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Abstract

Probabilistic predictions from hydrological models, including rainfall-runoff models, provide valuable
information for water and environmental resource risk management. However, traditional
“deterministic” usage of rainfall-runoff models remains prevalent in practical applications, in many
cases because probabilistic predictions are perceived to be difficult to generate. This paper introduces a
simplified approach for hydrological model inference and prediction that bridges the practical gap
between “deterministic” and “probabilistic” techniques. This approach combines the Least Squares (LS)
technique for calibrating hydrological model parameters with a simple method-of-moments (MoM)
estimator of error model parameters (here, the variance and lag-1 autocorrelation of residual errors). A
case study using two conceptual hydrological models shows that the LS-MoM approach achieves
probabilistic predictions with similar predictive performance to classical maximum-likelihood and
Bayesian approaches, but is simpler to implement using common hydrological software and has a lower
computational cost. A public web-app to help users implement the simplified approach is available.

Keywords: probabilistic prediction, rainfall-runoff modelling, method of moments, maximum
likelihood

Highlights

e New simplified approach for producing probabilistic hydrological predictions
e Similar performance to maximum-likelihood approach, at lower computational cost

e Web-app available to facilitate uptake of probabilistic predictions
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Software availability

Product title: Interactive Probabilistic Predictions

Description: Web application for implementing Stage 2 of the LS-MoM approach introduced in this
study

Developer: David Mclnerney, Bree Bennett, Mark Thyer, Dmitri Kavetski

Contact Address: David Mclnerney, School of Civil, Environmental and Mining Engineering,
University of Adelaide, SA, Australia

Contact Email: david.mcinerney@adelaide.edu.au

Software Required: Web browser supported by R Shiny Server (Google Chrome, Mozilla Firefox,
Safari)

Available Since: September 2017

Availability: http://www.probabilisticpredictions.org
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1. Introduction

Predictions from hydrological models, particularly rainfall-runoff models, provide essential inputs to the
planning and operation of water resource systems (Loucks et al., 1981). Probabilistic inference and
prediction approaches, where probability models are used to describe data and model uncertainty, are of
particular interest to enable uncertainty quantification and risk assessment (VVogel, 2017). Probabilistic
techniques are well-known in the hydrological research community and include method-of-moments
(MoM), maximum-likelihood (ML) and Bayesian techniques (e.g., Salas, 1993, Martins and Stedinger,
2000), with rainfall-runoff model applications typically employing Bayesian techniques (e.g., Kuczera,
1983, Krzysztofowicz, 2002, Schoups and Vrugt, 2010, Smith et al., 2010, Li et al., 2016, Mclnerney et
al., 2017, Kavetski, 2018). Maximum-likelihood and Bayesian techniques require the specification of a
likelihood function, which in rainfall-runoff modelling is typically derived from a residual error model,
such as the widely used independent Gaussian error model. In most cases, residual error models include

calibrated parameters of their own, such as error variance, lag-1 autocorrelation, and so forth.

In contrast to the research literature, practical hydrological modelling applications tend to rely on
“deterministic” approaches, e.g., where rainfall-runoff models are calibrated using goodness-of-fit
objective functions and quantification of uncertainty in predictions is typically considered the domain
of applied research (Vaze et al., 2012). Least Squares (LS) objective functions (e.g., the sum-of-squared-
errors (SSE) and equivalent Nash-Sutcliffe efficiency (NSE)) are widely used in research and practice;
they are computed directly or from transformed flows (Chapman, 1970, Chiew et al., 1993, Oudin et al.,
2006, Pushpalatha et al., 2012). Many hydrological modelling and calibration platforms implement LS
objective functions. For example, the popular calibration package PEST supports weighted SSE
(Doherty, 2004), HEC-HMS (Scharffenberg et al., 2006), the Australian “eWater Source” (Welsh et al.,
2013) and HBV Light (Seibert, 2005) support log-transformed SSE (often used to better capture low
flows), the Hydromad R package (Andrews et al., 2011) allows for objective functions based on Box-
Cox transformed flows, and the recent airGR R package (Coron et al., 2017) provides built-in log,
square-root and inverse-transformed SSE objective functions. Some of these software packages have
capabilities for estimating parameter uncertainty and its impact on predictions. For example, PEST
supports linear/nonlinear parameter uncertainty analysis including the null space Monte Carlo method
(Tonkin and Doherty, 2009), and Hydromad implements the DREAM MCMC approach of Vrugt et al.
(2009) (http://nydromad.catchment.org; see Joseph and Guillaume (2013) for an application).

