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Abstract

Game theory provides valuable tools to examine expert multi-agent systems.
In a cooperative game, collaboration among agents leads to better outcomes. The
most important solution for such games is the Shapley value, that coincides with
the expected marginal contribution assuming equiprobability. This assumption is
not plausible when externalities are present in an expert system. Generalizing the
concept of marginal contributions, we propose a new family of Shapley values for
situations with externalities. The properties of the Shapley value offer a rationale
for its application. This family of values is characterized by extensions of Shapley’s
axioms: efficiency, additivity, symmetry, and the null player property. The first
three axioms have widely accepted generalizations to the framework of games with
externalities. However, different concepts of null players have been proposed in
the literature and we contribute to this debate with a new one. The null player
property that we use is weaker than the others. Finally, we present one particular
value of the family, new in the literature, and characterize it by two additional

properties.

Keywords: game theory; multi-agent systems; externalities; partition function; marginal

contribution


http://www.sciencedirect.com/
https://doi.org/10.1016/j.eswa.2019.05.056

1 Introduction

There are many successful applications of game theoretical tools to study expert or
intelligent multi-agent problems (see for instance Parsons and Wooldridge, 2002; Pend-
harkar, 2012). The classic model of games with transferable utility has been thoroughly
studied and today it is a theory with solid foundations. It has been widely applied to
economic, social, or political problems binding the gap between these fields and mathe-
matics. In particular, it has endowed social sciences with a formal framework in which
meaningful statements can be done. One of the main research questions is how to dis-
tribute the gains obtained by a given group of agents. In this regard, the Shapley value
(Shapley, 1953) is probably the most popular solution and has been used to study a
variety of expert systems (Alonso-Meijide and Carreras, 2011; Torkaman et al., 2011).
It is defined as the average contribution of a player to its predecessors in a permutation
and supported by appealing axiomatic characterizations. The characterizations pro-
vide a normative foundation of the value and play an important role in its applications.
Most of the contributions in the literature overlook a key fact in today’s globally inter-
connected societies, decisions within a group of agents can affect the outcomes of other
groups of agents. Thrall and Lucas (1963) devised the partition function to incorpo-
rate coalitional externalities to classic cooperative games. This game theoretical model
fits very well to problems where the value of a coalition depends on the actions taken
by outsiders. Take for instance the problem of ranking decision making units in data
envelopment analysis. Hinojosa et al. (2017) or Li et al. (2018) use cooperative games
to obtain a ranking and assume that players outside a coalition always work together.
More general situations can be covered by incorporating externalities to these models.

The generalization of the Shapley value to games with externalities has attracted
the attention of many scholars. Myerson (1977) was the first to tackle this question by
using an axiomatic approach. Some years later, Myerson’s value was criticized for not
satisfying reasonable monotonicity properties and Bolger (1989) proposed another value
by adapting Shapley’s original axioms in a different way. Lately, several families of val-
ues that generalize the Shapley value to games with externalities have been introduced.
Macho-Stadler et al. (2007) used an average approach to build their family, which also
contains the value proposed by Albizuri et al. (2005). Dutta et al. (2010) followed the
potential approach to define another family that contains the previous one. In Skibski
et al. (2018) an even wider family of values is proposed and characterized. All these
generalizations are efficient, symmetric, and linear values. Sanchez-Pérez (2015) char-
acterized this wider family of values. Finally, we would like to mention two remarkable
generalizations of the Shapley value introduced by de Clippel and Serrano (2008) and
McQuillin (2009). Even if the approach and characterization results in the two papers
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are completely independent, the resulting values are in some sense complementary to
each other, and they serve us for illustration purposes.

The reason for having so many different generalizations of the Shapley value is the
non trivial task of generalizing the concept of the contribution of a player to a coalition.
Indeed, when a player leaves a coalition it could either remain alone or join another
coalition in the structure. The contribution of a player to a coalition is also the main
ingredient of the null player concept. Therefore, from an axiomatic perspective, the
way to generalize the null player property is an important difference between the values
that can be found in the literature. On the one hand, a weak null player does not
affect the worth of any coalition when he leaves it to remain alone. On the other
hand, a strong null player does not affect the worth of any coalition by leaving it to
either stand alone or join another existing coalition. The properties that correspond to
these two notions of null player have been used in the characterization results of Bolger
(1989); Macho-Stadler et al. (2007); de Clippel and Serrano (2008); McQuillin (2009),
and Skibski et al. (2018), among others. Note that, the null player property is not the
only distinguishing property of the existing characterization results which also involve
different versions of symmetry, marginality, and consistency properties, for instance.

Here we introduce a new family of values, the so-called lattice structure values (LS-
values), following a different approach to define what the contribution of a player is in
a game with externalities. In the classic case, a contribution is based on the movement
of a player that joins a coalition and corresponds to a link in the Boolean lattice of
subsets. In games with externalities the focus is on embedded coalitions which consist
of a coalition and a partition of the complementary coalition. In Alonso-Meijide et al.
(2017) we saw that the set of embedded coalitions, £C, has a (non-Boolean) lattice
structure when endowed with the partial order T, defined therein.! Then, we consider
that each link in this lattice generates a contribution that could be used to compute
a value. However, in this case more than one player could be involved in the change
of the embedded coalition. Basically, it could be that a player moves from being alone
to joining the active coalition or it could also be that an inactive coalition splits into
two new ones. The family of values is parametrized by certain weights that are used
to distribute the contributions in which several players are involved. We show that the
family of values studied in Skibski et al. (2018) are instances of LS-values which are in
turn contained in the class of values studied by Sanchez-Pérez (2015). We deliver an
axiomatic characterization of the family of LS-values by means of efficiency, symmetry,
linearity, and a new version of the null player property which is weaker than the two

IGrabisch (2010) was the first to study a partial order over EC. Using that partial order Grabisch
and Funaki (2012) defined several families of values that are not related to ours.



ones described above. Taking into account the way in which we define contributions,
we consider that a player is null only if he is never involved in a movement that creates
a non-null contribution. We show that if a game with externalities has a player of this
type, then the game is actually a classic cooperative game. The basis of the set of games
with externalities proposed by de Clippel and Serrano (2008) and the coefficients of any
game in this basis —equivalent ot the classic Harsanyi dividends— obtained in Alonso-
Meijide et al. (2017) play a relevant role in our results and their exposition. The main
difference of our approach with respect to other related contributions is the fact that
it is grounded in discrete mathematics rather than in economics. Consequently, some
definitions may lack a clear economic interpretation. However, our results provide a
way to interpret the key notion of a complete null player. Finally, we single out a
particular LS-value, the so-called covering value, that is new in the literature. We also
provide a specific characterization of the covering value by means of two proportionality
properties.

