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Abstract

Portfolio optimisation typically aims to provide an optih@location that minimises
risk, at a given return target, by diversifying oveftdrent investments. However, the
potential scope of such risk diversification can be limitethvestments are concen-
trated in only one country, or more specifically one curreméylti-currency portfolio

is an alternative to achieve higher returns and more divedgportfolios but it requires
a careful management of the entailed risks from changesdhagge rates.

The deviation between asset and currency exposures infalpois defined as the
“currency overlay”. This paper addresses risk mitigatigratbowing currency overlay
and asset allocation be optimised together. We propose @&lmbthe international
portfolio optimisation problem in which the currency owris constructed by holding
foreign exchange rate forward contracts. Crucially, th&t of carry, transaction costs,
and margin requirement of forward contracts are also takEnaccount in portfolio
return calculation. This novel extension of previous cagrhodels improves the accu-
racy of risk and return calculation of portfolios; furthesre, our experimental results
show that inclusion of such costs significantly changes fitamal decisions. Eects
of constraints imposed to reduce transaction costs ased@ee examined and the em-
pirical results show that risk-return compensation of fodids varies significantly with
different return targets.

Keywords: mean-variance optimisation, currency overlay, foreigchexge forward
contracts.

1. Introduction

A portfolio is a collection of assets that arefdrent in terms of return and risk. In
general, assets with higher return have higher risk (gdpempresented by standard
deviation of returns from their expected values). Noneb®l when assets are held
together, there presents diversification benefit from ifga¢icorrelation which subse-
quently reduce the risk of portfolios. The key purpose onstautting a portfolio is
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hence to take the most advantage from asset correlatiorschinl/e the lowest risk at
the desirable level of return, (Markowitz, 1952).

To widen the scope of diversification rather than diversifyasset holdings across
asset classes in only one single country, internation&siment is hence considered.
Theoretically, investment in multiple countries could wed exposure regarding sys-
tematic risk in specific markets anéter more opportunities to gain higher profits from
promising foreign markets. The key advantage of multi-ency portfolios arises from
potentially larger extent of risk diversification; as it i likely that assets in sim-
ilar economies are more correlated to their peers than timodéterent economies.
(Levy and Sarnat, 1970) document that low correlation betwievestment returns
from developed and developing countries leads to the raxuof the portfolio vari-
ance.

However, such benefits induce extra exposure to exchangevaaiation which
could raise or ruin the portfolio values at the same time. iftq@rtance of managing
exchange rate risk is vital for business as addressed in éigrHur| 2009) and applied
widely throughout various industries. (Eun and Resricl8&)discuss thefeect of
exchange rates on multi-currency portfolios and that, meask case, exchange rate
losses could possibly override asset gains. They hencegedm hedging strategy by
short selling foreign currencies at forward rates. Thesuhs show that such hedging
strategy outperforms the unhedged one. Subsequently Bk Jorior, 1993) employ
forward contracts to hedge against foreign currency dégien and formulated the
optimisation problem that allows asset allocation and &adivcontract positions to be
optimised together at the same time. They discovered théfofios that are hedged
limited to the size of foreign asset holdings perform betit@n portfolios employing
the unitary hedging strategy

Although there is a strong linkage between security marats exchange rates
much of the time they are not changing in the same directionortler to manage
currency exposure of international portfolios separatielyn asset allocation, the cur-
rency overlay is employed in devising hedged portfolioseanly development, cur-
rency hedging is applied to portfolios after obtaining oyl asset allocation, then the
adjustment on initial currency exposure is “overlaid” or thortfolios, o,

). The most significant benefit of imposing currency layeis that currency ex-
posure management is separated from managing underlyssgsasThis flexibility
becomes even more prominent when investing in a country evheset markets neg-
atively correlate to its exchange rates. The portfolio caimédged so that has limited
exposure to exchange rate risk but still maintains exposuesset markets abroad.
Besides, a well-managed currency overlay can also be usethtipulate currency
positions for speculation on exchange rate markets whickdaenhance return to the
portfolios, {Levich and Thom&ls, 1993).

The primary and novel contribution of this paper is to depedptimisation model
that includes a realistic and comprehensive cost modelrefaia contracts. We de-

1Also known as a fully-hedged portfolio which removes all espre in foreign currencies to only ex-
posure in local currency. For instance, if a USD-fundedfpbat invests in US, UK and Japan, then the
fully-hedged portfolio will have only currency exposurelrsD.



velop a methodology to formulate the currency overlay by loiming foreign exchange
forwards and incorporating it into the multi-currency golib optimisation model.
Crucially, we introduce an approach to include the cost ofycaf forward contracts
and associated transaction costs into the process of riskedmrn calculation which
improves the accuracy in determining total returns andtilitles of portfolios. The
importance of transaction costs are widely examined in Gizrand portfolio man-
agement literature. In essence, transaction cdkgstahe net gain to investments and
actual performance of portfolidll (1984). (Arnott anvdgner, 1990) mention that
ignoring the transaction costs would lead toffieent portfolios. To our knowledge,
the implementation of transaction costs on portfolio cockeoverlay and itsféects on
risk and return have not been investigated before in thetitee. Another contribution
is to study the ffects of particular constraints imposed to reduce trarmactsts from
holding currency overlay. Since currency overlay utiiisats difered by composition
of assets and currencies in a portfoliofféient impacts from transaction costs reduc-
tion should &ect the risk-return compensation of portfoliogfeiently at each return
target.

The benefits of the introduced model are twofold. Firstlg tlésulting portfolios
are optimal in both asset and currency points of view. Withdhrrency overlay al-
lowed, if adjustment on currency exposure provides no it improvement on risk
and return of a portfolio then the result is exactly the saméa one obtained with
no currency overlay allowed. On the other hand, if in someutitstances that extra
currency exposure helps improve risk-return reward of twéfglio, then the portfolio
holds forward contracts to form the currency overlay. Sebgrby constructing cur-
rency overlay from a collection of foreign exchange forvaitprovides flexibility to
impose diferent transaction costs on individual forwards which inweoaccuracy of
optimal solutions after all.

The rest of the paper is organised as follows. The next sed&émonstrates how
currency overlay is defined and how it is integrated into afpbio construction pro-
cess, followed by the approach demonstrating the inclusfahe cost of carry and
transaction costs of forward contracts in the return andadculation and then for-
mulating the optimisation model with associated currengsrlay constraints. Section
reports the experiment results and sedfion 4 provideaimensry of this study.

2. Methodology

When a portfolio invests in multiple currencies, there isrency risk entailed from
exchange rates fluctuation. A wide range of financial dexigaican be used to mitigate
currency risk such as foreign exchange forward contraatsign exchange futures and
foreign exchange options.

A foreign exchange forward contract is basically an obl@ato buy or sell secu-
rities at future date with the price agreed today. The agpe®e or a forward rate is
slightly different from today’s market price so as to prevents an invésior making
a riskless profit by exploiting the interest ratéfdiential.

The similar tool to forward contracts and that can be usedetigh foreign ex-
change rates risk is foreign exchange futures. The kiégréince is that a currency for-
ward contract is a private over-the-counter transactidwéen counterparties known
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Figure 1: lllustration of how interest rates of two courdrggfect the corresponding
forward exchange rate.

to each other, on terms agreed between themselves, whileency futures contract
is traded on a public exchange, e.g., the International Mdharket (IMM) division
of the Chicago Mercantile Exchange (CME). The futures @wt#rthus have standard-
ised features such as units of trading, delivery and sedfeigiates and minimum price
increments which could cause several constraints. Fore@rttacts are therefore pre-
ferred to model portfolio optimisation over futures cowtsain terms of customisation
flexibility.

Foreign exchange rate options is structured to serve the gampose as forward
contracts but with the main distinction that thef§ies the right to buy or sell at future
date in contrast of obligation. As there is a choice not ta@ze the right, there is
a cost attached (details on options pricing can be found_iin{@it et al.,l 199B)) as
opposed to forward contracts. Hence in terms of transactish hedging a portfolio
with forward contracts is more desirable.