The statistical modelling needed to derive the likelihood function and estimate the error model

parameters creates a perception that probabilistic prediction requires substantial additional effort. For
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example, in the software packages listed above, it is (relatively) easy to implement new objective
functions, but non-trivial to incorporate calibrated error model parameters. This perception can delay the
uptake of probabilistic techniques, especially in practical applications. The motivation of this study is to
develop a simplified approach that produces high-quality probabilistic rainfall-runoff model predictions
at a minor additional effort beyond that required for traditional deterministic predictions.

The specific aims of this study are:

Aim 1. Develop a simplified “LS-MoM” approach to generating probabilistic hydrological predictions,

exploiting a combination of Least Squares (LS) and method-of-moments (MoM) approaches;

Aim 2. Empirically compare the LS-MoM, maximum-likelihood and Bayesian approaches in terms of

predictive performance and computational cost, in a case study using conceptual hydrological models;
Aim 3. Introduce a public web-app to help practitioners apply the LS-MoM approach.

The paper continues by outlining the likelihood-based framework in Section 2. The LS-MoM approach
is developed in Section 3. Section 4 describes the empirical case study methods, with results reported in

Section 5. Sections 6-7 discuss and summarize the key findings.

2. Likelihood-based parameter inference

2.1. Theory
A hydrological (rainfall-runoff) model, H, simulates streamflow Q% ={Q’,t=1,.., T} over a series of

time steps t, as a function of forcing data X, hydrological model parameters 0, and initial conditions

S,

Q™ =H(8,:X,S,) (1)
To estimate 0,, from observed streamflow data Q ={Q,,t =1,.., T} and observed forcing data X using
a maximum-likelihood approach, a likelihood function £(9,, ;Q) should be specified and maximized
with respect to 0, . The likelihood function is derived from an assumed probability model of observed

data, £(0,;;Q)=p(Q|0,,X), e.g., by considering the probability distribution of residual errors

assumed to describe the combined contributions of all sources of predictive error (Renard et al., 2011).
Residual errors of hydrological model are typically heteroscedastic (larger errors in larger flows) and

persistent (similar errors several time steps in a row) (e.g., Sorooshian and Dracup, 1980). In many cases,
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error heteroscedasticity is represented using streamflow transformations (e.g., logarithmic or Box-Cox),
and error persistence is represented using an autoregressive lag-1, AR(1), model (e.g., Sorooshian and
Dracup, 1980, Evin et al., 2014). Under these assumptions, and ignoring terms at t=1, the (approximate)
likelihood is

£:(0,.,0,.0,:Q) = p(Q[0,,.9,.0,,X)=[]Z'Q:0,) fy (v,(6,.0,.4:Q.X);0,07) (2)

The terms in equation (2) are as follows:

1) Z(Q) is the streamflow transformation used to describe error heteroscedasticity, and z'=dz /dQ is
its Jacobian. Here we employ the ubiquitous Box-Cox transformation (Box and Cox, 1964),
Q+A)* -1 .
== ifA+0
Z(Q: 4, A) = p) (3)
log(Q+A)  otherwise
where 1 and A are transformation parameters, grouped into 0, in equation (2). When A=0, the Box-

Cox transformation with A=0, 0.5, and -1 is equivalent to the log, square-root and inverse

transformations respectively.

The offset A can be non-dimensionalized by a typical streamflow magnitude, such as the mean
observed flow,

A" = A/ mean(Q) (4)

2) The quantity y, is the “error innovation™ at time step t, defined from a zero-mean homoscedastic

Gaussian AR(1) model of residuals of transformed streamflows,

m=2(Q:0,)~Z(Q":8,) (5)
Yi =1 — ¢;777t—1 (6)
¥, ~N(0,0,) (7)

where N(u,o) denotes the Gaussian distribution with mean 4 and variance o, and probability density
function (pdf) f, (x;x,0°). The residual error model in equations (3)-(7) has parameters 6, ={¢ ,c,},

where ¢_ is the lag-1 autoregressive parameter and o, is the standard deviation.
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2.2. Two-stage post-processor implementation

A two-stage post-processing (PP) approach for parameter estimation is employed:

Stage 1: Calibrate hydrological and transformation parameters, o,, and e,, neglecting error
autocorrelation, i.e., maximizing the likelihood in equation (2) while fixing ¢ =0. The parameter o,

is also calibrated, but then discarded in Stage 2. The transformation parameter A can be either fixed a

priori or calibrated (e.g., Wang et al., 2012, Mclnerney et al., 2017);

Stage 2: Calibrate error model parameters, 0, ={¢, ,o,}, by maximizing the likelihood in equation (2)
while keeping o,, and e, fixed at the values estimated in Stage 1. Stage 2 is computationally very fast

because it works solely with observed data and optimal streamflow predictions from Stage 1, and hence

does not require additional hydrological model runs.