The rest of the paper is organized as follows. In Section 2 we introduce the model
and previous results that we will build upon. Section 3 presents the new family of values
and relate it to other remarkable values in the literature. Section 4 is devoted to the
axiomatization of the family of values. Before that, we explain what are contributions
in this setting and introduce the new null player property. The covering value and its
characterization is presented in Section 5. Finally, Section 6 concludes.

2 Preliminaries

2.1 Cooperative games

A cooperative game with transferable utility is a pair (N, v) where N is a finite set and
v: 2V — R is a function with v (§) = 0. The elements of N = {1,2,...,n} are called
players, the subsets S C N coalitions, v is the characteristic function, and v (S) is the
worth of S in the game. For a given N we denote by GV the family of these games
with set of players V. We may omit the reference to the set of players and only write
it explicitly in case it is different from N. Player i € N is a null player in v € GV if
v(S)=wv(S\{i}) for all S C N with ¢ € S. The unanimity game of coalition T'C N,
T # (), is denoted by ur and defined for every S C N by up (S) =1, if T C S and
ur (S) = 0, otherwise. Unanimity games constitute a basis of the vector space GV .
Indeed, every game v can be written as a linear combination of unanimity games as
follows

v=" > Ajuy, with A% =" (=14 (9). (1)
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The coefficients of the above combination, A%, for all non-empty coalition 7" C N, are
called Harsanyi dividends (Harsanyi, 1963) of the game. They satisfy

> AL =o(T). (2)
SCT
A walue on GV assigns to each game v € GV a payoff vector in RY, where each
component represents the payment to a player according to his cooperation possibilities.
The Shapley value (Shapley, 1953) of a game v € GV is defined for any player i € N
by
6i(v) = > Aslo(S) —u(S\ {i})],
SCN:eS
(IS] = Di(n — IS))

' .IfT C N, T +#0, then for each player i € N we have
n!

where vg =

L oier
¢i(ur) = T (3)

0, otherwise.
This value is the only one satisfying the axioms below. A permutation of N is a bijective
mapping @ : N — N. Let OV be the set of permutations of N. If # € ©" then for
each v € G we define the game v by 6v(S) = v(671(S)) for every S C N, being 6~
the inverse permutation of §. Let f be a value on G¥V.
(S1) Linearity. For every a,b € R and v,w € GV, f(av + bw) = af(v) + bf (w).
(S2) Efficiency. For every v e GN, Y.y fi(v) = v(N).
(S3) Symmetry. For every v € GY, i€ N, and § € OF, fy)(6v) = f;(v).
(S4) Null player aziom. If i € N is a null player in v € GV, then f;(v) = 0.

These axioms are quite compelling properties. Efficiency states that the value splits
the whole gain of the grand coalition. Symmetry says that the value is not affected
by the names of the players. Null player property requires that if a player does not
contribute to the creation of worth of any coalition, then the value assigns zero to this
player. Finally, linearity is a standard technical property.

2.2 Partitions and embedded coalitions

Let ITy denote the set of partitions of a finite set N.2 Let P,Q € Ily, we say that P
is finer than @ and write P < @ if for all S € P there is T" € () such that S CT. We
write P < @ when P <@ but P # Q. (Ily, <) is a lattice. If P < @, then

[P,Ql<={Mclly:P<M=Q}.

2We abuse notation and use ) to denote the only partition in ITj.
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The top of this poset is [N] = {N} and the bottom |N| = {{i} :i € N}. f P < Q
and Q = {Sl, ey S|Q|} then

(7) - [Tom, 10

q=1

where m, is the number of subsets in which S, is divided in P.

If Pellyand Q C Pthen Pg=P\Q € INUpeo T If Pellyg and Q € Iy
then P.g = PUQ € Ily.

An embedded coalition is a pair (S;P) where S C N and P € Ily\g, namely a
coalition and a partition of the complementary coalition (we call groups to the subsets in
P). We denote by EC” the set of all embedded coalitions of a finite set N. (S; P) € £CY
with S = () and P € Il is called empty embedded coalition. EC) denotes the set of all

non-empty embedded coalitions of a finite set N.

2.3 Games with externalities

A game with externalities is a pair (N,v) consisting of a finite set of players N and
a partition function v: ECY — R, satisfying v((); P) = 0. Again, we may omit the
reference to the player set and only write it explicitly when it is different from N. The
amount v(S; P) should be understood as the utility or worth that coalition S obtains
when the group structure P (Aumann and Dréze, 1974) emerges in N \ S. From now
on, we name classic games those games defined in Subsection 2.1. We denote by GV
the set of games with externalities with player set N. GY is a vector space with the
sum and scalar product of functions. For every (T;Q) € £Cy, the unanimity game of
(the embedded coalition) (T; Q) is defined by?

1, if T CSand Pswr) 2Q

wrie)(S; P) = (4)

0, otherwise,

for all (S; P) € ECY. It is easy to notice that u(s;p) is a game with negative externalities
as other coalitions becoming larger may cause a decrease in the worth of a coalition
(Hafalir, 2007) . Note that the name of the above games is chosen deliberately for the
parallelism that exists between them and the basis of classic cooperative games. Indeed,
for every T C N, T # () and every (S; P) € ECY, ur(S) = ur,na (S; P). The set
{u(T;Q) (T;Q) € 8Cév} is a basis of the vector space GV (de Clippel and Serrano, 2008).

3The definition of unanimity games also works for any empty embedded coalition, however we omit
them because they play no role in our analysis.



A value on GV is a mapping f : GY¥ — RY. There are several values in the literature
that extend the Shapley value to games with externalities (see for instance, Myerson,
1977; Bolger, 1989; Macho-Stadler et al., 2007; de Clippel and Serrano, 2008; McQuillin,
2009; Skibski et al., 2018). All of them satisfy the logical extension of the first three
axioms (S1), (S2), and (S3) that we describe below. If # € ©F then for each v € GV
we define the game v as Gv(S; P) = v(#~'S;0~'P) for any (S;P) € ECV, where
0P = {0T : T € P}. Let f be a value on GV.

