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Abstract

A class of graphs is x-bounded if there exists a function f : N — N such that for every
graph G in the class and an induced subgraph H of G, if H has no clique of size ¢ + 1, then
the chromatic number of H is less than or equal to f(q). We denote by W,, the wheel graph
on n + 1 vertices. We show that the class of graphs having no vertex-minor isomorphic to W,
is x-bounded. This generalizes several previous results; y-boundedness for circle graphs, for
graphs having no W5 vertex-minors, and for graphs having no fan vertex-minors.

1 Introduction

All graphs in this paper are simple and undirected. A clique of a graph is a set of pairwise adjacent
vertices. The cliqgue number of a graph G, denoted by w(G), is the maximum number of vertices
in a clique in G. We denote the chromatic number of a graph G by x(G).

Gyérfas [15] introduced the concept of a x-bounded class of graphs. A class C of graphs is
Xx-bounded if there exists a function f : N — N such that for every graph G € C and an induced
subgraph H of G, x(H) < f(w(H)). Such a function f is called a x-bounding function. Gyarfas [15]
proved that for every positive integer k, the class of graphs with no induced path of length k is
x-bounded.

A wvertex-minor of a graph G is an induced subgraph of a graph that can be obtained from G
by a sequence of local complementations [1], 2, [3, [4, 5, [I7]. The precise definition will be presented
in Section 2

*Previous affiliation : Logic and Semantics, Technische Universitat Berlin, Berlin, Germany. Supported by the
European Research Council (ERC) under the European Union’s Horizon 2020 research and innovation programme
(ERC consolidator grant DISTRUCT, agreement No. 648527).

TSupported by the National Research Foundation of Korea (NRF) grant funded by the Korea government (MSIT)
(No. NRF-2017R1A2B4005020).

tSupported by the European Research Council (ERC) under the European Union’s Seventh Framework Programme
(FP7/2007-2013) /ERC Grant Agreement no. 279558.

YE-mail addresses: hjchoi0330@gmail.com (H. Choi), ojoungkwon@gmail.com (O. Kwon), sangil@kaist.edu (S.
Oum), paul.wollan@gmail.com (P. Wollan)


http://arxiv.org/abs/1702.07851v3

As graph minors are motivated by the study of planar graphs, one of the major motivations to
study vertex-minors is due to its close relation to circle graphs. Circle graphs are intersection graphs
of chords on a circle. Vertex-minors of a circle graph are circle graphs, as local complementations
preserve the property of being circle graphs.

Gyarfas [13], 14] proved the following theorem.

Theorem 1.1 (Gyérfas [13| [14]). The class of circle graphs is x-bounded.

Dvorak and Kral’ [10] proved that graphs of rank-width at most k are also x-bounded and it is
also the case that the class of graphs of rank-width at most k is closed under taking vertex-minors.
These motivate the following conjecture of Geelen (see [10]).

Conjecture 1.2 (Geelen (see [10])). For every graph H, the class of graphs with no H vertex-minor
18 x-bounded.

Conjecture is known to be true for the following cases. Here, for an integer k > 3, a wheel
graph Wy, is a graph that consists of an induced cycle on k vertices and an additional vertex adjacent
to all vertices of the induced cycle.

(I) Conjecture is true if H is a vertex-minor of W5, as shown by Dvordk and Kral’ [10].
Bouchet [6] proved that a graph is a circle graph if and only if the graph has none of W5, W7,
and F7 as a vertex-minor, where F5 is the (unique) 7-vertex bipartite graph such that F;—v is
a cycle of length 6 for some vertex v of degree 3. Geelen [11] gave a decomposition theorem of
graphs with no Wj vertex-minor, using circle graphs as one of the building blocks by applying
a theorem of Bouchet. Dvoidk and Kral’ [10] used the decomposition theorem of Geelen and
Theorem [[T] to prove that the class of graphs with no W5 vertex-minor is y-bounded.

(IT) Conjecture is true if H is a vertex-minor of a fan graph (a fan graph is a graph obtained
from the wheel graph by removing a vertex of degree 3), as shown by I. Choi, Kwon, and
Oum [7].

This implies that Conjecture is true for all H such that H is a cycle, as every cycle is a
vertex-minor of a sufficiently large fan graph. For such H, the conjecture also follows from a

recent theorem of Chudnovsky, Seymour, and Scott [§], proving a conjecture of Gyérfas that
the class of graphs having no induced cycles of length at least k is y-bounded for all k.

We prove Conjecture [[2 for H = Wj, for all k£ > 3, thus implying both (I) and (II).
Theorem For every integer n = 3, the class of graphs with no W, vertex-minor is x-bounded.

Our theorem also provides an alternative proof of Theorem [[LT] as W, is not a circle graph for
n = 5. Of course, (I) implies Theorem [II] but the proof of (I) by Dvordk and Kral’ [10] depends
on Theorem [[.Tl Moreover, (II) does not imply Theorem [[T] since a fan graph is a circle graph.

The paper is organized as follows. Section Bl provides some preliminary concepts. Section
gives a high level overview of the proof of our main theorem. Section Ml presents a lemma that will
help us to arrange finite sets of reals. Section [ proves a variant of Ramsey’s theorem. In Sections
and [[, we explain how to obtain a wheel graph from several large graphs as a vertex-minor. We
prove our main theorem in Section [8l
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Figure 1: The graph G and a contraction G/{p2,ps,...,ps}.

2 Preliminaries

For a graph G, let V(G) and E(G) denote the vertex set and the edge set of G, respectively. Let G
be a graph. For S € V(G), we denote by G[S] the subgraph of G induced by S. For v € V(G) and
S € V(G), we denote by G — v the graph obtained from G by removing v, and by G — S the graph
obtained by removing all vertices in S. For F' € E(G), we denote by G — F' the graph with vertex
set V(@) and edge set E(G)\F. For v e V(G), the set of neighbors of v in G is denoted by Ng(v),
and the degree of v is the size of Ng(v). For S € V(G), we denote by Ng(S) the set of vertices in
V(G)\S having a neighbor in S. For an edge e of a graph GG, we denote by G/e the graph obtained
by contracting e. Note we are only considering simple graphs, so we delete any parallel edges which
arise from contracting an edge. A graph H is a subdivision of G if H can be obtained from G by
replacing each edge vw by a path with at least one edge whose end vertices are v and w.

For a vertex v in a graph G, to perform local complementation at v, replace the subgraph of
G induced on Ng(v) by its complement graph. We write G # v to denote the graph obtained from
G by applying local complementation at v. Two graphs G and H are locally equivalent if G can
be obtained from H by a sequence of local complementations. A graph H is a vertex-minor of a
graph G if H is an induced subgraph of a graph which is locally equivalent to G.

For an edge uv of a graph G, to pivot the edge uv in G, denoted G A uv, perform the series of
local complementations G #u v *u. Note that G A uv is identical to the graph obtained from G by
flipping the adjacency relation between every pair of vertices x and y where z and y are contained
in distinct sets of Ng(u)\(Ng(v) u {v}), Ng(v)\(Ng(u) u {v}), and Ng(u) n Ng(v), and finally
swapping the labels of v and v. To flip the adjacency relation between two vertices, we delete the
edge if it exists and add it otherwise.

For a vertex v of a graph G with exactly two neighbors v; and vy that are non-adjacent, the
series of operations (G *v) — v is called smoothing the vertex v. The resulting graph is equivalently
the graph obtained by contracting an edge incident with v. Note that if H is a subdivision of
G, then G is a vertex-minor of H because we can construct G from H by repeatedly smoothing
vertices.

We describe another type of contraction that creates a graph isomorphic to a vertex-minor of
the original graph. For a vertex set S of a graph G where G[S] is connected, we denote by G/S the
graph obtained by contracting all edges in G[S]. Thus, all vertices in S are identified to one vertex
in G/S. In general, G/S is not a vertex-minor of G; the following lemma describes a situation,
which will be useful in the coming arguments, where G/S is isomorphic to a vertex-minor of G.

Lemma 2.1. Let m > 4 be an integer. Let G be a graph and let {p1,...,pm} U {q} be a vertex set
of G such that
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e there are no edges between {pa,...,pm—1} and V(G)\({p1,-..,pm} v {q}),

e ¢ has at least one neighbor in {ps,...,pm—-1}, and no neighbors in {p1,p2, Pm}-
Then G/{p2,ps,-..,Pm—1} s isomorphic to a vertex-minor of G.

Proof. Let G' := G/{p2,ps,...,pm—1} and let p be the contracted vertex in G'. We depict in
Figure I We simulate this contraction as follows:

1. First if there is a vertex of degree 2 in {ps,...,pm—1}, then we smooth it. We may assume
that there are no vertices of degree 2 in ps,...,pm_1.

2. If m = 7, then we apply local complementation at ps and remove it. This local complementa-
tion removes edges gps and gps, and links p3 and p5. Then we smooth p3 and p5. By applying
this procedure repeatedly, we may assume m € {4, 5, 6}.