The adopted PP approach is empirically more robust than joint calibration, because it avoids problematic
interactions between hydrological and error model parameters (see Evin et al., 2014, and Supplementary
Material Section S1). As both stages are implemented using maximum-likelihood, we will refer to this

approach as the ML-ML approach.

When parsimonious hydrological models such as GR4J (e.g., Perrin et al., 2003) are calibrated to long
observed time series using residual error models such as those in Section 4, the contribution of
parametric uncertainty to total predictive uncertainty in streamflow is generally small (Kuczera et al.,
2006, Yang et al., 2007, Sun et al., 2017, Kavetski, 2018). For this reason, hydrological prediction and
forecasting applications tend to focus on residual errors and often ignore posterior parameter uncertainty
(e.g., Engeland and Steinsland, 2014, Mclnerney et al., 2017). This is the strategy employed in this study,
where calibration is undertaken solely through optimization of the likelihood function. The suitability of

this approach is illustrated as described in Section 4.1, with limitations discussed in Section 6.4.

3. Simplified approach for parameter inference

The simplified approach has two stages that mimic those of the ML-ML approach:

Stage 1: Estimate hydrological model parameters e, by Least Squares optimization (e.g., by

minimizing SSE). Transformation parameters @, (if any) must be fixed a priori;

Stage 2: Estimate error model parameters 0, from the residuals 1 using the method-of-moments.
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We will refer to this approach as LS-MoM; its respective equations are presented next.

3.1. Stagel

When the transformation parameters o, are fixed, the Jacobian term in equation (2) no longer depends

on any inferred quantity, and represents a proportionality constant. With the additional assumption that

n is uncorrelated (UC), ¢ =0, equation (2) reduces to

.
Ly (0, 'O-q;Q’Gz) oc H fy (Ut(eH ,0,;Q,X,,)10, O-zj) (8)
t=1
where o, is the standard deviation of n (Mclnerney et al., 2017).
Expanding f (x; «,o°) and taking logarithms, equation (8) can be re-written as

log £, (0,,,0,;Q.0,) =—¥,(c,)—¥,(0,) P (0,,;Q,. X,,,0,) +const (9)

where ¥, =T In(aj)/Z and ¥,(o,) :1/205 are functions solely of &, , and

.
Dy (0,30) = Znt(eH ;')2 (10)
t=1
is the sum of squared errors (SSE) of transformed flows, viewed solely as a function of 0, .

Noting that ‘¥, >0, the hydrological parameter values 0. that maximise log £ . (and hence £, ) are
the same ones that minimize @ . This equivalence is verified algebraically in Supplementary Material

Section S2, and is well-known in the statistical literature (e.g., Charnes et al., 1976).

In other words, under the assumptions of uncorrelated Gaussian residuals and provided the
transformation parameters are fixed, Stage 1 of the ML-ML approach can proceed through Least Squares
optimization of transformed flows. Table 1 provides the correspondence between common objective
functions and the SSE applied to Box-Cox transformed flows.

Note that, given the reduction in the number of optimized quantities in Stage 1 — which is the only stage
that requires running the hydrological model — it can be expected that LS-MoM is computationally

cheaper than ML-ML for a given optimization algorithm.
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Table 1. Correspondence between common objective functions used in the hydrological literature and
Box-Cox transformation parameters applied to SSE.

Obijective function Transformation References

parameters
Sum of squared errors (SSE) of | 1=1and A" =0 Servat and Dezetter (1991), Gan et al.
untransformed flows (1997), Oudin et al. (2006), Kumar et al.
Root mean squared error (RMSE) (2010)

Nash Sutcliffe Efficiency (NSE)

NSE of square root transformed flows | 4 =0.5 and A" =0 | Chapman (1970), Chiew et al. (1993),
Ye et al. (1998), Perrin et al. (2003),
Oudin et al. (2006), Pushpalatha et al.

