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1. Introduction

Distributed optimization is a promising paradigm that finds many practical
applications such as signal processing [1], machine learning [2| 8] [4], coordinated
control [5l [6], resource allocation [7], deep learning [8] 9], and Internet of Things
[10]. Clearly, distributed optimization is robust than traditional centralized
optimization in terms of communication networks and various practical prob-
lems can be modeled as distributed optimization, where m agents cooperatively
resolve the following optimization problem

min f(2) = %Zfz (@), (1)

TER™

where each agent in the system has the knowledge of only one local objective
function, f; : R™ — R. Furthermore, each agent can only receive information
from its in-neighbors and transmit information to its out-neighbors. The mutual
goal of all agents in the network is to seek the optimal solution, *, of problem
through communicating with its neighbors with no leak of their private

information.

1.1. Literature Review

There is a large amount of outstanding works concerning with distributed
optimization methods, including the distributed (sub)gradient method [IT], the
distributed primal-dual (sub)gradient method [12], the distributed augmented
Lagrangian method [I3], and the Newton method [I4]. All distributed opti-
mization methods can be summarized into two categories. One is Lagrangian
dual variables based methods, including distributed dual decomposition [15],
distributed alternating direction method of multipliers (ADMM) [I6] 17, [1§].
These algorithms have the superiority of achieving exact globally optimal solu-
tion while suffering from more computational complexity than primal methods.
Especially, [T, [I8] are proved to converge linearly to the globally optimal solu-
tion under the conditions that the objective functions are strongly convex and

have Lipschitz gradients. Some other existing methods like, DIGing [I9] and



EXTRA [20], can reach the globally optimal solution by using a sufficiently
small constant step-size with no dual variables updating explicitly, which can
be considered as an augmented Lagrangian primal-dual methods with a single
gradient step in primal space. Another category is first-order primal methods,
which are well developed in recent years owing to its simplicity and high effi-
ciency. Some early notable methods include (sub)gradient descent (DGD) based
methods [2I] 22]. In these algorithms, each agent in the system updates its local
estimate according to a combination of a predefined consensus step and a local
gradient descent step.

However, the common drawback of the above methods is the requirement of
constructing various doubly stochastic weight matrices, which demands undi-
rected or balanced directed networks between agents. This requirement may
significantly restrict the applicability of these methods in practical applications
because all agents in the network may broadcast at diverse power levels which in-
dicates the communication capability in one direction while not in the other [23].
Therefore, some researchers are devoted to studying the algorithms over unbal-
anced directed networks. Based on distributed (sub)gradient descent (DGD)
[21} 22], Xi et al. in [I1], 24] leverage a so-called surplus-based method to realize
exact convergence. Then, the (sub)gradient-push algorithm [25] that can be ap-
plied to unbalanced directed networks constructs only column-stochastic weight
matrices to achieve the globally optimal solution via incorporating a push-sum
technique [26] into DGD-based methods |21 22]. However, the method [25]
shows relatively slow convergence rate due to the use of diminishing step-sizes.
So as to accelerate the convergence, DEXTRA [27] combines the push-sum
technique with EXTRA [20] to achieve linear convergence under the standard
strong convexity assumption with the step-size lying in some non-trivial in-
terval. The restriction on step-size is relaxed by the follow-up works ADD-
OPT /Push-DIGing [206, 19], AB [28], and ABm [29], where AB simultaneously
utilizes both row- and column-stochastic weight matrices to gain an accelerated
convergence rate. Based on AB, ABm first introduces distributed heavy-ball

type acceleration into distributed optimization. Notice that these algorithms



[24, 26, 28, [30, B1] can better protect from using the doubly stochastic weight
matrices and can be applied into unbalanced directed networks. However, all
these methods may be impractical to some realistic environment that all agents
in the networks adhere to a broadcast-based communication protocol, i.e, the
agents in the network only get the knowledge of its in-degree while do not know
its out-degree. Therefore, Xi et al. in [23] propose an elegant method which is
based on a gradient tracking technique [22] and uses only row-stochastic weight
matrices to achieve exact convergence. FROST [30] and [32] extend [23] by
employing uncoordinated step-sizes, which further relax the restriction on step-
sizes. Theoretically, the step-sizes of FROST with linear convergence rate in the
strongly convex case do not exceed (1/mLy) where m is the number of agents
and Ly is the Lipschitz continuous constant. Notice that the upper bound
(1/mLy) on step-sizes may be very small, which may limit the convergence rate
of FROST. Thus, an useful method named Barzilai Borwein (BB) method is
introduced into distributed optimization over undirected networks by DGM-
BB-C [33]. In [33], Gao et al. conduct multi-consensus inner loops to ensure
both larger step-sizes and a network-independent range of step-sizes, which not
only attains faster convergence than most existing works, but gives a relatively
simple way of choosing the step-sizes. However, DGM-BB-C [33] can only be
applied into undirected or balanced directed networks due to doubly stochastic

weight matrices, which may be impractical in practice.

1.2. Motivations

In recent literature [23], 26] [24] 28, 29| [30], the notion of sufficiently small
step-sizes needs to be added in theoretical results for which the agents can work
in a fully distributed manner. However, researchers can always set relatively
larger step-sizes in simulations, which are not in line with the theoretical results.
This paper aims to remove the notion of sufficiently small step-sizes over unbal-
anced directed networks and develops a distributed algorithm that converges to
the globally optimal solution with fewer computational costs, communication

costs and accelerated convergence.



