1812.08080v5 [math.NT] 23 Mar 2020

arXiv

Finite Fields Appl. 64 (2020), Article 101672.

ON SOME DETERMINANTS INVOLVING JACOBI
SYMBOLS

DMITRY KRACHUN, FEDOR PETROV, ZHI-WEI SUN, MAXIM VSEMIRNOV

ABSTRACT. In this paper we study some conjectures on determinants
with Jacobi symbol entries posed by Z.-W. Sun. For any positive integer
n =3 (mod 4), we show that

(6,1)r, =[6,1]n = (3,2)n, = [3,2]n =0
and
(4,2)n = (8,8)n = (3,3)n = (21,112), =0
as conjectured by Sun, where

-2 .. -2
<c,d>_‘<7l Letd )

1<i,j<n—1
and

.2 .. .2
o, = | (£ )

0<i,j<n—1
with (<) the Jacobi symbol. We also prove that (10,9), = 0 for any
prime p = 5 (mod 12), and [5, 5], = 0 for any prime p = 13,17 (mod 20),
which were also conjectured by Sun. Our proofs involve character sums
over finite fields.

1. INTRODUCTION

For an n x n matrix [a;;]1<i j<n Over a field, we simply denote its deter-
minant by |a;j|1<ij<n. In this paper we study some conjectures on determi-
nants with Jacobi symbol entries posed by Z.-W. Sun [11].

Let p be an odd prime. In 2004, R. Chapman [2] determined the values

()f
<Z7J<( )/
<Z7]<(p )/
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1<4,j<(p—1)/2
and

)

0<i,j<(p—1)/2
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where (5) denotes the Legendre symbol. Chapman’s conjecture on the eval-

()
p 0<i,j<(p—1)/2

was confirmed by M. Vsemirnov [12, 13] via matrix decomposition. With
this background, Z.-W. Sun [11] studied some new kinds of determinants
with Legendre symbol or Jacobi symbol entries.

For any odd integer n > 1 and integers ¢ and d, Sun [11] introduced the

uation of

notations
1° +cij +d
(¢, d)n = ‘ (—‘7 J > (1.1)
n 1<i,j<n—1
and
i? + cij + dj?
le,d]p = || —————— , (1.2)
n 0<i,j<n—1

where (=) denotes the Jacobi symbol. He showed that

d
(5)=-1= @an=o, (1.3
n
and that for any odd prime p we have

d L d), ifptc®—4d
— =1 dy =232, "7 ’ 14
<P> = ledy {%‘S(C,d)p if p| c® — 4d. (14)

For a € Z and n € ZT = {1,2,3,...} , if a is relatively prime to n and

22 = a (mod n) for some z € Z, then a is called a quadratic residue modulo

n. If n is odd and a is a quadratic residue modulo n, then (%) = 1 since a
is a quadratic residue modulo any prime divisor of n.
Now we state our first theorem.

Theorem 1.1. Let n > 1 be an odd integer.
(i) If —1 is not a quadratic residue modulo n, then

(6,1), =(3,2), =0 and [6,1], =[3,2], =0.
(ii) If =2 is not a quadratic residue modulo n, then
(4,2), = (8,8), =0 and [4,2], =[8,8], =0.
(iii) If —3 is not a quadratic residue modulo n, then
(3,3), =(6,-3), =0 and [3,3], =[6,-3], =0.
(iv) If =7 is not a quadratic residue modulo n, then
(21,112), = (42,—7)p =0 and [21,112], = [42,—7],, = 0.

Combining Theorem 1.1 with (1.3), we immediately obtain the following
consequence which was conjectured by Sun [11, Conjecture 4.8(ii)].
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Corollary 1.1. For any positive integer n = 3 (mod 4), we have
(67 1)n = [67 1]n = (37 2)n = [37 Z]n =0

and
(4,2), = (8,8), = (3,3), = (21,112),, = 0.

Actually we deduce Theorem 1.1 from the following theorems.