3. If m = 4, then we smooth py. If m = 5, then we apply local complementation at p3 and
remove it, and then smooth p4. If m = 6, then we pivot p3ps and remove p3 and py, and then
smooth ps.

It is not difficult to see that each resulting graph is isomorphic to G’. O

3 Overview of the approach

We begin by taking a leveling of the given graph. A sequence Lg, L1, ..., Ly, of disjoint subsets of
the vertex set of a graph G is called a leveling in G if

1. |Lo| =1, and

2. for each i € {1,...,m}, every vertex in L; has a neighbor in L;_;, and has no neighbors in L;
for all j € {0,...,i—2}.

Each L; is called a level. We can obtain a leveling that covers all vertices in a connected graph
by fixing a vertex v, and taking L; as the set of all vertices at distance ¢ from v. Given a leveling
Lo, Ly,...,L,, if each L; can be colored by x colors, then the whole graph can be colored by 2x
colors, because there are no edges between L; and L; for |j —i| > 2. Therefore, starting with a
connected graph with sufficiently large chromatic number, we may assume that there is some level
L; that still has large chromatic number.

A natural approach to find a wheel vertex-minor is to find a long induced cycle in the level L;
with large chromatic number, using the result by Chudnovsky, Scott, and Seymour (Theorem B.T]),
and then to construct a large wheel vertex-minor using the connected subgraph on Lo u---u L;_1.
However, this strategy does not work well. For instance, we may find a graph depicted in the first
figure of Figure 2 In this graph, if we apply local complementations to create edges from v to the
bottom cycle, then we obtain a graph obtained from a large wheel by adding some parallel chords,
depicted in the right-hand figure. At this point, it is difficult to remove these chords to finally
obtain a wheel graph as a vertex-minor.

To avoid such problems, we aim to find a similar structure, but having two disjoint large
independent sets having regular neighbors on the cycle. One simple example is depicted in the first
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Figure 2: A problematic case.
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Figure 3: An example procedure to find a large wheel. The graph Gy is (G * wy * wg * w3 * wy *

21 * 29) — {w1, wa, w3, Wy, 21, 22}, and the graph G is (G2 A p2g2 A P5q5) — {P2, 5,42, ¢5}. Since G3
is isomorphic to a subdivision of Wg, it contains Wy as a vertex-minor.

figure of Figure Bl In this example, one independent set of vertices w; is used to create a vertex
having many neighbors on the cycle, and the second set of vertices z; is used to remove the newly
created chords. We depict this procedure in Figure Bl Briefly speaking, to remove the chords that
are newly created from w;’s, we want to add new chords that does not share an end vertex with
chords created from w;’s, and then by pivoting these edges, we remove chords created from w;’s. We
need more involved arguments for dealing with general cases. This is one of the main procedures
we will utilize to find a large wheel as a vertex-minor.

Our argument begins with a structure arising from recursively taking repeated levelings. Fx-
plicitly, we aim to find pairwise disjoint vertex sets X; and Yi,...,Y; and Z1,...,Z; in a graph G
with sufficiently large ¢ such that

e G[X;] has large chromatic number,

e for each vertex v € X; and each = € {1,...,i}, v has a neighbor in Y, and no neighbors in Z,,



e for each x € {1,...,i}, every vertex in Y, has a neighbor in Z,,

e for each = € {1,...,i}, there exists a vertex r, € Z, where for every v € Ng(Y,) n Z,, there
is a path P from v to r, in G[Z,] with Ng(Y,) n V(P) = {v},

e for distinct integers z,y € {1,...,i} with <y, there are no edges between Z, and Z, v Y,,.

Assume that we have such X;, Y1,...,Y;, Z1,...,Z;. If x(G[X;]) is sufficiently large, then some
connected component C of G[X;] has the same chromatic number as G[X;]. We choose a vertex
v in C, and we take a leveling Lo, L1,..., L, of C where L; is the set of all vertices at distance
i from v. Then there is a level L; such that x(G[L.]) = x(G[X;])/2. If t = 1, we find a long
induced cycle in G[L1] and thus we can obtain a large wheel vertex-minor directly. Otherwise, it
holds that ¢t > 2. Assign X;,1:= Ly and Y;,1 := Ly 1 and Z;,1 := Lou L1 U --- U Ly_5. Thus, by
requiring x(G[X;]) to be sufficiently large, we can either find X;11, Y1,...,Y;41, Z1,..., Zi11 with
the desired properties, or find a large wheel vertex-minor.

From this structure, we will reduce to several types of simpler graphs step by step in Sections
and[1l We first find a long induced cycle C' = q1¢2 - - - g1 in G[X;] using the result of Chudnovsky,
Scott, and Seymour (Theorem B1]). Secondly, we obtain a structure called a (w,¢)-patched cycle
where w = i. The definition will be rigorously given in Section [7 for the moment, we proceed more

informally. A (w, £)-patched cycle consists of C' along with vertex sets S; = {8{,8%‘, . ,si} cY;
for each j € {1,2,...,i} and a sequence of vertices gy, by, -.,qp, With 1 <bj <by <--- <by<m
such that

e for each v € {1,...,i} and y € {1,2,...,£}, sy is adjacent to g, and non-adjacent to g, for

all ze {1,...,0}\{1,...,y}.

We prove in Proposition [.4] that the existence of this structure is guaranteed by assuming that the
graph has no large wheel vertex-minor and the conditions that

e (U is sufficiently long,
e for every v € V(C), v has a neighbor in each Y},
e each vertex in Y7 U Yo U --- U Y; has at most n — 1 neighbors in C.

Concerning the final condition, if a vertex in Y7 U Ys U --- U Y; has at least n neighbors in C', then
we can directly obtain a W,, vertex-minor (Lemma [6.5]).

Up until this point in the argument, we have made no assumptions on the possible edges between
pairs of vertices in the set S; U Sy U --- U S;. As we argued in Figure Bl we want to find a large
independent set formed by two disjoint subsets from two distinct sets S; and Sjy. For this, we
apply a Ramsey-type argument, which we call the rectangular Ramsey lemma (Proposition [5.2]).
This lemma implies that there exist a large subset J < {1,2,...,¢} and {c1,c2} € {1,2,...,i} such
that {s$! : x € J} U {s : x € J} is an independent set, if G has no large clique.

We further refine the adjacency relations between {s$' : x € J} U {s2 : z € J} and C using the
following Ramsey-type argument: for a graph H on the vertex set D u Y such that

e H[D] is a sufficiently long induced cycle,

e for every v € D, v has a neighbor in Y,



Figure 4: The intended application of the regular partition lemma.

e each vertex in Y has at most n — 1 neighbors in D,

there is a large subset Y’ € Y and a partition of H[D] into at most n — 1 paths such that for
each part, either vertices in Y’ have the exactly same neighborhood, or neighborhoods appear in a
consecutive order. Figure [ shows the two cases for how the vertices of Y’ can be adjacent to the
vertices in H[D] which is in one subpath of an element of the partition of H[D]. We prove this
result in a more general setting, which we call the regular partition lemma (Proposition [£.2]), with
the hope that it might be of use in other situations.

Depending on the outcome of the application of the regular partition lemma, we show that G
contains a vertex-minor isomorphic to one of several cases we call a drum, a clam, and a hanging
ladder, depicted in Figures [l [6] [7, respectively.

4 Regular partition lemma

For a sequence (41, ..., Ay) of finite subsets of an interval I < R, a partition {I3,..., I} of I into
intervals is called a regular partition of I with respect to (Ay,...,Ay) if for all 1 € {1,..., k}, either

[ AlﬁIiZAQNIZ’Z---=Agﬂ]i=@,01‘

e |[Ayn| = Ao | = = Ay n | >0, and for all 5,5/ € {1,...,¢} with j < j,
max(A; N I;) <min(Ay N I;), or

e |[Ayn| = Ao | = = Ay n | >0, and for all 5,5/ € {1,...,¢} with j < j,
max(Aj N I;) < min(4; N I;).

The number of parts k is called the order of the regular partition.
The following lemma is a strengthening of Erd&s-Szekeres theorem. We simply follow the proof
of Seidenberg [18]. We say that a sequence is identical if all elements of the sequence are same.

Lemma 4.1. For every sequence (a1,...,a—1)34+1) of real numbers, there erists a subsequence
(@i, -..,ai,) that is identical or strictly increasing or strictly decreasing.

Proof. For each a;, we define a triplet (a},a?,a}) where

i

e a; is the length of the longest identical subsequence ending at a;,

® q

SO0

is the length of the longest strictly increasing subsequence ending at a;, and

SUew

is the length of the longest strictly decreasing subsequence ending at a;.