1.8. Contributions

The main contributions of this paper can be summarized as follows:

(1) A novel accelerated distributed algorithm over unbalanced directed net-
works constructing only row-stochastic weight matrices and using BB step-sizes,
termed as ADBB, is developed to solve convex optimization problems. More sig-
nificantly, ADBB is based on adapt-then-combine variation of [23] and FROST
[30], and uses multi-consensus inner loops to simultaneously ensure larger step-
sizes and accelerated convergence. Additionally, ADBB is theoretically demon-
strated to converge to the globally optimal solution when the local objective
functions are smooth and strongly convex.

(2) Compared with some recent well-known works [20] 23] 26 27, 28] 29, [31]
30], ADBB further eliminates the restriction on step-sizes via using BB method
which witnesses many successful applications in the fields of non-negative matrix
factorization[34], non-smooth optimization [35], and machine learning [36, 37].
Especially, ADBB allows all agents in the network to independently automati-
cally compute their step-sizes according to its local information, which not only
relaxes the selection range of the step-sizes but also prevents from the hetero-
geneity problems [30] existing in [31], 38|, [39].

(3) Unlike the research [I11 20, 24, B3], 40], we consider more realistic sit-
uations, i.e., the communication networks between agents are unbalanced di-
rected, and particularly agents exchange information in a broadcast-based di-
rected communication network. ADBB achieves the globally optimal solution
by constructing only row-stochastic weight matrices which are much easier to
implement in a distributed fashion as each agent can locally decide the weights
[23] [41].

(4) In fact, some well-known algorithms, for example, ADD-OPT/PUSH-
DIGing [26],19], FROST [30], and [23[32] converge under the requirement of the
largest step-sizes no exceeding 1/mLy (possibly smaller) while ADBB increases
the upper bound on the largest step-size to 1/mu. Intuitively, ADBB has more
communication at each iterations. However, owing to the use of BB step-sizes

and multi-consensus inner loops, ADBB converges to the globally optimal so-



lution with the smaller number of iterations, fewer gradient-computation costs,
and fewer rounds of communication than most existing works [24] 26|, 28], 29} [30],

which is shown in Section

1.4. Organization

The following organization of this paper is presented in this section. Prelim-
inaries are presented in Section [2 Section [3] gives the development of ADBB.
The convergence of ADBB is analyzed in Section[4 Section [f] conducts numer-
ical experiments to resolve machine learning problems to verify the theoretical

analysis. Finally, we draw a conclusion and state our future work in Section [6]

1.5. Basic Notations

In this section, we present some basic notations which are useful throughout
this paper. Notice that all vectors in this paper are recognized as column vectors
if no otherwise specified. The detailed definitions are given in Table [I} Based
on Table [I} we further introduce the Perron-vector-weighted Euclidean norm

and its induced matrix norm as follows: for arbitary & € R™ and X € R™*™

1l =yl (810)° + [l (@)% + -+ (1, ([8],,)° = |[ding { v/} 2]
X1, = diag {v/7} X (diag {v/7}) |

27

)
2

which means ||z < 7°%|Z|, and [|Z||, < 7 %°||Z|, (see [42] for details).

Denote ¥ :=7/m > 1.

2. Preliminaries

2.1. Communication Network Model

Consider m agents exchanging information with each other over an unbal-
anced directed network, G = (V, &), where V = {1,2,...,m} is the set of agents
and £ C V x V is the collected ordered pairs. The weighted matrix associated

with the unbalanced directed network G is denoted by non-negative matrix,



A = [ai;] € R™*™ such that a;; > 0 if (j,7) € € and a;; = 0 otherwise, where

the weights a;; satisfy conditions as follows:

S0, jENm  ;
Q5 = J s Zaij = 1,\72 eV. (2)

0, otherwise j=1
Specifically, for arbitrary two agents, i,7 € V, if (j,7) € &, then agent j can
transmit information to agent ¢. The in-neighbors of agent ¢ is denoted as
Nin_ ie. the set of agents can transmit messages to agent i. Correspondingly,
the out-neighbors of agent i is denoted as N, i.e., the set of agents can
receive information from agent i. The network G is considered to be balanced
if ZjeNfut aj; = Zje/\/i‘“ a;j, i € V, and unbalanced otherwise. Both N® and

NP include agent i.

Assumption 1. ([23, Assumption 1]) The unbalanced directed network, G, is
strongly connected and each agent in the network has a unique identifier i =

1,...,m.

Remark 1. Notice that Assumption |l| is standard in recent literature [23, [30,
33, [43]. The strongly-connected assumption on unbalanced directed networks
guarantees the state averaging of the whole multi-agent system and avoids the

presence of the isolated agents.

2.2. Problem Reformulation
In this section, an equivalent form of problem is given to help conducting

the following convergence analysis.

rERMN

min f(z) = = 3 fi(e"),
i=1 (3)

st.a' =27 (i,5) € €,
Assumption 2. (Smoothness): Each differentiable local objective function, f;,

has Lipschitz continuous gradients, i.e., for arbitrary x,y € R™, it holds that

IVfi(2) =V i)lly < Ly llz =yl (4)

where Ly > 0.



