v,S™) > & —|S?|, where S~ = {u € S : deg(u, L) < £ Vi=1,...,m}. We have

|5*|5im S (L' K,$7) > [L'\ K| <§ - |§1|> . (7.13)

On the other hand, as |L7| = |L| >|S| = > |S7] 4 |S~|, there exists an index i € [m] such
that |L| > |S*| + ‘S—nj From the maximality of & — |S!| and from (ZI3) we deduce that

R . e ST BILAN\K| (K a
i >~ |SY > |LH — |t > - .
s 18U 2 5 - I8 2 D] - 18 2 s S (28

This implies that k > 5|L' \ K|, and the asserted bound on |K| follows from (Z.I). O

Lemma 7.8. Suppose that G admits a (3,0)-extremal deficient partition V = ViU...UV,.
Furthermore, suppose that the sets {Li}ie[m} partition the set L.
Then there exists an index ig € [m] and matchings £°, and J™ such that the following hold.

(i) &% is an L — (L \ L"®)-matching, J% is an L — Uizio Si-matching.

(ii) V(EQ)NV(TP) = 0.
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(iid) [L] + |€] +|T™] = 5
(iv) [E7]+1T] < 7k

Proof. By Lemma [T3] we have that |S?| > (3 —y)k. We first find for each i € [m] two vertex-
disjoint matchings £ and D’, such that £ is an L' — (L \ L*)-matching, D’ is an L' — (S'\ S*)-
matching, and such that the matchings {Di}ie[m] are pairwise Vertex—disjqint. ' A

For each i € [m], take £ to be a maximum L' — (L\ L") matching. If |L*|4|S*|+|E*| > k+1,
we truncate £ so that |Lf| + |S¢| + | = max{k + 1, |L!| + |S?|}. Let us assume that

LY+ IS+ [EH = [L2] + [S%] + €% > ... > L™ + [S™] + |€™] - (7.14)

Start with i = 1, and increase the index i gradually. Take D to be a maximum (L?\ V(&) —
(S\ (S*U Uj<i V(D7))) matching and truncate it so that |Li| + |S?| + |&%| + |D!| = max{k +
1 ]LZ] + 8% + |€Y}. Such a matching D* exists. Indeed, if |L¢| + |S?| + || > k + 1, then set

= (). Otherwise, we find a matching D of size d; = k + 1 — |L?| — | S| — |E?| as follows.
Set B, =5nU,; V(D7). From the sizes of the matchings D7 (j < 4) and the ordering given
by (TI4) we get |B;| < md;. Each vertex v € L has at least d; neighbors outside L'US*UV (E7).
Color arbitrary d; edges emanating from each vertex u € L! outside L' U S* U V(&%) by black,
and the remaining edges incident with u by grey. We have

. . 4 ko dik
eblack(Ll \ V(El), S \ (SZ U Bl)) > dz(% — 37)]{3 — mdzs—m > ? . (7.15)

Since the maximum degree in the graph Gpj.[LP\ V(E?), S\ (S? U B;)] is upper-bounded by
max{ 5m,d } = £ there is no vertex cover of Gplaa[L? \ V(E?), S\ (S? U B;)] of size less than
(dSk) /() > d . Hence7 by Konig’s Matching Theorem, there exists a matching D° of size d;
with the desired properties. We set X; = V(D) \ L".

Let us summarize the properties of the obtained structure. For each i € [m] we have

L[+ S| + €' + |Xi| > k+1, and (7.16)
Xin|JX;=0 and S'nX;=0. (7.17)
J#

There is an index 4o € [m] such that sufficiently many vertices from S% U X% are contained in
U itio S7, giving the desired bridges from the clump V;,. Indeed,

n—|L| =

st ux)

i

Z\S’]JrZ]X\—Z stux)nlJs

J#i

e - 1L - S [stux)n US| - e,
i i i

which yields

S IE+ET+|(SPux)nl s 2|L|+m(kz+1)—n2m(k:+1)—g
i i

@m(kz—l—l)

- 2 M
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By averaging, there exists an index ig € [m] such that

A A k+1
L] + (€] + |(SP U X;)n | 7| > L (7.18)
j#io

It remains to define J%. Let J; = {e € D : enN Uj i SI £ (0}, Set Q = Son Ujzip S
Let Jo be any matching in G[Q, L \ V(£% U J1)] that covers Q. Since |Q| < vk, we can find
such a matching greedily. Set J% = J; U Js.

Properties |(¢)| of the lemma are clear from the construction. Property follows
from (CI8]), and using that | 71| = | X;, N Uj#0 S| and |T2| = 15" MUz, S

Last, (ZI)) tells us that we can truncate £ and J" so that is satisfied without violat-

ing This truncation preserved properties |(2){H(4)| O

7.1 Proof of Lemma [T.1]

Suppose that T and G satisfy the hypothesis of Lemma [Jl By Lemma [[.4] we can assume
that T has discrepancy less than 2vk. In particular,

k
To| < 5 + 7k (7.19)

Recall that if G is deficient then by Lemma we have V = (). For each i € [(] we define
Xt ={veV; : deg(v,L) > £}, If G is abundant, we set A C [{] to be the set of indices ig
such that |L%| > %, and set £ = J% = (). If G is deficient, we apply Lemma [Z8 to obtain
sets S*, an index ig, and two matchings £ and J* such that

Lo + €| + | 7| > B > T . (7.20)

We then set A = {ip}.

For each ip € A individually, we shall try to embed the tree T so that most of the vertices
of T'" are embedded in V;,. We show that if all the attempts fail, then there exists a set @)
satisfying the assertions of Lemma 1]

Fix ig € A. Let F* = V(&)U V(J™). By Lemma ILJ(iv)] |F N L| < vk. Take a
maximum family P of vertex-disjoint (L \ F) — (V \ (L% U S U F)) — (L% \ F')-paths.
Claim 1. If [L° U S UF®| +|P| >k —1 then T C G.

Proof. Consider a family of paths P’ C P by truncating P so that [P’| = min{|P|,30vk}.
By ([T2), | L US UF©|+|P'| > k—1. Observe that V(P’)\ L are the middle vertices of P’.
Fix a set A C L of size [T5| — |J| — |£%| and which contains (F UV (P’)) N L. This is
possible by (Z20)) and by

I—

|(Flo UV (P')) N LY 319k < & — 29k T — |70 — | .

- We apply Lemma [3.8] setting the parameters of the lemma as o = 60v, A, B, = (Lo \ A)uU
Si°,Bg =V(P)\ Lo, Q=P E=EUJo M=0,1=[\{io}, and H, = G[L" U S*] (for
each k € I) to get T'C G. To check Condition of Lemma B8] let us consider an arbitrary
vertex v € A.

(r8y)
deg(v, B, UByg) > |[(BoUBg)NV;| —

> ‘Ba U Bd’ - ’Lio \Vl()’ - ’Séo \Vlo‘ - ‘,P,‘ - 7k (7'21)
> | By U Ba| — /Bk — \/Bk — 307k — vk > | By U Ba| — 607k ,
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where the last line follows from Lemma [I3|(iii) combined with the definition of L, Sé“,
and ([(CI)). Other conditions of Lemma [B.8 are easy to check. O

It remains to consider the case that |L U Si U Fi| + |P| < k — 2. From (T2, we have
|P| < vk. Consider an arbitrary vertex u € L'\ (F" UV(P)). Since deg(u) > k, there are at

least two edges uzl and uz? that emanate into V\ (L°US°UF™). By the maximality of P all the
1,2

vertices zl, 22, u € L\ (FUV (P)), are pairwise distinct. Set R;, = UueLio\(FiOUv('p)){mia 3}
and Ry, = R;y N'V.

