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Abstract

The second generalized GK function fields K, are a recently found family of maximal function fields
over the finite field with ¢?" elements, where ¢ is a prime power and n > 1 an odd integer. In this paper
we construct many new maximal function fields by determining various Galois subfields of K,,. In case
ged(g+1,n) =1 and either ¢ is even or ¢ = 1 (mod 4), we find a complete list of Galois subfields of K.
Our construction adds several previously unknown genera to the genus spectrum of maximal curves.
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1 Introduction

A function field F' defined over a finite field with square cardinality is called maximal, if the Hasse—Weil
bound is attained. More precisely, for a function field F' of genus g(F) over the finite field Fg. with Q2
elements, the Hasse—Weil bound states that:

N(F) £ Q*+1+29(F)Q,

where N(F) denotes the number of rational places N(F') of F. For a maximal function field it then holds
that N(F) < Q%+ 1+ 29(F)Q.

An important example of a maximal function field is the Hermitian function field H over the finite
field F,2. It can for example be defined as follows: H = F2(z,y) with y9™ = 27! — 1. The Hermitian
curve has genus q(q — 1)/2 (in fact the largest possible genus for a maximal function field over Fy2) and a
large automorphism group isomorphic to PGU(3, ¢). Since a subfield of a maximal function field with the
same field of constants is maximal by a theorem of Serre [18], computing fixed fields of H of a subgroup
of PGU(3, ¢) have given rise to many examples of maximal function fields. Since all maximal subgroups of
PGU(3, q) are known, subgroups of these and the corresponding fixed fields have been studied in various
papers, see for example [I, B 10} 22]. One such maximal subgroup arises by considering the stabilizer of
a rational place of H. This maximal subgroup, its subgroups and the corresponding fixed field of H have
for example been studied in [3 [I0]. Another maximal subgroup of PGU(3, ¢), which we will denote by My,
arises by considering the stabilizer of a chord £. A full description of the subgroups of this group was given
in [6] for even ¢ and in [23] for ¢ = 1 (mod 4). Many genera of maximal function fields have been obtained
in this way, adding to the understanding of the genus spectrum of maximal curves. For ¢ = 3 (mod 4) a
complete list of subgroups is not known.
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In [IT] Giulietti and Korchméros [I1] introduced a new family of maximal function fields (GK function
fields) over finite fields Fys, which are not subfields of the Hermitian function field over the corresponding
field for ¢ > 2. Therefore considering subfields of the GK function field, can give rise to new genera of
maximal function fields. Such examples were found in for example [8]. Later, the GK function field was
generalized in [9] to a family of maximal function fields over finite fields Fj2n with n odd. These maximal
function fields are often called the Garcia—Giineri-Stichtenoth (GGS) function fields. All subgroups of the
automorphism groups of these fields were classified in [2], but before that several subfields were already
determined in [I5].

Recently a second generalization of the GK function field was discovered [4]. As for the GGS function
field, for each odd n a maximal function field K, was found with constant field F2». Though the genus of K,
is equal to the corresponding GGS function field, their automorphism groups are different. A preliminary
study in [4] already revealed that new genera of maximal function fields can be obtained by considering fixed
fields of subgroups of Aut(K,,). The current article expands upon these results and is the analogue of [2] for
the second generalization K, of the GK function field. We are mainly interested in the cases that g is even or
g =1 (mod q), since otherwise not even a complete list of subgroups of M is known. With this restriction,
we construct many subgroups of the automorphism group of K,,. If additionally ged(q 4+ 1,n) = 1, the list
is complete.

2 The curve X, and its automorphism group

Throughout this paper p is a prime, ¢ = p” with h > 1 and n > 1 is odd. Let K be the algebraic closure of
Fg2n. We denote with &}, C P3 the algebraic curve defined by the following affine equations

yott = xott 1

X, X X
VALES)
Xatl —

where m := (¢" + 1)/(q + 1). Further, let K,, = K(z,y,z) with y9t* = 29t1 — 1 and 2™ = y(a¢ —
z)/(x?! —1) be the function field of X, over K. The Hermitian curve H, C P? defined by the affine equation
Yatt = X9t — 1, gives rise to the subfield H := K(z,y) of K,,.

The curve X, and its function field K, were constructed and studied in [4], where it was shown that A,
is a maximal curve when considered over the finite field 2. Moreover, the full automorphism group of K,
and hence X,,, was determined in [4]. More precisely, it was shown there that

Aut(Ky) = {aape | altt — ettt =1, §qn+1 =1},

with agqp,¢ acting on z,y, z € K,, as follows:

Qg b () a €™ 0 x
aapely) | =1 ¢ a%™ 0 y
Qg b (Z) 0 0 f z

In particular, we have |Aut(K,,)| = q(¢>—1)(¢"+1). Denote by O the set of ¢+ 1 places of K,, corresponding
to the F2-rational points of AX},. The group Aut(K,,) acts on O in two orbits. One orbit, which we denote
by O1, is formed by the ¢ + 1 places RL_,..., RIT! of K,,, centered at the ¢ + 1 points at infinity of X,.
We denote the other orbit O \ O with Oy. Denoting by Aut(K,,)p the subgroup of automorphisms fixing a



place P of K,, we see from the Orbit Stabilizer Theorem that |Aut(K,)p| = q(¢*> — 1)m for every P € Oy,
while |Aut(K,)p| = ¢" +1 for every P € Oy. From [I7, Theorem 11.49], we deduce that for P € O7 we have
Aut(Xy,)p = Ey % Cig2_1ym, where E, is an elementary abelian group of order ¢ while C42_1), is cyclic of
order (¢? — 1)m. Similarly for P € Os, we have Aut(X,)p = Cyny1 is cyclic. The orbits O and O, are the
only two short orbits of Aut(Ky).

Any automorphism of K, gives rise to an automorphism of H by restriction. Hence we have a group
homomorphism 7 : Aut(K,,) — Aut(H). The restriction 7(ag,p¢) € Aut(H) will be denoted by B4 5 ¢m. Note
that S4.5,¢m only depends on a,b and £™, justifying the notation. Note that M, := w(Aut(K,)) is a maximal
subgroup of Aut(H) = PGU(3, q) of cardinality (¢*> —¢q)(g+1). The notation M, is motivated by the fact that
this group consists exactly of those elements of PGU(3, ¢) that stabilize the line ¢ defined by T'= 0 when
using the homogeneous coordinates (X : Y : T') for P2. We use several subgroups of Aut(K,,) very frequently
in the sequel; see [4] for more details. First of all, define Sy := {aap1 | a?™ — 91 = 1}. Tt is a normal
subgroup of Aut(K,) of cardinality ¢®> — ¢ isomorphic to SL(2, ¢). Since 7(S;) = Sy, we may identify these
groups. Therefore, with slight abuse of notation we will denote them both by Sy. In this way, group Sy can
be interpreted as a normal subgroup of M, of index g+ 1. A further subgroup that we will use frequently, is
Chy i=kerm = {an,0,¢ | ™ = 1}. Since C,,, = kerw, we have Aut(K,)/Cy, = M,. Note that C,, is a central
subgroup of Aut(K,,) as well as a cyclic group of order m. As a result, the subgroup of Aut(K,) generated
by Sy and C, can be written as a direct product Sy x C),. Also note that any non-trivial element from C,,
fixes all ¢® 4 1 places of K,,, corresponding to the [F,»-rational points of A&},. Moreover, the fixed field of C,,
is precisely the function field H. The group Aut(K,) also contains a cyclic group Cyn41 of order ¢™ + 1,
namely Cyni1 = {010, | gl = 1.} Note that Cyni1 NSe = {a,0,1}. Since S, can be seen as a normal
subgroup of Aut(kK,,), this gives rise to the following semidirect product description: Aut(K,) = S X Cyny1.