In terms of valuation, when there is a change in the pricesdétying assets, gain
and loss on forwards and options are impactdted@ntly. Since valuation of futures
and forwards positions are linear in the price of underhgagurities, computation of
gain and loss is therefore straightforward and similar &t tf other assets in the port-
folio. In contrast, for options their prices move in nondar fashion with underlying
assets so they need sophisticated predictions to calgyd@teand loss. Therefore, in
order to keep the portfolio valuation simple to study theddirof currency overlay
constraint, forward contracts are chosen as a hedgingimstnt in our study.




2.1. Cost of Carry of Foreign Exchange Forwards

The relationship between the spot rate and the forward satietermined by the
difference in the interest rates earned on the respective cyrpairs, known as the
“cost of carry”. The idea is that buying forward contract gue&alent to buying an
underlying asset now and pay the carry until the end of théraon To exemplify how
interest rates between two countriéieat the forward rates and gain or loss on holding
foreign exchange forwards, we consider Fiddre 1 for a USsitoravho:

1) Borrows USD 1,500 from a US bank under the annual inteagstaf 2%. He is
now obliged to pay back USD 1,530 to the bank one year later.

2) With the spot exchange rate of GBPUSIL.500, he then converts USD 1,500
to GBP 1,000.

3) He invests in a deposit in UK to earn a profit of 4% per yeartfier sum of
GBP 1,040. The final amount will be converted to USD one ydar ta pay the
obligation to the US bank.

4) To avoid loss from exchange rates, he enters into a fora@mtract to sell GBP
and buy USD in one year later.

We can see in step 4) that if the forward rate to sell GBP andJ$ in one year
ahead is equal to the spot exchange rate in step 2), the énwest then make a round-
tripping with the profit equal to the interest ratéfdrential of 4% - 2%= 2% per year.
To eliminate such arbitrage opportunity, the 1-year fodvate for GBPUSD is priced
as

(1+icep)
Feepusp= SeBpus T+ Tus0) 1)
whereiggp andiysp are respectively the interest rates of UK and $3gpusp IS
the spot exchange rate aRdgpuspis the forward exchange rate of GBPUSD. More
details on how the forward rates are priced are glvem,m)

The fair price of the forward rate in this example providesslamount of USD
comparing to the one converted by the spot rate (1.4712 @00D)5to dfset a profit
from borrowing from low to invest in high interest rates. Ba@lently, in this case,
holding a foreign exchange forward contract incurs a coseofy by 2% - 4%-= -2%
which matches the profit from exploiting the interest rat@edential. Therefore, the
cost of carry from holding a foreign exchange forward caettcan be computed by

Cost of Carry= ipyy — isell (2)

whereie is an interest rate of a country that one wants to sell theeogyr df so as to
buy another currency arigl,y is an interest rate of a country that one desires to buy.

2.2. Currency Overlay

Consider a portfolio that invests inftBrent countries, basically, the value of a
portfolio are d@fected by two sources of returns. One is from asset pricesiplitends
or other interest-bearing incomes and another one is froamog#oss of exchange rates.



Hedged Unhedged
Us UK JP us UK JP

asset exposure (%) 35 45 20 3545 20
currency exposure (%) 27 55 18 3545 20
overlay position (%) -8 10 -2 -
total overlay (%) 10 -

Table 1: Sample portfolios with and without currency overla

Investment in each country is thus portrayed as a compnositicexposure in asset
markets and exposure in exchange rates. This structurdealitates adjustment on
currency exposure and hence dissipate risk foreign cuyrgositions. The alteration
made on currency exposure is defined as currency overlayhwhadlifies the status-
quo currency positions of unhedged portfolios.

Clarification of how currency overlay helps manage exchaagge risk in multi-
currency portfolios is given in Tablg 1. It shows a portfdilwesting in three stock
markets, the United States, the United Kingdom and Japdnanmitallocation of 35%,
45% and 20% respectively. If the base currency of a portislidSD and a portfolio
manager has a view that GBPUSD will appreciate while USDJRNdepreciate, he
can hedge the portfolio with forward contracts so that the finrrency exposure lies in
his favour — more holding in pound sterling and less exposoréapanese yen. In con-
trast, if he has no view on exchange rate movements, theofiortemains unhedged
and there exists no overlay position.

The given example treats choices of currency overlay as quosikdecision which
relies considerably on personal judgment and experieraavdid personal discretion,
there has been an improvement to incorporate hedging desigito optimisation pro-
cess, for instance, in the studies of Adjaoute and TuchseH€95); Beltratti et al.
(1999); | Brown et al.|(2012); Glen and Joricn (1993); Larsesndl Resnick| (2000);
IRudolf and Zimmerman (1998); Topaloglou et al. (2002, 20a8)e currency overlay
positions in the past literature are, however, defined affiereince between asset and
currency allocation and are not constructed from pairs odifm exchange forward
contracts. This limitation disallows implementation offdient transaction costs on
each forward pairs and imposition of constraints relatetdaiosaction costs reduction.
Our approaches on the structure of portfolios and the immtusf cost of carry and as-
sociated transaction costs of foreign exchange forwams#moduced to bridge those
gaps which will make the optimisation model better accomategractical constraints
and deliver more accurate optimal solutions.

2.2.1. Structure of a Portfolio with Overlay Constraints

Since our currency overlay is built from a combination ofefign exchange for-
wards, there can be many choices possible to form a currerayag from various
number of forward pairs as shown in Table 2. Note that evepjcehresults in the
same cost of carry as it creates the same overlay positidacinfor an investment of
C currencies, there exists at m(@) different forward contracts. To optimally choose
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forward pairs from all available choices, we introduce a sgwcture of currency over-
lay and incorporate it in the portfolio optimisation proimeSuppose that an investment
plan is to invest inA asset classes frof countries, exposure of assets and currencies
in a portfolio can be characterised as in Tdlile 3 with thefaithg notations:

i Index of asset classes= 1, ..., A

j Index of countries, or synonymously currencigs; 1, ...,C
k Index of forward contractk = 1, ..., K

aj Exposure to asset clasef countryj

fij Forwards position of contrakton country (currency)

The forward positiorfy; represents how much additional exposure is added into or
taken df from a pair of currencies. Since each forward contract égostanly a pair of
currencies, given that there afecountries to invest, then there afe= g different
forward contracts in total. Considering exposure on eacntyg C from a forward
contractk, since the exposure from a pair of currencies are equal whieig valued in
a portfolio’s base currency, then it is strictly requiredtty, fy; = O forallk = 1, ..., K.

i

uUsb GBP JPY

overlay position (%) -8 10 -2

choice 1l USDJPY 2 -2
GBPUSD -10 10

choice 2 GBPJPY 2 -2
GBPUSD -8 8

choice 3 USDJPY 1 -1
GBPUSD -9 9
GBPJPY 1 -1

Table 2: Sample choices to construct the same currencyayverl

Denotingfy = (i, ..., fkc) a vector of exposure from a forward contrctthe
previous requirement implies that only two element§aepresent the exposure with
one being equal to a negative value of another, while theoféke elements only takes
a value of zero. To avoid putting those requirements intetaints of an optimisation
problem, we defindy; as an element of a matrixin which

FE 1.0 0q) 3)

whereo is the Hadamard product operateris the Kronecker product operatdr,s a
K x C combinatorial matrix of-1,0, 1}, 1is aC x 1 column vector of ones arglis a
K x 1 column vector determining the size of exposure.
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Table 3: Structure of multi-currency portfolios.

The combinatorial matriX of ternary variables is constructed by first specifying
as a matrix of zeros of siz¢ x C, then we denote a s€tcontaining all combinatoric
pairs from(g). At each row ofT, the first member of each pair D specifies which
element to take the value of 1 and the second member of thegegifies the element
that take value of -1. For example, if there are 4 countriésvest, that isC = 4, then
K= (‘21) = 6 and so:

D =1{(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)).