Claim 2. For an arbitrary set U C Ry, there exists a U — (L \ (F U V(P)) matching F;,
with | Fy| > Y.

Proof. For ¢ =1,2, let U, = {u € L\ (F* UV(P) : zf € U}. There exists q € [2] such that
|Uq| > % The desired matching F, is then {uz}yev, . O

Claim 3. If |R;,| < 2|L%| — Tm~k then T C G.
Proof. Observe that

Riy 0 | J (LU XY)| > |Riy| — [Rip| = [V\ [ VU [ X
icle] i€[(]
> 2L\ (F* UV(P))| — (2|L*| — Tmvk) — m+/Bk
> 2L — 4yk — 2|L%| 4+ Tmyk — my/Bk > 2vk .

By Claim 2] there exists an (L% \ F©) — (R;, N Uz‘e[z](Li U X)) matching NV of size vk. Fix a set
A C L of size |To| — |J%| —|&£%| and which contains (F UV (N))NL%. We apply Lemma 3.8
with parameters a = 607y, A, B, = (L \ A) USéO,Bd =Q0=M=0E=E0UJOUN, I =
[\{io}, and H,, = G[L*US"] (for each € I) and get that T" C G. Condition [(vi)]of LemmaB.8]
follows from (Z.2). Condition is checked analogously as in (Z2I]). Other conditions are
easy to verify. O

Putting Claim [ and Claim [3] together, we can assume that for each ¢ € A, we have
|R;| > 2|Li| — Tm~k . (7.22)

Suppose that there exists an index ig € A such that

R0 |J Ri| =89k, (7.23)
ieA\{io}

Claim [ gives an (L% \ F') — (R;, N Uiengio} R;) matching M, of size 4yk. Further ap-
plications of Claim Bl for indices in i € A\ {ip} and sets U = V(M;) N R;, N R; yield a
<V(./\/(1) NR; N Uie\gio} }?l) — (UiEA\{io} Li) matching My of size 2yk. From this matching
choose a matching M3 of size vk that is disjoint from F%. Extend the edges of M3 by edges
of M. This leads to vk vertex-disjoint L —(R;, NUiengio} R;)— (Uz‘eA\{z‘o} L’)—paths, denoted
by M. Fix aset A C L™ of size [T5| — |J"| — |€™| and which contains (F* UV (M)) N L.
This is possible by (Z.20) and by

. . v.: ) . .
[(FP VM) N LY <729k < |Te = |7 = [€7] .
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We apply Lemma B8 setting the parameters of the lemma as o = 60y, A, B, = (L \ A)U
SO, By =Q=0,E=E°UJ0 M, I=[\{i}, and H, = G[L* U S¥] (for each x € I) to get
T C G. Condition of Lemma 38l follows from (Z2). Condition [(vi7)|is checked as in (T21).
Consequently, T C G.

We assume in the rest that no index iy satisfies (.23]). We have

U &

€A

Set Y - UZEA RZ

We distinguish three cases:

>SS (R - 10 | B s e i - mik . (1.24)

ieA JEA\{io} ieA

(&%1) We have that [LNY| < & and e(Y,V \Y) < 0k?/2.
Solution of (%1): We show that the set Q = V' \ Y satisfies the assertions of Lemma EI1

First, we prove the property of Lemma Iﬂl By the hypothesis of (&1), not many
vertices in Y are large. Thus the ratio of the large vertices in the graph G[(J;c, Vi UY]
is substantially smaller than one half. Then there must be substantially more than half
of the large vertices in the complementary set ), and the property follows. We make the

idea rigorous by the following calculations. For each i € A set [; = |L¢|.

1
51 < LI < (€= [ADS AN L+ LY+ LN+ [L\ (VU ] L)

(IS jel
<U—ADE+I L+ EFILNQI+n.
€A
Thus,
ILNQ| > n— C—ADs->1L-%-
€A
Ly k_ k
>3 (\V’ - 2Zli> +[Al5 — 5 —27n (7.25)
€A
(IDZI) 1

SIQI+1A5 -3 > §!Q\+

which was needed to show the property of Lemma B:[Im Looking back at (Z.25]), we see
that |Q| > %]Q\ + 1—54/<:, and thus also the property of Lemma ETI[()] follows.

Finally, to infer the property of Lemma [1[(7i7)] we write
e(Q,V\Q) <e(Y,V\Y)+e(V,V\V) <0ok?/2+ Bk*> < ok? .

The bound on the first summand follows from the hypothesis of (1), the bound on the
second summand follows from the (3, o)-extremality.

(%2) We have that |LNY|> £ and e(Y,V\Y) < ok?/2.
Solution of (#2): We show that T C G. The hypothesis of (%2) gives e(G[Y]) > 2|L N

Yk —e(Y,V\Y) > %. The average degree in G[Y] is 26(|GY[|Y]) > 1%11 > 1 qk There exists

a subgraph H, C G[Y] with 6(H,) > %. By averaging, there exists an 1ndeX ig € A such
that .
|Ri, NV (H,)| > 20m : (7.26)
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Fix such an index ig. By (T2Z6)) there exists an L — V (H,)-matching £ of size 30vk. Fix
aset A C L of size |T| — |&| containing V(£) N L. Such a set exists by (ZI). By
Lemma B8] (with o« = 60, A, B, = Sé“,Bd =Q=M=(,&, and H,, I = {x}) we get
that 7" C G. To check Condition observe that, by (Z2) and the fact that we are
the deficient case, we have |S2| + [£] > E — 4k +30vk > |Tz|. Condition follows
from (I)). Other conditions are straightforward.

(%3) We have that e(Y,V \Y) > ok?/2.
Solution of (#3): We show that 7" C G. The average degree of the bipartite graph
G[Y,V\ Y] is at least gok. Thus there exists a graph H, C G[Y,V \ Y] with 6(H,) > %.
There must be an index ig € A such that |R;, NV (H,)| > ‘;—qnlf. Fix such an index ig, find
a matching £ and set A as in (#2). We apply Lemma B.8 as in (&2).

7.2 Proof of Lemma

In order to prove Lemma we need the following auxiliary lemma.

Lemma 7.9. Let F be a rooted forest with a partition V(F) = O1 U O, such that Os is
independent. Let W be the set of leaves of F' and set P = {u € Oy : |[W N Ch(u)| =1}. Let H
be a graph and let A, B C V(H) be two disjoint sets such that for some f > 0 we have |A| > |Oy],
min{d(A4, A),5(B,A)} > |01| - f, 6(A,B) > |B| — f, |B| > |02\ W|, and §(A) > v(F) —1. If
|P| > 2f, then there exists an embedding ¢ of F' in H such that ¢(O1) C A.

Proof. Choose a subset P’ C P of size |P'| = 2f. Consider the subtree F/ = F — W', where
W' =WnN(O2UN(P')). We embed greedily the tree F’ in AU B, so that V(F’)NO; maps to A
and V(F’) N Oy maps to B. Denote this embedding by ¢'. Next we want to embed the leaves

W'NO;in A. Let A" = A\ o(V(F")). We have |A'| > 2f = |/ (P")], 6(e(P"),A") > f = ‘%ll,
and §(A", p(P")) > [ = U%l‘. By Konig’s matching theorem, there exists a matching M in
H[A', ¢/ (P")] that covers ¢'(P’).

We extend ¢’ to an embedding ¢ of F', by embedding W' NO; according to the matching M,
and by embedding W N Oy greedily (this is guaranteed by the minimum degree condition of the

set A). O

A semi-independent partition (U, Us) of a tree I is p-ideal if each of the vertex sets Uy
and Uy contains at least p leaves of F. If disc(T) > 2vk, then Lemma [T4] ensures that 7' C G.
Therefore, the proof of Lemma follows from Lemma [Z.10] and [Z.1T] below.