(SE1) Linearity. For every a,b € R and v,w € GV, f(av + bw) = af(v) + bf (w).
(SE2) Efficiency. For every v € GN, 3. fi(v) = v(N;0).
(SE3) Symmetry. For every v € GV, i € N, and 6 € OF, fyi;)(0v) = fi(v).

Sanchez-Pérez (2015) analyzed and characterized all the values on GV that satisfy
the above axioms. However, the notion of a null player has been extended in several
ways and there are different corresponding properties (see for instance, Dutta et al.,

2010). We present them explicitly and elaborate on this point in Section 4.

3 The family of LS-values

From the definition of a unanimity game with externalities we can infer a binary rela-
tion, =, among embedded coalitions. Let (S; P),(T;Q) € ECY, we say that (T;Q) is
contained in (S; P) and write (T; Q) C (S; P) if and only if u(r,q)(S; P) = 1. We write
(T;Q)C (S;P)if (T;Q) C (S; P) and (T; Q) # (S; P). In Alonso-Meijide et al. (2017)
the lattice structure of the poset (ECN , E) is thoroughly studied?. Figure 1 depicts the
Hasse diagram of this poset of embedded coalitions for three players. In that paper, the
coefficients of any game in the basis of unanimity games are obtained explicitly. Below,
we adjust Proposition 12 in Alonso-Meijide et al. (2017) to the structure with all the
embedded coalitions (also the empty ones).

Proposition 3.1. (Alonso-Meijide et al., 2017) If v € GV then
v= ) Srgura)
(T;Q)eecy

where

RS Z(_1)|Q'MHRl(g)U(T\RMﬂRJ)-

Me[Q,N\T)< RCT

4To be precise, in that paper empty embedded coalitions, (§; P) with P € II(N), are not considered.
Instead, a fictitious bottom element is added.
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Figure 1: Lattice structure of (£CY,C) with N = {1,2,3}.

Following Harsanyi (1963), we call dividends to the coefficients O(r.q) in the above
proposition. These coeflicients can also be obtained from a recursive procedure, as it is

the case for the dividends of a classic game.

Lemma 3.1. Let v € GV be a game with externalities. If (T;Q) € ECY then
E}T;Q) = /U(Ta Q) - Z é‘E)S;P)‘

(S;P)EEC(])V
(S;P)C(T5Q)

Proof. From Alonso-Meijide et al. (2017) we know that for each (T; Q) € £CY,
Sray= D, n((S;P),(T;Q))v(S; P),

(s;pyeecy
(S;P)E(T;Q)

where p is the Mdbius function of the poset (EC,C). Hence, the Mébius inversion
formula (see for instance Stanley, 2011) means that

o(T:Q) = Y Stsp =0trgt+ D, O

(S;Pyeck (S;P)eec
(S;P)E(T;Q) (S;P)C(T5Q)

]

Assuming linearity as a desirable condition for a value we can introduce a new family
of values taking into account Proposition 3.1. We only need to define the outcome for
the unanimity games defined in Equation (4). Let N be a finite set with |N| = n.
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Definition 3.1. A number with externalities forn is a tuple, (t; 7’1\1, e ,7“?”) , satisfying
1. try, oo mp A, e, Ay €N
2.1 < oo <,
S t+ Y AT =1

The interior of the number is t, the externalities are ry,...,r, and their multiplicities
are A, ...,\p. DBesides, (n;0) is considered a number with externalities. The set of

numbers with externalities for n is denoted by E,.

In a number with externalities we do not write the multiplicity if it is one. For

instance, if n = 4 then
Ey={(4;0),(3;1),(2;2), (2;1%),(1;3),(1;1,2), (1;1°) }.

So, we can define the cardinality of a non-empty embedded coalition using a number
with externalities.

Definition 3.2. The cardinality of a non-empty embedded coalition (T;Q) € ECY is
defined by

IT;Q| = (|T];7“1A17 . ,7’}’,\1’) ck,
where @ consists of A\, groups of cardinality vy for all k = 1,...,p. In particular,

IN; 0] = (n;0).

The next definition introduces the coefficients that will be used to allocate the worth

in a unanimity game.

Definition 3.3. A unanimity function over E, is a mapping « satisfying for all
(t;r{‘,...,rﬁ,“’) cFE,

1. (ozk (t;rfﬂ...,rj,‘”)) € RP+L,
k=0,...,p
2. aq(t;m—1t) =0 witht >0,

3.3 b0 Ok <t;r1A1,...,7’;\") =1.

The set of unanimity functions is denoted by F.



We can now introduce our family of values inspired by Proposition 3.1 and Equa-
tion (3). For any u(r,g) with (15 Q) € £CY, afamily of unanimity coefficients determines
the influence of each group depending on the position in (7'; Q). Observe that coali-
tion T needs that N \ T sorts out in @) to generate the profit. So, ay(|T;Q|) can be
understood as an importance index on the formation of coalition 7" and «,(|T;Q|) an
importance index on the formation of each group R € @ with |R| = r. Assuming that
cooperation is desirable and that coalitions compete for a limited resource, the worst
situation for T is the alliance of all the players in N \ T', thus it is sensible to assume
that ay(|7; [N \ T']|) = 0. The third is just a normalization condition.

Let o € Fy and (T;Q) € ECY with |T;Q| = (t;ri‘l,...,r;\"). If i € T, we take
k(i) = 0 and |T;Q|; = t. For each i € R € @, we take k(i) € {1,...,p} such that
|R| = k() and | T Q| = Aoy Tra)-

Definition 3.4. Let o € Fy. The lattice structure value associated with o, LS, is

defined as the linear extension of the value defined for unanimity games by

ar) (115 Q)
T;Ql:
for all (T; Q) € ECY and i € N. The family of LS-values is the set {LS® : a € Fy}.

LS} (urq)) =

Hence, if v € GV and o € Fyy then LS® is determined by
LS*(v) = Y StrgLS (ume). (5)
(T;Q)eecy

These solutions can be seen as the application of the Shapley value to a particular
classic cooperative game. The next proposition unveils this relation and provides further

insights on unanimity functions.

Proposition 3.2. Let a € Fiy be a unanimity function. The LS-value associated with
a satisfies for each (T;Q) € ECY with |T; Q| = (t;r)", ... 7 that

LSQ(U(T;Q)) = Z oy ([T Q’)¢(uRk)7
k=0

T if k=0
with Ry, = -
{ U{R€Q2|R\:rk} R7 Zf k # 0.