Symbols Definitions

I, the n x n identity matrix

1, an m-dimensional column vector of all ones

€; an n-dimensional vector of all 0’s except 1 at the i-th entry

T the left Perron eigenvector of primitive row-stochastic matrix
A

! transpose of vector x

AT transpose of matrix A

Al the (i, j)-th element of matrix A

[z], the i-th element of vector x

diag {x} A diagonal matrix with all the elements of vector z laying
on its main diagonal

X<Y each element in Y — X is non-negative, where X and Y are
two vectors or matrices

XY the Kronecker product of matrices X and Y

p(X) the spectral radius for matrix X
-1l the Euclidean norm for vectors and the spectral norm for
matrices

Table 1: Basic notations.



Assumption 3. (Strong convezity): Each local objective function, f;, is strongly

convet, i.e., for arbitrary x,y € R™, it holds that

fi(@) = £ (W) = (Vi () ox = 9) + Sl =yl (5)
where p > 0.

Remark 2. Note that constants Ly, p in Assumptions @-@ satisfy 0 < p < Ly
(see [44)]). Clearly, under Assumptions @ original problem has a unique
optimal solution which is denoted as x* € R™. Therefore, the globally optimal
solution denoted as x* = 1,,QT* to transformed problem (@ also exists uniquely.
We emphasize that Assumptions @-@ are standard in recent literature [11), [23,
126, (28, (29, (30, (52, 139, [{1}, [{3]. For some specific examples, we refer the readers
to [29, Section V] and [24), Section VI].

3. ADBB Development

3.1. The Barzilai-Borwein Step-Sizes

The original form of BB method solving problem updates as follows:
.’Z’kJrl :53]9 —Oéka (i‘k), (6)

where aj can be calculated by ap = (5;«%) / (5;2;@) or oy = (E,;'—Ek) / (Z,IZIC)
in [36]. Therein §; = & — Zx—1 and 2 = Vf (&) — Vf (Z—1) for k > 1. The
BB method has the superiority of simplicity and flexibility. In this paper, we
set the distributed BB step-sizes as follows:

1 (sl)Tsl
i = LK) Sk .
) "
T .
X 1 (s%) v
azzng (8)
(vi) i

where 5§ =zt —zi | and vl = Vf; (x}c) -V (xz_l). One may be aware that
the denominators of Egs. are tending to zero, which in fact does not affect

the bounds on «} and we give the bounds in Lemma



Remark 3. Compared with the BB step-sizes employed in DGM-BB-C [33],
ADBB employs a relatively smaller step-size given in Lemma (1/m that of in
DGM-BB-C [33]) to guarantee the convergence. In fact, the division of m is
exactly caused by the unbalanced directed network. That is, when the unbalanced
directed network degrades to undirected or balanced directed, the row-stochastic
weight matrixz reduces to doubly stochastic weight matriz and thus ADBB reduces
to DGM-BB-C which attains larger step-sizes and a network-independent range

of step-sizes.

8.2. Distributed Optimization Using Only Row-Stochastic Weight Matrices
Distributed optimization algorithms using row-stochastic matrices are based

on the method proposed in [23], for instance, FROST [30] and [32] extends [23]

by employing uncoordinated step-sizes. The distributed form of FROST [30]

updates as follows:

m
Ty = Z a;xy, — oz), (9a)
=1
m
i J
ko1 = D GiYhs (9b)
=1

[yllf+1]7; l:ylz]z

m
i _ J
2 = Z a;;2, + , (9¢)
Jj=1

where each agent i maintains three variables: zi,z} € R" and y;, € R™, and «a;
is the uncoordinated step-size locally selected by agent 7, i € V. Note that a;
in @ is the weight assigned by agent i to the information from agent j. The
row-stochastic weights, A = {a;;}, are aligned with (2).

Remark 4. The methods [19,[26,[27)] constructing only column-stochastic weight

>0, 1€ ./V’qut m
matrices B = [b;;] € R™*™, where b;; = ;o 2 bij=1, Y€V,
0, otherwise =1
require all agents to know their out-degrees and thus are not practical to broadcast-

based communication protocol. Therefore, distributed optimization using only
row-stochastic weight matrices is the state-of-the-art method, which has signif-

icant contributions than doubly or column-stochastic distributed optimization

10



(see [23, (30, [13] for details). Inspired by [23, [30], this paper extends [33] to

unbalanced directed networks.

3.8. ADBB for Distributed Optimization

Based on the above analysis, we develop ADBB for distributed optimization

over unbalanced directed networks in Algorithm

Remark 5. We emphasize that the initialization of auziliary variables yb = e;,
i € V requires each agent in the system has a unique identifier which is satisfied
under Assumption . The initial values of step-sizes ofy, i € V should be positive
and Section[5 numerically demonstrates that ADBB is not sensitive to the initial

i
values of ag.

4. Convergence Analysis

Algorithm 1 ADBB for each agent i € V
Initialization: For each agent i € V, 2§ € R" is arbitrary; y§ = ¢; € R™;

25 =Vfi (xf)) € R"; o) > 0; Choose a;; with ZjeN_in a;; = 1, for Vi,j € V;
h=1,2,...,H.
For k=0,1,... do

Each agent i € V computes: z}, ., (0) = 2} — o}z,

Each agent i € V communicates: =, (h) = > aij:ciﬂ (h—1)
JENIU{i}

where o is computed by (7)) or , and set 2} | =} | (H).