Lemma 7.10. If we are in the setting of Lemmal[7.Q and disc(T") < 2vk, then T has an 8yk-ideal
semi-independent partition, or T C G.

Lemma 7.11. If we are in the setting of Lemma [7.3, disc(T') < 2vk, and T has an 8yk-ideal
semi-independent partition then T C G.

Proof of Lemma [7.10, We partition the set W of leaves of T into Wg = W NTg and Wg =
WNTs. Set wg = |Wg| and wg = |[Wg|. We have that wg +we > 60vk. We distinguish three
cases based on the values of wg, and we.

o We have wg > 8vk and wg > 8vk.

Then (T, Tg) is an 8yk-ideal semi-independent partition.

e We have wg < 8vk.

Then we have wg > 52vk. We distinguish two subcases.
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o If |Par(Ws)| < 16k, we consider the sets Uy = T A(WgUPar(Ws)) and Uy = T A(WsU
Par(Wg)). The partition (Uy,Us) is semi-independent with |Us| — |Uy| > 72vk, a contra-
diction with the assumption disc(T') < 2vk.

e If |Par(Ws)| > 16k, we choose an arbitrary subset P’ C Par(Ws) with |P'| = 8vk and
set W, = N(P') N Wg. The partition (Uy,Us), defined by U; = To AW, U P') and
Uy =Ty A(WSL U P'), is an 8yk-ideal semi-independent partition.

o We have wg < 8vk. )
We use Fact B:[I to find a full-subtree T C T rooted at a vertex r with p proper leaves,
where p € [20vk,40vk]. The choice of T' has the property that

min{[Wa NV (T)], |[We \ V(T)|} > 127k . (7.27)

Set d = |V(T)NTy| — |V(T) N Ts|. We distinguish six subcases.
(Cl)reT@andngapT(T), (C2)r€T9andngapT(T),

(C3)reT@andngapT(T)+1, (C4)T€T@andd§g‘ame—1,

(C5) r € Tp, and d = B2 (C6) r € T, and d = 2L
In cases (C1)—(C4) we obtain a semi-independent partition by flipping either V(7T") (in cases
(C1) and (C2)) or V(T)\ {r} (in cases (C3) and (C4)) in the original partition (T, Ty). In
these cases, the obtained partition is indeed 8vyk-ideal by (T27).
In the rest, we consider only the case (C5), the case (C6) being analogous. Notice that
gap(7T') has the same parity as v(T') = k + 1. Thus, the integrality of d gives that k is even. We
set O1 = ToAV(T) and Oy = T AV(T). We have that |Oy] = k2 and |Os] = L.

Claim 7.10.1. We have Par(O1 N W) C Oy, or T has an 8yk-ideal semi-independent partition.

Proof. The existence of a vertex u € O N W whose parent lies in O; would yield a semi-

independent partition (O; \ {u}, O2 U{u}), which would be by (27) 8vk-ideal. O

Claim 7.10.2. If there exist two distinct leaves z1,z9 € O; with a common neighbor {z} =
Par({z1,22}), then T has an 8yk-ideal semi-independent partition.

Proof. By Claim [[T0.] we can assume that z € Os. Set Uy = O1A{x,z1,22} and Uy =
O2 Mz, 21, 29} Then |Up| = &, |Us| = E+1, [UInW| = |O1nW| =2, and |[U2NW | = |OsNW|+2.
By (27), the partition (U, Us) is 8yk-ideal semi-independent. O

By the two claims above, we restrict ourselves to the case that Par(O; N W) C Og, and the
leaves in O7 have pairwise distinct parents.

Claim 7.10.3. For the set OF = {y € O N W : deg(Par(y)) = 2}, we have |OF| > 1.5vk.

Proof. Recall that every vertex in Par(O; N W) has exactly one leaf-child in Oy. Set W, =
V(T)NWg and T, = T — W,. By (27)), we have |W,| > 12vk.
~ Fac ~
V(L) NTs| = V(T)NTs| > [V(T) N Ty — 257k
= |V(Ty) NTy| + Wy — 257k > |V(Ty) N Ty| + 9.5vk .

By Fact [3.2] the tree T contains at least 9.5vk leaves from Ti5. These leaves are also leaves
of T', with |O7| exceptions caused by Par(O7). Since wg < 8vk, we must have |O7| > 1.5vk. O
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We show that 7' C G in two cases ({1) and ({»2) separately, based on whether G is in the
abundant or deficient configuration.

(¢1) If G admits an abundant partition, then there exists an index i € [¢] such that
|LE| > % As k is even, |Li| > % Choose L, C L' such that |L,| = k—;z Define Z = {u €
WNO; : Par(u) € O2}. Suppose that [(WNO;1)\ Z| > vk. Then consider the partition (Uy,Us)
with Uy = O \ (W NO1)\ Z) and Uy = O2 U (W N Oy) \ Z). We have |Us| — |Ur| > 27k, a
contradiction to disc(T') < 2vk. Thus [(WNO1)\ Z| < vk. Let Z' C Z be the set of leaves in Z
with no sibling in Z. Observe that Fact B4l gives |Z \ Z’| < 2vk. We can now use Lemma [.9]
with A = Ly, B = SjU(L*\ L), f = vk, and the partition (O, 03) of T to get T C G. Indeed,
the above bounds imply that the set P (as defined in Lemma [Z.9) is large.

({2) Suppose that G is in the deficient configuration. Consider the index i € [m] and the
sets 7, and K C L' given by Lemma[Z7} Let us discard from Of arbitrary vertices so that we
have |OF| = 1.57k (cf. Claim [[10.3]). We embed greedily the tree T~ = T — (O U Par(OY))
in G[L' U S{] using L? to host O1 \ OF and S§ to host Os \ Par(O7), and so that the vertices
of Par(Par(0O7)) are always mapped to K. Such an embedding exists by (7.l and (7.2]), and
because [Par(Par(07))| < |[Par(O7)| = |0;] < 157k, and |K| > . It remains to extend the
embedding of T~ first to Par(O7) and then to OF. For any vertex in Par(Par(O7)) mapped
to a vertex in K, we embed its child from Par(O7) greedily to L' U U#i(Lj U S7). This way,
only vertices of (O; \ OF) U Par(O7) could be embedded in L*. As [(O; \ OF) U Par(O7)| =
|01] = & +1 = [5], we can extend the embedding to Par(Oj) by (ZIZ). In the last step,
we extend the embedding to OF. Consider an arbitrary vertex x € Par(O7). The vertex = was
embedded to L¢, or to U#i(Lj U S7). If z is mapped to U; L7, we use the high degree of those
vertices to extend the embedding to the child of z. In the case z was mapped to v € 57 for
some j # i, observe that only vertices from OF U Par(O%) could have been mapped to L7. As
|OF U Par(O})| = 2|0%| = 37k, the definition of S7 tells us that deg(v, L7) > % and we can
map the child of x to L7. O

Proof of Lemma[7.11 We assume that 7" has an 8yk-ideal semi-independent partition (U, Uz).
Let W5 be the leaves in Us, and let W7 be those leaves in U; which have no leaf-sibling in Uj.
By Fact B4 we have |W{| > 6+k.

First, we show how to resolve the situation in the abundant case. Let i be such that
|LY| > L We first embed T — (W; U Wa) in G[L! U S{], using L' to host Uy \ Wy, and S} to
host Us \ Wa. Properties (1)) and (Z2)) tell us that such an embedding exists.