Proof. Let i € N. Notice that N = U]_ Ry, and R, N R, = 0, for every k # [. Thus,
there is some k € {0,...,p} such that i € Ry. If we consider the classic unanimity

game of Ry and compute player i’s Shapley value, we obtain

1

¢i(ur,) = TR
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If k=0, Ry =T and |Ri| = |T; Qi. If k > 0, then |Ry,| = Ay, = |T; Qli. Then,

P Qay, <t; ri‘l, .. 7"?,"’)
(t:ry" ) )i(ur,) = = LS} (uir)
Qs Ty i\UR; |T Q| i \W(T5Q)) >
1=0 I 7
concluding the proof. O]

A game v € GV is said to be without externalities if v(S;P) = v(S;Q) for all
(S; P),(S;Q) € £CY. Each game without externalities v is associated with a classic
game w” € GV in the following way, for all S C N

w’(S) = v(S; [N\ S1). (6)

Note that we can consider that classic games are contained in the set of games with
externalities. The next proposition states that any LS-value coincides with the Shapley

value when the game is without externalities.

Proposition 3.3. Let v € GV be a game without externalities. Then, LS*(v) = ¢(w®),
for all a € Fy.

Proof. Let v be a game without externalities and v € Fly. First, we claim that

v AR, i Q=[N\T)
(T:Q) =

0, otherwise.

We proceed by a double induction: in the cardinality of T" and in the cardinality of Q.
First, we take the base case defined by |T'| =1 and |Q| = 1. If T' = {i}, then

ey = v} TN\ {i}]) = w"({i}) = AYy.
Now, let Q € II(N \ T') with |Q| = 2, that is, Q@ = {T1,T2}. Then,

vy = v({i} {11, To}) — v({i}; [Ty U T2]) = 0.

Suppose the claim is true for all ({i};@Q) with 1 < |Q| < m < n — 1. We prove the
equality when |@| = m. Following Lemma 3.1,

Stio) = v} Q) = Y 6fym = v({i}; Q) — v({i}; [N\ {i}]) =
P-Q

Now suppose the claim is true for all (7; Q) with 1 < |T'| <t < nand all Q € IIy\p. We
prove the equality when |T'| = t and |@] = 1. By Lemma 3.1, the induction hypothesis,
and Equation (2)

5E)T;[N\T]) =o(T;[N\TT) Z o (S;[N\ST) w(T) — Z Afs'{v = Alzgv- (7)

SCT SCT
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Suppose the claim is true for all (7'; Q) with |T| =t and 1 < |Q| < m < n—1. Consider
(T; Q) with |Q| = m. Again by Lemma 3.1, the induction hypothesis, and Equation (2),

(g = v(T;Q) — Z O(s:p) = W" Z Ay (8)

(S;P)C(T5Q):P#Q SCT

Thus, we prove the claim.
Second, it remains to show LS*(v) = ¢(v). From Proposition 3.2 and the concept

of a unanimity function we get for all ' C N,

LS (uerraryy) = our),

Finally, using Equations (1), (5), (7), and (8) we have

LSY(W) = Y OtrgLS(urg) = > A ¢ur) = p(w”),

(T;Q)eecy TCN
and that concludes the proof. O

Next, we show that some of the most well-known values in the literature are instances
of LS-values. This is the purpose of the next two examples. In the particular case of

the second example, this is far from obvious.

Example 1. The externality-free value of de Clippel and Serrano (2008), f, is a
value on GV defined as the Shapley value of the classic game v*, given by v*(S) =
v(S; | N\ S]). That is, for every v € GV, f¢(v) = ¢(v*). Obviously this value implies
a big loss of information. It is clear that u(y.o) = ur for all (T;Q) € £CY because

(T;Q) C (S; [N\ S]) if and only if T C S.
So, [(ur,0)) = ¢(ur) and then f = LS with

oz(t;ri‘l,...,r;"’) =(1,0,...,0) V(t;r,... ,r;\") € E,.
Example 2. McQuillin (2009) defined a value on GV that can be considered the
counterpart of the externality-free value. If de Clippel and Serrano (2008) used the top
of the lattice structure (EC", C) to define the associated classic game, McQuillin (2009)
used the bottom. That is, for every v € GV, fi(v) = ¢(v**), where v** € GV is defined
by v**(S) = v(S; [N\ S]) for all S C N.
Let (T;Q) € EC) and u(r,0) the unanimity game of (7; Q). First, we claim that

UriQ) = Z unvr — (|Q] — 1) un. (9)

ReQ
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If S C N then (7;Q) C (S; [N\ S]) if and only if there exists Ry € @ with N\ .S C Ry
(namely, N \ Ry C S). Moreover, as @ is a partition, Ry is unique. We obtain
uing)(8) =1 =1ump,(S) = > _ unn(S)
ReQ
It follows immediately that if (7;Q) Z (S; [N \ S]) then

U?;;Q)(‘% =0.
If S=N, clearly (T} Q) C (N; () and N\ R C N for any R € Q. Thus,
Ui (N) =1=3 uma(N) = (|| = Dun(N).
ReQ
In particular, if |@Q| = 1, then U{T.g) = UT-
Second, we check that f9 is also a LS® value. If ¢ € T then i € N \ R for any R

and if i € Ry € @ theni € N\ R for all R € Q\ Ry. Using the linearity of the Shapley
value, Equation (3), and Equation (9), we get

( 1 1
> R—|Q| , ifieT
ron — | Bl n

q

i (U(T;Q)) =

1 —1
> — _ 1<l . ifie R €Q.

Observe that if [T Q| = (¢;r,...,rp") then |Q| = b _1 Ak. Now we take the following
unanimity function. If (¢; ri\l, e ,T,),‘p) € FE,, with p>1,

p p o
o (e ) =1 lznikm - Zhak 1] |

k=1

and if ko € {1,...,p}

p
A P —1 1
A (t;ri\la'--vr;t)?\p) :)‘korko [E :n k,{, - Zk_l £ - ]
— Ik

n n—r
k=1 ko

Also a(t;n —t) = (1,0). Obviously, we have f¢ = LS In order to prove that «
is a unanimity function, we only need to check the third condition of Definition 3.3.
Suppose (t;777, ... ,r{,\p) € E, with p > 1. We have

b p
)\ p_ )\ —1
D an(tint, ) =t [Z n —krk a Zk_lnk ]

ko=0 k=1

P
+Z)\k07’kolzn_rk— - el

ko=1
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By the third condition of Definition 1,

p P ) -
3 (1) = [Z T » S8 1]

ko=0 k=1
p p
>\k Zz—l )\k —1 )\krk
—t E — = —

+ (n ) [ n—7rTg n n—rTe

k=1 k=1

p p p
n\k ATk

= Y N +1- =1.