Given a subgroup L C Aut(K,), we obtain by restriction a subgroup n(L) of Aut(H). To easy the
notation, we write L := m(L). From the Second Isomorphism Theorem, we obtain that L = L/(LNkern) =
LC,,/Chy,. In the sequel, we will write Ly, := LNC,,. In particular, we have |L| = |L|-|L,,|. As a first result,
we relate the genera of the fixed field of a subgroup L C Aut(K,,) with that of the subgroup L C Aut(H).
This relation will give the first step in reducing the classification of the genera of Galois subfields of K, to
that of the genera of Galois subfields of H containing the fixed field of M,. For a subgroup L C Aut(K,),
we denote with KL its fixed field and similarly H” denotes the fixed field of L. C M. Further a subgroup of
Aut(K,) or My is called tame, if it has order relatively prime to g.

Theorem 2.1. Let L C Aut(K,,) be a subgroup and write L, = LNCy, and L = 7(L). Purther assume that
the set O of ¢> + 1 places corresponding to X, (Fy2) is partitioned in N orbits under the action of L. Then

m

m
2gL—2——(2g—2)+N(——1>,
L] |Lom|

where g1, (resp. gz) denotes the genus of KX (resp. HL). In case L is tame, we have

(@° = D(g+ D (m/|Lm| 1)
2|L]

gL =9gr + .
Proof. First of all note that any place of H” ramified in the extension K,,/H’ needs to lie below a place in
O, since O; and Oz are the only short orbits of Aut(kK,). Moreover, since H = K& the fixed field of C,,,
we see that HY = KLCn. Therefore, the extension KL /H" is a Galois extension with cyclic Galois group
LCy,/L = Cy,/Ly,. Since any element of C,, fixes all places in O, any place of H” lying below a place in O
is totally ramified in the extension KX /HZL. Hence the number of places of H% that ramify in the extension



K, /H" is equal to N. Since the extension degree [K, : HY] = m/|L,,| is tame, the Riemann-Hurwitz
theorem implies the first part of the theorem.

Now suppose that L is a tame subgroup. Let O denote the set of places of H corresponding to the
IF,»-rational points of H,. The above proof implies in particular that the places in O = O; U O3 are totally
rarmﬁed in K,/H. T h1s implies that the action of the subgroup L on O is equivalent to the one of L on O.
In particular, the number of orbits in O under the action of L is the same as N, the number of orbits in O
under the action of L. For a given place P of H denote its restriction to H* with P;. Moreover, let e(P|P;)
denote the ramification index of P in the extension H/H%. Then we have

STePP) =YY e(P|Pp) =Y [H:HY =N -|LJ.

PeO Pr, P|Pg Pr,

Here the summation P, is over all places Py of H L lying below a place in O. On the other hand, since L

is tame, the Riemann-Hurwitz theorem applied to the extension H/H L implies that

> e(PIPp) =10|+ > e(P|P;) —1=1[0]+¢* —q—2— |L|(291 — 2).
PcO PeO

Here we used that H has genus q(q — 1)/2. Combining these expressions and using that |O] = ¢ + 1, we
can express N in terms of ¢, |L| and g;. Substituting this expression in the formula given in the first part
of the theorem, we obtain the desired result. o

Remark 2.2. The proof of Theorem [21] implies that N can be computed given only L, since N is equal to
the number of orbits in O, the set of places of H corresponding to the F 2 -rational points of H,, under the
action of L. Note that the group My acts on the places of H with two short orbits Oy and Oy given by the
places lying below those in O1 and Oz respectively.

The above remark shows that once a group L C My is given, the number of orbits N can be determined.
The only data from L that is needed in order to compute gy, is that cardinality of L,, = LNC,,. Our strategy
in the classification of all possible genera gy, is to classify all possible genera ¢g; and number of orbits N for
subgroups L C My, and then to study what the possibilities for |L,,| are for a given L C M. In order to do
this, we study certain subgroups of L. We first define two maps used to analyze the situation.

Definition 2.3. For a divisor k of ¢" + 1, let uy, C Fi2n denote the multiplicative cyclic subgroup of Fran of
order k. Define p : Aut(K,) — pgny1 by p(aape) = &. Similarly define p: Aut(H) — pg+1 by p(Bapc) = C.
Lemma 2.4. Let a subgroup L C Aut(K,) be given and write Lo := p(L), L1 := L N (S; x Cy,) and
L:=n(L). Then the following hold:

1. p(L) = Ly,

2. LﬁSg = F(Ll),

Proof. To prove the first item, note that p(m(cape)) = €™ = p(aqpe)™. Since L = m(L), this implies that
p(L) = LI The second item follows, first observe that m(L N (Se x Cy,)) = m(L) N Se, since 7(Se x Cy) =S¢
and 71(Sy) = Sy x Cp,. This implies that w(L;) = 7(L N (S¢ x Cy)) = (L) NSy = L N Sy, proving the
second item of the lemma. Finally, if o p.¢ € L1, then £™ = 1, since Ly C Sy X Cyy,. Hence p(L1) C Lo N figy.
On the other hand, if £ € Lo N iy, then there exists aqp¢ € L such that €™ = 1. By definition, this implies
that o p.e € Li. Hence p(L1) O Lo N fn. O



The point of this lemma is that a group L gives rise to a triple of groups (Lo, L1, L), with certain
properties that at least partially determine L. The following theorem gives a partial converse.

Theorem 2.5. Let Ly C pgni1, L1 C S¢x Cy, and L C My be groups satisfying p(L) = L', LNS; = w(Ly),
and p(L1) = Lo N . Moreover, assume that L1 NChr, = {a1,0¢ | € € Lpﬁﬂm}- Then there exists a subgroup
L C Aut(K,) such that p(L) = Lo, LN (Se x Cy,) = L1, and n(L) = L.

Proof. Let a triple (Lo, L1, L) with the indicated properties be given and denote with 7 a generator of the
cyclic group Lo. Then ¢ := n™ is a generator of Lg'. Further define s := |Lg'|. Since p(L) = L{*, for each
integer i, there exists an element g; € Aut(K,,) such that 7(g;) € L and p(m(g;)) = ¢*. We set go = a1,0,1 to

be the identify element of Aut(K,). Now consider the set
L= Uf;olgiLl C Aut(K,).

First of all, we claim that L is a subgroup of Aut(K,). Indeed, choose two elements from L, say g;l; and
gjlo, where 11,1y € Lq. Further choose an integer k such that 0 < k < s and i —j = k (mod s). To show that
L is a group, all we need to show is that the element g := g,;l(gill)(gjlg)_l is an element of L, since then
(9il1)(gjl2)~* € grL1 C L. Now note that 7(g) € L, since n(L1) C L and 7(g;),n(g;),7(gx) € L. On the
other hand by choice of k, p(m(g)) = ¢*~7~% = 1, with together with the previous implies that 7(g) € LN S,.
Since LNSy C 7w(L1), we see that there exists h € L; such that 7(g) = 7(h), implying that gh~! € kerm = C,,
and hence that gh™ = ay o¢ for some & € fi,,. On the other hand, £ = p(gh™') = "7 *p(l115 ' h~1) € L.
Combined with the previous and the assumption that Ly N Cp, = {a10¢ | £ € Lo N pm}, we see that
gh~! € L;. Since by construction h € Ly, this implies that g € L; just as we wanted to show. This concludes
the proof of the claim that L is a subgroup of Aut(K,).