Each agent i € V computes: y; , (0) =y},

Each agent i € V communicates: y; , (h) = > aijyiﬂ (h—=1)
JENImU{i}

setting y;.,, = v, (H), . ‘

Each agent i € V computes: z, , (0) =z} + Viilzin) _ Vhilz)

Each agent i € V communicates: z_, (h) = > a5z, (h—1)
JeNrU{i}

and set z} | =z}, (H).
End

11



In this section, the convergence analysis of ADBB is presented. For simpli-

fying the analysis, we first make definitions as follows:

ves=[@) @) )]
G =[yb i)
=[G @) o]
Yk =Yk & In,

gr -=diag {yx},
-
Qg ::[ai,az, ],

Dy :=diag {ax} ® I,

Q

A :A® In c ]Rmnxmn7
VF (@) =[VAE) T VR V)]
.
VE (z*) ;:[Vfl(x*)T,Vfg(x*)T,...,me(:c*)T] ,

where zy, Uk, 2k, ak, VF (z) , VF (2*), simultaneously collect their local vari-

ables. Then, based on the above definitions, we give the compact form of ADBB

as follows:
1 =A (zr — D z) (10a)
i1 =A" gy, (10b)
Zpp1 =AY (21 + Q,ZLVF (Tht1) — G, 'VF (z1)), (10c)

where §o = I, 20 = Vf(x0) and z¢ is arbitrary. This paper extends one

dimension in [23] to n dimensions. To proceed, we continue to define
Yoo 1= lim yy,
k— o0

Joo =diag {yoo } ,

Y :21;18“:9;:1’ 27

Y :=sup |[yxll,
k>0

b1 = HImn - AH‘

2

12



Qmax = I]?Za())( {a;c} 3

where 9o, Y, Y exist due to the primitive row-stochastic matrix A.

4.1. Auziliary Relations
Lemma 1. Supposing that Assumptions[$}J hold, for Yk > 0, the BB step-size
al, i €V computed by (@) or (@) in ADBB satisfies

L cai<ct (11)
— < —.
mLy — k= mu

Proof 1. To begin with, we derive bounds on the BB step-size o, following (@

According to the strong convexity of local objective function f;, it holds that
i i\ " i i i i
(xk - xk—l) (Vfi (ffk) - Vi (%-1)) 2 ,LLka - xk—l”; (12)

Then, the upper bound for each BB step-size Oz;; 1s derived as follows:

i i T i i
al _ 1 (xkfl'kfl) (zkfzkfl)
- . : T : ;
M (xh = i) (Vi () = Vi (2520)
1 k= aially (13)
M pf|, = 2
_ 1
=

and according to Lipschitz continuity and Cauchy inequality, the lower bound

for each BB step-size a}ic is derived as follows:

i i \T (i i
ol _L (zh — 7)) (7} — 74 )
" (af —wh) | (Vi () = Vi (210)
. . 2
>1 HCU%_—%—;H%' (14)
"™ Lyl = @il
1
_mLf'

Next, we derive the bounds on BB step-size oz}l€ following (@) According to
Lipschitz continuity, it holds that

Ly(oh — i) (VS (2}) = Vi (2h0)) 2 IV Fi () = Vi (i) [ (19)

13



Then, step-size a}; is lower bounded by 1/(mLy). Clearly, the upper bound on
step-size o, is no greater than 1/(mu). The above proofs show that the range of
step-size o, computed by @ is longer than the range of step-size o, computed

by @ Recalling the definitions of amax and Qumax, we can directly obtain that

1 1
— S O‘maxaamax S - (16)
mLy o

The proof is completed.

Remark 6. It is worth mentioning that owing to the availability of larger step-
sizes, ADBB is competitive than the state-of-art algorithms [19, (23, (26, [28, [29,
[30, 132, [41, [43] that can be applied into unbalanced directed networks. Especially,
the largest step-sizes employed by [23, [24), (26, [30] do not exceed 1/(mLy) which
1s exactly the lower bound of the step-size employed in ADBB.

Lemma 2. Supposing that Assumption[d] holds, recalling the definitions of aug-
mented weight matric A= A ® I, and Yoo, for Yz € R™™, there holds

[ A"z — yooz||, < o™ |l — yooz|l,, (17)
where 0 < 0 := || A — Yoo, < 1 serves as the mizing rate of the directed network.

Proof 2. Since A is primitive and row-stochastic, it holds that y., = (lmw—r) ®
I,, from Perron-Frobenius theorem [30]. Then, in terms of , we get that

.AHyoO = Yoo N YsoYoo = Yoo, Which yields that
Az — yooz = (A" — yoo) (2 — yoo) - (18)
We know that p (A — ys) < 1 and

AH Yo = (-AH71 - yoo) (A - yoo)

(19)
=(A- yoo)H'

Then, it is easy to obtain that HAH — yooH7r < 1. The proof follows via setting
o =[lA =yl

14



Lemma 3. Suppose that Assumption |1 holds. Recalling the definitions of y
and Yoo, it holds
1Yk — Yool < o™, VE > 0, (20)

where 0 < o < 1 is a constant.