Next, we map Wi to the set L* C L of unused vertices of L!. To this end, consider
an auxiliary bipartite graph H whose two colour classes are L* and Par(W{). A pair vz,
v e L*, x € Par(W{) forms an edge in H if z was mapped to a vertex that is adjacent to v
in G. By the definition of S}, and by (ZI)), we have §y(Par(W7),L*) > |L*| — vk/2, and
dp(L*, Par(W7)) > |Par(W)| — vk/2 = |W{| — vk/2. We conclude that H has no vertex cover
of size less than min{|W;|,|L*|} = |W{|. By Konig’s Theorem, there exists a matching covering
Par(W7) in H. This matching tells us how to embed W7 In the last step, we embed Ws. This
can be done greedily as Par(WW5) were mapped to L.

It remains to resolve the situation in the deficient case. Consider the index i € [m] and the
sets S7, and K C L' given by Lemma[T7l Set W;* = {z € W} : deg(Par(x)) < v(k+1)}. The

degree sum formula for trees gives [W;™| > [W|—2/v > 5.9vk. Let TC V(T) be a full-subtree
rooted at a vertex r € V(T'), such that v(T) € [k/4,k/2]. The existence of T is guaranteed by
Fact Bl Let W™ C W \ N(r) be a set of size 5.8yk. This is possible, as by the definition

of Wi we have |W;*NN(r)| < 1. Observe that |W;**NV(T)| > 2.9vk or |W{**\V(T)| > 2.9vk.
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First assume the former case. Let X = {z € Par(W{*" N V(T)) : Par(z) € U;}. Observe
that X C V(T) \ {r}. Thus

> o(T( ) <o(T) <
zeX
We begin embedding greedily the tree 77 = T — Wa — |, x T'({ ) so that Uy is mapped to
L', Par(X) is mapped to K, and U, is mapped to Sj. We can do so, as |[Par(X)| < |[W;*| =
5.8vk < |K]| (c.f. Lemmal[7). Such an embedding exists by (1) and (Z2]).

For every x € X, we sequentially assign an index j, € [m] to denote where T'(] x) will be
embedded, according to the following rule. Let X’ C X be the set of those y’s for which the
index j, has been assigned in previous rounds. Let v, € K be the image of Par(z). If there
exists any index j # ¢ such that

. (7.28)

(i) deg(vs, (L7 US7)) > [{y € X' : j, = j}|, and

(i) D yexr:j,= V(T y)) < k/(5Gm) — 29k,

then choose such an index j and fix j, = j. If no such index j # i exists, than set j, = i.

The assignment finished, for every z € X with j, # i we map z to N(v,) N (L/= U SJ=).
This is possible thanks to Condition Having mapped all X, = {y € X : j, # i}, we
embed {Ch(z),z € X} in L= U Sg”” (see Figure [[.2)). Even if x is mapped to S7=, the at most
v(k+ 1) children of z (cf. definition of W;*) can be embedded thanks to Condition [(#)] and the
definition of 7. Having embedded all the vertices (J, . X Ch(z), we continue as follows. For

each © € X; we embed the rest of T'(} ) greedily in L= U S{", which is possible by (T28). We
are finished with embedding 7" in the case that j, # i for all x € X. Thus, assume that

jz =1 for some x € X . (7.29)

Suppose that }° oy .; _;v(T( y)) > k/(5m) — 27k for some j # i. Set D ={T'(L y) : jy =
Jt
Claim 7.11.4. We have |U; NV (D)| > 500k.

Proof. First, consider the case that the total order of small components of D, defined as with
at most 10 vertices, is at least |V (D)|/2. In each such component, there is at least one vertex

of Wi** C Uy. Hence [Uy NV/(D)| > & - Y2 > —k_ 5 5004k,

Next, consider the case that the total order of large components of D (those having more
than 10 vertices) is more than |V(D)|/2. Let D; be those large components D € D with
|Us NV (D)| < 10|U; NV (D)|, and let Dy be those large components D € D with |UyNV(D)| >
10|U; NV(D)]. Consider the tree T" = T — Ds, and its colour classes T, and T/. Let R be the
roots of the trees in Dy. We have |R| < |V(D2)|/10. Set the partition V(T') = U{UUS, where
Uy =TLU(UNV(D2))\Rand Uy = V(T)\ Uy = TZU (U1 NV (D3)) UR. Observe that U is
an independent set. As disc(T") < 2vk, we have

29k > |Ug| = [U{| > [U2 N V(D2)| = [Ur N V(D2)| = 2|R| > (57 — 5)IV(D2)] -
We conclude that |V(Ds)| < 4vk. In particular, we have |V(D;)| > |[V(D)|/4. Then
U N V(D) > [y N V(D) > & - P> 5009k

as needed. O
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Recall that we have embedded the entire tree T" except the set M = UxeX\X# V(T x)).
Let @ C UasNM be a set of size max{400vk, |UyNM]|}. To finish the embedding of T', we embed
greedily the vertices of Q U (U; N M) in L' and the vertices of (Uy N M)\ @ in S§. Prior to
this embedding, by Claim [ZIT4] at least 500vk vertices of U; had been embedded outside of
L. Thus, the minimum-degree conditions (7)) guarantee that such a greedy embedding indeed
exists.

Thus, it remains to consider that >° cv.; —;0(T(l y)) < k/(5m) — 27k for all j # i. At
the same time, we had not been able to satisfy Condition for any j # i for the vertex z
from (C29). Then deg(vx,U#i(Lj USH)) <{ye X : j, #i}l

At least

(k+1)/2 = |L| = |[U1] — L] (7.30)
vertices of U; were embedded outside L’. Indeed, at least deg(v,, Uj#(Lj U S7)) vertices x € X
were assigned some j, # i. Each corresponding tree T'(| x) contains at least one child of z,
belonging to W;** C Uy, which was thus embedded outside L’. Using (T12)), we get (Z30).

It remains to embed the trees {T'(] =) : = € X \ X}. We first embed all the trees
T x)\ (W UWs), x € X \ Xy. The extension to W;** U W, will be done at the very end.

Set Wy = Wi 0 (UQCeX\X# V(T x))) and Wy = W3** N (UxeX# V(T x))).

Claim 7.11.5. We have |[Wx U Wy | > 1.9vk.
Proof. Let W be all vertices in Wi n V(T) C U, whose parent lies in Us. For y € W, the
independence of Uy implies that Par(Par(y)) € U;. Thus by the definition of X, we have that

Par(y) € X and thus y € Wi** N (U,ex V(T(1 #))) = Wx UWy. Hence, W C Wy UWy.
The semi-independent partition

O\ (WP N VD) \W), U2 U (W™ N V(T) \ W)

has gap
(102] + W AV (@) = (W) = (T3] + W] = (W7 A V(7))
> (Wi A V()| = W) = (W] = Wi AV (T)]) > 2299k - 2|
Since disc(T) < 2vk, we get |[W| > 1.9yk. O

Set N = UxeX# V(T({ z)). By Claim [[TTH we have that |Wy| > 0.75vk, or |[Wx| >
0.75vk. Hence,

E+1 - . k

U\ (Wx UN)| < % 0759k < |L -1 (7.31)

For a fixed z € X \ X_4;, we proceed embedding T'({ x) \ Wy greedily in G[L?U S}], using L

to host (U3 N V(T(} z))) \ Wy, and S to host (Us NV (T({ x))) \ Wa. By (31, (TI)), and

the definition of S}, we have deg(v,, L') > |L?| — vk/2 and 6(Sg, LY) > |L!| — vk/2 is sufficient

to accommodate the vertices from U; \ (Wx U N) in L?. As for the vertices that need to be

mapped to S¢, recall that the fact that (U, Us) is 8yk-ideal yields |W3| > 8vk. Together with
the fact that we are considering the deficient case, we get that at most

L 4
Uz \ Wa| < (5 + k) — 8vk < [Sp| — Tvk

vertices are mapped to 56. Hence, the minimum degree of vertices of L’ to Sé is sufficient for
a greedy embedding.
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(a) In case z is mapped to L_j we can embed the (b) In case x is mapped to v € $7 (but not nec-
tree T'( z) greedily in G[L’, S}]. essarily in S})) we first embed all its children to

L7. To this end we make use of Condition |(i1))
The rest of the embedding goes in G[L’, S]].