In the next Example we introduce a generalization of the equal division solution,
studied for classic games by van den Brink (2007), to games with externalities.

Example 3. The modified equal division solution is a value on G defined by taking

1
(t,)\lTl,...,Apr), 1fp> 1

alt;r .. ,r;‘P) —{n
(1,0), ifp=1
for all (t;r),... ,7‘;}") € E,. Obviously, a is a unanimity function. Following Def-

inition 4, the LS-value associated to this unanimity function is given by the linear

extension of

, i@ > 1
fure) = 9=, if|Ql=1,ieT
0, ]QI=LigT

for every (T; Q) € £CY. On the one hand, f™¢ shares the unit among all agents when
|@Q| > 1. On the other hand, f™¢ shares the unit only among the players in 7" when

Q= 1.

S | e

4 Axiomatization of the family of LS-values

We introduce a new concept of contribution for a player in a game with externalities.
In the classic theory a contribution can be identified with a link in the Boolean algebra
(2N , g). Our approach uses the lattice structure (see Figure 1) of the set of embedded
coalitions, (£CY,C). The links in this lattice can be considered an indivisible step in
the formation of an embedded coalition and its associated worth. Links can be of two
types: a player joins a coalition or a group is divided in two. Accordingly, there are
two types of contributions. Each link represents a cover relation in the lattice. Let
(S; P),(T;Q) € ECY be two embedded coalitions, (T; Q) covers (S; P) if one of these
facts happens,

14



a) there exists i € T with S =T\ {i} and P = Q4 , or
b) S =T and there are two different groups 71,75 € Q with P = Q_¢r, )+ 1mum]

Definition 4.1. Let v € GV be a game. The contribution when (T;Q) covers (S; P) in
v 1s defined by
v(T; Q) — v(S; P).

In the classic theory, the contribution is marginal for a player because each link
represents a player joining a coalition. Now, there can be several players involved in a
contribution. We consider a player active in a link if his affiliation changes between its

two endpoints.

Definition 4.2. Let (S; P),(T;Q) € ECY be two embedded coalitions such that (T; Q)
covers (S; P). A playeri € N is active in the link, and it is denoted by (S; P) <; (T; Q),
'LfS = T\ {Z} or P = Q*{Tl,Tz}Jr[TlUTz] with 1 € Tl U TQ.

The contributions of the first type, are called marginal because each of them is
attributed to only one player. They are parallel to the marginal contributions in classic
games. But now we also have contributions of a second type that we call external.
The concept of null player is strongly connected to the idea of a contribution. Two of
the most used definitions of null player are the following (see de Clippel and Serrano,
2008; Macho-Stadler et al., 2007). A player i is a weak null player in v € GV if for all
(S; P) € ECN with i € S it holds v(S \ {i}; Pyrpay)) = v(S; P). A player i is a strong
null player in v € GV if for all (S;P) € ECY with i € S and T € P U {(} it holds
v(S\{i}; P-rr+rruqy) = v(S; P). Obviously any strong null player is also a weak null
player. None of these concepts take into account the external contributions. Now we

introduce a new notion of null player using the two types of contributions.

Definition 4.3. Let v € GV be a game with externalities. A playeri € N is a complete
null player in v if v(S; P) = v(T;Q) for every (S; P),(T;Q) € ECY such that (T; Q)
covers (S; P) and (S; P) <; (T;Q).

A complete null player has all his contributions null, namely in all the embedded
coalitions the contributions with this player active are null. All the complete null players
are also strong null players but not vice-versa. The next example shows a game with
externalities that illustrates the previous concepts and has a strong null player who is

not a complete null player.

Example 4. Consider the game with externalities over N = {1,2, 3,4} given by
v(4 {1} {2}, {3} = v(4: {{1},{2,3}}) = o(4; {{2}. {1, 3}}) = v({3,4}; {{1}, {2}}) = 1,
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and v(S; P) = 0 otherwise. The embedded coalition ({3,4}; {{1}, {2}}) covers ({4}; {{1}, {2}, {3}}).
In this case player 3 is the unique active player in the link. Besides, it gives rise to a

marginal contribution equal to

v({3, 45 {1}, {2}}) — (& {{1}, {2}, 81} =1 -1 =0.
The embedded coalition ({4};{{1},{2,3}}) covers ({4};{{1,2,3}. Now, players 1, 2,

and 3 are the active players in the link. In this case, the associated external contribution
is

v({4{{1},{2,3}}) —v({4}:{1,2,3}) =1 -0=1.
We check that player 3 is a strong null player. Let (S;P) € ECY with 3 € S. It
holds that if (S;P) # ({3,4};{{1},{2}}), then v(S;P) = v(S \ {3};Q) = 0 where
() is any partition of the form @ = P_(71jrugsy for any T € P or Q = Pyzy). If

(5;P) = ({3, 4} {{1},{2}}), then
v(S; P) = v({4}; {{1}, {2}, {3}}) = o({4}; {{1, 3}, {2}}) = ({4} {{1}.{2,3}}) = L.

Thus, we prove that player 3 is a strong null player. But player 3 is not a complete null

player because
o({4}: {{1}{2.3}}) = L and v({4};{1,2,3}) = 0.

Recall that a game without externalities is a game v € GV satisfying v(S; P) =
v(S;Q) for all (S;P),(S;Q) € £CY and that it can be considered equivalent to a
classic one. Indeed, if v € GV is a game without externalities then the classic game
associated to it (see Equation 6) is defined by w"(S) = v(S; P) for any P € Iln\g.
Next, we prove that if there is a complete null player in a game with externalities then

the game is equivalent to a classic game.

Proposition 4.1. Let v € GV. If there ewists a complete null player in v, then v is a

game without externalities. Moreover, this player is a null player in w® € GV .

Proof. Consider that i € N is a complete null player in the game v € GV. Let (S; P) €
£CY be an embedded coalition. We show that v(S; P) = v(S; [N\ S]) .