It is clear by construction that p(L) C Lo, since p(g;) = n° € Lo and p(L1) C Lg. Moreover, since
p(g1) = n is a generator of Lo, we see that p(L) = L. Now we show that L N (S¢ x Cp,) = Lq. It is trivial
to see that the inclusion L N (S x C,,) 2 L1 holds. Now suppose that g;l1 € LN (S; x Cy,), where g; is as
in the previous and I; € Ly. If g;l; € S; x Cp,, then p(w(gil1)) = 1, but on the other hand p(n(g;l1)) = (.
Since 0 < i < s and ¢ has order s, this implies that i« = 0. But then g¢;ly = I € L1, which is what we
wanted to show. Finally we prove that (L) = L. From the construction of L it is clear that m(L) C L and
that m(L) = Ui_g7(g:)m(L1) = UiZg7m(g:)(L N Sp). Since p(n(g;)) = ¢, we have |7(L)| = s-|L N S|. On
the other hand, the map p restricted to L has image L§* and kernel precisely L N S;. Therefore, we obtain
|L| = s|L N Sg|. This implies L = 7(L). O

Corollary 2.6. Let Lo C pigni1 be a subgroup of cardinality r such that Lg" is a group of cardinality s.
Then r = s - ged(r,m). Moreover, let L C M, be a group satisfying p(L) = L{, then there exists a subgroup
L C My such that w(L) = L, p(L) = Lo, and |L N Cy,| = ged(r,m).

Proof. Tt is easy to see that if Lg is a cyclic group of order m, then L{* has cardinality m/ ged(r, m). This
proves the first statement. Since S, can be interpreted as a subgroup of Aut(K,), the same is true for LN S,.
Also the group Lo Ny, can be interpreted as a subgroup of Aut(K,) by identifying £ € Lo N iy, with aq¢.
With these identifications in mind, define Ly := (L N S¢) x (Lo N ptn) C Sg X Cpy. Clearly LN Sy = 7(Ly),
and p(L1) = Lo N . Moreover, |[L N Cy,| = |L1 N Cr| = |Lo N pm| = |Lol/|LFY| = ged(r,m) by the first
part. Theorem can therefore be applied. O

In general, for a subgroup L of Aut(K,), L, = LN Cy, = L1 N Cp, can be thought of as a subgroup
of Ly N pt,, but it need not be the whole group. For the group L constructed in the proof of Theorem [2.5],
we have Ly, = Lo N py,. Other groups L giving rise to the triple may exist such that L,, and Lo N p, do



not have the same cardinality. In view of Theorem 211 the cardinality of L,, is important when calculating
possible genera gy, of the fixed field of L and the groups constructed in Theorem 2.5 may not give rise to a
complete list of possible genera g;. However, as we will show now in some cases all genera will already be
obtained using the groups constructed in Theorem

Corollary 2.7. Let L C My be a subgroup and write s := |p(L)|. Further, let L C Aut(K,) be a subgroup
such that m(L) = L and write Ly, = LNC,,. If gcd(s,m/|Lm|) = 1, then there exists a subgroup L C Aut(K,,)
constructed using Theorem such that g1, = g;.

Proof. Theorem 211 implies that the genus of g;, depends on data involving L, but otherwise only on the
cardinality of L,,. Now for L, := (LN Sg) x Ly, C Sg x Cyy, we have |p(l~/1)| = |L,,|. Let Ly C pgny1 be the
cyclic subgroup of order r := s |L;,|. Then ged(r,m) = |L,,|, since by assumption ged(s, m/|L,,|) = 1 and
hence |L7'| = s. Applying Corollary we obtain a group L with the property that w(L) = L, p(L) = Ly,
and LN Cm = Ly,. Hence gr, = g; by Theorem [2.1], which is what we wanted to show. O

Note that the condition ged(s,m/|L.,|) = 1 is automatically satisfied in case ged(m, g+ 1) = 1, since s
divides ¢+ 1. Hence we can classify all possible genera gz, in terms of subgroups L of M; if ged(n, g+ 1) = 1.
If this condition is not satisfied, we obtain many, but potentially not all, possible genera ¢gr. In the next
section, we now turn our attention to a description of subgroups of M, when ¢ is even or ¢ =1 (mod 4) as
well as their combinatorial dates needed to apply Theorem 2.1

3 Some preliminary results on M; and PGU(3, q)

The Hermitian curve H, can be seen as the set of points P = (X : Y : Z) in P? satisfying Y9+! = X9+l za+1
that is, as the set of isotropic points of P? = P?(K), where K = qu, with respect to the unitary polarity
defined by the Hermitian form Y9+! — X9+t 4 za+l

In particular, given a point P = (a : b : ¢) in P? then its polar line ¢ with respect to H, is defined as
0: —a'X +b1Y +c1Z = 0. If P € H, then £ is the tangent line of H, at P, otherwise P ¢ ¢ and / is
(¢ + 1)-secant line at H,. The couple (P, ¢) is called a pole-polar pair (with respect to H,.

Using this geometrical point of view, the following lemma describes how an element in PGU(3,q) of
a given order acts on P?, and in particular on H,. This can be obtained using the usual terminology of
collineations of projective planes. In particular, a linear collineation o of P? is a (P, {)-perspectivity if o
preserves each line through the point P (the center of o), and fixes each point on the line ¢ (the azis of
o). A (P, {)-perspectivity is either an elation or a homology according to P € £ or P ¢ {, respectively. A
(P, 0)-perspectivity is in PGL(3,¢?) if and only if its center and its axis are in P?(F2).

Lemma 3.1. (21l Lemma 2.2]) For a nontrivial element o € PGU(3,q), one of the following cases holds.

(A) ord(c) | (¢g+ 1) and o is a homology, whose center P is a point of P?(F2) \ Hq and whose azis £ is a
chord of Hy(Fy2) such that (P,£) is a pole-polar pair.

(B) ptord(c) and o fizes the vertices Py, P, P3 of a non-degenerate triangle T C P?(Fs).

(B1) ord(c) | (g+ 1), P, Ps, Py € P2(Fy2) \ Hy, and T is self-polar.
(B2) ord(o) | (¢* — 1), ordf (¢ + 1), P1 € P2(F2) \ Hq, and Po, Py € Hy(F,2).
(B3) ord(0) | (¢ — g+ 1), and Py, Py, Py € Hy(Fye) \ Hy(Fye).



(C) ord(o) = p and o is an elation, whose center P is a point of Hy(Fy2) and whose axis € is tangent to
Hq at P such that (P,£) is a pole-polar pair.

(D) either ord(c) = p with p # 2, or ord(c) = 4 with p = 2; o fizes a point P € H,(F2) and a line ¢ which
is tangent to Hq at P, such that (P,{) is a pole-polar pair.

(E) ord(c) =p-d, where 1 #d | (g+1); o fizes two points P € Hy(F,2) and Q € P*(F2) \ Hy; o fizes the
line PQ which is the tangent to H, at P, and another line through P which is the polar of Q.

In the following we will refer to an element o € PGU(3, ¢) to be of type (A), (B), (C), (D) or (E) as in
Lemma [3.1]

Let P be the point with homogeneous coordinates (0 : 0 : 1) and let £ : Z = 0 be the polar line of P.
The maximal subgroup M, of PGU(3, q) fixing P (equivalently ¢) has order ¢(¢> — 1)(q + 1) and it is given
by the following matrix representation

a 1c? 0
Ml_{ c 71a? 0] :a,c,7 €Fp, altt —catl =1, 7"1+1—1}.
0 0 1

An element o € M, will be identified with the triple [a, ¢, 7], see [].
The group M, has a normal subgroup of index ¢ + 1 given by

a c? 0

Sg_{ c a? 0] :a,ceFp, aq+1—cq+1_1}ZSL(2,q).
0 0 1

The center of M, is given by

0
Z = Z(My) = {«), where a = 0] =[e0,€%, and €7 = 1 primitive.
1

oo™
o O

Remark 3.2. Note that Z fives Oy pointwise. Indeed, if P = (a:b:0) € £ then a(P;) = (ea : eb: 0) = P;.
Furthermore, My does not contain elements of type (B3) and (D) since the do not fix any point in P?(F g2 )\ M.
If 0 € My fizes a point R € Oy then « is of type (A).