Figure 7: Embedding the tree T'(] x) in Lemma[l.TIl The placement of x is denoted by a black
dot. The embedding the proceeds following the arrows.

The next stage is to embed the vertices of Wx. Let L* C L* be the set of unused vertices.
We consider a bipartite graph H whose two colour classes are L* and Par(Wx). A pair vz,
v € L* x € Par(Wx) forms an edge in H if x was mapped to a vertex that is adjacent to v
in G. By the definition of S, and by (), we have §y(Par(Wx), L*) > |L*| — vk/2, and
S (L*, Par(Wx) > |Par(Wx)| —vk/2 = |Wx| —vk/2. We conclude that H has no vertex cover
of size less than min{|Wx/|,|L*|}. As we did not embed any vertex from Wx yet, and by (Z30])
we mapped to L at most |Uy| — (|Uy| — |LY]) — [Wx| = |L}| — [Wx]| vertices, we get |L*| > |[Wx]|
and thus the minimum vertex cover has size at least |[Wx|. By Konig’s Theorem, there exists a
matching covering Par(Wx) in H. This matching tells us how to embed Wx. In the last step,
we embed Wy. This can be done greedily as Par(W5;) were mapped to L.

The case [Wy™ \ V(T)| > 2.99k is treated similarly, the difference being that this time we
start with X = {x € Par(W;**\ V(T')) : Par(x) € U, }. O
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Proofs of some auxiliary facts

Proofs of several auxiliary statements were omitted in the main body of the paper. Here we
give these proofs.

A.1 Proof of Lemma 3.8

For the proof we need the following two statements. The first one is a simple corollary of Hall’s
Matching Theorem.

Lemma A.1. Let K = (W7, Wa; J) be a bipartite graph such that 6(K) > ng| and |[W1| < |[Wa|.
Then K contains a matching covering Wy.
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Let ¢ be the number of leaves of T'. Recall that ¢ < ak. Fact gives that disc(F) < ak.
In particular the lower bounds given in Properties |(v)| and of the lemma, combined with
the upper bound in Property yield |Al,|B| > ‘ilg

We write r = |By|, and @ = {P1,...,P.}. Root T at an arbitrary vertex v € T5. An
c-induced path aj ...acy1 C T is a path whose internal vertices have degree two in 7. Take a
maximum family F of vertex-disjoint 7-induced paths in 7. We show that |V (F)| > k — 19¢.

Let D3 = {u € V(T) : degp(u) >3} and D; = {u € V(T) : degy(u) =i} for i = 1,2. By
Fact B4l we have | D3| < ¢ (and |Da| > k — 2¢). From

Z deg(u) = |D1| + 2|Do| + Z deg(u) > 2k — 30 + Z deg(u)
uEV(T u€ D3 u€eDs3

we deduce that there are at most 3¢ + 1 maximal (w. r. t. inclusion) paths formed by vertices
of degree 2 or 1 not containing the root v. On each such maximal path, at most 7 vertices are
not covered by F. Thus the total number of vertices uncovered by F is at most 7(3¢ + 1) +
|Ds3| + [{v}| < 26¢. The order <, naturally extends to an order on the paths of F. For a family
F' C F we write T(| F') to denote all the vertices of V(F’), and all vertices that are below
some vertex of V(F'), i.e
)= |J v
ueV(F")

There is a family R C F satisfying the three properties below.

(P1) [R] < €] + M.

(P2) |T({ R)| < 34ak, and 4(|€] + |M|) < min{|Te N T R)|,|Te NT({ R)|}.
(P3) R is a <,-antichain.

We describe a procedure how to obtain such a family R. By an inductive construction, we
first find an auxiliary family R’ starting with R’ = 0. While |R'| < |€] + |[M| we take
a =,-minimal path in F which is not included in R’ and add it to R'. From the bound
[V(T) \ V(F)| < 26¢, in each step we have that [T'(] R')| < 8|R'| + 26k, and obviously
AR <min{|Te N T R)|,|Te N T(L R')|}. Let R be the <,-maximal elements of R’. Hence
IT(L R)| =|T(} R’)|. The properties (P1), (P2), and (P3) are satisfied.

Set d = bak. Take a family X = {X;,..., Xy} of d 5-induced vertex-disjoint Ty — T —
Ts — Ts — T paths that avoid {v} UT({ R). For each path R € R we write ar to denote
its <,-maximum vertex in Ty, and set bg = Ch(ag), crg = Ch(bg), and dg = Ch(cg). We set
U=AN(V(E)UV(M))and Q = ANV (Q).

We now describe the embedding ) of T'. We do not have to embed those leaves whose parents
are embedded in A until the very end. Indeed, such a partial embedding easily extends to an
embedding of T" using Property of the lemma. We map the root v to an arbitrary vertex in
A\ (UUQ). We continue embedding T' greedily, mapping vertices from T to A\ (U U Q) and
internal vertices of Ty, to B,. However, there are two exceptions in the greedy procedure:

(S1) If we are about to map a vertex bg (for some R € R), we skip its embedding, as well as
the embedding of T'(] bg).

(S2) If we are about to map a vertex xe which was part of some path xjzozszszs € X, We
skip its embedding, as well as the embedding of the vertices x5 and z4. We continue with
mapping x5 to Bj.
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Observe that we are able to finish the greedy part of the embedding since the two “skipping
rules” guarantee that both in A and in B at least d > ak vertices of T' remain unembedded.

In the next step, we build missing connections in the graph H caused by the skipping rules.
We construct an auxiliary bipartite graph K; = (O,, Op; E1). We arbitrarily pair up 2(d — )
vertices of A\ (U U Q) unused by ¢ into pairs u1 = {a},a?},... pg—r = {a}_,,a%_,}. The
remaining r pairs are formed by endvertices of the paths in Q. We set pjrqr = ANV(EF).
Vertices of the color class Oy, are formed by the pairs p; (i € [d]). Vertices of the color class O,
are formed by the paths in X. A path zixorsza75 € X is adjacent in K7 to a pair p; if and
only if there exists a perfect matching in the graph H[{¢(x1),%(z5)}, pi]. Since |O,] = |Op|
and 0(K1) > |0, — 20k > %, there exists, by Lemma [A ] a perfect matching M7 in Kj.
The matching M; tells us where to map the vertices xo and x4 of each path z1xox3r475 € X.
We extend 1) accordingly on the vertices lemmmme){{xg, x4}. If a path zyxox3zs25 € X Was
matched with ;14— (for some i € [r]) in K7, we map z3 to the middle vertex of the path F;.
We write X’ for those paths x1zow3x475 € X whose vertex x3 was not yet mapped. It holds
|X'| > dak.

Let £ : R — U be an arbitrary injective mapping. We construct another bipartite graph
Ky = (Ja, Jp; E2). Vertices of the color class J, are elements of R U X’ and vertices of the color
class Jy, are vertices of B, unused by .

Claim A.1.1. We have |J,| < |Jp|.