Suppose first that ¢ ¢ S. We proceed by induction on |P|. Obviously the result is
true when |P| = 1. If |P| = 2 then the result follows from the concept of complete
null player because if P = {11, Ty}, (S;{T1,T>}) covers (S; [T1 UTy]), i € Ty UT5, and
(S;{Th UTy}) <; (S;{T1,T>}). Now, assuming that the result is true when |P| =k — 1
we prove it for |P| = k. Let 11,7y € P with ¢ € Ty UTs. Then,

v(S; P) = v(S; P_yry my+rnum]) = v(S; [N\ S1),
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where the first equality follows from the definition of complete null player and the
second one by the induction hypothesis. Then, v(S; P) = v(S; [N\ S]) .

Secondly, suppose that i € S. The definition of complete null player and the above
result imply

v(S; P) = v(S\{i}; Prgyy) = o(S\{a}; [INNSU{i}]) = v(S\{i}; {N\S,{i}}) = v(S; [N\ST).

Finally, we show that player i is a null player in w". Let S C N with ¢+ € S and
P € IlIns. Then,

w’(5) = v(S; P) = v(S\ {i}; Pyy)) = w’(S\ {i}),
that is, player ¢ is null player in w” and we conclude the proof. O]

Sanchez-Pérez (2015) introduced and characterized a family of values by means of
linearity (SE1), efficiency (SE2), and symmetry (SE3). We provide the family of LS-
values with an axiomatization using the same axioms (SE1, SE2, and SE3) and a new
null player property. Before, we present two existing null player axioms (see for instance
de Clippel and Serrano, 2008; Macho-Stadler et al., 2007). Let f be a value on GV.
(SEda) Weak null player property. If i € N is a weak null player in v then f;(v) = 0.
(SE4b) Strong null player property. If i € N is a strong null player in v then f;(v) = 0.

The externality-free value (de Clippel and Serrano, 2008) is the only value on GV
satisfying (SE1), (SE2), (SE3), and (SE4a). Skibski et al. (2018) described the family
of values for games with externalities satisfying (SE1), (SE2), (SE3), and (SE4b). Next,
we introduce a new property based on the new concept of null player.

(SE4c) Complete null player property. If i € N is a complete null player in v then
fi(v) = 0.

Let N be a finite set, v € GV, and i € N. Let f be a value that satisfies (SE4D).
If 7 is a complete null player, then it is also a strong null player. Then, f;(N,v) =0
and we conclude that (SE4b) implies (SE4c). Let g be a value that satisfies (SE4a). If
i is a strong null player, then it is also a weak null player. Then, g;(N,v) = 0 and we
conclude that (SE4a) implies (SE4b). Summarizing, (SE4a) implies (SE4b) and (SE4b)
implies (SE4c).

Next, we show that every LS-value satisfies the axioms.

Theorem 4.1. All LS-values satisfy linearity (SE1), efficiency (SE2), symmetry (SE3),
and the complete null player property (SE4c).

Proof. Consider the LS“-value with a € Fy. We check that it satisfies each axiom.
(SE1). It follows directly from Definition 3.4.
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(SE2). Taken a game v € GV, Lemma 3.1 implies

v(N;0) = Z O(s;P)-

(S;P)eecdy

Since the linearity of the LS-values and Proposition 3.1 we have

(|T
S0 =Y Y fralSne) =Y, ¥ g G

iEN iEN (T;Q)eech N (T;Q)eecy
. v (093 z)(|T7 Q|)
= ) el oL
(T;Q)eecy ieN T

Taking into account the definition of a unanimity function, we obtain for each (7; Q) €

ECY with |T;Q| = (t;7*, -+ ,rp?) and Q = {T1,....T,},

Z ar) (175 Q1) _ aotry, -+, 1p") n i)\k Z gy (171"
iEN 7: Qs €T L k=1  ieTy AT
p
= ot - - ,7’;}1’)21.
k=0

(SE3). Consider § € O and (T;Q) € £CY. Note that Ouir.g) = wereg)- In fact,
Our,q)(S; P) = wir,o)(07'S; 07 P) and then Our,o)(S; P) = 1if (T;Q) T (67'S;07'P),
namely (07;0Q) C (S; P), and Ou(r,0)(S; P) = 0 otherwise. But |T; Q| = |0T;0Q)| and
so we obtain LSg (Au(r.q)) = LS (v) foralli € N. If v € GV then for each (T; Q) € ECy
we have 6(95’T;9Q) = 5EJT;Q)' The equality is true when we take an embedded coalition of
the form ({i}; [N \ {i}]) with ¢ € N because

8ty rvvgonyy = 0v{0i}; TN\ {0i}]) = v({i}; TN\ {i}]) = gy ran iy

From Lemma 3.1 we get the equality by induction for all the embedded coalitions. So,
by the linearity of the value,

LSg:(0v) = Z 5y (0T;6Q) LSgi(wereq) = Z 5€T;Q)LS?(U(T;Q)) = LS} (v).
(0T;0Q)eecy (T;Q)eecy

(SE4c). Suppose there exists a complete null player i € N in v € GV¥. Proposition 4.1
implies that v is a game without externalities and that player ¢ is a null player in w".
As the Shapley value satisfies the null player property, then Proposition 3.3 establishes
that LS (v) = ¢;(w") = 0. O

The next theorem shows that the only values satisfying these axioms are LS-values.
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Theorem 4.2. If a value on GV satisfies linearity (SE1), efficiency (SE2), symmetry
(SE3), and complete null player property (SE4c), then it is a LS-value.

Proof. Let f be a value on GV satisfying the axioms. By linearity we only need to find
a unanimity function o such that for all i € N and (T; Q) € ECY,

o (|15
filwrg) = W (10)

Let (t;rfﬂ...,r{}”) € E, and (T;Q) € ECY with |T; Q| = (t;ri\l,...,r;\”) We take
forevery k=1,...,p

ap, (t;rfl, . ,7’;?) = Mrefi(urg)

being i € T" € @ with |T'| = r,. Besides, we consider

ao (Gr7,. mr) = thi(urg)

with ¢ € T and |T'| = t. Symmetry of f guarantees that « is well defined, because the
payoff is the same for all the players in groups with the same size for all the embed-
ded coalitions of a given cardinality. Obviously, the function « satisfies the required
equality, thus we focus on checking that « is a unanimity function. By definition
Q@ <t;r1\1, o ,r{}”) € RrH! for all (t;ri‘l, o ,r{)\”) € E,. Let (t;n —t) with ¢t > 0. We
have
ai(t;in —t) = (n — ) filuev),

with |T'| = ¢ and 7 ¢ T'. Since i is a complete null player in wp,x\ 7)) and f satisfies the
complete null player property, we obtain ay(t;n —t) = 0. Now fixed (t;777, ... ,r;p) €
E,. Let (T;Q) € EC) with |T;Q| = <t;ri‘1, . ,r,’)\"). By efficiency and symmetry of
f, we have

p p
Zak (f; 7’1\17 e 77”2’7) = Z)\k'f’kfi(u(:r;@)) = Zfi(u(T;Q)> = U(T;Q)(N; 0)=1.
k=0 k=0 iEN
Thus, we finish the proof. O

Notice that Equation (10) provides a method to obtain the unanimity function
associated to a LS-value from the payoffs in unanimity games.