Proof 3. In terms of , we obtain that y, = AFH @ I, = A*H . Similar
with the proof in Lemmal[3, it holds that

k
e = ooll = || (A7 = o) || < o™ v = 0. (21)
The proof is completed.

Lemma 4. Suppose that Assumption [1] holds. For Yk > 0, the following in-

equalities hold

Uit =95 |l < vma* Y2, (22)

Jipr — Ui ||, < 2v/ma™ Y2, (23)

Proof 4. We first give the proof of @ as follows:

0 =0l = 119k Goo — 90) 920

<

0|, ldiag Tyr — yoo o |92, (24)

<mo*y?2,

The proof of directly follows from the proof of (@, i.e.,

It = 0 'y = 9eds — 9 + 9 =9,

<

ity — 1, + 19t = 9 (25)
<2/mo*Hy?,

where the first inequality utilizes the triangle inequality.

Lemma 5. Suppose that Assumption[1] holds. For Yk > 0, the following equa-
tion holds

Yoo 2k = yoo@;:1VF (xk) . (26)

15



Proof 5. Recalling that yso A™ =y, from , we recursively update

Yook =YooZh—1 + Yool VE (21) = Yoolip -1 VEF (zh-1)
=Yoozh—2 + Yool 1 VF (Tr—1) — Yool o VF (2—2)
+ Yool VF (1) = Yool 1y VF (25-1)
=Yooy, VF (1) ,

where the last equality follows from the initial conditions that §g = Iy, and

zZ0 = VF (%0)

Lemma 6. ([{4]) Let the global objective function f (x) be p-strongly convex
and Lg-Lipschitz continuous, where 0 < p < L¢. Then, for Vo € R™ and 0 <

9 < L%’ we have
|z — 09 f (2) = 2"l <7l — 2"l (28)

where n = max {|1 — 6pu|,|1 — 6L;|}.

Lemma 7. Suppose that Assumption [1] holds. For Yk > 0, the following in-

equality holds

||Zk||2 SﬁO.SmLf ||zk - yool'k”ﬂ— + mLf ||yoo'rk -1,® j*||2 (29)
+ 1707 |2k — Yookl + VMYV 2 |V ()], -

Proof 6. Recalling yooGsy! = (1ml,),) ® I and yoozy = Yool 'V F (z1) from
Lemmal[3, we obtain that
Izklla < ll2k = Yoo2kllz + Yool
<17 |12k — Yoozill, + ||3/oo2?1;1VF (k) = Yooling VF (xk)Hg
+ {[yoe B! VF () = (Im1) @ LVF (7))
<z 2k = Yoozl x + Yool — Yool | IIVE ()]l
+m|VE (zx) = VE (27)];

where the second inequality utilizes the fact that (1; ® In) VF (z*)=0. Apply-
ing Lipschitz continuity and (@) completes the proof.

16



To proceed, the contraction relationship of ADBB is established by deriving
upper bounds on the sequel quantities: i) the consensus error: [|Zgp41 — Yoo Tht1]/
ii) the optimality gap: ||YsoZk+1 — Lm @ T*||,; iii) the gradient tracking error:

l2kq1 — yoozk+1||7r~

4.2. Contraction Relationship

Lemma 8. Suppose that Assumption [1] holds. For Yk > 0, the following in-

equality holds

|Zk+1 — yooxk+1||ﬂ—
< (1 + amaxm™mLy) UHka — Yook ||, + amaxfro'smLfUHHyOOmk — 1, ®z",

+ amax1905aH||zk — Yoo k||, + amaxx/mfrf/Y2o(k+1)HHVF (@)l

(30)
Proof 7. According to and Yoo A =y, it holds that
[Tk+1 — Yookt 1l 1
= HAH (zk — Df 2k) — Yoo (T — D;:Zk)HW
(31)

= | (A" — yeo) (@1 — yoo) + (AT — yoo) DRz
<o ||zk — oot + im0 2]l

where the second equality follows the relationship (AH — yoo) Yoo = 0 and the
inequality applies Lemma @ The proof is finished through substituting (@ into

.

Lemma 9. Suppose that Assumptions hold. If "oy, < 2/ (mLy), for Vk >
0, then the following inequality holds

Hyooxk+l -1, ® ‘%*”2
Samaxﬂioﬁml’f ||‘Tk - yooxk”ﬂ— + A ||yooxk - lm & ‘%*||2 <32)

+ o Y (|25 = Yoo 2k [l + macVMY Y2 | VF () ,

where A = max{}l —maTagpl, |1 - mwTaka‘}.

b

17



Proof 8. Recalling yoo A = yo, we obtain that
[YooTh41 — Im @ 7|,

= [0 (A" (w — Difzr) + (DF = DyY) yoo2k) — Im @ 2",

< 1Yo — Yoo DR Yook — L @ &* 1y + omax¥ |21 — Yoozl .
< Yook = Yoo DYoozt — Lin @ T*[|g + maxY T |21 — Yoozl -
We know that
Yoo DR Yoo = (L7 ") ® 1) (diag {on} @ L) (Lm7 ") ® 1) (34)
= (1" k) Yoo
We continue to bound ||Yoor — Yoo DYoo 2k — 1 @ Z*|, as follows:
Yook — Yoo D Yoo 2k — L @ T7 |4
<V | (a7 @ L) ax — 7 —m (xTow) VS (=7 @ L) ) )
+[m(rTar) L @ L)V (7" @ L) @) = (7" k) ooz,
=A1 + Ao
If mT oy <2/ (mLy), then using Lemmal6, it holds that
A1 < MYooTt = Lin @ T |, (36)

where A = max{}l —ma T agpl, |1 - mﬂTaka‘}. Next, we aim to bound As.