The matrixT whose elements are specified accordinB tis

(1 -1 0 0
1 0 -1 0
1 0 0 1
T™=lo 1 1 o (4)
0 1 0 J
o o 1 1




Consequently, referring t61(3F, is equal to

1 -1 0 O] [

1 0 -1 O 02

_ 1 0 0 -1 03
F=lo 1 -1 ol°fll T 1 go|,
0 1 0 -1 s

0 0 1 -1 |G,

g -1 O 0
@ 0 - O
g O 0 -0
0 g4 -q O
0 g5 0 -0
|0 O Js U]

and fy; is defined accordingly as an elementfaf Subsequently, all requirements
regarding the characteristics of forward contracts arepetaly fulfilled.

With all necessary variables being defined, the constrasgeciated with overlay
positions and forward contracts can be of the following eplast

1. Limited total overlay positionstotal overlay specifies how much currency expo-
sure can deviate from asset exposure \Ldenote the total overlay of a portfolio
andV, the total overlay limit allowed on a portfolio, the constrgis defined as

V<V, (5)

1c|K
whereV = - 3 | 3 fy;
2 Z1lk=a1

ate from total asset exposure up to 100% of the portfolioewii= O implies an
unhedged portfolio which disallows any use of forward caatr More room for
currency and asset exposures deviation provides more wjnityrto shift from
less-performing to better-performing currencies whichdeebetter improve the
risk-return profile of the portfolio.

. Notice thatv,, = 1 allows total currency exposure devi-

2. Bounded currency exposuséhis constraint is imposed, for example, when the
net short currency positions are not permitted on specifint@s. the con-
straint can be used in tandem with restrictions of shorttjprs on assets. As a
consequence, a specific bouedand E;‘ of currency exposure can be imposed
on each country. The constraint is thus specified as

A
E'jSZaij+kajSE§’; i=1.,C (6)

3. Limited number of forward contractsthis can be viewed as a cardinality con-
straint on the number of forward contracts. In practice,emarmber of forward



contracts means more operational burden which can be kd$srspecifying a
limit on number of contracts allowed. The constraint candrenulated as

kb < gk < wbg; k=1,..,K, @)
K
Z b < G, (8)
k=1
by € {0, 1}, 9

wherely andug are respectively lower bound and upper bound for exposaes si
andG specifies the total allowance on number of forward contracts

It is worth noting that the minimum contract size of forwaahtracts is customis-
able with counterparties, the constraint like minimum fgdsize is hence unneces-
sary.

2.2.2. Incorporating Cost of Carry to Risk and Return Ca#tidn of Portfolios

We mention earlier that entering into forward contractaunscthe cost of carry
which can be positive or negative depending on interestd#ferential. Consider
a portfolio holding three foreign exchange forwards as wjiveTable[4. The cost of
carry of each forward contract depends on which currencglt@sbuy, corresponding
interest rates, and position taken on the portfolio. Faainse, selling JPY for USD at
1% of the portfolio amounts the positive carry of 22% — 1% x 1% = 0.01% to the
portfolio. Selling GBP for JPY, however, generates the tiegaarry of—2% x 4% +
2%x 1% = —0.06% as a result of shifting exposure from country with higieiast rate
to the country with lower interest rate. The total overlagition is 8% of the portfolio
bearing the positive carry of 0.13% from the three forwardtcacts combined. This
amount of carry is added to the total return of the portfolio.

USD GBP JPY Costof Carry

interest rate (%) 2 4 1
sell JPY, buy USD (%) 1 -1 0.01
sellUSD, buy GBP (%) -9 9 0.18
sell GBP, buy JPY (%) -2 2 -0.06
overlay (%) -8 7 1 0.13

Table 4: Costs of carry associated with foreign exchangefamtvard contracts.

From Tabld ¥, the net cost of carry is in fact the product afriest rates and over-
lay positions. For an investment in any counjrythe total return contributes to the
portfolio is

rj=ajrf+cjri + vji (10)
wherer; is total return from investment in country a;, c; andv; are respectively
asset exposure, currency exposure and overlay positioowntry j; r?, rj? andi; are
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respectively expected asset return, expected currenggnrand expected interest rate
of countryj.

Since overlay position is defined as thé&elience in currency and asset exposures,
equation[(ID) can be equivalently expressed as

. —qg.ra r¢ )
rj = ajrj +cjry + (cj — aj)ij

= aj(r?—ij)+c,-(rf+i,-). (11)

We definer? — ij andr® + ij as adjusted return of asset and adjusted return of cur-
rency, respectively. Equation{|11) demonstrates that tidigio total return (return
from assets, currencies and costs of carry of foreign exgdnforwards) is equal to the
product of adjusted returns, asset exposure and curreposase. This implies that
the expression of overlay positions is not explicitly reedito calculate total returns of
a portfolio. In addition, if a portfolio holds no forward coact, the interest rate terms
in equation[(Il) will be cancelled out, showing that the folation in equation[{11)
generalises total return calculation of internationatfodios.

Similarly to asset and currency returns, interest rateshateconstant over time,
volatility of interest rates is thus needed to be includethicalculation of portfolio
risk. In accordance with return calculation of internatibportfolios, we apply equa-
tion (I7) to adjust return time series for variance and devae calculation. For exam-
ple, denotes the covariance between S&P500 index and GBRlySDthe adjusted-
return covariance is calculated by

w = cov((X = Zys), (Y + Zuyk)) (12)

where cov{) is a covariance functiorX is the time series of S&P500 index returiYs,
is the time series of GBPUSD returr;s is the time series of US short-term interest
rates andk is the time series of UK short-term interest rates.

2.2.3. Incorporating Transaction Costs of Forward Contsac

Generally, transaction costs associated to holding fafwantracts are categorised
as fixed operating cost, bid-ask splﬁadd opportunity cost from margin requirement.
All the costs involve in portfolio return calculation by nresof a cost function reducing
expected returns of portfolios. The optimisation problesn still be cast as single-
period as the initial portfolio is the one without currenseday implemented.

The fixed cost could be attributed to operational overhehdsged from entering
into a contract and maintaining the position until matudgte, the cost thus occurs
when there is a forward position and does not proportiondte exposure. Bid-ask
spreads act like break-even costs on holding securitiesaamdttached to sizes of

2The spread represents théfdience between the highest price that a buyer is willing yo(pil) for a
security and the lowest price that a seller is willing to gdder it (ask). It is considered a cost as a security
is purchased at an ask price while it is valued at a bid pricielwis always lower. To exemplify, suppose
that stock A is quoted as bid $5.0 and ask $5.5 per unit (bid-ask sprea€l$0.5), if an investor buys 100
units of stock A, he needs to pay $550 for $500 worth of stocKHus the wider the spread, the higher one
needs to pay to acquire a security and the lesser the net profit

11



transaction, thus larger positions carry more costs orfgms. Basically, determi-
nants of bid-ask spreads are volatility and liquidity ofpestive forward pairs, thus
each foreign exchange forward pair carrieatent charge unlike the fixed costs. Bid-
ask spreads and fixed costs can be modelled as a cost funstioltosvs,

o(0) = @ + Bic |

whereg(-) is a transaction cost functioa,is a fixed operating cost per contragg,is

a percent spread of each forward pair calculated from (dsk prbid priceyask price
andg is exposure on each forward contract as defined by equéafjoriN@&e that, in
practice, buying and selling securities experience ungagraent spread but for liquid
instruments like exchange rate forwards, thedence in buying and selling percent
spreads could be insignificant, therefore we assume thiatduyting or selling take the
same costs. In addition, the cost function is non-convextdube presence of fixed
operating costs.

The last component of transaction costs associated to fdre@ntracts is con-
sidered an opportunity cost on account of margin requirem®mce the contract is
marked to market daily, cash or liquid assets of values edgiit to some percentage
of contract values must be reserved to ensure that all crindeaticipants are able to
meet the claims from continuous settlement process, (@amal Oldfield| 1981). Be-
cause forwards are not traded on exchanges, the contrats tee not standardised
and thus the percentages required on margin vary by coant&g The existence of
maintenance margin stipulates a portfolio to set asideditign to cash and earn zero
or nearly-zero return which diminishes attractivenessaltling forwards in portfo-
lios. The relationship between cash portion and marginirement is expressed by
the following equation,

= Mim

wherean, represents cash allocation in a portfolM, is a percentage of margin re-
quirement andj is exposure on each forward contract.