If p = 2 the group M, is isomorphic to SL(2,q) x Z since Sy N Z is trivial, see [6]. If p is odd then
SeNZ = ([—1,0,1]). If ¢ is odd then M, can be written as Sy X Cyy1 where Cy41 is generated by an element
of type (A) whose center is an [F2-rational point Q € £\ Hg, see [22]. If ¢ =1 (mod 4) then defining Z; to
be the subgroup of Z of order (¢ + 1)/2, then Z; NSy is trivial and (Sy, Z1) = Sy X Z3.

The complete list of subgroups of My up to isomorphism is known for p = 2 and ¢ =1 (mod q), see [6]
and [23] respectively. Since later, we will need these groups for a case by case analysis, we list them in the
following two lemmas. A group C. will denote a cyclic group of order e. In the first of the two next lemmas,
the groups C,, can always be seen as a subgroup of Z.

Lemma 3.3. [6] Let p =2 and g = 2" where h > 1 and let w be an arbitrary divisor of ¢+ 1. The following
is the complete list of subgroups of My up to isomorphism.

1. Eys x Cy, where f < h, Eys is elementary abelian of order 2/ ;



2. SL(2,2) x Cy, where either h is even or 3 { w;

Lo

S IS S A

10.

11.

(Cy %1 Ca) x Cy 3, where h is odd and 3% ||w;

SL(2,27) x Cy, where f > 1 and f | h;

Dy x Cy, where Doy is a dihedral group of order 2t with t | (¢ — 1);
As; x Cy and h is even;

Ay x Cy and h is even;

(Eqr x Cg) x Cy, where f < h, Eyy is elementary abelian of order 27 and Cq is cyclic of order d where
d | ng(2f - 17(] - 1)’

Cyq x Cy, where d | (g —1);

groups fizing a self-polar triangle T = {Pi, P», Ps} C P*(F,2) \ Hq(Fy2) fizing P = Py and acting
transitively on T\ {P1};

groups fizing a self-polar triangle T = { Py, Py, Ps} C P*(F2) \ Hq(F,2), with P = Py pointwise.

Furthermore, if L < My is a subgroup of type 1-9 then L N Z is isomorphic to C,,.

In the next lemma we list the subgroups of My in case ¢ =1 (mod 4). The mentiond groups C,, can be
identified with subgroups of Z;.

Lemma 3.4. [23] Let p an odd prime, ¢ = p" with h > 1, ¢ =1 (mod 4) and let w be an arbitrary divisor
of (¢+1)/2. The following is the complete list of subgroups of My up to isomorphism.

1.

S & o

=

10.
11.

SL(2,5) x Cy, when ¢*> =1 (mod 5);

Gys X Cyy when p > 5, 8| (¢ — 1) and Gyg has order 48;

SL(2,3) x Cy, when p>5 and 31 w;

(Qg % Csx) x Cyyy36—1 where p > 5, k > 2, 35|w, and Qg is the quaternion group of order 8;
Cq of order d | (¢*> — 1) with dt (g +1);

Dicgq x Cy, where Dicg = (5,¢ | 6?1 = 1,e2 = 6%, e 15 = 67 1) is a dicyclic group of order 4d and
1<d|(g—1)/2;

SL(2,p*) x Cy, where k | h;

TL(2, p*) x C, where k | h and h/k is even;

(SL(2,3) x C3) x Cy = SmallGroup(48,29) x Cy, where p > 5 and 814 (¢ —1);
Dy x Cy where Dag is a dihedral group of order 2d with 2 < d | (¢ — 1);

Dicyy, x Cy where Dicy, = Dicy, X Co = (a, €| a?™ = 1,0 = €2 £ 1aé = a®™1) has order 8m and
m | (g —1)/2 but m1 (g — 1)/4;



12. SUE(2,p%) x Oy =2 (SL(2,p%) x Cy) x Cy, where k | h and h/k is odd;
13. groups fizing a self-polar triangle T = {Py, P>, P3} C P*(F,2) \ Hq(F2), with P = Py pointwise;

14. groups fizing a self-polar triangle T = {Py, Py, P3} C P?(Fp2) \ Hq(F2) fizing P = Pi and acting
transitively on T\ {P1};

15. groups fixing a point R € Hq(Fp2) N L.
Furthermore if L < My is a subgroup of type 1-12 or of type 15 then L N Zy is isomorphic to Cy,.

With these preliminaries in place, we proceed by analyzing the cases ¢ even and ¢ = 1 (mod 4) in the
following two sections.

4 The case ¢ even: determination of the number of orbits N

Let ¢ = 2" with h > 1. The genus of H,/L with L < M, was computed in [6, Section 4]. However, in case
the characteristic divides the order of L, we also need to know the number N of L-orbits in O; U Oy before
being able to apply Theorem 211 By revisiting the genus computations in [6] Section 4], we achieve this in
the current section. We will denote with N; the number of orbits of L in its action on O; with i = 1,2, so
that N = Ny + Ny. In the following Lz will denote L N Z and w = |Ly|.

We now proceed with a case-by-case analysis for L according to Lemma B3l Note that if L is a group
of order coprime with p then we only need to know g; in order to compute N according to Theorem 211
Therefore, we will not address Cases 9 and 11 from Lemma [3.3] in this section.

Lemma 4.1. Let L < Aut(X,,) and let 7(L) = L = Eys x Cy,, where f < h, Eyy is elementary abelian of
order 2f and C, = L. Then
_ (gt D@-w-2) +w@ +1)

b‘

and

-1
N = 5 f +1+ 5 f "
Proof. The computation of g; was given in [6, Proposition 4.4]. By LemmaB1] (C) L fixes exactly one point
P, € 01, Ly = C,, fixes O; pointwise from Remark 3.2 and ‘every other element in L has exactly P, as its
unique fixed point from Lemma [3.1] ( ). This implies that L has an orbit of length 1 in O; and from the
Orbit Stabilizer Theorem it acts on Oy \ {P1} with orbits of length 2/, as |Lg| = |Lz| and 2/ = |L|/|L|
for every Q € O1 \ {P1}. Also L acts with long orbits on 02 since no elements in L fix points in Oy. This

shows that N7 =1+ (‘Hl) L= 2f + 1, while N = ||O2|| = 23\ZZ| = if ’ qw_l' O

Lemma 4.2. Let L < Aut(X,) and let L = SL(2,2) x C,, where Cy, = Lz and either h is even or 3 { w.
Then

2 _ g — _ 8 -1 1
q- —wq 1;5)4‘4“} 47 if b is even, q"g _i_g.qT.%, if h is even,
g; = and N =
—w— 4 3 —
g+ Dlg-w=4)+ 9w7 otherwise. a+d + u7 otherwise.
12w 6 6w



Let L = (Cgr 3 Ca) x Cy 3, where k> 1, Cy = Lz, h is odd and 3*||w. Then,

(g+Dg-w=8+9% . v _atd (¢+D)@@®-¢=2) g+l
12w ’ 6 w w

9L =

Proof. From [6 Proposition 4.2] subgroups L of types 2 and 3 in Lemma B3 are exactly those for which
L/(LNZ)=SL(2,2). The genus g was already computed in [6, Proposition 4.2] and the action of L on
01 U O3 can be deduced from its computation. In fact, from the proof of [6, Proposition 4.2],

e If h is even, that is, 3 | (g — 1) then L acts on the two fixed points of its unique subgroup D of order 3
which is of type (B2) from Lemma Bl Also these points are in O; since they are points of £. The 3
involutions of L each fix a point of O;. since these involutions do not commute with the elements of
order 3 in D these points are mutually distinct.