Az = (o) [m(1m ® L) V(77 @ In) 21) — Yooz 2
<amax|m(1m ® L,) Vf ((ﬂ'T ® In) xk)— (1, ®1I,) (1; ® In) VFE (zr)|l2
+ | (L @ 1) (L, © In) VF () = Yoot VE (2)]]2
<omaxMLy || Tk — Yook|ly + Qmax /MY Y2 IVF (x)],

Samaxﬂ_OEmLf ||xk - yookaﬂ— + amax\/%ffygokH ||VF ('Tk)H2 )
(37)

where the first inequality uses Lemmal[3 and the last inequality applies Lipschitz
continuity and (@ Plugging @ and into yields
”yooxk - yongyooZk -1,® 53*”2
<omax® "ML |2k — YooTkll, + AN YooTh — Lin @ T, (38)

+ Umax VMY Y2H |V F ()], -
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The proof is completed by substituting @ imnto .

Lemma 10. Suppose that Assumptions hold. For Yk > 0, the following
inequality holds

”ZkJrl - yooZkJrlHﬂ— < (19045Ypr1 + amaxﬁ0'5mY?L3f) UHka - yoomk“w
+ amaXmY)A/LfcaHHyooxk -1, ®z",
+ (1 + amaxﬂ_OISYY/Lf) UHHZIC - yoozk”ﬂ-

+ (2\/m1—1 + amaxmLfYYQ) Y2 DH | F (2)),

(39)
Proof 9. According to Lemma and , we obtain that
[2k+1 — Yoo 2h41l -
= [|A" (26 + 5y VF (1) = 5 VF (@) = Yook | w0)

< AT (41 VE (@) = G5 VF (21)) = Woozir — Yoo |,

+ o |2k — Yoozl -

Recall that Yooz = Yool ' VF (1) from Lemma @ Therefore

A" (Y AV F (2r41) = 95 'V (21)) = Yookt — Yoorn)||,
= [ (A" = yoo) (4L VF (@rs1) — 5 'V (@0)) ]|,
<ot Hy;:_ilVF (Thy1) — yk__ilVF (:Ek)Hﬁ +cof ||y,:_i1VF (zg) — y,:1VF (mk)HW

<x Y Ly [las1 — aylly + 25 O mY 2SI [V ().

(41)
We next bound ||xg11 — xk||,
zk+1 — 2kl

=||-AH (T —Dgzk)_$k||2 (42)

< H (Im” - 'AH) (xk - yooxk)Hz + Omax HAHHQ sz“Q

<HO%p 21 = Yool + a2

where the first inequality utilizes the fact that (Imn — .AH) Yoo = 0. Combining
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and @ gives
A" (v L VF (zr41) — 95 ' VF (2k)) — Yoozt — Yook ||

§190'5p1YLfUH||mk — yooxk||7r+2\/mﬁ‘leo(kH)HHVF (mk)||2+ozmaxf/|\zk||2.
(43)

Substituting (@) nto (@) gives

lzkq1 — yo<>Zk+1H7r

<9 Y Lyo™ ||z — yooril, + 0 |2k — Yoozl (44)

+2¢/mr=1Y 20 FFVH T F (21)]] + max Y ||25 |-

The proof is ended via substituting (@) into .

Lemma 11. ([29, Lemma 4]) Let X € R™ ™ be a non-negative matriz and

x € R™ be a positive vector. If Xx < wzx, then p(X) < w.

Before presenting the main results, we make some definitions for subsequent

proofs as follows:

2k — Yook [VE (1)l
e = | Yootk =L @T ||y |, 9= 0 )
2k — Yoo 2k || 0
ol + amaxofwi  amaxofun QAmax0
My = OmaxW2 A OmaxW3 ;
UHU}4 + amaxJHw5 amaxUHwS JH + amaxUHwG
amax\/mﬁ'YYgaH 0 0
Gr = Cmax /MY 2Y 0 0 |,

2/mar=1Y 20" 4 apaxy/mY?Y3 Lot 0 0
where wy; = 7’r0'5mLf7 wy = E_O'5mLf7 w3 = 5_0'537, wy = 190'5Ypr1, ws =

mYYL?c, we = 1_0'5YYLf. Note that G}, decays linearly over k, since 0 < o <

1.
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4.3. Main Results

Theorem 1. Suppose that Assumptions hold. If 7"y < 2/(mLy) for

Vk > 0, one can establish a linear time invariant inequality as follows:
tir1 < Mty + Grgr, Vk > 0, (45)

where ty,, gr € R3, and My, G € R**3 are defined before Theorem . Further-
more, when the largest step-size aumax Satisfies (@ with proper setting of the

multi-consensus inner loop number H, there holds that p (My) < 1.