Proof. Let W be the set of leaves of Ty \ V(R). Remember that the set W is mapped only at
the very end of the embedding procedure. Further, for any path z1...25 € X \ X/, the vertex
x3 € Ty has been mapped to By, which is disjoint from B,. Next for each path z1...xz5 € X”,
the vertex x3 € T has not been embedded, yet. Each path in R has at most one vertex in Ty
that has already been embedded. Therefore we have

[T > B = (ITs| = [W| = X\ X'| = [X'] = (ITe NV R)| = R]))
> |B| = |[Ta| + W]+ X[ + 3(I€] + |M])
> W+ X[ +2[R| =12 [Ja| + W]+ |R| = 1 > | Ja],

where the last inequality follows from the fact that if R = () then W # () by FactFact O

A path R € R is adjacent in K; with a vertex b € J if and only if bip(ag) € E(H)
and b(R) € E(H). A path zyzoxszszs € X’ is adjacent to a vertex b € Jy, if and only if
biy(xe) € E(H) and byp(z4) € E(H). Indeed, 6(K1) > |Ja| — 27k > %, and |Ju| < |Jp|. By
Lemma [A.T] there exists a matching Ms in K5 covering .J,. Such a matching tells us where to
map unembedded vertices x3 (in the case of a path xixox32475 € X') and vertices by (in the
case of a path R € R). For a path R € R we finish embedding the part of the tree T'({ cr),
extending the mapping ¥. If ¥(cr) € V(E) we just use the corresponding connecting edge
of £ to map dr to H, (for some x € I) and continue embedding T'(| dr) greedily in H,. If
Y(cr) € V(M) we map dr to the middle vertex of the corresponding connecting path M and
embed the rest of T'(] dr) greedily in H, (for some x € I).

A.2 Omitted proofs from Section

Proof of Fact. Let X C X be the set of vertices that are not typical w. r. t. Ule Wi,
i.e., for every v € X we have deg(v, Jr_, Wi) < S35_(d(X,Y;) — )[Wi|. Thus e(X, ', W;) <
|X|- 20 (d(X,Y;) — €)|W;|. Hence, there is an index i € [¢] such that d(X,W;) < d(X,Y;) —e.
As W is significant and (X,Y;) is e-regular, we get that | X| < ¢|X]|. O
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Proof of Lemma [Z.12. Without loss of generality assume that |P’| > A. Let us fix an arbitrary
set Sp C P with |Sp| = A and another set Sg C @ with [Sg| = A. The sets Sp and Sg are
significant. Choose a vertex v € P’ which is typical w. r. t. Sg. There are at least |P'| —es > 1
such vertices. Set ¢(r) = v.

We inductively extend the embedding ¢, so that every vertex of ¢ that is mapped to Sp is
typical w. r. t. Sg, and so that every vertex that is mapped to Sq is typical w. r. t. Sp. We
illustrate the inductive step by describing how to embed the neighborhood of a vertex u that
was already mapped to P. The case that ¢(u) € @ is analogous. Let N C N(u) be the yet
unembedded neighbors of u. The vertex ¢(u) has at least (d—2¢)A > es+wv(t) neighbors in Sg.
At least |N| of them are typical w. r. t. Sp and are not yet used by ¢. We map N to these
vertices.

For the moreover part, we only need to observe that if |P’| > A, there is at least one vertex
in P’ which is typical w. r. t. Sg. We map the root r to this vertex. The second condition of
the moreover part is analogous. O

For the proof of Lemma 513l we need to embed the shrubs of a given tree in an efficient way.
To this end, we try to fill the clusters of a regular pair in a balanced way. The following definition
of packedness formalizes this. Let X,Y,Z be three disjoint sets of vertices of a graph G. We
say thzlxgt UC XUY is (A 7)-packed with respect to the head set Z and the embedding sets X
and Y 19 if

min{|X NU|,|Y NU|} > min{degy(Z, X),degy(Z,Y)} — A, or (A1)
| XNU|-YNU||<T (A.2)

Proof of Lemma 513 Assume that H has N clusters. Let X C X’ be the set of vertices that
are typical w. 1. t. all but at most \/eN sets C N VX, C € V(M), w. r. t. all but at most \/zN
clusters Z € Z, and w. r. t. the cluster Y. Let Y C Y be the set of vertices that are typical
w. . t. all but at most \/eN sets CNVY, C € V(M) and w. r. t. the cluster X. Let Z C |J 2
be the set of vertices (viewed as vertices of individual clusters of Z) that are typical w. r. t. all
but at most /N sets CNVZ, C € V(M) and w. r. t. the cluster X. Observe that by Fact [5.9]
| X"\ X| < 3y/es, |[Y'\ Y] < 2/es, and for every Z € Z,

1Z\ Z| < 2/es . (A.3)

Let Qx be the set of vertices (viewed as vertices of individual clusters of V/(H)) typical w. 1. t.
X. We define analogously Qy. For each v € X UY, let

M, ={CD e M : vis typical w. r.t. both CNVX and DNV*} ifve X,
M, ={CD & M : vis typical w. r. t. both CNVY and DNVY} ifveY .

For each cluster C' € V(M) we have by Fact [(.9]

[C\Qx|.|C\Qy[<es, and (A.4)
|M,| > |M| —2\eN . (A.5)

The embedding of F' is divided into w steps, where w = |Wx U Wy|. We label the vertices
of Wx U Wy as xq,...,Zy, indexing from an arbitrary fixed root R € Wx U Wy downwards,
i.e., in such way that j; < jo whenever x;, =g x;,. We denote by ¢ the partial embedding

2the embedding sets will be typically clear, and then we only specify the head set
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of F. For aset U C V(F), p(U) refers to the image of the already embedded part of U at that
momentﬁ In step i > 1, we embed the tree

F=F[iu | ve],

KE[CZ'}

where t},...,t" are the components t € Dy U Dy such that Ch(z;) NV (¢) # 0. Set V! =
Uje: V() VU V(tg), and Uf = p(V¥). We call the embedding ¢ equable at step i and
substep ¢, if for each CD € M, we have ||Uf NVZNC| - |Uf NVZ N D| < 7. During the
embedding procedure, we use an auxiliary set Z’ C Z of “active” clusters in Z.

For i = 1, set N; = XUY and 2/ = Z. For i > 1, let p; = Par(z;) and set N; =
N#(p(p;)) N (X UY). During the embedding process we will keep the following three properties
in every step i € [w], and every substep j € [¢;].

(I1) For each CD € M, the set Uij NVXN(CUD)is (%%, 7)-packed w. r. t. the head set X
and the set U/ N VY N (CUD) is (8¢, 7)-packed w. r. t. the head set Y.

(12) ’Nz ﬂX’ > ‘Wx‘ and ‘Nz ﬂY’ > ’Wy’

(I3) p(Wx) C X, o(Wy) C Y, o(Dy) CVY, p(D1) CVX\V(Mx), ¢(D2) C VX NV (M),
p(D3 \Np(Wx)) C VZ, and o(D3 NNp(Wx)) C U Z.

(I4) Either the embedding ¢ is equable and Z’ = Z, or for every CD € M and every Z € Z'
we have

. _ _ . 8es
min{degss (7,C N VZ), deg(Z, D (1VZ)} < min{| (€ 0 ¢(Dy)|, (D 0 o(Dy) [} + =

and degg (X, 2") > [(V(Ds) NNp(Wx)\ VY| + U7 nU 2|+ & .

Fori=1and j = 1, (I1), (I3), and (I4) hold trivially. Further, max{|Wx|, |[Wy|} < 12 «
es <min{| X[, |Y|} by Definition yielding (12).

We now proceed with a general step. We first give two claims which we then make use of
for the embedding itself.

Claim A.1.2.
(a) Suppose that Dy # (). Then for every v € Y, there is an edge C'D € M, such that

deg(v,(CUD)NVY) > |o(Dy) N (CUD)|+ 27 + 52—8 .

(b) Suppose that Dy # ). Then for every v € X, there is an edge CD € M, \ My such that

deg(v, (CUD)NVXNQx) > |p(D1) N (CUD)| +2T+%s )

(¢) Suppose that Dy # (). Then for every v € X, there is an edge CD € My N M, such that

deg(v,CﬂVXﬂQX)z|¢(D2)HC|+% and |DﬂVX|2|go(D2)ﬂD|+%. (A.6)

3In particular, one may have |o(U)| < |U].
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(d) Suppose that D # (. Then for every v € X, there is a cluster Z € Z’ such that

deg(v, Z N Z) > |o(Ds) N Z] + %f .