2.2.4. Optimisation Problem with Overlay Constraints

Based on the aforementioned overlay constraints and théoforstructure as in
Tabld3, the mean-variance portfolio optimisation probtem be set up with following
additional notations,

a Vector of asset exposura;= [ay1, ..., &j, ..., and]".

c Vector of currency exposure;= [cy, ..., Cj, ..., Cc] T Where
Cj = élaij +é}l fkj;i=1,..,C.

X Vector of decision variables; = [a, c]".

r Vector of expected returns;e REA+D),

12



u Target return of a portfolio.
Q Variance-covariance matrix of asset and currency returns.

Note thatf is a function ofg as in equation[{3), thus the total number of decision
variables isAC + K andx € RA“*K_ The vector contains adjusted expected returns
of assets and currencies according to equafioch (11) byastlntg expected interest
rates from asset returns and adding expected interesttoatesrency returns. Each
element of the covariance matiiX is calculated from adjusted return time series as
exhibited in equation[(12). The mean-variance portfolidirafsation problem with
overlay constraints is subsequently formulated as:

minimise x"Qx (13a)
K
subjectto x'r — Z A(O) = s (13b)
k=1
x=[ac], (13c)
F=To(1"®q), (13d)
A K
¢ = &+, fiji fj = Fuj (13e)
i=1 k=1
1 C K
> Z Z fiil < Vi, (13f)
j=1 k=1
A K
Ej < >aj+ > fiy<E}, (13g)
i=1 k=1
Ik < gk < ukh, (13h)
K
Z b < G, (13i)
k=1
K
am=M )" |a, (13))
k=1
1'a=1, (13k)
1'c=1, (131)
O<aj<l, (13m)
by € {0, 1}. (13n)

3. Results and Discussions

This section provides details on data sets used in the erpats, studies the impact
of how constrained overlay influence return and risk of mdidk. Portfolios in the tests
are constructed based on the formulation given in earligticse We set USD as the

13



base currency of a portfolio, meaning that we try to maxinpisgit or minimise risk
in only USD.

Portfolio investment is scoped to four major countries vihr major currencies;
the United States (USD), Germany (EUR), the United Kingd@BR) and Japan
(JPY). The selection of major currencies ensure that forexchange forward con-
tracts are available for all possible currency crosses. ritimber of asset classes are
set as three, i.e., bonds and stocks to represent low andikigimvestments and op-
erating cash to cover margin requirement of forward cotgrad/ith this setting, there
comprises of 14 decision variables froh€ + K = (2 x 4) + 6 whereA = 2 (number
of asset classed}, = 4 (number of currencies) artl = (‘2‘) = 6 (humber of all distinct
forward contracts).

3.1. Data

Government bond returns are collected from MorganMarkgtsB. Morgan while
stock and currency returns are retrieved from Bloomberdga fraquency is monthly,
spanning from Jan-00 to Jun-12. The interest rate of eachtgois proxied by its
yield to maturity of 1-month treasury bill to reflect the riflee return over a month.
The yields to maturity of treasury bills are retrieved fromo&mberg.

Expected returns of assets in each country are adjustedhsasting with cor-
responding expected interest rate while an expected refugach currency is added
with an expected interest rate of that country. Expectedarmstof assets, exchange
rates are calculated using average historical returnse¥mected interest rates, since
the study period covers severe financial crisis in 2008 tiraed central banks in large
economies to keep interest rates historically low, theohisal averages over Jan-00 to
Jun-12 of yield to maturity are thus implausible to refleetthrward-looking expected
interest rates. We therefore use average yields to matwéyJun-11 to Jun-12 to rep-
resent recent information on expected interest rates. Jtraaed values are shown in

Tableb.

average yield to maturity (% monthly)

us Germany UK Japan
1-month treasury bill  0.004 0.012 0.053  0.008

Table 5: Average yields to maturity (as a proxy of interegtyaf 1-year treasury bills
over Jun-11 to Jun-12. Note that the yield to maturity is gaihegiven in terms of
Annual Percentage Rate (A.P.R.), the figures shown arefthiereonverted to monthly
rates by dividing the annual yields by 12 so that the resulyiields to maturity are
comparable with other monthly returns.

The covariance matrix is constructed from adjusted times@f asset returns and
exchange rates as stated in equafioh (12). The adjustedtedpeturns and volatilities
are shown in Tablgl6. The plot of risk (volatility) versusinet of each security in the
portfolio is illustrated in Figurgl2.

For the transaction costs of forward contracts, the fixedaip® cost of each for-
ward contract is arbitrarily set as 0.0001% of portfoliougal The margin requirement
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adjusted expected return (% monthly) adjusted volatifieyronthly)
US Germany UK Japan US Germany UK Japan

governmentbond 0.446  0.408 0.457 0.132 1.003 0.833 0.893780.
stock index 1.426 0.948 1.007 0.752 4.692 6.714 4,297 5.828
exchange rate (against USD) 0.004 0.902 0.593 0.018 0.0172033. 2.870 2.567

Table 6: Adjusted expected returns used in the optimisaitioblems. Note that asset
returns are in local currencies and exchange rate retuenmaasured against USD.
The adjusted return of 0.004% monthly on USD exchange rdteergfore solely from
the expected US interest rate presented in Table 5.
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;\a 1.2r
= RTSEL00 DAX100
5 EURUSD °
‘G-.; [ ]
> 0.8 e NIKKEI250
e
= GBPUSD
g 06, . o
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0.4- &@ UK bonds
’ German bonds
0.2+ JP bonds
O USD Il Il 'USD\JPY Il Il Il Il
0 1 2 7

3 4 5
monthly volatility (%)

Figure 2: Adjusted expected returns and volatilities oé#sand currencies.

of each forward contract is set as 10% of the position size ftlargin requirement
of forward contracts is generally charged around 5 to 10%amiract vaIuesJ_(Td/i,
@sb)). The percent spreads of six possible forward paérsaltected from Bloomberg
and are shown in Tablé 7.

average percent spread
(% of ask price)

USDEUR 0.0036
USDGBP 0.0051
USDJPY 0.0050
EURGBP 0.0042
EURJPY 0.0068
GBPJPY 0.0122

Table 7: Average percent spreads, (ask pribé price)ask price, of 1-month foreign
exchange forward contracts during Jan-00 to Jun-12.

The percent spreads are calculated from (ask priciel priceyask price. The val-
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ues shown in Tablg 7 are the averages over the period of J&amddd-12. The percent
spreads are applied on the forward positions selected hjopos. Thus, increas-
ing the number of forward pairs and larger overlay positioas generate more cost
and lower return to portfolios. Since buying and sellingafard contracts encounter
indistinguishable percent spreads, we assume that afiactions in the experiments
hereafter are subject to common bid-ask spreads shown Ia[flab

3.2. Experimental Studies

We perform various experiments to investigate the beneifitcmfrporating currency
overlay to international portfolios andfects of overlay constraints imposition on risk
and return of portfolios. The first study exhibits a compamisn diferent approaches
that currency overlay is implemented. The second expetiohemonstrates how cur-
rency hedging fiect the risk and return of portfolios. The third experimartifses on
the impact of margin requirement of foreign exchange fodsamn risk-return compen-
sation of portfolios. Then we study approaches to lessersaion costs on overlay
construction.

Generally, smaller currency overlay positions reducesaation costs but at the
same time causes a deterioration in portfoliliceency. We therefore aim to explore
if there is any situation that saving transaction costs amgsnuch #ect risk-return
reward of portfolios. The fourth experiment hence inspéctfferent total overlay
limits affects risk of portfolios similarly at each return target,tke last experiment
examines further how limiting maximum numbers of forwardiacts allowed (which
is one way to reduce the fixed-cost) in creating currencylayerould impact risk-
return profile of portfolios.