Note that (a},a?,al) # (al,a?,a?) for all i # j, since a; = a; or aj > a; or a; < a;. However,

A A At A ]7 ¥l ) ]
the number of different trlplets such that 0 < aZ , a?, a; < ¢ is at most (¢ — 1)3. Therefore, there
exists ay, such that one of ak, ak, and ak is £, completing the proof. O

Proposition 4.2 (Regular partition lemma). Let I < R be an interval. For all positive integers
k and £, there exists a positive integer N = N (k,l) satisfying the following. For every sequence
(A1,...,AN) of k-element subsets of I, there exist a subsequence (Aj,,...,A;,) of (Ai,...,AnN)
and a regular partition of I with respect to (Aj,,...,A;j,) that has order at most k.

Proof. We recursively define t(n, ), M (n,?), N(n,{) as follows

l ifn=1.
M(n, ) = (t(n,£) —1)({ — 1)n + 1.
n, ) —1)2") it n
Nin,0) = {(M( 0) 1) +1 .f il,
(¢—1)3 + ifn=1.

t(n,t) = {maX{N(Z’N<"_Z=€))3Z— 1,2,...,n—1} ifn>1,

We proceed by induction on k. If k = 1, the statement is implied by Lemma[£T] If £ = 1, then the
partition {I} of I is a regular partition with respect to A;. We may assume that k,¢ > 2. Note that
M(k,¢) = t(k,¢). By slightly abusing notation, let us identify A; with a strictly increasing sequence
(@i1,ai2,...,a,r) of its elements. Let M = M(k,£), and t = t(k,¢). Let Ay = (Ai,...,An). For
each i = 1,2,... k, there exists a subsequence A; of A; 1 such that the sequence of the i-th
elements of terms of 4; is (not necessarily strictly) increasing or decreasing where

|Ai| = /[ A1 =1 +1

by the Erdés-Szekeres Theorem. Then |Ag| > M. Let A = (A;,,...,A;,,) be a subsequence of Ay,
of length M.

By the construction, for each j € {1,2,...,k}, the sequence (a;, j, @i, j, - - - , @iy, ;) Of the j-th ele-
ments of terms of A is increasing or decreasing. By symmetry, we may assume that (a;, 1,..., @i, 1)
is increasing, because otherwise we consider the reverse (Ay, An_1,...,A1).

Suppose that there exists an integer 0 < j < k such that (a;, j,...,0a:,, ;) is increasing and
(@iy j4+1y-- -+ @iy j+1) is decreasing. Let z € (a;y, 5, @iy, j+1)- As (@i j,--.,ai,, ;) is increasing, the
first j elements of each term of A are less than x. Similarly the remaining k& — j elements of each
term of A are greater than = because (a;, j4+1,...,ai,, j+1) is decreasing. Thus we observe that

‘Ail N (—oo,x]\ = ’Alz N (—oo,a;]] == ‘AZM N (—OO,Q:]’ =7

and
|4y N (w,OO)I = [Ai, N (z,00)] =+ =4, n(z,0)] =k —j.

Since 0 < j < kand M >t > N(j,N(k — j,¢)), by the induction hypothesis applied to (A4;, N
(—o0,z], Ajy N (=00, 2], . AZM m( o, x]), there exist a subsequence A’ of A with |A'| = N(k—j,¢)
and a regular partltlon of I n (—o0,z] with respect to A’ that has order at most j. Again by the
induction hypothesis, we obtain a subsequence A” of A" with |A”| = ¢ and a regular partition of
I n (x,0) with respect to A” that has order at most k — j. The union of the regular partitions of



I n(—o0,z] and I n (z,00) is a regular partition of I with respect to A" of order at most k, so we
are done. Therefore, we may assume that (a;, j,...,a;,, ;) is increasing for every j e {1,...,k}.

Suppose that a;,,, ,; < a;, j+1 for some 1 < s < M —t+1and 1 < j <k — 1. Then there
exists x € (as,., ,j, @i, j+1). We deduce that

|Ais N (—OO,:E]| = |Ais+1 N (—OO,J}]| == |Ais+t71 N (—OO,J}]| =7

and
|Ais @ ($7OO)| = |Ais+1 N (l‘,OO)| == |Ais+t71 N ($7OO)| = k_]

Since t = N (j, N(k — j,¢)), by applying the induction hypothesis to a partition I n (—o0, z] and to
a partition I n (x,00) as in the previous paragraph, we are done.

Thus, we may assume that a; ., ,; > a;, j41 foralll < s < M —-t+1land 1 <j<k-—1
Therefore a;,, , 1 = @iy 1k > Qigyy q k-1 = Qg for all s with 1 < s < M — (t — 1)k. This
implies that max A,-lHt*lW < min Ai1+(t—1)k(j+1) for each 0 < j < £—2 and therefore {I} is a regular
partition of I with respect to (A;,, A O

L1 (b—1)k? " " ) i1+(t71)k(2—1))'

Corollary 4.3. Let I be an interval in R. For all positive integers k and ¢, there exists an integer
N = N'(k,) satisfying the following: For every sequence (A1, ..., AN) of sets of at most k reals
in I, there exist a sequence 1 < j1 < jo < -+- < jp < N and a regular partition of I with respect to
(Aj,...,Aj,) that has order at most k.

5 Rectangular Ramsey Lemma

Let G be a graph with vertex set {1,2,...,m} x {1,2,...,n}. We would like to show that either G
has a large clique or there exist subsets X < {1,2,...,m} and Y < {1,2,...,n} such that X x Y
is an independent set in G and both | X| and |Y| are large. We prove it using the Product Ramsey
Theorem. For a set X and a non-negative integer k, we denote by ()k() the set of all k-element
subsets of X.

Theorem 5.1 (Theorem 11.5 of [19]; See also [12]). Let r,t be positive integers, and let ky, ko, . .., ki

be nonnegative integers, and let my,ma, ..., my be integers with m; = k; for each i € {1,2,... t}.
Then there exists an integer R = Rpyoq(r,t; ki, ko, ... kiyma, ma, ..., my) such that if X1, Xo, ..., X,
are sets with |X;| = R for each i € {1,2,...,t}, then for every function f : (i;l) X (f;) X

- X (f:) — {1,2,...,r}, there exist an element o € {1,2,...r} and subsets Y1,Ya,...,Y; of

X1, Xo, ..., Xy, respectively, so that |Y;| = m; for each i € {1,2,...,t}, and f maps every element
of(}g) X Gg) X eee X (?;) to .

Proposition 5.2. For all positive integers a, b, and k, there exist positive integers M = Ri(a, b, k)
and N = Ry(a,b, k) such that for all m > M and n = N, every graph G on {1,2,...,m} X
{1,2,...,n} either has a clique of k vertices or has subsets X < {1,2,...,m} and Y < {1,2,...,n}
such that | X| = a, |Y| =05, and X xY is an independent set in G.

Proof. Let t := max(a,b,k), and let M = N = Rp,.,q(7,2;2,2;t,t). We may assume that G is a
graph on {1,2,..., M} x {1,2,...,N}. Let us write v;; = (¢,j) to denote a vertex.

We define a function f : ({1’2’5"M}) X ({1’2"2‘"N}) — {1,2,...,7} as follows. For {z1,z2} <
{1,2,...,M} and {y1,y2} < {1,2,...,N} with 21 < 29 and y; < y2, let

(el7 €2,€3,€4, €5, 66) = ('leyl 'szyl ) 'leyl U:clyz ’ U:clyl U:cgyz ’ U:cgylvxlyg 3 U:cgy1 szyz ) Ux1y2Ux2y2)a



and let f({x1,x2},{y1,y2}) := ¢ if G contains e; but does not contain e; for all j < 4, and
flz1, 22}, {y1,92}) := 7 if G contains no edges in {ey,...,es}. By Theorem [l there exist
ae{l,2,...,7}, X {1,2,.... M}, and Y < {1,2,...,N} with |X| > t and |Y| > t such that f
maps every element of ()2() X (g) to a. If @« =7, then X x Y is an independent set with | X| > a
and |Y| = b, and if @ € {1,2,...,6}, then G contains a clique of size t > k. d

6 Manufacturing wheels

We will use the following Ramsey-type result on connected graphs.

Theorem 6.1 (folklore; see Diestel [9]). For k = 1 and £ = 3, every connected graph on at least
k=2 + 1 vertices contains a vertex of degree at least k or an induced path on { vertices.

The following lemma is useful to find an induced matching in a bipartite graph.

Lemma 6.2 (Lemma 7.8 of [16]). Let n be a positive integer. Let G be a bipartite graph with a
bipartition (A, B) such that

e cvery vertex in A has a neighbor,
e cvery verter in B has at most n neighbors.
Then there is an induced matching of size at least |A|/n.

For every integer n > 3, let u(n) = (n — 1)(R(n,n)** =3 4+ 1). Lemma[6.4]is useful to reduce the
size of a connected subgraph.

Lemma 6.3 (Choi, Kwon, and Oum [7]). Let H be a connected graph with at least 2 vertices. For
each vertex v of H, either H —v or H * v — v is connected.