Thus L/Lz = SL(2,2) acts with orbits of length 6 on the remaining points of O. In this way we get
that Ny = 2+ (qﬂ)% = q-%s' Since L contains no elements fixing a point in Oy we get also that
No =gt =405t oL
e Let h be odd and 3 | [Lz|. The three involutions of L each fix a point in Oy, while the stabilizer in
L of one of the remaining points in Oy is Lz since now D is generated by an element of type (B1).
Hence Ny =1+ % = %4. As recalled, the two elements of order 3 in L are of type (B1) and
hence fix pointwise a self-polar triangle T' having ¢ as a side. From the proof of [6, Proposition 4.2],
L contains 2 other subgroups of order 3 and hence a further 4 elements of order 3 which turn out to
be of type (A). Each of the subgroups of order 3 fix a different side of T'. Also, these sides are both
different from ¢. This implies that O contains a set of 2(¢ + 1) points, the points of intersection of
the two sides of T" with H,, on which L acts with stabilizer of order 3, and hence with orbits of length
2|Lz|. Moreover from [6, Proposition 4.2] L acts with long orbits on the remaining ¢* — ¢ — 2(¢ + 1)

points of Os. This shows that Ny = 22((1;21') + qBiq‘igl(qH) = % + W.

e Let hbe odd and 31 |Lz|. As before, the three involutions of L fixes exactly 3 distinct points which are
in Oq, while the stabilizer in L of one of the remaining points in O, is Ly. Hence Ny =1+ % =

%4. The difference in this case is that from the proof of [6, Proposition 4.2] no elements in L fix a
®—q _ #—q

6]Lz| 6w

point in O, implying that Ny =
O

Lemma 4.3. Let L < Aut(X,) and let L = SL(2,2/) x C,, with Cy, = Lz, f | h and f > 1. Then

(g ) [g—w =272 = 1) ged (2! + 1, w) — 27| + (2F + Dw (22 — 27 +1)
gL = 2T 12F + 1)(2F — Dw ’

if h/ f is odd, while

(gD (g-2Y —w) —w(2-23 - 22— 2.2/ 1) 1
gL = 2/ 12F + 1)(2F — Dw ’

10



if b/ f is even. Also,

-2/ 1) ged(w, 27 +1 1 _D -9 —1
14 oo (¢+1Dgedw, 27 +1)  g+1 alg—1)—2°( ) ifhyf is odd
2/(221 - 1) 27 +Dw w 27 (27 —1)(27 + 1)
N:
-2 ¢ q-1 q+1 -
2+m+§'22f_1' w if h/f is even.

Proof. The genus g;, was computed in [6, Proposition 4.9] and according to its computation we can determine
the action of L on Oy U O, according to h/f odd or h/f even.

e Let h/f be odd. Then 2 +1 divides ¢+ 1. Since SL(2,27) contains exactly 2 + 1 Sylow 2-subgroups,
it has an orbit of length 2/ + 1 on O; given by the corresponding fixed points. The other elements
in SL(2,2/) have no fixed points on O; U Oz and hence L acts with orbits of length 2/(22/ — 1)
on the remaining (¢ + 1) — (2 + 1) = ¢ — 2/ points in O;. Since 2/ + 1 divides ¢ + 1 it might
be that ged(2f + 1,|Lz|) is not trivial. From [6, Proposition 4.9] if this would happen then O
would contain a subset of 2/(2/ — 1)(¢ + 1) points whose stabilizer in L has order ged(2/ + 1, |Lz]|).
Hence on these points L would act with orbits of length |L|/ gcd(2f + 1,|Lz|). Also L acts with long

orbits on the remaining ¢ — ¢ — 2/(2/ — 1)(¢ + 1) points in Oy. Hence Ny = 1 + #{1),

N, = 8d@+LILg2P @1 =1 (a+]) | (®=0)=27@'=1)(a+]) _ (a+D)ged(w.2/41) | g+1  alg—D-2"(2/-1)
2 L] L] 7+ Dw 27 (27 —1) (27 +1)

and

e Let h/f be even. Then 22/ — 1 divides ¢ — 1 and hence all the elements of odd order in SL(2,2/) are
of type (B2) from Lemma Bl Since SL(2,2f) contains exactly 2/ + 1 Sylow 2-subgroups, it has an
orbit of length 2/ 4+ 1 on O; given by the corresponding fixed points. The elements of order 2/ 4 1 fix
two points on Oy, and hence from the Orbit Stabilizer Theorem O; contains also a set of 2/(2/ — 1)
points whose stabilizer has order 2/ + 1. Also L acts semiregularly on O and with orbits of length

27(22f — 1) on the remaining (¢ + 1) — (27 + 1) — 2f(2f — 1) points of O;. Thus, N; = 2 + W%”U’
'g p—
and Ny = 47 = o - gy - 40
o

Lemma 4.4. Let L < Aut(X,) and let L = Doy x Cy, where Doy is a dihedral group of order 2t witht | (g—1)
and Cy, = Ly. Then
P—qu—gttuwt+w—t—1 q—1+3t

and N = —i—%-

g—1 q+1
4tw 2t '

t w

9L =

Proof. The genus g; was already computed in [6, Proposition 4.5]. Furthermore, L/Lz has an orbit of
length 2 given by the two fixed points on ¢ of its unique cyclic subgroup of order ¢, which is of type (B2)
from Lemma Bl Since L contains exactly ¢ involutions, and L acts transitively on the set of its involutions,
L/Lz has another orbit in O; of length ¢ given by their fixed points. In the set of the remaining points in
O1, L/ Lz acts with orbits of length 2¢. Hence Ny = 2 + (q+1;t_2_t = qféjgt. Since L acts semiregularly on

3
_ - ~1 g+l
O5 we have Ny = \?q_;f%;_%'qT'qT' 0

11



Lemma 4.5. Let h be even and let L < Aut(X,) and let L = A; x Cy, where Cy, = Lz and h is even.
Then

1)(q—w—16) 4+ 65 480
9; = (g+1)(g—w ) + 65w — . where §=1X0, if5]|(g+1) and 51w,
120w )
g+1, if5|w.
Also,
q—16 q q—1 q+1 .
92 1, . -1

g—4 ¢ q-1 qg+1 :
-1 Z 1) and
N t et 1 3 o if5|(¢+1) and 5w,

g—4 q+1 (¢ —q—12 :
1 : 1 5 w.
o0 T w < oo TL) Uslw

Proof. The genus gy, was already computed in [6, Proposition 4.7]. From its proof the action of Lon O1UO0,
is depending on whether 5| (¢ — 1), or 5| (¢+ 1) but 5t |Lz| =w or 5| |Lz|.

o Let 5| (qg—1). L has 5 Sylow 2-subgroups of order 4 each fixing a point on O,. This gives an orbit of
L/Lz of length 5. The remaining 12 elements of order 5 in L /L7 fix another point in O since they are
of type (B2) from Lemma[3Il The remaining (¢+1)—17 points in Oy are fixed just by Lz in L, yielding
that L acts on the remaining points in O; with orbits of length 60. Since no elements in L fix points
in Oq, L acts with long orbits on O,. This gives that Ny =2 + q6016, and Ny = T\q = % . % . %1.