Sénchez-Pérez (2015) described the family of all values on GV that satisfy (SE1),
(SE2), and (SE3). Thus, the LS-values are instances of that family, but not all the
values satisfying these three axioms satisfy the complete null player property. For

instance, the equal division value, defined by

i) = v(N;@),

n
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for all i € N and v € GY satisfies (SE1), (SE2), and (SE3) but not (SE4c). Since
(SE4b) implies (SE4c), then all the values on GV studied by Skibski et al. (2018) are
LS-values. But there exist LS-values which do not belong to that family as we see in

the next Section.

5 The covering value

In this section we introduce a particular LS-value following an interpretation of the
Shapley value in classic unanimity games (see Equation (3)). Consider a classic una-
nimity game ur for a non-empty coalition 7' C N. The Shapley value shares the unit of
worth equally among the contributions to this coalition. We have |T'| contributions, in
each of them the contribution is marginal for a different player of T. Hence, the payoff
to a player is the probability of being an active player in a contribution. We extend
this idea to unanimity games with externalities, taking into account our considerations
on what a contribution for a player is. First, we calculate the number of contributions

to a particular embedded coalition.

Proposition 5.1. Let (T;Q) € ECY. The number of embedded coalitions covered by
(T;Q) 15

0) — QI(QI—1)
cov(T; Q) = |T| + —

Proof. There is one for each player in coalition T" of the form (T \ {i}; QH{Z'}J)' Fur-
thermore, we have one for each union of two different groups of @), (T; Q—1s,Ry+[SU Rl)a

QIIRI-1)
2

and there are as many as of them. O]

According to Proposition 5.1, if we take (T'; Q) € £C5 with |Q| = 1, then cov(T; Q) =
|T.

Take an embedded coalition (S; P) covered by (T; Q). If (S; P) produces a marginal
contribution, namely S = T\ {i} for certain i € T, then we allocate the contribution
to player 7. If (S; P) generates an external contribution, namely S = T', then we share
the contribution among the active players in the link, all of them out of 7', and the
players in the coalition T. We include players in T" because they form the coalition that
generates the worth. So, we assign to each player in T a marginal contribution and a
part of each external contribution, and we assign to a player not in 7" a part of those

external contributions in which he is active in the link.
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Definition 5.1. The covering value is the linear extension of the function defined by

(
— |1 fi el
COU(T Q) * Z |+ |R| |’ ie

rilurg) =
T ETT figT
s 1 1

on(1Q) 2, T+ 1H

\ 1€ER

for every (T; Q) € ECY, where U(Q) ={SUS": 5,5 €Q,S #5'}.
Next we show that the covering value is an instance of the family of LS-values.

Proposition 5.2. The covering value is a LS-value.

Proof. Let (t; ri‘l, e ,7’2‘”) € E,. We define

A+ X)) =M+ + A

cov (try's....mp7) =t + 5 : (11)
t p )\2_)\ p A
" ) 'k k k/A\m
Oéo(t,T'l ,...7rp): +  MAm |
’ cov <t;’l"i\1,.. TI))\p> ; 2t+4rk m:Z]Hlt‘f‘rk‘i‘Tm
(12)
and forallk=1,....p
ARt =1 & A
M A ETk k .
ag (it ..o,rr) = n e | 3
( 1 p) cov(t;ri\l,...,r;\?) t+ 2r %t+rk+rm (13)

We have to prove that the covering value can be obtained applying Equation (10)
through function o and that « is a unanimity function. First, let (T; Q) € £C) with
|T;Q| = (t; L ,r}}”). Since [Q| = A + -+ -+ A, then cov(T; Q) = cov(|T; Q)|). Let
1 €T. We get

A2 — )\ & A
Tk TR _em 14
2t‘|—47“k+m:zk:+1t+7“k+7’m ’ ( )

1 p
2 TeE

ReU(Q)

by reordering the elements in U(Q) according to the size of the groups in Q). Let i & T
Then, in a similar way we obtain

IR VS A
+ _ 15
D T R T DY e (15)
ReU(Q m=1
zeR m#k
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Combining Equations (11)-(15), we have that

o (IT; Q)
Iﬂ?,’(’U/(T;Q)) = W, ‘v’k:(),,p

It remains to show that « is a unanimity function. By definition « (t; ri\l, e ,7"2”) €

RPFLTIf ¢ > 0 then cov(t;n —t) =t + 0=t and

n—=t
a(t;n—t) = 0=0.
Finally, we need to prove that
p
Do (b ) =1
k=0

Observe that

P 2t+47"k . t—|—27“k — 2 ’
and also
p p p p p p
MeAm A
+Z>\k7’k Z = )\k>\m (17)
prtrn ST e Tt v
m#k
Thus, adding up ¢ and Equations (16) and (17), we obtain
P 9 p p 2
AL — A ()\1+"'+)\)—(>\1+"'+)\)
t—l—z k 5 +Z Z Ay = T+ L 5 P = cov(t;ri\l, e ,r;)\”),
k=1 k=1 m=k+1
which completes the proof. n

The covering value is an example of LS-value, then it satisfies (SE4c), but does not
satisfy strong null player property. We show this fact in the next example.
Example 5. Let us take up again the game with externalities defined in Example 4.
Recall that player 3 is a strong null player in v but he is not a complete null player.
We determine player 3’s payoff given by the covering value. The game v, following
Proposition 3.1, can be written as

U = U({ay{1},42,3) T U {21,{1,3) T U{ah {11 {2108D) T U({145{2,3) T U{2ak{1,3h) TU{1,2,4}:{3))-
Applying the covering value to the involved unanimity games, we get

1 1 1
Ra(uappyizan) = g me(uqanerasn) = msluqasunenen) = §

Ka(unani23h) = Ks(uzan1,ah) = Ks(u2ayen) = 0.
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1
As k3(v) = T3 # 0, the covering value does not satisfy the strong null player property.
The covering value for all the players is

(v) 1 1 1 1
k) =——=,——=,—=,—= |-
127 12712712

For illustrative purposes, we compute the payoff vectors given by ¢ and f9, defined
in Example 1 and Example 2, respectively. Notice that

V= Uy — Uy — U4y +upqy and v = 0.