Lemma 6.4. Let n = 3 be an integer and let G be a graph on the vertex set A v U u S such that
1. A, U, and S are pairwise disjoint,

there are no edges between A and S,

U is an independent set,

each vertex in U has a neighbor on S, and

Cro s e e

there exists a vertex w € S where for every v e Ng(U) n S, there is a path P from v to w in
G[S] with Ng(U) n V(P) = {v}.

If [U| = p(n), then there exist U' < U with |U'| = n and v € S and a graph G' on A 0 U’ U {v}
such that

1. G'[AuU]=G[AuV U],
2. v is adjacent to all vertices in U’ and has no neighbors in A in G',

3. G’ is a vertex-minor of G.

10



Proof. Let m := p(n) and let U := {uj,ua,...,un}. For each v e Ng(U) n S, let P, be a path
from v to w in G[S] with Ng(U) n V(P,) = {v}.

Suppose w € Ng(U) n S. By the assumption that for every v € Ng(U) n S it holds that
Naq(U) nV(P,) = {v}, we conclude that Ng(U) n S = {w}. Therefore, w is adjacent to all vertices
in U, and we are done. We may assume that w € S\N¢g(U).

If there is a vertex in S having at least n neighbors on U, then we are done. We may assume
that every vertex in S has at most n — 1 neighbors on U. By Lemma [6.2], there exist a subset
{a1,a2, ..., am/m—1)} of {1,2,...,m} and a subset {s1,52,...,5m/n-1)} of S such that

® u,, is adjacent to s; if and only if ¢ = j.

Let Uy :== Aufug 11 <i<m/(n—1)}and Uy := {s; : 1 <i < m/(n—1)}. Let Gy :=
G[U1 v Uz U (Uyey, V(P5))]- Note that Ng, (Ur) = Ua, G1 — Uy is connected, and every vertex in
V(G1)\(Uy v Usz) has no neighbors in Uj.

Choose a sequence of graphs Hy, Ha, ..., H, such that

(1) Hy =G,

(2) V(Hy) = Uy v Us,

(3) foreachie {1,2,...,y—1}, Hiv1 = H;—v; or Hi11 = H;*v; —v; for some v; € V(H;)\(U; uUs),
(4) for each i € {1,2,...,y}, H; — Uy is connected.

We claim that such a sequence always exists. Let Hy, Hs, ..., H, be a maximal sequence satisfying
(1), (3), and (4). Assume, to reach a contradiction, that V(H,) # Uy uUs. By the assumptions, we
have Uy v Uy < V(Hy), and therefore, V (H, )\(Ur v Us) # . Let vy € V(H,)\(Uy U Us). Since
H,, — U is connected, by Lemma 6.3, (H,, — Uy) — vy or (Hy —Uy) *vy — vy is connected. We fix
H, 11 to be one of (H, —U;) — vy and (H, — Uy) * vy — v,y which is connected. This contradicts
the maximality of the sequence. We conclude that there exists a sequence Hy, Hs, ..., H, satisfying

(1) - (4). Let Gy := H,. Note that
o V(Gy) = Uy LU,
o Gs[Us] is connected,
o Gy — E(Go[Us]) = G1[U1 L Us] — E(G1[Us]) = G[U1 L Us] — B(G[Us]).

Since |Us| = m/(n — 1) = R(n,n)? 3 + 1, by Theorem 6.1, Go[Us] contains either a vertex of
degree at least R(n,n) or an induced path on 2n — 1 vertices.

Suppose G2[Us| contains a vertex s; of degree at least R(n,n) for some 1 < j < m/(n —1).
Since s; has at least R(n,n) neighbors in Us, Ng,(sj) n Uz contains either a clique of size n or an
independent set of size n. We define

G G2 — Uq, if Ng,(s;) n Uz contains an independent set of size n,
3= .
(G2 — uq,) * s; otherwise.
Note that Ng,(sj) n U contains an independent set of size n. Let {s4,,Sd,,...,5q4,} be an inde-

pendent set in Ng,(s;) N Us. Note that the application of a local complementation when we obtain
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G35 does not change the adjacency relation between {sg,, Sd,, - - -, Sa, } and {“adl s Uag, s - - s Uay, } 2S
sj has no neighbors on {uadl,uad2 sy Ugy §in Go. Let

G = (G3 * Sq, * Sdy, *"'*Sdn)[AU{uadi 1 <i<nju{s;}]

Then we have G'[A U {uq, 1 <i<n}] =G[AU {uq, 1 <i<n}], and s; is adjacent to all
vertices in {u, PR ENEAN n} and has no neighbors in A in G’, as required.
Suppose G2[Uz] contains an induced path s;, i, ... Si, . Let

o
G = (Gg # 8iy * Sjg -+ % Sig,,_y) — {Siusizv e 787;277,72} - {ui27ui47ui67 T 7ui2n72}'
N . . .
Then in G, s;,, , is adjacent to all of u;,, Uiy, Uig, ., Wiy, o, a0d {Ui,, Uiy, Wig, ..., Uiy, |} IS an
independent set of size n, and s;,, , has no neighbor in A, as required. O

6.1 From a partial wheel with many spokes

Lemma 6.5. Let n = 3 be an integer and let G be a graph such that G — v is an induced cycle of
length at least n + 3. If the degree of v is at least n, then G has W, as a vertex-minor.

Proof. Let s be the length of the induced cycle G —v. Let vy, ..., vs be the vertices of the cycle in
a cyclic order and let vg,p := vy for 1 < ¢ < s. Let t be the degree of v. Note that s > t.

We prove by induction on s + t. The following statements cover base cases which are either
t=nors=n+3:

o (Case 1. t =n.) Let v;,,vi,,...,v;, , be the vertices of G — v that are non-adjacent to v in
G. The graph obtained from G by smoothing v;,, viy, ..., v;,, is isomorphic to W,.

o (Case 2. s=n+3andt=mn+1.) Let v;,v; be the vertices in G — v that are non-adjacent
to v. Note that we may assume that ¢ # j + 1 and ¢ # j + 2 by symmetry. The graph
(G # v % vj41 * Vjy2) — {Vi, V41, Vj42} is isomorphic to W),.

e (Case 3. s=n+3andt=mn+2.) Let v; be the vertex in G — v that is non-adjacent to v.
The graph (G * v;41 * v; * v;—1) — {vi—1, V;, Vi+1} 1S isomorphic to W,.

o (Case 4. s=n+3and t =n+3.) Let v; be a vertex in G —v. The graph (G = v; * v;_7 *
Vi41) — {Vi—1, Vi, Vi+1} is isomorphic to W),.

We may assume that s > n + 3 and ¢ > n. Suppose that s > ¢t. There exists 7 such that v is not
adjacent to v; and adjacent to v;11. Let G; = G#v; —v;. Then Gy — v is an induced cycle of length
s—1 = n+ 3 and the degree of v is t in G;. By induction hypothesis, G1 has W,, as a vertex-minor,
which implies that G has W,, as a vertex-minor. Now, we may assume that s =t > n + 3. For a
vertex u in G — v, let Go = G * u —u. Then Gy — v is an induced cycle of length s —1 > n + 3 and
the degree of v is t — 3 = n in GG5. By induction hypothesis, Gy has W,, as a vertex-minor, which
implies that G has W,, as a vertex-minor. O

6.2 From drums, clams, and hanging ladders

A drum on 3n vertices is the graph on the vertex set {vy,va,..., vy, W1, Wa, ..., Wy, UL, U, ..., Up}
such that vivs--- v, is an induced path, wyws - - - w, is an induced cycle, each w; is adjacent only
to v; and w;, and there are no edges between {vy,vs,...,v,} and {wy,ws,...,w,}. See Figure [H for

an illustration.
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Figure 5: A drum

Figure 6: A clam. (A dashed line may be an edge or not.)

Lemma 6.6. For an integer n = 3, a drum on 3(2n — 1) vertices has W,, as a vertex-minor.

Proof. Let G be a drum on 3(2n — 1) vertices with the vertex labels as in the definition of drums.

Let H = G % vy *vg % v3--- % vap_o. Then, in H, vo,_1 is adjacent to all of uy, us, ..., us,_1.
Furthermore {uy,us,us,...,us,—1} is an independent set in H. Thus,
H — {UQ, Ug, UGy -+« s U2n—2,V1,V2, ... ,’L)gn,Q}
is isomorphic to a subdivision of W,,. O
For an integer n = 1 (mod 3), a clam on n vertices is a graph on the vertex set {vy,va,...,vp—2, h1, ha}
such that vivs ... v,_2 is an induced path, hy is adjacent to all of v, vo, ..., vy_2, and hs is adjacent

to v; if and only if 1 <7 <mn—2 and i % 0 (mod 3). Note that Ay and hy may be adjacent in a
clam.

Lemma 6.7. For an integer n = 2, a clam on 3n + 4 wvertices contains Wa, or Wo,11 as a
vertex-minor.