(2012)

NSE of log transformed flows A=0and A" =0 Dawdy and Lichty (1968), Chapman
(1970), Oudin et al. (2006), Kumar et al.
(2010)

Likelihood function based on log| 2 =0 and A" 20 Bates and Campbell (2001), Smith et al.

transformed flow with non-zero offset (2010)

3.2. Stage2

Given estimated values éH from Stage 1 and fixed values of 0, , the estimated residuals 1 in equation
(5) are themselves fixed. The method-of-moments can then be used to estimate the error model

parameters ég from sample statistics of 1.

The lag-1 autoregressive parameter ¢3,7 is estimated as the sample lag-1 autocorrelation coefficient

A R 1 L R
9, =acorrc—1["]=mtzz(77t _mﬁ)(nm_mﬁ) (11)
where m, = mean[#] and s,§ = var[n] denote, respectively, the sample mean and variance of 1.

The innovation variance 65 is estimated from the well-known relationship between conditional and

marginal variances of an AR(1) process (Box and Jenkins, 1970),

R N 1 . 2

67 =5 :var[n]:_l_— (A, -m,) (12)
&7 =62(1-47) (13)
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Once again, no additional hydrological model runs are required in Stage 2.

4. Case study methods

4.1. Experiments and residual error schemes

The objective of the case study is to establish if the simple LS-MoM approach (described in Section 3)
IS competitive with the more complex ML-ML approach (described in Section 2.2) in hydrological
modelling applications. This comparison is carried out for the Box-Cox error models recommended by

Mclnerney et al. (2017), as follows:

1) Benchmarking of the LS-MoM approach against a “well-performing” ML-ML approach:
a) For the residual error schemes recommended by Mclnerney et al. (2017), namely the Log (4 =0
), BC0.2 (4=0.2) and BCO0.5 (4 =0.5) schemes in perennial catchments, and the BC0.2 and
BCO0.5 schemes in ephemeral/low-flow catchments, we compare LS-MoM with fixed A* =0
against the ML-ML approach with inferred A" (Section 2.2). The value A" =0 is of particular
interest in the LS-MoM approach because it provides the closest correspondence to common

objective functions (Table 1);

b) When applying the Log scheme in ephemeral/low-flow catchments, ML-ML with inferred A’
performs poorly (Mclnerney et al., 2017), and LS-MoM with A* =0 is not applicable. Hence,
in these scenarios, we set A* =10"" in both the ML-ML and LS-MoM approaches;

2) Analysis of the LS-MoM approach with A* =0, 10 and 10~ (with A* =0 excluded when using
the Log scheme in ephemeral/low-flow catchments). This experiment establishes the impact of the
offset, which must be specified a priori in the LS-MoM approach and could potentially impact on

calibration and prediction.

Given that the LS-MoM and ML-ML approaches compared in this work are set to ignore parameter
uncertainty, the contribution of parameter uncertainty to total predictive uncertainty in streamflow is
evaluated by comparing LS-MoM and ML-ML to two Bayesian setups, namely to a full Bayesian

approach where 0, and 0, are inferred jointly, and to a Bayesian implementation of Stage 1 from

Section 2.2. The details of this comparison are reported in Supplementary Material Section S1.

4.2. Hydrological data and models

The case study setup from Mclnerney et al. (2017) is used, with 11 Australian catchments

(http://www.bom.gov.au/water/hrs) and 12 US catchments (Duan et al., 2006). For modelling purposes,
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catchments are classified into two types: 11 catchments where the minimum observed flow is below 2%
of the mean observed flow are referred to as “ephemeral/low-flow”; the remaining 12 catchments are
termed “perennial” (see Supplementary Material Table S1 for details of the catchments). This
classification was found to correlate better with probabilistic model performance than an earlier
classification based on the proportion of zero flow days (Mclnerney et al., 2017), and is not intended as
a classification from a hydrological process perspective.

Two conceptual rainfall-runoff models, GR4J (Perrin et al., 2003) and HBV (Bergstrom, 1995) are used.
A cross-validation framework is implemented over a 10-year period (Mclnerney et al., 2017, Table 5)
and used to produce a concatenated 10-year series of daily streamflow predictions. Predictive

distributions are computed as described in Appendix A. Parameter optima are obtained from 100 quasi-

Newton optimizations (Kavetski and Clark, 2010). The offset A" is given a lower bound of 107 to avoid
the Jacobian in equation (2) becoming undefined for Qt =0; all other bounds are taken from Mclnerney

et al. (2017). “Typical” parameter values are obtained from a single calibration over the entire 10-year

period.