Proof 10. Recall that A\ = max{|1 — mﬂTak,u| , |1 — mWTakaH. Clearly, we
can obtain that 1/mLj; < amin < 7oy, from Lemma , If oy < (2/mLy) —
(,u/mLfc), it holds that A <1 — (u/mLy). Hence, we get that My, < M, with

H H H H
07 4 Qmax0 " W1 Omax0 W1 Omax0
M = Qmax W2 1—wr OmaxW3 )

CTHw4 + amaXO—HwE) amaXJHw5 UH + amaxanfj

where wy = p/Ly. Thus, p(My) < p(M). To proceed, we derive the lower
bound on multi-consensus inner loop number H and solve for a positive vector

c= [01,02,03]T from

C1 C1
M Co < Co s (46)
C3 C3

which is equivalent to the following inequalities

0 < amax (onlc1 + an102 + O’H63) < (1 — O'H) cy,
0 < Qmax (w2e1 + w3es) < wrea, (47)
0 < amax (O'H’LU5C1 + U'stcz + angcg) < (1 — UH) c3 — UHw4c1.

Since the right hand side of the last inequality in has to be positive, it should

hold that
(1 — O'H) C3

0<c <
O'Hu}4

(48)
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According to , we can obtain the upper bound on the largest step-size as

follows:
1—-c®) ¢ 1= e5—oHwye
0 < atmpax <min 7 ( ) ! , wre2 , 1(1 ) i o
ol (wyer+wico+tcz)’ woer+wses’ o (wseq +wseo+Hwees)
(49)

where co, c3 are arbitrary positive constants and c¢1 is chosen from @ Accord-

ing to @, we need
1 1
—— < Omax < —. (50)

mLy — mps
So as to guarantee that the range of largest step-size in (@) contains the range

of the largest step-size in (@), the following inequality should hold

1 ) (170H) C1 w7Co (170’H) Cg*O’HU)401
0< — <min 7 ) » TH
mu ol (wye1+wica+es) waer+wses’ o (wsey +wsea+wges)
(51)
which yields
0< o <min { mpc , miics } ,
(w1+mp) cr+wice+es’ (wskmpwy) ¢ +wsca+ (ws+mp) cs
(52)
We deﬁne @ = min { (wlﬂnlzglcpﬁjwl cotes? (w5+muw4)c:—ri:5§zg+(w5+mu)03 } Then, it
follows from (@ that
1 |
H> |22 (22, (53)
Ino Ino
1, for x € Ny
where ¢ (x) = and N, denotes the set of positive integers. Thus,
0, for x ¢ Ny

it holds that p(M) < 1. Finally, we get p(My) < 1 due to p(My) < p(M).
The proof is completed.

Remark 7. We emphasize that the BB step-size (see, @ and (@) s automat-
ically computed by each agent in the system and only depends on the local infor-
mation, which does not rely on the network parameter, . We also acknowledge
that multi-consensus inner loop number H is lower bounded by the network pa-
rameter, o, which cannot be computed locally. Therefore, we pick a sufficiently

large multi-consensus number, H, to simultaneously guarantee the convergence
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of ADBB and ensure that ADBB can Tun in a fully distributed manner. This
notion of sufficiently large only serves for the conservative theoretical analysis
while in practice we need to manually optimize the multi-consensus number, H,

which is shown in Section [3.

Lemma 12. (23, [30, Theorem 2]) Suppose that Assumptions 1-3 hold. Recall
that p (My) < 1 according to Theorem (1] and Gy decays linearly over k since
0 < o < 1. Then, the sequence {:Ck}kzo generated by ADBB converges linearly

to x* = 1,, ® T, i.e., for some positive constant w > 0, it holds that
~ % k
2 = Ly © & < w(max {p (My), 0"} +€)",Vk >0, (54)

where & is an arbitrary small constant such that 0 < £ +max {p (My), H} < 1.

5. Numerical Experiments

In order to confirm correctness of the theoretical analysis and show the
performance of ADBB. We leverage regularized logistic regression to compare
ADBB with some other well-known distributed optimization algorithms through
solving a binary classification problem. Especially, a network of m agents coop-

eratively resolve a distributed logistic regression problem as follows:
i (W 55
in f (i Z fi () (55)

where w € R™ is the optimization variable to learn the separating hyperplane
and each local objective function f; (w) is expressed as
N B2
fi () = ” Zlog (1+exp(— b”cww)) + %Hwﬂz, (56)
j=1

where g; is the number of local samples distributed to agent i; ¢;; € R™ is the
Jj-th training sample and b;; € {+1,—1} is the corresponding label, both of
which are only accessed by agent ¢; 8 is the regularized constant. Therefore,
the optimal solution to is represented by

W* = argmin ~||2 Z Zlog 1+ exp ( b”cww)) . (57)

weR™
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Fig. 1. An unbalanced directed network with Fig. 2. Performance of ADBB under different

10 agents. initial step-sizes ag.

In the following experiments, we assume that the samples are distributed equally
among the agents, i.e., ¢ = N/m, i € V, where N is the total number of data
and m represents the number of agents in the network. Then, we provide two

All

case studies, in which the residual is defined as (1/m) ", [Jw) — @*||,.
simulations are carried out in MATLAB on a Lenovo laptop with 4.10 GHz, 4

Cores 8 Threads Intel i5 - 9300HF processor and 16GB memory.