Proof. Let G be a clam on 3n + 4 vertices with the vertex labels as in the definition. Let
H = G xv3 % vg*vg % -+ % v3,. In H, hy is non-adjacent to {va,v4,vs,v7,...,03,-1,V3n+1}, and
h1U1U2U4U5VTUS - - U3n—1V3n+1V3n+2h1 18 an induced cycle of length 2n + 3. Still in H, hs is adjacent
to 2n vertices among vi, v2, V4, Vs, U7, U8, ...y U3n—1, U3n+1, U3n+2- Thus, H — {’Ug,’UG,’Ug, ce ,U3n}
is isomorphic to a subdivision of Ws,, or Ws, .1, depending on whether or not hs is adjacent to hy
in H. O
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Figure 7: A hanging ladder

A hanging ladder on 6n+5 vertices is a graph on the vertex set {vy, v, ..., V3y4+2, W1, W2, . .., W3n4+2,C}
such that

e v; is adjacent to w; if and only if 7 = 7,
® V1Vy...U3,42 and wiwsy . .. W3,49o are induced paths,
e the set of neighbors of ¢ is {v;,w; : 1 <i <3n+ 2,4 %0 (mod 3)}.

Lemma 6.8. For an integer n = 2, a hanging ladder on 6n + 5 vertices contains Wy, as a vertez-
MIinor.

Proof. Let G be the hanging ladder on 6n + 5 vertices with the labels as in the definition. Let
H = G A v3ws A vgwg A -+ A U3,W3,. Then the vertex set {v;,w; : 1 <i<3n+2,i#0 (mod 3)}
induces a cycle in H. As c is still adjacent to 4n vertices on this cycle, H is isomorphic to a
subdivision of Wy,. O

6.3 From extended drums

An extended drum of order n is a graph G on the vertex set {wy,wa,...,wy,u1, Uz, ..., up} U S
such that
e S and {wy,ws, ..., wy,us,us,...,u,} are disjoint,

e wiws - wyw is an induced cycle,

e {uj,ug,...,u,} is an independent set,

e u; is adjacent to w; if and only if ¢ = 7,

e cach u; has a neighbor in 5,

e there are no edges between S and {wy,...,w,}.

e there exists a vertex w € S where for every v € Ng({uy,us,...,u,}) N S, there is a path P
from v to w in G[S] with Ng({u1,us,...,un}) n V(P) = {v}.

Lemma 6.9. For an integer n = 3, an extended drum of order u(n) has W,, as a vertex-minor.

Proof. Let G be an extended drum of order p(n). By Lemmal6.4l there exist U S {u1,uz, . .., Uym) }
with [U| = n and v € S and a graph G’ on {w1,wy, ..., Wy} U U U {v} such that

o G’[{wl,wg,. .. ,w“(n)} v U] = G[{wl,wg,. .. ,w“(n)} v U],

14



e v is adjacent to all vertices in U and has no neighbors in {w1,ws, ..., W, } in G/,
e (' is a vertex-minor of G.

Then G’ is a subdivision of W,,, and therefore, G contains a vertex-minor isomorphic to W,,. 0O

6.4 From extended clams
An extended clam of order n is a graph G on the vertex set
{p1,p2, D2, V1, V2, ..., U, W1, Wa, ..., Wy, A} U S
such that
e S and {p1,p2,...,Dm, V1,02, ..., Up, W1, Wa, ..., Wy, h} are disjoint,

® Dipy - - Doy is an induced path,

{v1,...,vp,w1,...,wy,} is an independent set,

v; is adjacent to p; if and only if j = 27 — 1,

e w; is adjacent to p; if and only if j = 24,

e h is adjacent to all vertices in {v1,...,v,}, but non-adjacent to {pi,...,pan} U S,

e cach w; has a neighbor in S, and there are no edges between S and {v1,...,vn,D1,.-.,P2n},
e there exists a vertex w € S where for every v € Ng({wi,ws,...,w,}) n S, there is a path P

from v to w in G[S] with Ng({w1,ws,...,w,}) n V(P) = {v}.

The simple extended clam is an extended clam such that S consists of one vertex z that is adjacent
to all vertices in {w1,...,w,} and h is adjacent to all vertices in {w1,...,wy}.

Lemma 6.10. For an integer n = 2, the simple extended clam of order 2n + 1 contains a clam on
3n + 4 vertices as a verter-minor, and thus contains Way, or Wo,11 as a vertex-minor.

Proof. Let G be the simple extended clam of order 2n + 1, and let G| := G * wy * wg * w3 * - - - % Wap,.
In Gy, both z and h are adjacent to py; for all i € {1,...,2n}. Then

G — {wi, w2, ..., Wan41,V3,V5,. .., V2apn—1, Pan+2}

is a subdivision of a clam on (4n+2) — (n—1+4 1)+ 2 = 3n + 4 vertices. By Lemma[6.7] it contains
a vertex-minor isomorphic to Wa,, or Wo,, 1 1. O

Lemma 6.11. For an integer n = 3, an extended clam of order u(n) + p(2n + 1) — 1 contains W,
as a verter-minor.

Proof. Let G be an extended clam or order pu(n) + u(2n + 1) — 1. There exists I < {1,..., u(n) +
1(2n + 1) — 1} such that either

e |I| = u(n) and h is anti-complete to {w; : i € I}, or
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Figure 8: A simple extended hanging ladder of order 5.

e |I| = pu(2n + 1) and h is complete to {w; : i€ I}.

When |I| > p(n) and h is anti-complete to {w; : i € I}, G contains a subdivision of an extended drum

of order p(n), with the cycle hv1pipa...p(2um)+2u(2n+1)—3) V(un)+pu@n+1)—1) - Then by Lemma 6.9
it contains a vertex-minor isomorphic to W,. We may assume that |I| > p(2n + 1) and h is
complete to {w; : i € I}. Let G := G — {vj,w; : 1 € {1,2,...,u(n) + u(2n + 1) — 1}\I}, and let
A=V(G)\{w; :iel}ul).

By Lemma [6.4] there exist U € {w; : i € I} with |[U| = 2n + 1 and v € S and a graph G2 on
A U U v {v} such that

e Go[Au U] =G[AVL U],
e v is adjacent to all vertices in U and has no neighbors in A in G,
e (35 is a vertex-minor of G.

Then G5 is a subdivision of the simple extended clam of order 2n + 1, and therefore, G contains a
vertex-minor isomorphic to Way,, or Wy, .1 by Lemma [6.10] O

6.5 From extended hanging ladders
For integers t,n = 2, a t-extended hanging ladder of order n is a graph G on the vertex set
{p1,02y -+ s D2m,y V1, V25« oy Uy W1, Wy ooy Wi} U Q1,2 -y G} U S
for some r such that
e S and {p1,p2,. .., D2m, V1,02, ..., Up, W1, W, ..., Wo} U {q1,G2,--.,q} are disjoint,
® D1p2- - P2n,s q1G2 - - - @ are induced paths, and p; is not adjacent to g;,
e {v1,...,Up,W1,...,wy} is an independent set,
e v; is adjacent to p; if and only if j = 27 — 1,

e w; is adjacent to p; if and only if j = 24,
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e there exists a sequence 1 < by < by < -+ < b, < by41 = r+1 such that for each i € {1,...,n},
v; is adjacent to ¢, and non-adjacent to g, for all x € {1,...,7}\{b;,b; +1,b; +2,...,biy1—1},

e every w; has a neighbor in S, and has at most ¢ — 1 neighbors on {q1,q2, ..., ¢},
e there are no edges between S and {p1,p2, ..., Do, V1,02, .., Un} U{q1, 92, ,Gr},
e there exists a vertex w € S where for every v € Ng({uy,us,...,u,}) N S, there is a path P

from v to w in G[S] with Ng({u1,us,...,un}) n V(P) = {v}.
A simple extended hanging ladder is a t-extended hanging ladder for some ¢ > 2 such that
e 7 =2n,
e v; is adjacent to ¢; if and only if j = 2i — 1,
e w; is adjacent to ¢; if and only if j = 2i.

Note that the value t is not important in a simple extended hanging ladder because every w; has
exactly one neighbor on {¢1,¢2,...,¢.}. We depict a simple hanging ladder in Figure [8

Lemma 6.12. For an integer n = 3, a simple extended hanging ladder of order u(2n +2) contains
Wyn as a vertex-minor.

Proof. Let G be a simple extended hanging ladder of order u(2n + 2), and let A := V(G)\(S v
{wi,wa,...,wy2n4+2)}). By Lemma 6.4 there exist U S {w1, w2, ..., wy@n42)} With (U] = 2n + 2
and v e S and a graph G’ on A U U U {v} such that

e G'[AVU] =G[AuU],
e v is adjacent to all vertices in U and has no neighbors in A in G’,
e (¢ is a vertex-minor of G.
Let U := {wj,, Wiy, . . . , Wiy, ,, } Where i3 <ig < --- <igy4o. Then
G * Wiy * Wiy * -+ - % Wiy 1 * Vig * Vig * Uiy * Vjg # *+ " # Vg, 19

contains an induced subgraph isomorphic to a subdivision of a hanging ladder on 6n + 5 vertices,
and by Lemma [6.8] it contains a vertex-minor isomorphic to Wy,,. O

Lemma 6.13. For every integer n = 3, there exists an integer L = L(n) such that an n-extended
hanging ladder of order L contains W, as a vertex-minor.