4.3. Evaluation criteria

Predictive performance is assessed in terms of reliability, precision and bias, using the metrics from
Mclnerney et al. (2017) (see Supplementary Material Section S4 for details). Reliability describes the
degree of statistical consistency of predictive distributions and observations; precision refers to the width
of predictive distributions; bias measures overall water balance errors. In all metrics, lower values

indicate better performance.

Estimates of parameters A", ¢ and o, from the LS-MoM and ML-ML approaches are compared,

including a check of how often the inferred A” lies within machine precision of its lower bound.

Computational cost is quantified by the number of objective function evaluations (equivalent to the
number of hydrological model calls), averaged over 100 independent optimizations, required for
parameter optimization in Stage 1. This stage dominates the total cost in all schemes, because each
objective function call in Stage 1 requires running the hydrological model; the cost of a single objective

function evaluation in Stage 1 is essentially the same in all schemes.
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5. Results

Figure 1 shows the predictive performance of all approaches. To facilitate comparison, Figure 2 shows
the distribution of differences in metric values against a baseline approach. The baseline is taken as LS-

MoM with A" =0 in all scenarios except for the use of the Log scheme in ephemeral/low-flow

catchments, where A" =0 is not applicable and the baseline is hence LS-MoM with A" =10"",

5.1. Comparison of LS-MoM and ML-ML approaches

Figure 1 shows that the LS-MoM approach with A" =0 (red) has similar performance to the ML-ML
approach (dark blue), for most residual error schemes, catchments and metrics (excepting the Log
scheme applied in ephemeral/low-flow catchments). In most cases, performance metrics vary by about
+0.01 (Figure 2). Even the largest difference between LS-MoM and ML-ML approaches, in the
precision of the BC0.2 scheme in ephemeral/low-flow catchments (Figure 2d, LS-MoM approach is
better by a median value ~0.02), is much smaller than the differences between BC0.2 vs BC0.5 schemes

(median differences of ~0.11 and ~0.08 for LS-MoM and ML-ML approaches respectively).

The values of the offset and error model parameters in the two approaches are also similar. In the ML-
ML approach, the inferred value of A" is at its lower bound of 107" in 114 of 116 scenarios (excluding
Log in ephemeral/low-flow catchments), effectively matching the value A" =0 used in the LS-MoM

approach. The values of error model parameters ¢, and o, estimated using the two approaches differ

by less than 1%.

In ephemeral/low-flow catchments, the Log scheme with inferred offset A" yields poor precision and
large biases (Figure 1d,f; see also Mclnerney et al. (2017)). Figure 1 shows that fixing the offset A* to

a larger value of 10" is highly beneficial, making the Log scheme competitive with the BCO0.2 and

BCO0.5 schemes; importantly ML-ML and LS-MoM approaches once again perform very similarly.

5.2. Sensitivity of LS-MoM approach to the offset parameter

The impact of the offset A" on the LS-MoM approach is shown in Figures 1 and 2 for fixed values of

A" =0 (red), A"=10" (green) and A" =10" (cyan).
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Figure 2: Difference in predictive performance metrics of the LS-MoM and ML-ML approaches in
Figure 1. The baseline is given by the LS-MoM approach with A" =0, except for applications of the

Log scheme in ephemeral/low-flow catchments, where the baseline is LS-MoM with A" =10".
Positive differences indicate schemes with better performance than the baseline LS-MoM approach.
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In perennial catchments, all three values of A" lead to similar predictive performance, with the largest
changes occurring when A" =10"". For example, increasing A" from 0 to 10 worsens reliability in all
schemes (Figure 2a, median change ~0.01). However, this difference is much smaller than differences

between the Log and BC0.5 schemes (Log scheme is better by a median value ~0.06).

In ephemeral/low-flow catchments, the offset parameter plays a bigger role. The impact is most evident
in the Log scheme, where A" =0 is not applicable and increasing A* from 10 to 10 substantially
improves predictive performance (median precision tightens from =3 to =0.4, and median bias reduces
from =0.7 to =0.12). For the BC0.2 scheme, increasing A* from 0 to 10~ improves reliability (Figure
2b, median change ~0.01) and precision (Figure 2d, median change =0.07). Increasing A" to 107
worsens reliability (median increase ~0.03), but further improves precision (median change ~0.18). The
offset value is less important in the BC0.5 scheme; the most noticeable difference is the worsening of

reliability when A" =10" (median change ~0.02).