Case Study 1

In the first case, the effect of the multi-consensus inner loop number H and
initial step-sizes o), on ADBB is explored. Let N (0, £) to denote a normal
distribution with the mean vector 6 and the covariance matrix £. The total
samples are N = 1000, and we set lm = 10, n = 100. For each agent i, a half
of sample vectors c;; are generated by independent and identically distributed
N ([2, 72]T, 2In) with label b;; = +1, while the others are sample vectors c¢;;
generated by independent and identically distributed N ([—Q,Q]T,an) with
label b;; = —1. Fig. |1|shows the unbalanced directed communication network;
Fig. [2[ compares the performance of ADBB with different initial step-sizes o
by plotting the residual, where the multi-consensus inner loop number H = 5;

Fig. 3] compares the performance of ADBB with different multi-consensus inner
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Fig. 3. Performance of ADBB under different Fig. 4. An unbalanced directed network with

multi-consensus inner loop numbers H. 20 agents.
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Fig. 5. Performance comparison over gradi- Fig. 6. Performance comparison over rounds

ents computation. of communication.

loop number H by plotting the residual, where the initial step-size af = 1.2.
The results in Figs. show that ADBB is not sensitive to initial step-sizes
ab and ADBB converges faster when the multi-consensus inner loop number H

increases, respectively.

Case Study 2

In the second case, ADBB and some existing algorithms are used to identify

whether a mushroom is poisonous or not according to its different features, such
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as cap-shape, cap-surface, cap-color, bruises, and so on. This case study is based
on the mushroom data set provided in UCI Machine Learning Repository [45].
We randomly choose 8124 samples from the data set, from which N = 6000

DEXTRA
—O— FROST

ADD-OPT
AB
ABm

—— ADBB

100

Residual

DEXTRA ||
0.25 = FROST

0.2 02 ADD-OPT |1
0.15 0 20 40 60 AB B
0.1 ABm Bl
L L L L L L L L L 0.05 ADBB g
0 200 400 600 800 1000 1200 1400 1600 1800 2000 .

lterations 0 500 1000 1500
lterations

Fig. 7. Performance comparison over itera-
Fig. 8. Testing accuracy rate.
tions.

samples are used to train the discriminator and the rest of samples are used
for testing. Each sample has n = 112 dimensions, which represents different
features of the sample. We conduct the simulation in an unbalanced directed
communication network as depicted in Fig. [} where m = 20; initial step-size
aé = 1.2, i € V; multi-consensus inner loop number H = 3. Assume label
bij = +1 when the sample c;; is poisonous; Assume label b;; = —1 when the
sample c;; is edible. Figs. EHZl demonstrate that ADBB is competitive than
most existing work over unbalanced directed networks in terms of gradients
computation, rounds of communication, and the number of iterations. The
testing accuracy of different algorithms is plotted in Fig. |8} Tables provide
the confusion matrices to further clarify the testing results at iteration k£ = 100
and k = 1000, respectively. Notice that the total number of the testing samples

is 2124 consisting of 1596 poisonous samples and 528 edible samples.
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Predictive values ADBB ABm AB ADD-OPT FROST DEXTRA
True values p. E. p. E. P. E. p. E. p. E. P. E.

P. 1587 | 9 1579 | 17 | 1563 | 33 | 1501 | 95 | 1297 | 299 | 553 | 1043
36 492 34 494 34 494 36 492 12 516 0 528

P. is the abbreviation of poisonous and E. is the abbreviation of edible

Table 2: The confusion matrix (Testing results at iteration k = 100).

Predictive values ADBB ABm AB ADD-OPT | FROST DEXTRA

True values P. E. P. E. P. E. P. E. P. E. P. E.
P. 1589 | 7 | 1585 | 11 | 1579 | 17 | 1570 | 26 | 1564 | 32 | 1554 | 42

E. 28 | 500 | 30 | 498 | 30 | 498 | 32 | 496 | 32 | 496 | 30 | 498

The best accuracy among 20 experiments 0.98352 0.98069 0.97787 0.97928 0.97269 0.96610

The average accuracy among 20 experiments 0.98021 0.97712 0.97710 0.97628 0.97124 0.96573

The worse accuracy among 20 experiments 0.97012 0.96922 0.96975 0.96828 0.96823 0.96521

P. is the abbreviation of poisonous and E. is the abbreviation of edible

Table 3: The confusion matrix (Testing results at iteration & = 1000).

6. Conclusions and future work

In this paper, a novel accelerated distributed algorithm constructing only
row-stochastic weight matrices and using BB step-sizes, termed as ADBB, is
developed to solve distributed convex optimization problems over an unbal-
anced directed network. Owing to the use of BB step-sizes and multi-consensus
inner loops, ADBB allows each agent to automatically compute their step-sizes
according to its local information and ensures the selection of larger step-sizes
when achieving the globally optimal solution. Besides, ADBB has the fewer
computation and communication costs than most existing distributed algo-
rithms over unbalanced directed networks in simulations. To our knowledge,
some existing variance-reduced stochastic gradient methods can protect the de-
terministic gradient algorithms from evaluating the full local gradients at each
iteration and thus further reduce the computational costs. Therefore, as future
work, it would be of considerable interest to incorporate the variance-reduced
method into the proposed algorithm for distributed stochastic optimization over

unbalanced directed networks.
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