Proof. Let
e my := u(n),
o My = 8n,
o m3:= pu(2n + 2),

o my:=mq +2(my—1)(n—2)+4, and
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DP2j,+3 Db2ji+11 P24, +3 P2j1+11

oUj;+2 oUj1+4 oUj,+6

Wy

Figure 9: An example of contractions in Claim [6.15] of Lemma [6.13] We will contract dashed parts
in the first figure to obtain the second figure.

o L:=(m3—1)my + ™3™,

Let G be an n-extended hanging ladder of order L. We claim that G contains W, as a vertex-minor.
We first prove two special cases.

Claim 6.14. Suppose there exists i € {0,1,...,L — my} such that there are no edges between
{Wis1, Wi, s Wigm, } and {Qo, 15 Qoyy 415 Aoy r+25 - - - 7qbi+m1+1}' Then G contains a vertez-minor
isomorphic to W,

Proof. Suppose there exists such an integer i. Let i’ be the maximum integer such that v; 1 is
adjacent to ¢;. Note that ;11 <1 < bjy9. Then

qi'qi'+1 " Dby g 41 Vitma +1P2(i+my +1)—1P2(i+my +1)—2 * * " P2i+1Vi+144

is an induced cycle. Since there are no edges between {w;;; : 1 <j <mq} and {g, : b1 <z <
bitm,+1}, G contains a subdivision of an extended drum of order m; = p(n). By Lemma[6.9, G
contains a vertex-minor isomorphic to W,,. O

Claim 6.15. If there are i,j1,j2 € {1,..., L} with jo — j1 = mqo such that
e w; is adjacent to q., for some bj, < x1 < bj, 41 and adjacent to q., for some bj, < x3 < bj,41,
e w; is not adjacent to q, for all x € {x1 + 1,21 +2,...,29 — 1},

then G contains a vertex-minor isomorphic to W,,.

Proof. Suppose there are such integers ¢, j1, j2. Then w;qs, gz +19z,+2 - - - ¢, w; is an induced
cycle.

First assume that ¢ < j;. Let

Gl = G[{'LUZ, qz1s9z1+1y - - - 7q502} U {Uj1+2, Uj1+4, vj1+67 o 7Ujé} (& {p2j1+37p2j1+47 o 7p2jé71}]7
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where ji = jo — 2 if jo = j1 (mod 2) and j5 = jo — 1 otherwise. We will contract paths from G

to obtain a drum on 3 (mg —2) > 3(2n — 1) vertices. See Figure [ for an example case. Observe
that paj, 13p2j,+4 - “P2jp-1 is a path such that each vertex of vj 42,V 44,5 46, -- s Ujs has a

neighbor on this path.
Let G2 be the graph obtained from G by contracting

{ij1+(t,1) Y qu1+(t71)+l’ M ’qu1+(t+1)_1}

for each t € {2,4,6,...,5, — j1}. By Lemma [Z] G9 is isomorphic to a vertex-minor of Gj.
Moreover, G contains a subdivision of a drum on 2(j, — ji — 2) = 3(me — 2) > 3(2n — 1)
vertices, and by Lemma [6.6] G5 contains a vertex-minor isomorphic to W,,. The case when
1 = jo is symmetric to the previous case. We may assume that j; < ¢ < jo. In this case, w; is
adjacent to po;, and to avoid having this edge, we take a part that is larger and having no edges
from w;.

Since jo — j1 = ma, we have either i — j3 = mgy/2 or jo —i = mg/2. So, by taking the
longer path between two subpaths obtained from paj, 13p2j, 44 - - - P2j;—1 by removing ps;, we can

observe that G' contains a vertex-minor isomorphic to a drum on %(% — 2) vertices. Since
%( %2 —2) = 3(2n — 1), by Lemma[6.6] G contains a vertex-minor isomorphic to W,. O

From Claim [6.15] we observe the following.

Claim 6.16. If there are i,j1,jo € {1,..., L} with jo — j1 = (mg — 1)(n —2) + 1 such that w; is
adjacent to gz, for some bj, < x1 < bj, 1 and adjacent to q, for some bj, < x3 < bj,41, then G
contains a vertex-minor isomorphic to W,.

Proof. Since jo —j1 = (m2—1)(n—2) + 1 and w; has at most n — 1 neighbors in {q1,¢2, ..., ¢},
there exist js3,j4 with j1 < j3 < j4 < jo such that

® ji— j3 =ma,
e w; is adjacent to g, for some bj, < x3 < bj,+1 and adjacent to g, for some bj, < x4 < bj,41,

e w; is not adjacent to g, for all z3 < x < x4.

By Claim [6.15] G contains a vertex-minor isomorphic to W,,. O

For each i € {1,2,...,mg}, we choose a vertex wg, such that
o die{imy+1,imy+2,...,imy +mq} and
e wy, is adjacent to g, for some bijm,+1 < T < bipy+my+1-

If such a vertex does not exist for some 4, then by Claim [6.14] G contains a vertex-minor isomorphic
to W,,. We may assume that such a vertex exists for each i € {1,2,...,mgs}.

Suppose wyg, is adjacent to g, for some y > bim4+m442¢m1 or for some y < bimr’”‘lgml L3 L By

the choice of d;, wy, is adjacent to g, for some bjnm,+1 < T < iy 4m, +1. Since % —(mi1+1)=
(mi—1)(n—2)+1and 1 - (—™45" +2) > (my — 1)(n —2) + 1, by Claim [6.16, G contains a
vertex-minor isomorphic to W,. We may assume that each wy, is not adjacent to ¢, for all y €

{1, 2, e ,7‘}\{] : b’im;;—%—l—?} < ] < bim4+%}' Note that (Z + 1)m4 — m45m1 = im4 =+ m4‘5m1..
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Let G be the subgraph of G induced on

{wg, : 1 <i<mz}u{v

zm47%+1 01 <i<m3}u {pl,...,ng,ql,...,qr} uS.

Let G2 be the graph obtained from G by contracting

{Qbim47 m4gm1 +27 qbi'm47 m4§m1 +2“1’17 et QbiM4+ m442rm1 71}
for each i € {1,2,...,m3} and contracting

{qbim47m4im1 s qbim47m47m1 B SEERE qbim47m47m1 +2—1}
for each i € {1,2,...,m3}. By Lemma 2] G2 is isomorphic to a vertex-minor of G. Also, G,
contains a subdivision of a simple extended hanging ladder of order m3 = p(2n+2). By Lemmal6.12],
(9 contains a vertex-minor isomorphic to Wy,. |

7 (w,()-patched cycles

Let w, ¢ be positive integers. A (w,{)-patched cycle (q1q2 - - Gmq1, S1,52,-..,Sy) is a graph G on
pairwise disjoint sets {q1,qo,...,qm} and S; = {s{,s5,..., s} for each i € {1,...,w} satisfying the
following.

(1) q1q2- - gmq1 is an induced cycle.

(2) There exists a sequence 1 < by < by < --- < by < m such that for each ¢ € {1,...,w} and
je{1,2,...,4}, 33- is adjacent to g, and non-adjacent to g, for all x e {1,...,£}\{1,...,j}.

We call w and ¢ the width and length respectively, of a (w, £)-patched cycle. Note that m > ¢. A
(w, £)-patched cycle (q1g2 - - ¢mq1, S1,52, - .., Sw) is simple if S; U So U --+ U Sy, is an independent
set.

In Subsection [.1], we show that for every n, there exists M such that every graph G obtained
from a simple (2, M )-patched cycle (q1g2 - - - gmq1, S1,S2) by adding two disjoint vertex sets 77 and
T5 such that

e there are no edges between {q1,q2,...,¢n} and T1 U Tb,
e there are no edges between S7 and 15,
e for each i € {1,2}, every vertex in S; has a neighbor in T},

e for each i € {1,2}, there exists a vertex r; € T; where for every v € Ng(S;) n T;, there is a
path P from v to r; in G[T;] with Ng(S;) n V(P) = {v},

contains a vertex-minor isomorphic to W,,. This is the motivation for introducing (w, ¢)-patched
cycles. In Subsection [[.2] we show that for every n, a simple (2, n)-patched cycle can be obtained
from a patched cycle with sufficiently large width and large length using the rectangular Ramsey
lemma, developed in Section Bl In Subsection [[.3], we discuss how to obtain a huge patched cycle
from a structure that can be naturally extracted from a graph with bounded clique number and
sufficiently large chromatic number.
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7.1 From a simple (2, M)-patched cycle with attached connected subgraphs

Proposition 7.1. For every integer n = 3, there exists an integer M = M (n) satisfying the follow-
ing property: If G is the graph obtained from a simple (2, M)-patched cycle (q1q2 - - Gmq1, S1,52)
by adding disjoint vertex sets T1 and Ty such that

e there are no edges between {q1,q2,...,qm} and Ty L Ty,
e there are no edges between S1 and T,
o for each i € {1,2}, every vertex in S; has a neighbor in T;,

o for each i € {1,2}, there exists a vertex r; € T; where for every v € Ng(S;) n T;, there is a
path P from v to r; in G|T;] with Ng(S;) n V(P) = {v},

then G contains a vertex-minor isomorphic to W,.