5.3. Effect of ignoring posterior parametric uncertainty

Supplementary Material Section S1 reports the results of comparing LS-MoM and ML-ML against
Bayesian implementations of the same residual error schemes. As shown in Supplementary Material
Figure S1, the contribution of posterior parameter uncertainty to total predictive uncertainty in
streamflow is small to negligible, and predictive performance metrics of LS-MoM are comparable to or
better than the Bayesian approaches over the majority of catchments. These results are in line with
theoretical expectations and previous empirical investigations (Kuczera et al., 2006, Yang et al., 2007,
Sun et al., 2017, Kavetski, 2018, and others).

5.4. Comparison of computational cost

Figure 3 compares the number of objective function evaluations required for calibrating GR4J and HBV
using the ML-ML approach with fitted A" versus the LS-MoM approach with A" =0 (excluding the
Log scheme in ephemeral/low-flow catchments). When using GR4J, the LS-MoM approach more than
halves the computational cost (based on the median value over all scenarios). When using HBV, the

savings are slightly smaller, around 40%.
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Figure 3: Computational cost of parameter optimization in Stage 1 of the ML-ML vs LS-MoM
approaches. The number of objective function calls per invocation of a quasi-Newton optimizer is
shown (averaged over 100 multistarts). Boxplots indicate results over all catchments and residual error
schemes in Figures 1 and 2 (except for the Log scheme in ephemeral/low-flow catchments).

6. Discussion

6.1. Bona fides of the LS-MoM approach

The similar predictive performance of the LS-MoM and ML-ML approaches is explained by the
calibrated parameters having similar values. In particular, with the exception of the Log scheme applied
in ephemeral/low-flow catchments, the inferred A™ is generally close to 0, and hence to the fixed values

used in the LS-MoM approach with A" =0. Given similar values of A", the similarity of the two
approaches is expected from theory: the equivalence of Stage 1 hydrological parameter optima is shown
in Section 3.1, and the similarity of Stage 2 error parameter estimates reflects the general consistency of

maximume-likelihood and method-of-moments estimators of AR(1) process parameters.

The computational savings of the LS-MoM approach can be attributed to fewer estimated parameters,

as Stage 1 no longer calibrates A" and o, . For example, in the case of GR4J, the dimension of the

search space is reduced by 33%. The cost savings might vary depending on the particular optimization

algorithm used, and further savings are likely if optimization algorithms adapted to LS-type objective
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functions, such as the Levenberg-Marquardt method (e.g., Doherty, 2004), are exploited. Cost savings

are expected to be even larger in comparison to a Bayesian approach using MCMC.

6.2. Selection of offset value

In the experiments reported here, as A" increases, precision generally improves but reliability worsens.
This trade-off is most evident in ephemeral/low-flow catchments, especially when the BCO0.2 scheme is

used, and is reminiscent of the trade-offs seen when changing the Box-Cox parameter A (Mclnerney et
al., 2017). Given that the LS-MoM approach requires all transformation parameters, including A", to be

fixed a priori, we recommend starting with a value of A® =0 and increasing it while monitoring relevant

aspects of predictive performance. The exception is when the Log scheme is used in ephemeral/low-

flow catchments, in which case a larger offset of A" =10" can improve the precision and reduce bias.

6.3. Web-app implementing the LS-MoM approach

A public-access web-app is provided at www.algorithmik.org.au/apps/probabilisticPredictions to
implement Stage 2 of the LS-MoM approach. The web-app assumes the user has already calibrated their
hydrological model (Stage 1), using their preferred software and objective function (e.g., Table 1). The

user uploads the observed and calibrated streamflow time series, and specifies @, ={4, A"} used in
Stage 1. The web-app then estimates the error model parameters 0, ={¢,,c,} (Stage 2) and generates

probabilistic predictions. The web-app includes interactive display of probabilistic predictions and
observed data time series, performance metrics and residual diagnostic plots. Figure 4 demonstrates the

application of the web-app to the Gingera catchment on Cotter River (Australia), using GR4J pre-

calibrated to the log-flow NSE (A =0 and A" =0).
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(a) Probabilistic streamflow prediction time series