e Let 5| (¢4 1) but 51 |Lz|. As before, L has one orbit of length 5 in Oy given by the fixed points of
its Sylow 2-subgroups and no other elements in L apart from the ones in Lz fix other points in O; or
in Oy. Hence Ny =1+ (qH) ,and Ny = IL“I =1. % . ‘%iwl.

e Let 5 | [Lz|. The action on O is the same as for the previous case since again 5 | (¢ + 1) and the
elements of SL(2, q) are characterized just by their orders from Lemma [3.1] and the fact that SL(2, q)
contains no elements of type (A). Now the 24 elements of order 5 in L N SL(2, g) are of type (B1) and
hence fix pointwise 6 distinct self-polar triangles T4, ..., Ts having ¢ as a common side. From the proof
of [6, Proposition 4.7], L contains other 2 subgroups (and hence 8 elements) of order 5 which are of
type (A) and fix distinct sides of 71, ..., Ts respectively, and these sides are all different from ¢. This
implies that Oy contains a set of 12(q + 1)7points, the points of intersection of the 2 sides of T; with
Hqy(Fg2) for every i = 1,...,6, on which L acts with stabilizer of order 5, and hence with orbits of
length 12|Lz|. Moreover L acts with long orbits on the remaining ¢* — ¢ — 12(q + 1) points of Oy. This

gives that Ny = 1122(ng1|) 4+ 2= ‘1T(q+1) (1 s e 12)

O
Lemma 4.6. Let h be even and L < Aut(X,,) and let L=A4xC,, where Cy, = Ly and h is even. Then

— 4 3¢g—4
gi = ¢ —qu+dw—3q - , and N =

q+20+g.q—1.q+1
24w '

12 4 3 w

b‘

12



Proof. The genus g, was already computed in [6, Proposition 4.6]. From its proof the action of L on O UO,
can be described as follows. Since L has a unique Sylow 2-subgroup, L fixes a point in O;. Also the 4
subgroups of L/Lz of order 3 are of type (B2) from Lemma [30] and each of them fix another point on O;.
This shows that L has a fixed point and one orbit of length 4 on O; and since the unique subgroup of L
fixing at least another point in the remaining (¢+ 1) —1—4 points of O is Lz, we get that L acts with orbits
of length 12 on the set of the remaining points of O;. Since L has no other elements fixing points in H,, it

. ~ . (¢+1)—1—4 _ ¢+20 —q _ 4¢®—q _ q g1 g+l
acts semiregularly on O,. Hence N; = 2 + 5 =445, and Ny = T\ T 7 —. O

Lemma 4.7. Let L < Aut(X),) and let L = (Eyr x C4) x Cy, where f < h, Eys is elementary abelian of
order 21, Cy, = Lz and d | gcd(2f —1,q—1). Then

(q+1D)(g—w—2") +w2f +1) —af @ -1
a N=1 2
2 dw »oan ofd T +2 dw

9L =

Proof. The computation of g; was given in [6, Proposition 4.8]. Here L fixes exactly one point P; € Oy,
and the elements of order d in L have exactly another fixed point in O; since they are of type (B2) from
Lemma [3.Il This implies that L has an orbit of length 1 in O; and from the Orbit Stabilizer Theorem it
has another orbit of length |L|/d|Lz|, while it acts on the remaining (¢ 4 1) — 1 — 2/ elements in O; with
orbits of length 2¥d. Also L acts with long orbits on Oy as no elements in L fix points in Oy. This shows

1)—1—2* O — —
that Ny =2+ (U2 — 22 49 while Np = 192l = £t — 4 421 m

From Lemma to complete this section we need to analyze the case L fixes a self-polar triangle
T = {P,P,,Ps} C P*(F,2) \ Hq(F,2) either fixing P = P; and acts transitively on T\ {P;} or fixing
T pointwise. We recall that the stabilizer of 7" in PGU(3, ¢) is isomorphic to (Cg1 X Cyy1) % Sz, where
Cy+1 X Cgy1 fixes T pointwise while Sy acts faithfully on 7', see [16] and [20]. For L < (Cyq1 x Cgy1) 2 S3
let L7 be the subgroup of L fixing T pointwise. In Case 10 of Lemma [B.3 clearly Lz has index 2 in L.

Proposition 4.8. (see [0, Proposition 3.3]) Let g be even. Let T = {P, Py, P} be a self-polar triangle in

P2(F,2) \ Hy(Fye).

(i) Let a, w, and e be positive integers satisfying e | (¢ +1)%, w | (¢+1), a | w, aw | e, £ | (¢ +1), and
ged (@, E) = 1. Then there exists a subgroup L < ((Cy+1 % Cyi1) ¥ S3) N My of order 2e such that
|Lr| = e and

(+1)(¢—2a—w—<+1)+3e
9L = 1o : (1)

(ii) Conversely, let L < ((Cqy1 X Cqy1) x S3) N My and Ly has index 2 in L. Define e = |L|/2, a to be the
order of the subgroup of homologies of L with center Py, which is equal to the order of the subgroup of
homologies in L with center Py, and w = |Lz|. Then a,w and e satisfy the numerical assumptions in
point (i) and the genus gr is given by Equation ().

Remark 4.9. Let t and w be divisors of ¢ + 1 and define a = ged(t,w) and e = tw. It is not hard to see
that these numbers satisfy the numerical conditions in (i) Proposition [{.8 Conversely any triple a,w,e is
obtained in this way by choosing t = e/w. Equation () reads,

(g+1)(q—2gcd(t,w) —w —t+ 1) + 3tw

gL = 4tw

b‘
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Lemma 4.10. Let L < (Cqy1 % Cyqy1) X Sz such that |L| = 2e = 2tw and Ly has index 2 in L and w = |Lz|.
Then L/Ly is a dihedral group of order 2t.

Proof. Since Lt has index 2 in L, L fixes a vertex P € T and acts transitively on T\ {P}. In particular L
is a subgroup of (Cyq1 x Cyq1) % Co. Hence !]/!]Z < ((Cgp1 X Cyy1) X C2)/Z = Cyy1 X Ca = Dy(g41) which
is a dihedral group of order 2(¢ + 1). Since L/Lz is not abelian, it is a dihedral group of order 2t. O

Lemma 4.11. Let L be as in Proposition [J.8 and define t = e/w. Then

g—t+1  (¢+Dgcdwt) (@+1)%(¢—2)

N=1
+ 2t tw 2tw

Proof. From Lemma {10 L/Ly is a dihedral group of order 2¢. Hence L/Lz contains exactly ¢ involutions
and it acts on the subset of O; given by their fixed points. From Proposition [6, Proposition 3.3] L acts with
orbits of length 2¢ on the remaining points of O;. This shows that N; = 1+ q“ ! The only elements in L
that fix points in Oy are the ones contained in the two groups of homologies of order ged(w, t) and they fix
a set of ¢ + 1 points respectively on which L (from the Orb1t Stabilizer Theorem) acts with orbits of length
2tw/ ged(w, t). Hence L is semiregular on the remaining ¢* — ¢ — 2(¢ + 1) points in Oz. Hence,

2¢+Yecd(w,t)  (¢®—¢) =2q+1) _(¢+Deed(wt) (¢+1)*¢=2)

N p—
2 2tw 2tw tw 2tw

5 The case ¢ =1 (mod 4): determination of L, g; and N

In this case another description of My is given in [23] Section 3]. Let 8 be any involution of M, different from
¢ =[-1,0,1], for instance 8 = [—1,0, —1]; obviously, 8 normalizes both S; and Z and it does not commute
with Sy in general. Then

My = (S x (B)) x Z1 =2 (SL(2,q) x C3) x Cq%l .