The structure of our international portfolio is presentedable[8. Note that the
forward positions are defined as in equatiahn (3), theretoeg are expressed in terms
of g. For each forward contract, a minus sign indicates sellimyaaplus sign indicates
buying. For instance, the forward contract 1 (USDEUR) reengés entering into a
contract to sell EUR for USD at a proportion @f of a portfolio. If the value ofy; is
negative, the contract is made reverse to sell USD for EUR&us Since the portfolio
is funded in USD, the operating cash is reserved only in USiDagp in the constraint
(T3) is thusas;. In consequence, the decision variables are a vector ofeldegits,
ie., (a11, o a24,01, ..., qa)

Note that, however, the calculation of return and variarfce portfolio requires
a vector of asset exposure and currency exposures (thervedefined in equation
(@I34d)). The vector of asset and currency exposures is thuprises of the first three
rows (asset classes 1, 2 and 3) and the last row (currencgeseymf Tabl€1s.

For associated constraints, the key parameters are arapVianit \VV, lower bound
and upper bound of currency exposuﬁ‘pand Ef, lower bound and upper bound of
forward positiondx andu, and a number of forward contracts allow&d The con-
straint parameters in the experiments are imposed as ir[Baiblthey are not stated
otherwise. For other components of transaction costs, ithadk spreads are fixed at
market averages as in Table 7 and the fixed operating cosbivesfd contract is set at
0.0001% of portfolio value.

To compare risk and return of optimal portfolios witHffdrent constraints, an ef-
ficient frontier (Pareto front) is rendered accordingly.n@marison among frontiers is
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usS Germany UK Japan
asset class 1 (bond) a1 a a3 as
asset class 2 (equity) az az a3 s
asset class 3 (cash) as;
forward 1 (USDEUR) o -0
forward 2 (USDGBP) 0. -0
forward 3 (USDJPY) g3 =03
forward 4 (EURGBP) Oa -0y
forward 5 (EURJPY) Os —0s
forward 6 (GBPJPY) Js —Os
asset exposure ail + ag1 aip + ago ai3 + ags Alq + Apg
overlay position Qr+02+03 —-Qu+Qa+0Q0s —-OQ2—Qsa+0s —0O3—0s—0Js
currency exposure ap1 + a1t a2 + ax— a;3 + azxz— g + A~
Qu+Q2+03 O1+0s+0s 02— Qs+ 06 03— 05— 0s

Table 8: The structure of international portfolio invesgtim four countries with two

asset classes. All the variablesy...,az1,01,...,0s) are decision variables in the
portfolio optimisation problem.
Constraint Parameter Description

constraint[(13f) Vy = 100%
- I _ -
constraint[(I3y) E; =0andE} =1

constraint[(I3h) Ix = -1 andug = 1

constraint[(13i) G=6

constraint[(I3j) M =10%

Total currency exposure can deviate from to-
tal asset exposure up to 100% of a portfolio.
Currency exposure of each country is always

positive.

Upper and lower bounds of each forwards
position is respectively 100% and -100% of
portfolio value.
A portfolio can hold up to 6 diierent forward
contracts.
Cash equivalent to 10% of the value of each
forwards position must be held in a portfolio.

Table 9: Parameter of constraints associated to currerayawin international port-
folio optimisation problem. In some experiments, some patars are varied from
these default values to study theffexts on portfolios.
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possible by visualisation. The frontier that is more nostbstern is considered more
efficient as with the same level of risk, iffers higher return. Anficient frontier is
constructed by setting a return target (constraintl(13bPn minimises the optimisa-
tion problem [[(IB) for an optimal portfolio and proceed to tiext return target. We
start from the monthly return level of 0.5% to the maximum &%. The return incre-
ment of each return level is set to 0.01% which results inl tb38 portfolios on each
efficient frontier.

All the experiments are run on PC (8GB RAM, CPU 2.10GHz) usipitexmigpex
package from CPLEX on MATLAB as a solver for mixed-integerndratic program-
ming. It is worth noting that although the optimisation mb@8) is originally convex,
incorporating fixed and linear transaction costs of forwardtracts eventually results
in non-convex programmindm MOY).

3.2.1. Djferent Approaches to Implement Currency Overlay

This analysis aims to study thé&ects of two strategies of currency overlay imple-
mentation on risk return reward of corresponding portfli&ince currency overlay
is devised to allow currency exposure to deviate from asqeiure to achieve better
risk-return compensation and mor@eient portfolios, there are basically two ideas to
implement currency overlay.

e The unified approach — optimises asset and overlay positioasortfolio si-
multaneously for optimal asset and currency exposures.

e The two-stage approach — begins with optimising portfoliocation with no
currency overlay and make an adjustment later. At the fiegt, séxposure in
asset and currency of investment in each country will be leqliae second
step is primarily optimising currency exposure to make sitiiients on original
currency positions. This strategy, despite being a submaphtomparing to the
unified approach, is practical for fine-tuning final curreegposure of existing
portfolios. It could save significant transaction costs edding currency risk
as all the alteration is made by entering new foreign excadoigvard contracts
while asset allocation remains unchanged.

The constraint parameters of each currency overlay impiéstien approach are
setas in Tablgl9. The resultinffieient frontiers are exhibited in Figure 3. As expected,
the two-step optimisation generates inferior risk-retemmards for portfolios. For each
portfolio with equal volatility, the dterences in portfolio returns obtained from the two
approaches can be narrowed if there are further adjustmets on asset allocations.
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Figure 3: Hiicient frontiers of portfolios optimised by unified and twage strategies.
The unified approach optimises currency overlay and adeef#ibn at the same time
while the two-stage approach optimises asset allocatishdind then optimises the
currency overlay on top of existing asset allocation to sidfne currency exposure.
For currency overlay constraints, the key parameters aengsV, = 100% (unre-
stricted total overlay) = 6 (unrestricted number of forwards for currency overlay
construction) and = 10% (margin requirement for forwards is 10%).

The diference between two frontiers points out that modificatioawnency expo-
sure alone is indticient to significantly improve risk and return to portfolidsarger
deviation between frontiers is spotted in higher returmggore  This is because high
return portfolios tend to concentrate their investmentsily one or two countries giv-
ing high pay-dfs. Given that those asset allocations are fixed in the firsepldnen
there is limited possibility to adjust original currencypasure to better position. This
argument is supported by Figure 4.
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Figure 4: Total currency overlay,, of portfolios optimised by the unified and two-
stage strategies. For both cases, the key parametersltogtooirrency overlay con-
straints arevV, = 100% (unrestricted total overlayy = 6 (unrestricted number of
forwards for currency overlay construction) ahtl = 10% (margin requirement for
forwards is 10%).

Currency adjustments on two-stage optimised portfoliescéarly less than those
of portfolios optimised by the unified strategy. Focusingtbe currency overlay of
portfolios with two-stage approach (right panel of Figli)e itis observed that the
overlay positions gradually decrease while portfolio retlincrease. This is because
forward contract exposures are not allowed to optimise galoith asset allocation,
thus at the first-stage the portfolios need to invest in staoiy in order to achieve
high returns. Consequently, given that currencies geaémater risk and lower return
comparing to stocks, the portfolios thus need no additicnalency exposure other-
wise the return target could not be satisfied.

3.2.2. Hyects of Currency Hedging on Risk and Return of Portfolios

The aim of this experiment is to emphasise the benefit of nayrdnedging on
risk-return profile of portfolios. As described earlieryi@ncy overlay is introduced to
enable a portfolio to manage asset and currency exposyrasasely. In one extreme,
a portfolio can be fully-hedged to have only USD exposuréoanother extreme, the
portfolio is made fully-exposed to only foreign currencids balance between these
twos provides a mix of exposures on local and foreign cuiesn@hich is expected to
deliver the best risk-return profile to portfolios.