]
.«
o O  Observed
2 “|—— Predicted
E | = 50% probability
“; 90% probability
9 o _|
Y
€
18}
P o
N
it I I |
150 200 250 300
Time (days)
o (b) PQQ plot (c) Std resids vs preds (d) PDF of std resids
r 5 »n 6
% 1.0 IS - — Empirical
© S 0.6+ — Theoretical
v 0.8 R )
ja 1] C
3 06 ° S
0 b7 -
S 3 504
S 04 i =
) ° ¥e)
= © 0.2
'E’ 0.2 1 'E _8
3 s &
o 00 i T T T T T wn T 0.0 i T T
0.0 02 04 06 08 1.0 12 -6 -3 0 3 6
Theoretical quantile U[0,1] Prediction Standardized residuals

Figure 4: A selection of figures constructed from results obtained using LS-MoM approach web-app.
Predictions for the Gingera catchment over the period May-October 1978 are shown, based on the
GR4J model pre-calibrated to the NSE of log transformed flows. Shown are (a) 50% and 90%
probability limits of the streamflow time series; (b) predictive quantile-quantile (PQQ) plot to assess
the reliability of predictions; (c) residual error diagnostic plot of the dependence of standardized
residuals n on the predicted streamflow; and (d) probability density of standardized residuals

compared to the assumed error model. See Evin et al. (2013) for additional details on these diagnostics.

6.4. Limitations and future work

Several limitations of the LS-MoM approach warrant further investigation:

1. The a priori fixed transformation parameters can affect performance. Guidance is available for

selecting the Box-Cox parameters 4 (Mclnerney et al., 2017) and A" (Section 6.2). For other
transformations, such as the log-sinh (Wang et al., 2012), less guidance might be available;
2. The LS-MoM approach may be difficult to apply to more complex non-Gaussian residual error
models, including those that treat zero flows (Smith et al., 2010, Wang and Robertson, 2011), use
mixture-based distributions (Schaefli et al., 2007), include skewness/kurtosis (Schoups and Vrugt,

2010), etc.;
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3. The assumption that posterior parametric uncertainty is small, while often appropriate when
parsimonious hydrological models are calibrated to long time series using simple residual error
models (Supplementary Material Section S1), might break down for more heavily parameterized
models, and/or when working with short data sets (e.g., Thyer et al., 2002). Under these scenarios,
especially if independent information is available, Bayesian approaches will be preferable. Further
analysis is recommended to clarify the range of hydrological model complexity and data length for
which posterior parametric uncertainty is sufficiently small to be ignored in practical streamflow

prediction contexts.

The LS-MoM approach and the web-app can be used for environmental modelling applications beyond
hydrology, whenever the residual error assumptions hold and parametric uncertainty is relatively small.
In addition, LS-MoM and the web-app can be used with environmental models calibrated using methods
other than (transformed) Least Squares objective functions, taking particular care to monitor predictive
performance metrics and residual error diagnostics because inconsistencies between the objective
function and the error model can lead to poor probabilistic predictions. These model setups are of
practical interest (Li et al., 2016) and warrant further investigation.

7. Conclusions

This study introduces a simplified approach for generating probabilistic predictions. The LS-MoM
approach uses Least Squares (LS) optimization to estimate hydrological model parameters and simple
method-of-moments (MoM) estimators of error model parameters to describe uncertainty in predictions.
It can be used in combination with many existing hydrological modelling packages, and achieves similar
predictive performance to more complicated maximum-likelihood and Bayesian approaches while
reducing computational costs by factors of two or more. A public web-app is made available to help
users apply the LS-MoM approach, and bridge the gap between deterministic and probabilistic

prediction techniques in practical hydrological applications.

Appendix A. Generation of probabilistic predictions

In both the LS-MoM and ML-ML approaches, probabilistic predictions are represented using replicates
Q" ={Q{",t=1,..,T} for r=1..,R. Given parameter values {o,,,0,,0 }, the rth replicate is generated

as follows:
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1. Attime step t, sample innovation y” <~ N(0,07) and calculate residual 7" = ¢ ") +y”, as per

equations (6)-(7). Note that for t =1, we directly sample 7” <~ N(0,07);
2. Calculate replicate Q" by rearranging equation (5),

D =ZHZ QM) +n") (14)

3. Repeat for t +1, etc.

For practical purposes, Q™ is truncated if it falls outside Q,;, =0 and Q,, =10><max((§).

min
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