Proof. We recall that p(n) = (n — 1)(R(n,n)*=3 + 1) for n > 3, N’ is the function defined in
Corollary 3] and L is the function defined in Lemmal[6.13] We note that L(n) > pu(n)+p(2n+1)—1.
Let

e M :=(n—1)(4L(n) + 6),
o My :=(n—1)N'(n—1,M),
e M :=N'(n—1,M).
For each i € {1,2}, let S; := {s},...,s%,}, and let by,..., by be a sequence such that
e 1 <b <by<---<by <m and

e for each i € {1,2} and j € {1,2,..., M}, 33- is adjacent to gy, and non-adjacent to gy, for all
xe{l,....M}I\{1,...,j5}.

Such a sequence exists by the definition of a (2, M)-patched cycle. Let @ := {q1,¢2,...,qmn}, and
for each i € {1,2} and j € {1,..., M}, let N; ={k:qre€ Ng(s;'»),l <k < M}

Note that m = M = n+ 3. If there is a vertex in S; U Sy having at least n neighbors on @, then
G contains a vertex-minor isomorphic to W, by Lemma [6.5] We may assume that each vertex in
S7 U Sy has at most n — 1 neighbors in . In other words, for each ¢ € {1,2} and j € {1,..., M},
INi| <n—1.

We apply Corollary 3] to (N{,...,Ni,). Then there exist a sequence 1 < ¢; < ¢y < -+ <
cyv, < M and a regular partition Z; of R with respect to (Ncll,Nclw e ,NclM ) such that Z; has
order at most n — 1. Since Z; has order at most n — 1, there exists a part I; of Z; that contains at
least % integers in {b¢,,beys- - -, bcMQ}. Let x be the minimum such that > 1 and b, € I, and

let y be the maximum such that y < Ms and b., € I;. Theny -z + 1> % = N'(n—1,M).
We apply Corollary [4.3] again to (Nl2 N I,... ,N]%4 N I1). Then there exist a subsequence

di < dy < --- < dp of ¢z,Cp41,...,¢y and a regular partition Zy of I; with respect to (Nd21 N
Iy, Ni NnIy,... ,NC%Ml N I1) such that Z, has order at most n — 1. There exists a part Iy of Zy that
contains at least % integers in {bg, ,bd,, bds, - - - by, }. Let 2/ be the minimum such that z’ > 1
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and bg_, € I and let 3’ be the maximum such that " < M; and ba, € I>. Let a = y' —2'+ 1. Then
a=y -2 +1> % =4L(n) 4+ 6. Let uy = dyr, up = dyry1, - .oy Ug = dyy.
By the definition of a (2, M)-patched cycle, for each i € {1,2} and 1 < j < a, sij is adjacent

to qp,,, but non-adjacent to vertices in {Qbujﬂ s Qb -y by, }- Therefore, Nij n I is not identical

g2’ ; ) .
for 1 < j < a and moreover, minimal intervals containing Ny, n I3, Ny, n Ia,..., N, n Iy appear
in the same order as uj,us, ..., uq,. In other words, for each i € {1, 2},

° Nil C (—00,by,) N 1o,
o Ni < (by, ,,0) N I,
o for j€{2,3,...,a—1}, Néj S (buy_y>bujpr)-

Let t = 4L(n) + 4.
We first deal with the case when Z; consists of one part.

Claim 7.2. If I, consists of one part, then G contains a vertex-minor isomorphic to W,.

Proof. Let G1 be the subgraph of GG induced on ) U {352,354,8%, .. .,Sit} v T1. We obtain
a graph G from Gy by contracting {qe : by, , < = < by,,,} for each j € {2,4,...,t} to a
vertex. By Lemma 2] G5 is isomorphic to a vertex-minor of G;. Then G5 is a subdivision
of an extended drum of order t/2 > L(n) > u(n). By Lemma [6.9] G contains a vertex-minor

isomorphic to W,. O

By Claim [C.2] we may assume that Z; consists of at least two parts. Let J be a part of Z; other
than I;. Clearly, J is disjoint from Is. By the definition of a regular partition, either

(1) N, nJ=N}, nJ=--=N. nJ#, or

(2) [Ng, nJ| = [Ny, nJ| = -+ = [N}, nJ| > 0 and for all i,j € {2,4,...,t} with i < j,
max (N} nJ) < min(NT}j nJ), or

(3) |Ngy nJ| = [Ng, nJ| = -+ = |Ni, nJ| > 0 and for all i,j € {2,4,...,t} with i < j,
max(Néj N J) < min(Ng, n J).

When (1) appears, we will find an extended clam of large order, and when (2) or (3) appears, we
will find an extended hanging ladder of large order.

Case 1. N, nJ =N} nJ=---=N} nJ#.

Let w € N, nJ. Let Q1 be the connected component of G[Q] — b, — b, containing g, . We
observe that ¢, ¢ V(Q1) and Ty s Toug - - -+ Qbuy_, € V(Q1). Let G7 be the subgraph of G induced
on

{Qw}UV(Ql)UT2
u{sij:4<j<t—2,j50 (mod4)}u{sij:4<j<t—2,jz2 (mod 4)}.

We obtain a graph G from G by contracting {g; : bu;,_, < < by, } for each j € {4,6,8,...,t—2}
to a vertex. By Lemma [2.I] G5 is isomorphic to a vertex-minor of Gy. Note that there are
no edges between To and S;. Thus, G2 contains a subdivision of an extended clam of order
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t/4—1=L(n) = u(n) + u(2n+1) — 1, and by Lemma 611}, G contains a vertex-minor isomorphic
to W,.
Case 2. |[Nj, nJ| =|N. nJ| = =|N.L nJ|>0and for all i,j € {2,4,...,t} with i < j,
max(N;, N J) < min(NQ}j nJ).

Let @1 be the connected component of G[Q] — Qb,, — b, containing g, . Let Q2 be the path

on {¢; : i € J}. Note that there are no edges between )1 and Q2. Let G; be the subgraph of G
induced on

V(Q1) v V(Q2) u T,
Ufsy, 4<j<t—25=0 (mod4)}ufsl :4<j<t—2j=2 (mod4)}.

We obtain a graph G from G by contracting {q. : bu;_; < = < by, ,} foreach j € {4,6,8,... ,t—2}.
By Lemma 2] G5 is isomorphic to a vertex-minor of GG1. Note that there are no edges between T5
and S7. Thus, G2 contains a subdivision of an n-extended hanging ladder of order ¢/4 — 1 > L(n),
and by Lemma 613, G contains a vertex-minor isomorphic to W.,.

Case 3. For all i,j € {2,4,...,t} with i < j, [Ny n J| = |Nu1j N J| > 0 and max(Néj nJ) <
min(Ng, n J).
This case is symmetric to Case 2.

This completes the proof of the proposition. O

7.2 Obtaining a simple patched cycle

Proposition 7.3. Let Ry, Ry be the functions defined in Proposition [5.24  For all positive in-
tegers a, b, and k, if M = Ry(a,b,k) and N = Ry(a,b, k), then every (M, N)-patched cycle

(q192 - * - Gma1, S1,S2, ..., Sn) contains either a clique of size k or a simple (a,b)-patched cycle
(192 qma1, Th, To, . .., Ty) where Ty, ..., T, are contained in pairwise distinct sets of S1,...,Sum.
Proof. For each i € {1,..., M}, let S; := {s},s5,...,s%}andlet 1 <by <by<---<by <mbea

sequence such that

e foreach i€ {1,..., M} and each j € {1,..., N}, sé- is adjacent to g, and non-adjacent to g,
for all x > j.

By Proposition B.2] either G has a clique of k vertices or there exist X < {1,2,...,M} and
Y € {1,2,...,N} such that {33 ;1€ X,j €Y} is an independent set and |X| = a, |Y| = b. In the
latter case, let X = {z1,22,...,2,} and T; := {s;“ :j €Y} for each i = 1,2,...,a. It is easy to
verify that (q1q2 - qmaq1, T1,To, ..., T,) is a simple (a,b)-patched cycle. O
7.3 Obtaining a patched cycle with large width and length

We prove the following.

Proposition 7.4. Let k> 0, £ > 0, n = 2 be integers and let M := ¢nF. Let G be a graph on the
vertex set {q1,q2,...,qm} v Vi U Vau... U Vy such that

e {q1,q2,---,qm}, Vi, Va, ..., Vi are pairwise disjoint,
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® q142qs3 - - qrrq1 1S an induced cycle,
e foreachie {1,2,..., M} and each j € {1,...,k}, g; has a neighbor in Vj,
e for each vertex v e V(G)\{q1,q2,--.,q9:m}, v has at most n — 1 neighbors in {q1,q2,...,qn}-

Then G contains a (k,£)-patched cycle (qi1q2- - qrmqi, S1,52, ..., Sk) such that S; < V; for each
ie{l,... k}.