We compare the results from three hedging policies. Thedinstis the ‘fully-
hedged’ policy where foreign exchange forwards are empléyeemove entire foreign
currency exposures (EUR, GBP and JPY) and remain only thesexp in USD (base
currency of the portfolio). Referring to TaHdlé 8, this is msted by enforcingay; +
a1+ 01+ 02+ g3 = 1. The second policy is the ‘foreign’ which uses forwards to
remove USD exposure to foreign currencies, in this caseuhredf foreign currency
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exposure is 100% while USD exposure is 0%, g3+ a1+ 01+ g2+ gz = 0. The last
hedging policy is the ‘unrestricted’ which makes no resiwit on specific currency
exposure. Noe that, in all the hedging policies presented;amstraint is imposed
on asset exposure, so the portfolio can hold assets in Ggrid&and Japan while
exposing to only USD exposure in the fully-hedged case. Qttan the restriction on
currency exposure, other constraints are as given in Table 9

The resulting #icient frontiers from the experiment are displayed in Fidblret
can be seen that portfolios under the ‘fully-hedged’ andeign’ policies are clearly
dominated by those from the unrestricted currency expqsoiiey, particularly at re-
turns under 1.4% monthly.
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Figure 5: Hficient frontiers from dierent hedging policies. The ‘fully-hedged’ re-
stricts portfolios to have only currency exposure in USDe Tioreign’ allows port-
folios to expose only to foreign currencies. The ‘unresdc permits portfolios to
expose to any currency. For portfolios under the ‘fully-ged’ policy, the highest re-
turn achievable is around 1.7% monthly because foreignan@ gain from foreign
currencies is not allowed. Thefeient frontiers produced are subject to specific con-
straint according to each hedging policy. Apart from théteo constraints parameters
areV, = 100% (unrestricted total overlayy = 6 (unrestricted number of forwards
for currency overlay construction) amd = 10% (margin requirement for forwards is
10%).

Referring to the adjusted expected returns in Table 6, doreurrencies supply
higher return than the local currency (USD), hence limitoagtfolios to only expose
to USD dismisses an opportunity to reach high returns (iniqudar, approximately
over 1.7% monthly). The advantage of holding foreign cucies exposure also con-
tributes in more #icient portfolios comparing to those holding only exposar&ED.
However, the absence of USD means that portfolios are dblige take more risk
unnecessarily in some situations. For instance, at lowmstwhere portfolios are sup-
posed to hold more USD to preserve low volatility, disallogilJSD exposure hence
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dramatically elevates higher volatilities at the lower efhthe only-foreign-currencies
efficient frontier.
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Figure 6: Total currency overlay,, at each return level. Each panel represents each
hedging policy. The total currency overlays in the ‘foréigase are sparse as portfolios
invest only in foreign countries. The fully-hedged poribsl require some currency
overlay at low returns to remove foreign currency exposftrm@a asset investments in
German, UK or Japan while at higher returns, the portfokmsltto invest majorly in

US equities which hence require only slight currency owerla

It is also observed that thefeient frontiers lie closer when portfolios approach
high return targets (above 1.4%). Generally, at high retuportfolios tend to hold
risky assets in one or two countries (as diversification tosd to return). For the
fully-hedged policy, high returns could be achieved by rddarge portion of US eg-
uities and expose to only USD while for the ‘foreign’ casertfmios invest in German
and UK stocks and expose to only corresponding currenciash &ctions result in
comparable returns and volatilities and are less inclimedutrency overlay as port-
folios expose to only currencies of the countries investedhown in Figur&l6. For
the unrestricted case, freedom of choosing currency exp@ong with the currency
overlay helps reduce volatilities and thus its resultingtfjotios are the mostfécient
among all hedging policies.

3.2.3. Hjects of Forward Contract Margin Requirement

In our study, the transaction costs associated to holdingdia contracts are the
fixed costs, bid-ask spreads and margin requirement. The &zsts depend on the
number of forward contract pairs and the variable costs mgma bid-ask spreads
which are associated to both size and humber of forwardsgiMagquirement is also
considered a transaction cost as it requires portfolio $eme more cash (with zero
return) to cover forward positions.

In general, higher transaction cost is expected to sliftient frontiers south-
eastern and lower risk-return compensation of portfolibswever, diferent return

22



levels require dferent additional currency exposure from foreign exchaongedrds.
Thus at some return levels, increasing transaction cogghtmiot worsen the risk-
return reward as much as others. This study aims to see whitlofdticient frontier
are most and leastfacted by the variation of margin requirements in particular

We varyM arbitrarily by 0%, 3%, 5%, 7%, 10%, 30% and 50%. Other coirgtra
parameters are set as in Table 9. Tii&ckient frontiers of optimal portfolios under
different margin requirements exhibited in Figlie 7 show thgihér margins results
in reduction of return per risk particularly when portfolgturns are high (greater than
1% monthly approximately).
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Figure 7: Hiicient frontiers at dferent levels of margin requiremenit! determines
how much cash is needed to be reserved for every 1% of forvesitign on a portfolio.

M = 0% indicates that forward positions can be held without caslerves while

M = 5% means that cash equivalent to 5% of portfolio is allocatedash in order

to cover a forward position of 1% on a portfolio. Since the evipent particularly
studies impact of dierentM, major overlay constraint parameters remain constant,
i.e.,Vy, = 100% (unrestricted total overlay) a@d= 6 (unrestricted number of forwards
for currency overlay construction).

To highlight the &ect of margin requirement levels, we plot the percentage in-
creases of volatilities from the base cadé £ 0%) at each return level in Figuré 8.
The graph shows that a portfolio is more risky when marginiregnent is higher since
the advantage of holding forward contracts fset by cash portion in the portfolio.
This also implies that total currency overlay should be lowken margin requirement
increases.
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Figure 8: Percentage volatility increase relative to \liligis of the portfolio with no
margin requirement\l = 0%). At eachM, other key overlay constraint parameters

areV, = 100% (unrestricted total overlay) afd= 6 (unrestricted number of forwards
for currency overlay construction).

Figure[9 plots total currency overlays of portfolios at ebestel of margin require-
ment. When there is no margin requiremevit£ 0%), no cash is needed in a portfolio,
the dficient frontier under this condition is hence the ma#t&ive comparing to the
others.

Basically, holding forward contracts generates extra sMpoon desired currencies
without any purchase of physical assets. Given that cuies@ve comparable return
and bear lower volatilities than equities (see Figure 2éwds are more favourable
than stocks to raise portfolio returns. However, the beréftompetitive returns of
forward contracts areftset with zero return on cash when margin requirement comes
into effect. When maintenance margin of holding forward contramsvg larger, the
attractiveness of forwards gradually diminishes as pbogmeed to reserve more cash
(with zero return) for forward positions. Higher margin sé@ment simply reduces
return on holding forward contracts and leave them only beiaéfor risk reduction.
Therefore, when portfolio requires higher return, poitfsltend to give up forward
contracts and hold risky assets instead.
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Figure 9: Total currency overlay, at each return level. Each panel represerttsidint
margin requirement indicated by valuesMfover each panel. At each panel, other
overlay constraint parameters are kept constiang 100% (unrestricted total overlay)
andG = 6 (unrestricted number of forwards for currency overlaystarction). At high
returns, portfolios hold forwards in place of equities athrovide comparable returns
with lower volatilities. However, such benefit of forwardsnhishes wherM is large

as returns from holding forwards aréget by large cash position which provides zero
return. A large drop of total currency overlay at high retiisithus observed whevi
increases.

It can be concluded that margin requirement of forward @t dects portfo-
lios most at the high return regions as the losing benefit nfidod contracts causes
portfolios to hold more risky assets to earn higher retumsontrast, at lower return
targets where risk reduction is a top priority, forwardsstilein use as part of volatility
reduction making low returns leadfected.

In following experiments, we try dlierent approaches to reduce transaction costs
occur from holding foreign exchange forwards. The first apph limits total currency
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overlay and another approach limits the number of forwardreats to construct cur-
rency overlay.

3.2.4. Limiting Total Currency Overlay

The total currency overlay limi, corresponds to the constraibf (1L.3f) which lim-
its how much total currency exposure can be deviated froet &posure by holding
foreign exchange forward contractsMf is set as 0%, currency exposure and asset ex-
posure in each country are identical whilg = 1% implies full flexibility of deviation
in asset and currency exposures thereby the best optiorpt@¥a risk-return reward
to portfolios.