With the notation of [I2, Section 9] the subgroup Sy x (f) is also denoted by SU*(2, ¢), meaning that
S¢ x (B) consists of the elements of M, with determinant 1 or —1; here, the determinant of an element
a € M, is the determinant of the representative matrix of o having entry 1 in the third row and column.

In this section, for any L < M, we will use the notation Ly, = LN Z; and w = |Lz, |.

The complete list of subgroups L < M is given in Lemma 3.4l However, in the cases in which L is tame
the genus gr, can be computed directly from g7 without having to compute N. The values of g; can be
found in [23] and will not be reproduced here. We proceed by computing N in the remaining, non-tame
cases. That is to say, in Cases 1 with p =3, 7, 8, 12, and 15 from Lemma [3.4

Lemma 5.1. Let p = 3 and L < Aut(X,) be such that L = SL(2,5) x C,,, where Cy, = Lz, and q?
(mod 5). Then
(g4 1)(g— 21 — 2w) + 140w — 485
g 240w ’

b‘

where
s=40 if 5](g+1), 51w,
g+1 if 5|w.
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Also,
q+99+g.q—1.q+1
60 3 5 w

if5 ] (qg—1),

q+51+q(q—1).q+1
60 3 5w

if5](g+1) and 51w,

q+51+q+1 (> —q—12)(¢+1)

60 2w 120w 5w

Proof. The genus g, is computed in [23] Proposition 3.4]. According to its proof we can describe the
short-orbits structure of L in its natural action on H4(F,2).

e Let 5| (¢ — 1). Since SL(2,5) contains 10 cyclic subgroups of order p = 3, L contains a short orbit of
length 10 in O; given by the corresponding fixed points. Also L contains 6 cyclic subgroups Cs and
the order of the normalizer in SL(2,5) of C5 is 20. From Lemma Bl each element in C5 fixes exactly 2
points in O; and the set of the corresponding fixed points is disjoint from the set of 10 points counted
before, since the normalizer of an element of order 3 has order coprime with 5. Hence elements of
order 4 and of order 5 fixes distinct points on O; implying that there is another short orbit of SL(2,5)
on O; of length 12 because the corresponding stabilizer in SL(2,5) has order 10. SL(2,5) acts with
orbits of length 60 elsewhere since its unique involution is central and hence fixes O; pointwise. Hence

_ g+1-10—12 _ ¢499 *—q _ _¢—q _ g g1 g+l
Ni=1+1+ 60 =50 and No = L\ T 10T, 3 5w

e Let 5| (¢g+1) but 5 w. As before, since SL(2,5) contains 10 cyclic groups of order p = 3, L
contains a short orbit of length 10 in O; given by the corresponding fixed points. Now the cyclic
groups of order 5 acts semiregularly on H,(F,2) as they are of type (B1) from Lemma 311 Hence L
has exactly one short orbit on O; of length 10 and acts with orbits of length 60 elsewhere as its unique

involution fixes O; pointwise. SL(2 5) acts semiregularly on O,. Hence Ny =1+ qH 10 _ %, and
=g _ _—-q _ ala=l) ¢
Np = L] — 120[Lz] 3 5'w'

e Let 5| w. As before, since SL(2,5) contains 10 cyclic groups of order p = 3, L contains a short orbit
of length 10 in O; given by the corresponding fixed points. Now the cyclic groups of order 5 acts
semiregularly on Hy(F2) as they are of type (B1) from Lemma 31 Hence L has exactly one short
orbit on O; of 1ength 10 and acts with orbits of length 60 elsewhere as its unique involution fixes Oy
pointwise. SL(2,5) acts semiregularly on O,. From the proof of [23| Proposition 3,4], L contains 12
cyclic subgroups of order 5 which are of type (A), that is, that fix ¢ + 1 distinct points in Op. This
implies that Oy contains a set of 12(¢+ 1) points on which L acts with stabilizer of order 5, and hence

with orbits of 1ength 24|Lz| and acts with long orbits elsewhere. Hence, Ny = 1+ q+1 10 = q‘ggl, and
— 12(¢41) | g 12(g+1) _ gkl | (¢7—¢—12)(g41)
Nz = 24|L 7, | + 120[Lz,] 2w + 120w

Lemma 5.2. Let L < Aut(X,) and let L = SL(2,p*) x Cy, where k | h. Let r = h/k. Then

P—-q—-2-A

- =1 —
I T - e
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where
A=P* —1)(q+2)+pF —1+q+1+p"@" + 1" —3)w+p* (" —1)*(ged(r,2) — 1) +2(p** — 1)(w — 1)
+2(w —1)(g+ 1) + p*(p* — 1)*(w — 1)(ged(r, 2) — 1) + (ged(w, p* + 1) — D)p*(p* — 1)(¢ + 1)(2 — ged(r, 2)).
Also,

2 _ 2k —1 1
91 (¢ —p™) L4 4 .i, if r is even,

Pk —-1)EF+1)  pF p*-1)  w

20q-p") | (g+1)eged@p* +1,w)  (¢®—qg—p"P"-1)g+1)
pr(p?F - 1) (P + Dw PP =1 (pF + Dw
Proof. The genus g;, was computed in [23] Proposition 3.9]. From its proof we can describe the short-orbits
structure of the group L. We will distinguish two cases.

1+ , if ris odd.

e Assume that r is even. Then p?* — 1 divides ¢ — 1 and hence every element of order dividing p?* — 1 in
SL(2,p k) is of type (B2) from LemmaBﬂl Since SL(2,p k) contains exactly p* + 1 Sylow p-subgroups7
L has a short orbit of length p* + 1 contained in O;. Since every cyclic subgroup of SL(2,p ) is of type
(B2), and SL(2,p") contains exactly p*(p* — 1)/2 subgroups of order p¥ + 1, we get that O; contains
another short orbit of L given by the corresponding p*(p* — 1) fixed points. No other elements in L
other than the central involution and the elements in L z, fix other points in O; and hence L acts with
orbits of length p*(p* + 1)(p* — 1)/2 on the remaining pomts in O,. Also L acts semiregularly on Os.

Hence Ny =1+ 1+ 2q+1pk(£)ktll))(5kﬂ)fl) =2+ (2(q N ’3+1) and No = \LTI =k —(pg,:jl) ol

o Let r be odd. Then p* + 1 divides q + 1. Since SL(2,p") contains exactly p* + 1 Sylow p-subgroups,
L has a short orbit of length p* 4+ 1 contained in O;. No other elements other than the unique
involution of SL(2, p*) (which is central) and Lz, fix other elements in O;. This implies that L acts
with orbits of length p*(p* + 1)(p¥ — 1)/2 on the remaining points in O;. Since p* + 1 divides q + 1
it might be that ged(p® + 1,|Lz|) is not trivial. From [23, Proposition 3.9] if this happens then O
contains a subset of p*(p¥ — 1)(q + 1) points whose stabilizer in L has order ged(p* + 1,w), and
hence on which L acts with orbits of length |L|/ ged(p/ + 1,w). Also L acts with long orbits on the

remaining ¢* — ¢ — pf (p? — 1)(¢ + 1) points in O,. Hence Ny =1+ 2q+k1(_2(flit)1) =1+ %((q%p )1) and

N, — P P =1 (g+D) ged(p"+1,1 L2 ) + @’ —a—p" (" 1) (g+1) _ (g+1) ged(p*+1,w) + (¢®—q=p" (" —1))(¢+1)
2= [Z] L] PF+Dw PFEF - (pF+Dw

Lemma 5.3. Let L < Aut(X,,) and let L = TL(2,p*) x C,, where k | h and r = h/k is even. Then

where
A=p* —1)(qg+2)+p* —14+q+1+p"@" + D" = Hw+p" (" — 1) +2(p°* — 1)(w - 1)
+2(w —1)(g+ 1)+ pF (" — 1)*(w — 1) + 20 (p*" — Dw

and o
q—p q qg—1 q+1
N=24—— -~ 4+ .t - .1 -
prp* —-1)  pF (p*-1) 2w
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Proof. The genus g; is computed in [23, Proposition 3.10] and from its proof the short orbit structure of L on
Hq(F,2) can be described. The short orbit structure of the subgroup SL(2,p") x Lz, was already described
in the proof of Lemma and every element in TL(2, p*) \ SL(2,p") is of type (B2) from [22, Proposition
4.4]. Hence the action of L on Oy is semlregular as SL(2, p¥) acts semiregularly on O and elements of type
(B2) fix just points on O;. Since SL(2,p*) has exactly two short orbits of distinct lengths on O; then they
are also short orbits of TL(2,p").