Proof. @ Using the typicality of v, we get

ED 3
D deg(v,(CUD)NVY) > degu(Y,VY) —2VeNs—en > v(Dy) + % :
CDeM,
which implies the statement.
The proof of [(b)] is analogous, using (A4) and
By (AA) and by the typicality of v, we have
> deg(v,CNVY) > Y deg(v,(CUD)NVY) —2\/ENs

CeV(MxNM,)NNg (X) CDeMyx
> degg (X, V¥ N JV(Mx)) — en — 2v/ENs

@)
> v(Dy) — Pk +&n — 3vENs .

(A7)

As Dy is c-balanced, we get v(Ds) > 2k + > cpemynm, max{|e(D2) N C|, |p(D2) N DI}. So,

there is an edge C'D € Mx N M, such that
X '
IDNVA| = deg(v,C N V™) > max{|o(D2) NC|,|p(D2) N D|} + £s — 3y/es .
Together with (A4), we get (AG).

The vertex v is typical w. r. t. all but at most \/eN clusters Z € Z’.
First assume that ¢ is equable and Z' = Z. We have

=z

deg(v, 20| J2) "=~ deg(v,UZ)—(UZ\Z( = degp(X,| JZ) —en — (1+2)vENs

7

> [V(Ds3) N Np(Wx)| +&n —4v/en .

-
E
g

As by (I3) only V(D3) N Np(Wx) is mapped to |JZ = |JZ’, there exists a cluster Z € Z’

satisfying (A.T).

If ¢ is not equable, we get

deg(v, ZN|J 2') > deg(v,| J2') - (Uz \ Z( > degy (X, J2') —en — (14 2)VENs

(14) . .
> |V(Ds) "\Np(Wx)\ V7| + U N J2'| +én/2 — 4v/en .

As by (I3) only V(D3) N Np(Wx) is mapped to |J Z’, there exists a cluster Z € Z' satisfy-

O

ing (&)
Claim A.1.3. Suppose that D3 # (). Then for every vertex v € Z, there is an edge CD € M,
such that ¢

deg(v, (CUD)NVZ) > |p(Ds) N (CUD)| +2r + 265 + ES .

Proof. Suppose that v lies in a cluster Z. Using the typicality of v, we get

(%) (vit)
D deg(v,(CUD)NV?) > degy(Z,V?) - 4y/eNs —en > v(Ds) + 3%” .

CDeM,

o1

(A.8)



Assume that we are in step ¢ > 1 and that we want to embed the forest F;. By (I2), we can
map x; to an unused vertex in N; (in N; N X if x; € Wy, and in N; NY if z; € Wy). Observe
that ¢(z;) has at least (d — €)s — ds/2 — 3\/es > es > |Wx U Wy| neighbors in X or in Y
(depending whether ¢(z;) € Y or ¢(z;) € X). This ensures that (I2) still holds. Assume that
we are in substep j € [¢], i.e., we have already embedded the components til, . ,tg ~! and that
we want to embed the component t{ .

(1) If t/ € Dy, pick an edge CD € Mgy, as in Claim [ATA[(a)l We use Lemma to
embed t{ (where the root of tg is the neighbor of x;) with the following setting.
P =Ny(p(z))nCnVv¥\U/ P=cnVvY\U/ccC,
Q' =Nu(p)nDNVY\U/  Q=DnVY\U/CD,

and A = 4%5. We have that
1 ; 1
max{|P'|, ||} > 5 deg((x:), (CUD)NVI\U]) > S (2 +5) > %,

which verifies one of the assumption of Lemma [5.121 We use Lemma [(.12] differently in
cases

min{|p(Dy) N C|, |¢(Dy) N D|} < min{degy(X,C N VY), degy (X, DN VY)} — 8%8 and
(A.9)

min{|p(Dy) N C|, |¢(Dy) N D[} > min{degy (X, CNVY), degg (X, DNVY)} - &
(A.10)

Suppose first that we do not have (A9]). Thus in particular, the packedness of Uij NnV¥n
(CUD) in (I1) has the form of (A.2]). Then

min{|P'[,|Q'|} = min{deg(p(zi), C N VY \ U}), deg(p(wi), DN VY \UY)}

(13)

a o Voo v
> min{degy(X,CNV" ), degg(X,DNV")} —es

—min{|p(Dy)NC|,|p(Dy)ND|} — 7

which allows us to use the “moreover” part of Lemma [5.121 We can then choose in this
case to which set P’ or Q" we map the root of t/. We thus can ensure that Hcp(Dy) NC|—

lo(Dy) N D|| < 7 still holds after embedding #/, yielding (I1).
Suppose now that (A9 holds. Then

min{|P|,|Q|} = min{|CNVY\U/,|DN VY \ U]}

> min{deg(p(z;),C N VY), deg(¢(x;), DN VY)} —max{|p(Dy)NC|,|e(Dy) N D|}

> max{deg(p(z;),C N VY), deg(¢(x;), DN VY)} —max{|p(Dy)NC|,|e(Dy) N D|}

> deg(p(2;), (CUD)NVY) — |p(Dy) N (CUD)

— min{deg(¢(z;), C N V), deg(o(x;), DNVY)} + min{|o(Dy) N C|, [p(Dy) N D|}

ER A i el ik

which indeed allows us to embed tg using Lemma [5.12] in this case. After the embedding
of ¢/ in this case, (I1) holds trivially.
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(2)

(3)

(4)

In both cases, (I2) holds, as Dy contains only end-shrubs. The tree t{ was embedded in
(CuD)NVY | ensuring (I3). (I4) is immaterial in this step as nothing was done regarding
VZ or Ds.

If t{ € Dy, pick an edge CD € M)\ Mx as in Claim M@ The embedding is done
analogously to the case (1), setting

P =Ng(pz)NnCnV¥nQx\U/  P=cnv¥nQx\U/ ccC,

Q' =Nu(pz:)NDNV¥NQx\U/  Q=DnV¥nQx\U/CD.
As o(V (t] 7)) C Qx, every vertex in V(t]) N Np(Wx) is mapped to a vertex that has at

least (d — £)|X| > |Wx| neighbours in X, ensuring (I2). Conditions (I1) and (I3) are
maintained as in case (1). Again, (I4) is maintained automatically.

If t{ € Dy, we pick an edge CD € M, N Mx as in Claim We use Lemma B.12] with
the following setting.
P =Ny(p(z))nCnvVXnQx\U ccnv¥nx\U/ cC,
Q=0CcDnVX\U/CcD,
and A = 25, The requirements on max{|P’[,|Q’|}, and min{|P|, |Q|} are fulfilled by (A6).

We get an embeddlng of tf in (CUD)NVX (ensuring (I3)) such that every vertex at
even distance to the root of ¢/ is mapped to Qx. Therefore its image sends at least

d—e)|X| > Wx| edges to X (ensuring (I2)). The condition (I1) trivially holds by the
( g g y y
property of Mx.
Suppose that t{ € Ds.
First we consider the case, when there is a cluster Z € Z such that

(*) deg(p(z:),ZNZ) > U/ N Z|+ <, and
(**) there is an edge CD € M such that deg(Z,CNVZ) > |U] NCNVZ|+1+es+ 35t

and deg(Z, DN VZ) > U/ NDNVZ| 47 +es+ % destT,

25’

Then we embed tg in ZUCUD as follows. We map the root r of tg to an unused vertex
v € ZN Z that is typical w.r.t. C NVZ and typical w.r.t. DN VZ. By Fact 5.9 there are

at least 5—3 — 2es > 0 such vertices. By (**), the vertex v satisfies
j 3
deg(v, (CNVAH\U)) > 7+ 5T , and
d—2¢e A1l
j 3es+ T (A.11)
deg(v, (DNVH\U) > 7+ ——— .