Proof. We prove the statement by induction on k.

First assume that £k = 1. Let s; be a neighbor of ¢; in Vi, and let b := 1. Let ¢ be the
maximum integer satisfying the following: there exist distinct vertices si,ss,...,s; of V| and a
sequence by < by < --- < b; where for all x € {1,...,i}, s, is adjacent to g5, and when = > 1,

e b, is the minimum integer such that b, > b,_; and ¢;, has no neighbors in {sq,...,8,-1}.

Such i exists, because 7 = 1 satisfies the conditions. Suppose that ¢ < £. Note that every vertex
g; for 1 < j < b; has a neighbor in {s1,..., s;}, otherwise, let j' be the smallest integer such that
by > j and we may replace bj; with j, contradicting our assumption on b;.. Therefore, vertices in
{s1,...,s;} may have at most (n — 1)i — b; neighbors ¢; for j > b;. It implies that there exists j
with b; < j < (n—1)i+1 < ¢n such that ¢; has no neighbors in {s1,...,s;}. So, we can extend the
sequence by taking b;11 := j and a neighbor of g, , in V} as s;41, contradicting to the maximality
of 7. Thus, we have i > £. Note that by the choice of by, ..., b;, this sequence satisfies the property
that

e for each z € {1,...,i}, s, is adjacent to g5, and non-adjacent to g, for all y > =.

We conclude G contains a (1, ¢)-patched cycle (q1g2 - - - qamrqi1, S1) with S1 € V;.

Now, suppose k > 1. By the induction hypothesis, G' contains a (k — 1,¢n)-patched cycle
(@12 qmq1; Th, ..., T—1) such that T; € V; for each i € {1,...,k —1}. Let T; = {t!,t},...,t} }
foreach i€ {1,...,k— 1} and let 1 < b; < by < --- < by, < M be the sequence such that

o foreachie {l,...,k—1} and j € {1,2,...,¢n}, t;- is adjacent to g, and non-adjacent to gp,
forall ze {j+1,...,¢n}.

For each i € {1,...,k — 1}, let f;: {b1,...,bym—1)+1} — T; be the bijection such that f;(b;) = t;
Let s} € V}, be a neighbor of g,,, and let ¢; := 1. Let i be the maximum integer satisfying the

following: there exist distinct vertices s'f, 315, cee sf of Vi and a sequence ¢; < ¢y < --- < ¢; where
for all z € {1,...,14}, q., is adjacent to sk and when z > 1,
® c; is the minimum integer such that c¢; > ¢;—1 and ¢, has no neighbors in {s'f, ... ,s';_l},

Such i exists, because 7 = 1 satisfies the conditions. Suppose that ¢ < £. Note that every vertex

b, 0 {Gby s Qbs - - -+ @b, } has a neighbor in {sF,...,s¥}, otherwise, let j/ be the smallest integer such

that ¢;; > j and we may replace cj by j, contradiczting our assumption on c¢j. Therefore, vertices
in {s},...,sF} may have at most (n —1)i — ¢; neighbors in {g, : ¢; < j < ¢n}. It implies that there
exists j with ¢; < j < (n —1)i + 1 < fn such that g, has no neighbors in {s,...,sF}. So, we can
extend the sequence by taking c; 41 := j and a neighbor of g, , in V as sf '+1, contradicting to the
maximality of ¢. Thus, we have ¢ = £. Note that by the choice of ¢q,...,¢;, this sequence satisfies

the property that

24



e for each z € {1,...,i}, s¥ is adjacent to ., and non-adjacent to g, for all y > x.

For each i€ {1,...,k— 1} and j € {1,...,¢}, let 53‘ be the vertex f;(c;). Then

(QIq2"'QMq17{S%7"'78%}7"-7{81167'-'785})

is a (k, £)-patched cycle such that {s},...,s} € V; for each i € {1,...,k}. O

8 Main theorem

We use the following theorem.

Theorem 8.1 (Chudnovsky, Scott, and Seymour [8]). For every integer n = 3, the class of graphs
having no induced cycle of length at least n is x-bounded.

Theorem 8.2. For every integer n = 3, the class of graphs with no W,, vertex-minor is x-bounded.

Proof. We recall that Ry, Ry are the functions defined in Proposition (.2, and M is the function
defined in Proposition [(.Il Let g; be the y-bounding function of Theorem Bl such that for every
graph G having no induced cycle of length at least k and all induced subgraphs H of G, x(H) <
ge((H)).

Let G be a graph such that w(G) < ¢ for some positive integer ¢ and it has no vertex-minor
isomorphic to W,,. Let Ry := Ry(2,M(n),q+ 1), Ry := Ra(2,M(n),q + 1), and r := Ron’. We
claim that x(G) < g-(q) - 2f*. Suppose not. We may assume that G is connected as we can color
each connected component separately.

We will find a simple (2, M (n))-patched cycle with additional vertex sets described in Proposi-
tion [Z.11

Let v1 be a vertex of G and for i > 0, let LZ-1 be the set of all vertices of G whose distance to v;
is ¢ in G. If each le- is g,(q) - 21~ 1-colorable, then G is g,(q) - 2%1-colorable. Therefore there exists
a level L} such that x(G[L}]) > g-(q) - 2f*~! = g,(¢q). Thus G[L}] contains an induced cycle of
length at least r by Theorem Bl Since r = n+ 3 and G has no vertex-minor isomorphic to W, by
Lemmal[6.5 we have t > 2. Let Xy := L}, Yy := L} |, Z1 := LyuLiu---UL} ,, and 71 be the vertex
in L(l). We note that for every v € Ng (Y1) n Z1, there is a path P = popips - - - pr—2 where pg = 71,
pi—2 = v and for each i € {0,...,t — 2}, p; € L}. This path satisfies that Ng(Y1) n V(P) = {v}.

Let i be the maximum integer in {1,2,..., R;} such that there exist disjoint vertex sets X; and
Yi1,...,Y; and Zy, ..., Z; such that

o X(G[Xi]) > gr(q) - 2777,

e for each vertex v € X; and each x € {1,...,i}, v has a neighbor in Y, and no neighbors in Z,,
e for each x € {1,...,4}, every vertex in Y, has a neighbor in Z,,
e for each = € {1,...,4}, there exists a vertex r, € Z, where for every v € Ng(Y,) n Z,, there

is a path P from v to ry in G[Z;] with Ng(Yy) n V(P) = {v},

for distinct integers x,y € {1,...,4} with < y, there are no edges between Z, and Y, u Z,,.
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Such i exists, because (X1, Y7, Z1) satisfies these conditions. We claim that i = R;.

Suppose that ¢ < Ry. We choose a connected component H of G[X;] with chromatic number
more than g,(q) - 2%17% and let v be a vertex in H. For j > 0, let L; be the set of all vertices
of H whose distance to v is j in H. Since H cannot be colored with g,(q) - 2f1=% colors, there
exists t > 0 such that x(H[L]) > g(q) - 2%~ > g,(¢). Since H[L;] has chromatic number at
least g,(q), by Theorem [R1], it contains an induced cycle of length at least r. Since r = n + 3, by
Lemmal6.5] we have t > 2. Let X;11 := Ly, Yiu1:= Ly_1, Zin1:= LouLiu---Ul; o, and let 1,1
be the vertex in Lg. Then X;.1 and Yi,...,Y;41 and Z1,..., Z; 11 satisfy these conditions, and it
contradicts to the choice of i. Therefore we have i = Ry.

Since x(G[Xr,]) > 9-(¢), G[Xg, ] contains an induced cycle q1¢2 - - - gmgq1 with m > r. We apply
Proposition [74] to the subgraph of G induced on {q1,¢2,...,¢m} VY1 U--- U Yg,. Since m > r =
Ron' vertices, by Proposition 7.4, G contains an (Ry, Rs)-patched cycle (¢1g2 - - - ¢mq1, S1, - - -, Sgr,)
such that for each j € {1,...,Ri}, S; € Y;. Furthermore, since w(G) < ¢, by Proposition [[.3] G
contains a simple (2, M (n))-patched cycle (q1g2 - - - gma1, S5, S;) such that S}, = S, and S < S, for
some a and b with 1 < a < b < R;. Note that

e there are no edges between {q1,q2,...,qn} and Z, U Z,
e there are no edges between Z;, and 5/,
e for each x € {a, b}, every vertex of S/ has a neighbor in Z,,

e for each x € {a,b} and each vertex v € Ng(S.) n Z,, there is a path P from v to r, in G[Z,]
with Ng(S%) n V(P) = {v}.

Therefore, by Proposition [Z.1] G contains a vertex-minor isomorphic to W,,, which is contradiction.
O
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