Since SL(2, p*) has index 2 in TL(2, p*) either there exists a point R in an orbit of cardlnahty pF(p?* —1)/2
of SL(2,p*) with a stabilizer of order 4, or all remaining orbits under the action of TL(2, p*) have cardmahty
p¥(p?* — 1). From the proof of [22, Proposition 4.4], an element o € TL(2, p¥) \ SL(2,p*) has order at least
5. Therefore o cannot occur in the stabilizer of R implying that the order of such a stabilizer remains two.

ok k(o k 2k 3 _
Thus, Ny = 24 St = 24 S and Ny = S8 = o - oty - 45 =

Lemma 5.4. Let L < Aut(X,) and let L = SUE(2,p%) x Oy = (SL(2,p*) % Cy) x Cy, where k | b, h/k is
odd and Cy, = Lz,. Then
2
" —q—2-A
—
R T

where

A=@+D)+p "+ 1)@ =3) + 0 = 1)@+ 3) + 0" 0" - Dg+ 1) + "™ - 1) + 2w -2)(¢+1)

+2(p°* = D) (w — 1) + 2" (p" + 1)(p* — 2)(w — 1) + 2p* (p* — 1)(q + 1) (ged(p* + 1,w) — 1).

Moreover

q—p" (¢+Decd(p" +Lw)  [¢* —q=p"(p" 1] (a+1)
pr(p* = 1)(p*F +1) w prF+ -1 2w

Proof. The genus gy is computed in [23, Proposition 3.15]. From its proof and the proof of Lemma [5.2] the
short orbits structure of L on H4 can be described.

The number of Sylow p—subgroups of SU* (2 q) is the same as the number of Sylow p-subgroups of
SL(2,p"*), hence L has a short orbit # of length p* + 1 contained in 01 The stabilizer of a point R € O \ 6
in SL(2, p*) has order 2. The order of the stabilizer of R in SU%(2,p*) can grow if and only if there exists
an element o € SUT(2,p*) \ SL(2, p*) fixing R. If o is of type (B2) or (E) then o2, which is in SL(2,p¥),
fixes exactly two points in 6. If « is of type (B1) then it acts without fixed points on O;. If « is of type
(A) then it has no fixed points on O; unless « is central and hence in SL(2, p¥), a contradiction. This shows
that SUT(2,p*) acts with orbits of length [SUE(2,¢)|/2 = |SL(2,p*)| on O; \ 6. Since Ly, acts trivially
on O the length of the orbits of L on O is the same as the length of the orbits of SUi(2 p*). Hence

_ g+1-(p"+1) _
Ny =14+ SlPil) — 1 4 S

From the proof of [23, Proposition 3.15] we have that, even though SL(2,p*) acts semiregularly on
O, SUE(2,p*) contains p¥(pF — 1) elements of type (A) and order 2 fixing ¢ + 1 distinct points on Os.
Also, combining this with the proof of Lemma [5.2] this set of points can have a non-trivial stabilizer in
SL(2,p*) x Lz, of order ged(p* +1,w) given by elements of type (A) having the same axis and center as the
described elements of order 2 in SUi(2 p*). Hence the stabilizer has order 2 gcd(p® + 1,w) in this case.

Therefore Oy contains a set of p* (p* —1)(g+1) pomts on which L acts with orbits of length |L|/2 ged(p* +
1l,w) = |SUi(2 P)|w/2ged(p® + 1,w) = [SL(2,p*)|w/ ged(p* + 1,w). Moreover, L acts semiregularly
elsewhere in Oy. Hence,

_ pk(p"—l)(q+1)gcd(p"+1,w) P—q—p* (") (g+1) _ (¢+1) ged(p*+1,w) | [¢®—q—p" (" -1)]  (¢+1)
Ny = pF(pF—1)(pF+1)w + IL]| B w + p*(pF+1)(pF—1) 2w T O

N=1+
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At this point we are left with Case 15 from Lemma B4l In this case the genus g7 is computed in [10]
and [3].
The following lemma is a consequence of Corollary 4.5 in [I0] and the subsequent observations.

Lemma 5.5. [10, Corollary 4.5] Let ¢ = ", m | (¢*—1) andu < h. Let R € Hy(F,2). If L is a subgroup of
PGU(3,q) fizing R, such that |L| = mp* and L has a (unique) elementary abelian Sylow p-subgroup, then

1
[=(qg+1-a)p" -1
9L =5 -(a+ )(p ),
where d = ged(q + 1,m). Finally,
2_1 dlg — %
yode =Y o, dla—pY)
pUm pUm

Proof. Since L fixes R it has the short orbit {R} of length 1 in O;. From the proof of [10, Theorem 4.4]
one can derive directly that the sum of the number of fixed points of the elements in L when acting on the
remaining ¢® points in O; U O, is equal to ¢® + |L| + d(q — p*) — q. Using Burnside’s lemma we obtain

¢ —q+|LI+d(g—p*) _ ql¢® —1)

d _ U
N=1+ - = +2+M.
|L| pUm pim

O

Remark 5.6. Note that it is not true that for any m | (¢> — 1) and u < h, there exists a subgroup of
PGU(3,q) fizing R of order mp*. A full classification of the possible subgroups has been carried out in [3].
However, the genera one would obtain using such subgroups and Theorem [21] are already obtained in [2].

6 New genera for maximal function fields

In this section, we give several examples of new genera of maximal function fields. New means that for the
indicated finite fields, these genera cannot be constructed using methods or results from [ 2} [3, [5] 6] [7, 8] 10,
13|, 14l [15] 19l 22] 23]. Note that for ¢ =1 (mod 4), a complete list of subgroups of the automorphism group
of the Hermitian curve is known as well as the corresponding genera. Therefore all new genera correspond
to function fields that cannot be Galois covered by the Hermitian curve.

18



Fyn | new genera

Fy20 | 72,200,204, 302,702, 1532, 3572

Fo2s | 140,492,560, 1962, 57332

Fse 80,160, 482

Fsi0 | 2340,4160,4680,6241, 12484

Fsi2 | 19500

Fsis | 337,338,676,2016,3584, 4032, 5377, 5378, 10756, 58590, 117180, 156241, 156242, 312484

Fqia | 84,210, 350,420,448, 658,700, 1122, 1124, 1402, 2248, 49476, 123690, 206150, 247380, 263872, 387562,
412300, 659682, 659684, 824602, 1319368, 1434888, 3587220, 5978700, 7174440, 7652736, 11239956,
11957400, 19131842, 19131844, 23914802, 38263688

Fi310 | 240, 245,281,490, 738, 843, 846, 983, 1476, 1692, 1970, 57840, 59045, 67481, 118090, 177138, 202443,
202446, 236183, 354276, 404892, 472370, 636480, 649740, 742561, 1299480, 1949223, 2227683,
2227686, 2598963, 3898446, 4455372, 5197930
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