Let K C C'U D be the set of vertices that are typical (where typicality refers to C' or D,
respectively) w.r.t. (ZNZ)\ U/. Note that the set (Z N Z)\ U] is significant by (*). By

Fact 59,
(C\ K|,|D\ K| < es . (A.12)

Let tepen be the set of vertices in V(tj )\ {r} of even distance from r, and let t,4q4 be
the ones of odd distance. If [toga| < [teven| and [(C'N VE)\ UJ] < |(DNVE)\ U]] or
ltoda| > |teven| and |(C NV Z)\ U]| > |(DNVZE)\ U]| set Xig1g= D, and Y|y =C.
Otherwise set X;191= C, and Y519 = D.
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() components of T"

" components of 7"

Figure 8: The components 7" and T". Vertices of Wx are shown in gray.

Consider the set 7" of components of tg — Np(Wx) that are incident to r. By Defi-
nition B.2)(ix), V(tg ) N Np(Wx) has one or two elements. If r is the only element in
V(tg) NNp(Wx) then 7" contains all the components of tg \ {r}. We embed the elements
t € T" one after the other using Lemma At each application of Lemma we
use P = (X;gmn K NVZ)\ ¢(Ds), P = PNN(@), Q = (Vi gggN K NVZ)\ ¢(Ds),
and Q' = Q N N(v). By (AII) and (AI2) we have min{|P'|,|Q'[} > 54T — g5 > £51T
By the “moreover” part of Lemma we can ensure that the root of ¢ (i.e. the unique
vertex in V(t) N Npg(r)) is mapped to the set P’.

If r is the only element in V(t{)ﬂNF(WX), then we are done with embedding tf Otherwise,
let 7/ be the second vertex in V (¢/)\Np(Wx ). The predecessor of r’ is mapped on a vertex
u € K. Since u is typical w.r.t. the set (Z N Z)\ U/, we have

deg(u, (Z N Z)\U?) > (d = )(ZN 2)\ U] S (d— 8)%8 > 3es. (A13)

We can thus map the vertex 7’ to an unused vertex v’ € (Z N Z) N N(u) that is typical
w.r.t. CNVZ and typical w.r.t. DNVZ,

Consider the set 7" of components of t{ — {r'} that are incident to r’ and does not
contain r. See Figure We embed the elements ¢t € 7" one after the other using
LemmaBT2l At each application of LemmaBI2 we use P = (X;51gN K NVZ)\ ¢(Ds),
P'=PNN(@), Q= YN KNVZ)\¢Ds), and Q" = Q NN(v). By (**), the vertex

v’ satisfies

By ([(AI2), we have that min{|P'|,|Q'|} > 32iT — cs > £527. We can thus use the

“moreover” part of Lemma to ensure that the root of ¢ (i.e. the unique vertex in
V(t) N Ng(r")) is mapped to the set P’.

As we embedded V() N N(Wx) in Z and the rest of #/ in (C'UD)NVZ, properties (I1),
(I2), and (I3) trivially hold. As for (I4), we did not alter the set Z’ and the set p(Ds)
may have only increased. Also observe that by (I3) we have that ]V(tg )N Np(Wx)| >
|g0(t{) N Z’|. Therefore, it is enough to show that if ¢ was equable at the substep j, it
is still equable at substep j + 1 (i.e. after we embedded tg ). This was guaranteed by the
choice of X1 and Y519 so that to minimise the difference between |(Ds)N(C NVZ)|
and |¢(D3) N (D N VZ)| together with the fact that v(t]) < 7.

Now consider the case when there is no cluster Z € Z that satisfies (*) and (**). If ¢ is
equable and Z’ = Z then we redefine Z’ to be the set of clusters in Z with respect to
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which the vertex ¢(z;) is typical and for which (*) holds. We want to check (I4) for this
new set Z'.

As p(z;) € X by (I2), we have that o(z;) is typical to all but at most \/eN clusters of
Z. Therefore,

degn (X, |J 2') = degn (X, J 2) - ven - (\Ui nUJeE\ 2+ %)

> [V(Ds) A Np(Wx)| ~ U7 0 | J(2\ 2)] + én — ven — &

(13

> |(V(Ds) "\ Np(Wx))\ V7| + U7 n| ] 2/ +%”,

By the definition of Z’, (**) does not hold for any cluster Z € Z’. Then, as ¢ is equable,
we have

min{deg(Z,C NV?),deg(Z, DNV?)}

3es+T1
d— 2¢
3es+ T
d— 2¢

<max{|{U/NCNVZ,|UINDNVZ]} +7 +es+

<min{|U/ nCNVE, U NDNVZ]} + 27 +e5+

sy 8es
< min{[p(Ds) N CY, |(D3) N D} + Pk

showing that the newly created set Z’ satisfies (14).

So we may assume that the second condition of (I4) is satisfied. Let Z € Z’ be a cluster
as in Claim m and map the root of ¢/ to a vertex v € Z N Z. Then pick an edge
CD € M, as in Claim[A.T.3l Let K C C'UD be the set of vertices that are typical (where
typicality refers to C' or D, respectively) w.r.t. (ZNZ)\ U;.

Without loss of generality, assume that |[N(v, KN DNVZ\U?)| < |N(v, KNCNVZ\U?)|.
Let Xi19 = C and Yj191= D. Consider the set 7" of components of tg —Np(Wx) that
are incident to 7. We embed the elements t € T one after the other using Lemma
with the following setting,

P=(XgmnKNnV?)\e(Ds), P =PnNN(v),
Q=MEN K NV)\ o(Ds), Q'=QNN().

By (A8) we have |(P'UQ)| > %s — 2es. As by assumption we have |P'| > |Q’|, we get

|P/| > & —es > S5ET,
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From (A.8) we derive

Q| > |DNVZ| - |(DNVE)NU!| = |DnVE| - |(CuD)NVE)NU!| + [(CnVE)NU/|

>|DNVZ| - (deg(v, (CUD)NV?Z) =27 — 25 — %) +(CnVE U

s
2

— min {deg(v, C' N VZ), deg(v, D N VZ)} +min{y(0m V3 nUI|, |(DNVE) N Ug'y}

= |DNV?| — max {deg(v,C NV?Z),deg(v,DNVZ)} + 27 + 2es +

> 27 45+ 52—8 — (min {deg(Z,C N V?),deg(Z,DNVZ)} +es)

+min{|(C’ﬂVZ)ﬂUij|,|(DﬂVZ)ﬂUz‘j|}

14 s es+ T
> 2 - —egs > .
> T+€S+2 ss_d_%

If r is the only element in V(tg)ﬂNF(WX), then we are done with embedding tf Otherwise,
let " be the second vertex in V(t{ JNNp(Wx). The predecessor of 7" is mapped on a vertex
u € K that is typical w.r.t. the set (Z N Z)\ Uij and hence satisfies (AJ3]). We can thus
mapped the vertex ’ to an unused vertex o € (ZNZ)NN(u) that is typical w.r.t. CNVZ
and typical w.r.t. D N VZ. Let Xi519 = C and Y9 = D. Consider the set T
of components of t{ — {r'} that are incident to " and does not contain r. We embed
the elements t € 7" one after the other using Lemma similarly as we did for the
elements of 7. At each application of LemmaB.12lwe use P = (X190 K NVE)\ ¢(D3),
P'=PNN@), Q=YgmN KNV \ ¢(Ds), and Q' = QN N().

Observe that the embedding ¢ satisfies (I1)—(14).
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