Thus,

P =007 = (. -g.03) and 1) = 9(e7) = (0.0,0.0

Proposition 5.2 guarantees that the covering value satisfies linearity (SE1), efficiency
(SE2), symmetry (SE3), and complete null player (SE4c). We propose now properties
that pin down the covering value. We follow the idea of hierarchical power of Faigle
and Kern (1992) in the sense that we propose certain proportionality between the
payoffs in a unanimity game and the measure of power for an embedded coalition. Let
(T;Q) € EC{ be an embedded coalition. The power in this embedded coalition is
measured by two levels: the activity level of coalition T" with respect to )

: T
S 2 T
ReU(Q)
and the splitting level of (T'; Q)
(T:Q) _ |7
W= D A

ReU(Q)

The splitting level can be divided among the groups of the partition as follows. For

each S € Q,
(T:Q) 5]
splg ™ = E —_—
oo [T+ 18]
SCR

Observe that spl™*?) = 0 if and only if |Q| = 1. Additionally,

Z splng;Q) = splT9  and  actTQ + spiTiQ) = cov(T; Q).
Seq

In the following we propose two new properties based on these measures in order to
characterize the covering value. Let f be a value on GV.
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(SEb) Proportionality on activity versus splitting. For every embedded coalition (T'; Q) €

ecy,
splTi@) Z filurg) = act™@ Z filwrq).

ieT iEN\T

(SE6) Partial splitting level property. For every embedded coalition (T;Q) € ECy,
S,58 € Q),
Spl( <) Zfz u(TQ = Splsl Zfz u(TQ
€S’ €S

To conclude this Section, we characterize the covering value in the next result.

Theorem 5.1. The covering value k is the only value on GV satisfying linearity (SE1),
efficiency (SE2), symmetry (SES3), proportionality on activity versus splitting (SE5),
and the partial splitting property (SEG).

Proof. Existence. In Theorem 6, we proved that all LS-values satisfy (SE1), (SE2) and
(SE3). It is easy to check that the covering value x satisfies (SE5) and (SE6).
Uniqueness. Let f be a value on GV satisfying all the axioms in the statement. By

(SE1) we only need to show uniqueness for unanimity games. Let (T; Q) € £CY. Since
f satisfies (SE2) and (SE5), we obtain

splTQ)Zfz TQ))—act ll—Zfz u(TQ ]

icT €T
Hence,
act(T§Q)
> filure) = — o Spl Q)"

i€T
Using (SE3), we get fi(ur,0)) = fj(wmr)) for all 4,5 € T. Then, for each i € T" we

have
act(TQ)

Jitura) = IT'| (actT:Q) + spl(T5Q))°
Applying again (SE3), fi(ur,0)) = fi(urg)), forall ,j € S with S € Q. Let i ¢ T. If
|Q| = 1, namely @ = [N \ 7], then (SE5) and (SE3) imply

act"VIN\ T fi(uerq)) =0, (18)

because the splitting level is splTi®) = 0. Thus, filwr,g)) = 0. Suppose now that
|Q| > 1. Let us take S € @ with ¢ € S. Applying (SE6) we have for each S’ € @,

S'# 5,
ij wriQ) Spls, ij UrQ))-

jes’ JES
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Using (SE2), we obtain

urg)(N;0) = 1= filure) + > D filurg)

jeT S'eqQ jes’
(T5Q)
splg,
=Y filura) + 1S filura) D i
JET seq Spls

\S|spl(TQ
—ng U(r;Q)) pl(TQ) — g filure):

JET

But, since f;(u(r,g)) is unique for all j € T', then f;(u(r,)) is also unique, which finishes
the proof. 0

In Theorem 6 we provide a characterization of the family of LS-values, using among
others, the complete null player property (SE4c). Even if the covering value is an ele-
ment of this family, this property is not directly included in Theorem 10. Nevertheless,
notice that under symmetry, the definition of the splitting level of an embedded coali-
tion and (SE5) imply the complete null player property (SE4c) as you can see in the
proof of Theorem 10 (Equation (18)).

6 Conclusions

Inspired by our previous work on a lattice structure of ECV, we have built the family of
LS-values which contain many of the existing generalizations of the Shapley value. As it
is a broad family, it is not easy to find a closed expression for an arbitrary member. The
computation in a particular game is also not a simple task as one first needs to write
the game as a combination of unanimity games. However, the family of LS-values is
supported by an appealing axiomatization that uses four properties that generalize the
ones used by Shapley (1953) in his seminal characterization. The first three properties,
efficiency, symmetry, and linearity are very standard and have been extensively used
in the framework of games with externalities. The fourth one, is the main novelty of
the characterization result as it is a new version of the null player property. There is
quite a debate about how to generalize the classic property and we contribute to it
by introducing a property which is weaker than others. Actually, it can be considered
the weakest possible generalization of the classic null player property by the result in
Proposition 4.1. Figure 2 depicts the inclusion relation among several families of values
for games with externalities. We use boldface letters for families of values. This means
that any value in the Skibski et al. (2018) family is a LS-value and any LS-value is a
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value of the Sanchez-Pérez (2015) family. We have just identified a value that is a LS-
value, but that does not belong to the family of Skibski et al. (2018). It is the covering
value. Similarly, using the equal division value we have seen that not all values in the
Sanchez-Pérez (2015) family are LS-values.

We devise the following future research lines. First, to facilitate the application of
values to real examples related to expert systems, methods to ease the computation
of values should be developed. Second, we plan to study monotonicity or marginality
properties that LS-values might satisfy and explore alternative characterizations of the
family. Finally, there are some open questions about how to write other values proposed
in the literature, like the ones introduced in Albizuri et al. (2005) or Hu and Yang (2010),
as LS-values.

Sanchez-Pérez (2015)

LS-values covering value

Skibski et al. (2018)
Albizuri et al. (2005)
Macho-Stadler et al. (2007)
de Clippel and Serrano (2008)
McQuillin (2009)

Dutta et al. (2010)

Figure 2: Families of values diagram.
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