Confining total currency overlay limits forward exposuremrtfolios which re-
duces transaction costs from bid-ask spreads and margiireetgnt. Since portfolios
adjust currency exposureftirently at each return level, the impact of limiti¥g could
also be dissimilar at dierent return targets.

In the experiment we compare the optimal portfolios from &vkitrary values of
V, which are 0%, 10%, 30%, 50% and 100%. Other constraints giedms in Table
@ FigurdI0 exhibitsféicient frontiers obtained from optimisation. The one prastilic
by settingV, = 0% demonstrates lowest risk-return compensation whileothers
generated from higher values ¥f show improvement on the risk-return tradgé-dt
is observed that in all settings ¥f;, total currency overlay¥® on the portfolios never
exceed 50% (see Figurel12), hence optimal portfolios obthfromV,, = 50% and
V, = 100% are identical and theiffcient frontiers coincide.
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Figure 10: Hfcient frontiers of optimal portfolios at fierent restriction of total cur-
rency overlay,. LargerV, allows flexibility for currency exposure to deviate from
asset exposure, implying larger positions of forwards dgtdr transaction costs. Re-
stricting V, hence reduces transaction costs associated to forwarlle akpense of
less dficient portfolios. Eachféicient frontier is generated with fiérent values o¥/,
while other overlay constraint parameters remain constast 6 (unrestricted number
of forwards for currency overlay construction) ald= 10% (margin requirement for
forwards is 10%). The frontiers whew, = 50% andV, = 100% coincide as total
currency overlays never exceed 50%.

Figure[I1 shows percentage volatility increase relativihéocase o¥/, = 100%
at each return level. It appears that at low returns, paotfadlatilities increase most
when total currency overlays are bounded and thisce is lessened when portfolio
returnincreases. The leasferted regions are when returns are approximately between
1-1.6% monthly where portfolios need only modest adjustsien currency exposure
to achieve optimal portfolios.
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Figure 11: Percentage volatility increase relative to tititha of portfolios with no re-
striction on currency overlay, = 100%). For eacW,, portfolios are optimised under
currency overlay constraints with following paramet&ss 6 (unrestricted number of
forwards for currency overlay construction) aid= 10% (margin requirement for for-
wards is 10%). Sinc¥, = 50% andV, = 100% produce identical optimal portfolios,
the relative volatility increase for, = 50% is 0.

Figure[12 illustrates the total overlay at each return lefea portfolio. Since
Vu = 0% indicates currency exposure and asset exposure argaletiiere presents
no overlay position. Whel, = 10% andV, = 30%, the constrainf (1Bf) is binding
suggesting that the risk-return profile can be further inapcoif the total overlay limit
is loosened and whewl, = 50% andV, = 100%, total currency overlay usages are
identical as portfolios never require total currency expesadjustment over 50% of
portfolio values.
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Figure 12: Total currency overlay,, at each return level. Each panel represents dif-
ferent total overlay limit indicated by values ®f, over each panel. Other currency
overlay constraint parameters &e= 6 (unrestricted number of forwards for currency
overlay construction) anl = 10% (margin requirement for forwards is 10%). The
plot of Vi, = 0% is not included in the figure as it presents no currencylayer

Generally, a portfolio gains higher return by reducing@dliton of low-risk invest-
ments for riskier investments. Figurel 13 demonstratessagge holdings in bonds and
equities across countries afférent values o¥/,,. It shows that bond allocations gradu-
ally decrease along with increasing returns. However, goeehse in bond allocation is
slower whenv,, is more relaxed. This signifies that additional currencyosxpe from
overlay positions contributes the holding of risky investits in tandem with equities.
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Figure 13: Composition of total bond and total equity hoiiirat at each return level.
Each panel representsfidirent total currency overlay limi,. At each panel, apart
from the variedv,,, other constraint parameters are fixe@as 6 (unrestricted number

of forwards for currency overlay construction) ald= 10% (margin requirement for
forwards is 10%).

The plot of volatilities and returns in Figuré 2 shows thatFELSD gives compa-
rable return to equities while having significantly lowetatdity. Holding substantial
portion of EUR-cross forward contracts along with equitissists risk reduction of

portfolio rather than investing in stocks alone and redultsetter risk-return tradefb
for portfolios.

3.2.5. Limiting Number of Forward Contracts

For an investment in four currencies, currency overlay carcénstructed from
up to six diferent foreign exchange forwards which are shown in TablerBthis
experiment, referring to the constraint{|13i), we vary eslofG from 1 to 6 to limit the
number of forward contracts spent in overlay constructieewer number of forward
contracts cut down the fixed operating costs along with tégiaosts from bid-ask
spreads and margin requirement. This is opposed to limitiagotal currency overlay
in which transaction costs are lessened primarily fromcedwexposure while the fixed
costs might remain the same.

In terms of computation, values Gfbetween 1 and 5 create a cardinality constraint
on the selection of forward pairs constituting currencyrtaxe For example = 3
forces a portfolio to choose only three or fewer forwardsfitabld® that can minimise

variance of the portfolio at a given return level. The othenstraint parameters are
applied as in Tablel9.
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Figure 14: Hicient frontiers produced underftirent limits on the number of for-
ward contracts allowedG represents for the maximum number of forward contracts
allowed to construct currency overlay. Fewer contractsicedhe fixed operating cost
but also impair risk-return profile of portfolios. For thesesof four currencies; = 0
implies currency overlay is not permitted whe= 6 implies all possible forward con-
tracts can be used to create currency overlay. At &giarameters of other currency
overlay constraints aré, = 100% (unrestricted total overlay) ahd = 10% (margin
requirement for forwards is 10%).

In Figure[14, the significant ffierence of #icient frontiers is visible when increas-
ing G from 0 to 1 and 2 in which thefgcient frontiers shift north-west whe@ in-
creases. Figulle 15 displays percentage volatility inereakative to the most relaxed
case G = 6). Itis obvious that more freedom to choose forward cotsgré@ con-
struct currency overlay produces better return per risk @though the increment of
improvement is less noticeable wh@ér> 3 than wherG increases from 0 to 2. In ad-
dition, returns lower than 1% monthly experience largeatitity increase than higher
returns as flexibility to modify currency exposure is dingiméd with limited number
of available forward contracts.
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Figure 15: Percentage volatility increase relative to tiliti@s of the portfolio that
allows up to 6 forward contracts to construct currency @xefG = 6). At eachG,
parameters of other currency overlay constraints are s& as 100% (unrestricted
total overlay) andvl = 10% (margin requirement for forwards is 10%). For the case
of 4 currencies, only 3 forward contracts aréf®ient to create all overlay positions.
ImposingG > 3 (right panel) therefore produces similar portfolios ahelitt relative
volatility increases from the case Gf= 6 are zero.

When stepping fronG = 0 to G = 1, the risk-return reward is improved as port-
folios are allowed to hold forward contracts rather tharcks$athereby lowering total
volatility. Stepping fromG = 1 toG = 2 is a substantial progress@s= 1 permits an
adjustment of currency exposure on only two out of four aueies whileG = 2 can
cover all four currencies (with USDEUR and GBPJPY) but withited flexibilityﬁ to
adjust exposure of each curren€y.= 3 makes further flexibility to modify currency
exposure as some patterns of currency overlays cannot bokeiged by two forward
contracts. For instance, the following overlay is impokesiio be replicated by two
forward contracts but possible with three or more.

USD EUR GBP JPY
overlay (%) 1 5 -2 -4

Table 10: Example of currency overlay which needs three aerfarward contracts to
produce.

Thus shifting fromG = 2 to G = 3 or more significantly provides improvement

3with two forwards, only two pairs of currency exposure camualified. For example, with USDEUR
and GBPJPY, exposures on EUR and GBP depend on USD and Jp¥ctiesly and cannot be altered
separately until more number of forward contracts are althw
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to risk-return reward of portfolios. In fact, f& currencies, there needs— 1 differ-
ent forward pairs to cover all possible currency overlayseréfore allowings > 3
generates the same optimal portfolios.
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Figure 16: Total currency overlay at each return level. Hafel represents maximum
number of forward contracts used in currency overlay. Ah&aoother currency over-
lay constraint parameters avg = 100% (unrestricted total overlay) amd = 10%
(margin requirement for forwards is 10%). The plot@f= 0 is not included in the
figure as there is no forward contract allowed and hence newecay overlay. For the
case of four currencies, three forward contracts afcgent to replicate all possible
currency overlays, the resulting total overlays®?p 3 are therefore similar.

Figure[16 shows total currency overlay at each return tar§Gemparing the top
panel G = 1 andG = 2) and bottom paneld > 3), we notice a large drop of total
currency overlay when returns are less than 1% monthly warilg a slight decrease
in total overlay position is observed at higher returns. Sehesults coincide with rel-
ative volatility increase in Figuie 15. It can be explainkdttat high returns, currency
overlays are generally composed of one or two forward cotgrassociated to EUR
or GBP to raise target returns. On the other hand, at lownstand low risks, more
forward contracts are needed in order to reduce volatiltgr example, in order to
hedge risk from all foreign currencies, the pairs USDEURDGBP and USDJPY are
needed to modify currency exposure to solely USD. Thus gaivansaction cost by
restricting the number of forward contractéazts portfolios most when target returns
are low (1% monthly with our data).

Besides controlling transaction costs associated to faheantracts, another ad-
vantage of imposing cardinality constraint also shortbegtintime. Although the car-
dinality constraint transforms the optimisation problenmtixed-integer programming
but the search space is reduced at the same time.

33



G varies,V, fixed cpu time V, varies,G fixed cpu time

(experimenE3:2]4) in seconds (experimenE3.2]5) in seconds

0 1.7 0.0 1.7
1 1.8 0.1 2.3
2 1.8 0.3 2.3
3 1.9 0.5 2.4
4 2.2 1.0 2.3
5 2.3

6 2.5

Table 11: Comparison of average runtime taken on optimisiach portfolio in the
two experiments: limiting number of forward contracts f)lefnd limiting total cur-
rency overlay (right). For the left panel, fixed parametees\g = 100 (unrestricted
total overlay) andvl = 10% whileG is varied. Restriction on the the maximum num-
ber of forward contract& is considered a cardinality constraint which narrows down
the search space and reduces the runtime accordingly. Eaigiht panel, constant
currency constraint parameters &e- 6 andM = 10% (margin requirement for for-
wards is 10%) whil&/, is varied. The number of decision variables in the experisien
are 14 real variables for both panels, with another 6 binariables for the cardinality
constraints in the left panel.

Table[11 presents time taken on running each portfolio itvtleeexperiments, lim-
iting total currency overlay and limiting number of forwazdntracts. The number of
decision variables for the experiment limiting the numbidoowards (left panel) is 20
(including binary decision variables) and it is 14 for thggexment varyingv, (right
panel). Smaller values @ reduce the search space and hence decrease the runtime
while whenG is fixed (in the experiments in Sectidn_3]2.5) there is iniicgnt dif-
ference of runtime over variation &f,. That is, in our study, although the problem
is non-convex due to the inclusion of fixed and variable @atisn costs of foreign
exchange forwards, all the problems are still solvable VWBLEX with inexpensive
runtime. However, given that the number of decision vagalslo small, although the
runtimes of Figur€1 are low it might well be that heuristiavetaheuristic methods
would be able to find good answers even more quickly, and thig Ine useful for the
future extensions discussed in the next section.
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4. Conclusions

Currency overlay is defined as deviation between asset aneincy exposures in
a portfolio. In this study, currency overlay is created bydimy foreign exchange for-
ward contracts. We introduce a novel portfolio optimisatinodel that incorporates
currency overlay to allow flexibility in investing asset aexthange rate in each coun-
try. The key feature is that overlay positions are desigodaktstructured by dierent
forward contract pairs which allow us to imposedfdient transaction costs on each
forwards pair and implement practical constraints to redonerall transaction costs.
Besides, we introduce the approach to incorporate the dastroy of forward con-
tracts into the process of return and risk calculation of ibetfolios which reflects
more accurate gain and loss of forward contracts held bygims and helps complete
calculating total return and volatility.

We presented four experiments to investigafeas on risk-return compensation
of portfolios when diferent types of constraints are imposed. The first experiimsent
to study two dfferent strategies in implementing currency overlay, théeshand the
two-stage approaches. The results support that allowimgigtios to optimise cur-
rency overlay and asset allocation at the same time yielterb@sk-return reward
than optimising asset allocation first and adjusting theemay exposure afterwards.
The second experiment shows that a fully-hedged portfal@ portfolio that exposes
to all foreign currencies are not affieient as a portfolio whose currency exposure
is from local and foreign currencies combined. The thirdeskpent concludes that
large margin requirement diminishes benefit of holding enicy overlay and induces
portfolios to hold only risky assets and ignore forward caats in order to achieve
high returns (above 1% monthly approximately). Subsedyehe paper focuses on
imposing constraints to reduce transaction costs occtmoeaholding currency over-
lay. The fourth experiment enforces the limits of total emcy overlay which directly
reduces costs from bid-ask spread and opportunity lost framgin requirement. The
results show that the more total overlay is allowed, theebétte risk-return compen-
sation on portfolios. Besides, the findings show that pbasautilise more currency
overlay when target returns are lower than 1%. These lownsttegions therefore
experience significantly high relative volatility increasomparing to the cases when
portfolio returns are higher. The last experiment limite thaximum number of for-
ward contracts to construct currency overlay with the aimethuce the fixed operating
cost per forward contract. The experiment results showfthigiortfolios investing in
four currencies, three fierent forward contract pairs arefBaient to replicate all cur-
rency overlay positions. For the impact on risk-return ¢ the results are similar
to the case of limiting total currency overlay. At returnaér than 1%, portfolios have
highest relative volatility increase as portfolios tendhtidd more forward contracts to
hedge currency risk at low returns while at higher returméy éew forward pairs that
deliver high returns are required to achieve the returretarg

In all experiments, we noticefliérent total currency overlay position at each return
target. This indicate that portfolios adjust their curngrgposures dierently at each
return target. Generally, currency overlays are large #t bods of #icient frontiers
where returns are either low or high while smaller overlagifions are observed at
moderate return targets. At low returns, portfolios regdifferent forward contracts to
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hedge foreign currencies to keep low-risk-low-return peofdn the other hand, when
portfolios require higher returns, forwards are held iadtef equities as they provide
competitive returns with lower volatilities. Such advagyeaof forwards, however, is
dissolved if there exists margin requirement to sustaiwéod positions. This also
suggests that counterparties théfeo lower margin requirement are more favourable
given that their credibility is not a concern. Lastly, aktbixperiment results signify that
reducing forwards transaction costs through constramfsosition dfects portfolios
differently as overlay positions are varied by return targeke middle-range returns
where small currency exposure adjustment is required @refibre the leastféected
area on #icient frontiers.

4.1. Future Work

We intend that this work should be combined with existing kvior portfolio op-
timisation and so extend such work to international poidfalptimisation. For in-
stance, the portfolio can invest in more countries, cuiema@sset classes and more
importantly, invest in individual securities rather thaices. This should remove the
limitation in current methods that bond or stock indices @astructed disregarding
co-movement of asset across currencies; investing inisha@ assets allows full ex-
ploitation of cross-currency correlation.

In this case, the number of filerent assets will become much larger, and then a
natural step is to impose cardinality constraint on the nemobindividual assets on the
portfolio. There could well be separate cardinality coaistts covering all of the assets
and for each individual currency. Similarly, minimum haldiposition and minimum
transaction lots are expected to be added for a more realjstimisation problem; for
instance inl(Soleimani et al., 2009; Lin and Liu, 2008). Imitidn, robust solutions
should be produced and that take account of the uncertintiésk, return, and now
also exchange rates; for example, (Topaloglou ket al.,| 2B68seca et al., 201.1).

These extensions to a “robust cardinality-constrainegrinational portfolio opti-
misation with currency overlay” problem will enlarge theoptem scale, making an
interesting, useful, and computationally challenginggbean domain, intrinsically us-
ing the currency overlay methods presented in this paper.
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