Theorem 1.2. Let n be a positive odd integer which is squarefree. For any
c,d,i € 7, we have

R (2) (£ R () (i)

j=0 7=0

Theorem 1.3. Let n be a positive odd integer which is squarefree, and let
i1 € Z. Then

<%> (Z +3” +2j° ) 0 if —1 R n fails, (1.6)
Jj=
nz <%> (Z +4ij +2'72> —0 if —2 R n fails, (1.7)
=0
S <%> (Z +3”+3'7 ) 0 if —3 R n fails, (1.8)
=0
nz—:l (%) (Z +21Z] + 11257 ) =0 o —7 Rn fails, (1.9)
=0

where the notation m R n means that m is a quadratic residue modulo n.

Our following result was originally conjectured by Sun [11, Conjecture
4.8(iv)].

Theorem 1.4. (i) (10,9), = 0 for any prime p =5 (mod 12).
(i) [5,5], = 0 for any prime p = 13,17 (mod 20).

In fact, our proof of Theorem 1.4 yields a stronger result: For each integer

y, we have
;92—:1 <a: + 1023y + 9xy? ) 0
=0 p
for any prime p =5 (mod 12), and
pz_:l <w5 + 523y + 5wy2> 0
p

=0
for any prime p = 13,17 (mod 20).
We will prove Theorem 1.2, Theorems 1.3 and 1.1, and Theorem 1.4 in
Sections 2-4 respectively.
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Sun [11, Conjecture 4.8(iv)] also conjectured that (8,18), = [8,18], = 0
for any prime p = 13,17 (mod 24). Moreover, Sun [10] conjectured that
Ii:l <:E5 + 8x3y + 18:Ey2> _0
p

=0
for any prime p = 13,17 (mod 24) and integer y, and this was confirmed by
M. Stoll via two elliptic curves with complex multiplication by Z[v/—6] (see
the answer in [10]).
For any prime p = 1 (mod 4) and a,b,c € Z, we provide in Section 5 a
sufficient condition for

22 faa® + bad + e e L2 a(z?)? +ba? + ¢
p p p

=0 r=1

2. PROOF OF THEOREM 1.2

Lemma 2.1. Let p be an odd prime and let ¢,d,i € Z with ptc. Then

() () = ()R () ()

(2.1)

1

p

I
o

J

Proof. If p | i, then both sides of the congruence (2.1) are zero.

Below we assume p 1 7 and let L denote the left-hand side of the congruence
(2.1). As {ir: r=0,...,p— 1} is a complete system of residues modulo p,
we have

. pzl (p) (z‘z—l—cz’(h’;-i-d(i?")z) = (g) 2 (%) <H#fdr2>

p—1
)ZTP DI2(1 4 e 4 dr?)®=1/2

=0
_<Z
A\

N p—1
= <3> Z (r'+ec+ dr)(p_l)/2 (mod p).

p r=1
We may write (z7 + ¢ + da)P~1/ ng__lfl )2 Gs® With as € Z. For
any integer s, it is well known (cf. [4 p. 235]) that

— d ifp—1
mod p)  otherwise.
Therefore,
p—1 (p—1)/2 p—1

Z (rt+ec+ dr)(p_l)/2 = Z as er = —ap (mod p).

r=1 5——(p 1 r=1
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(r— 1)/2< —1) /2> <2:>C(p_1)/2_2kdk

(» :1)0/2 (p=1)/2 (4ky (2k k
-2 GO E -6 g @)
QEE ()

So, by the above, we finally obtain (2.1). O

Clearly,

Lemma 2.2. Let p be any odd prime. Then we have the congruence

p—l 2k) 9 5

- k) — 92—

Z;) 64’“ < <?> (1—x) ) =0 (mod p“~r3) (2.3)
in the ring Zy|z|, where Z,, is the ring of all p-adic integers, and ép3 is 1 or
0 according as p = 3 or not.

Remark 2.1. For any prime p > 3, the congruence (2.3) is due to Sun [9,
(1.15)]. We can easily verify that (2.3) also holds for p = 3.
Proof of Theorem 1.2. Clearly both sides of (1.5) vanish if n = 1. Below we
assume n > 1 and distinguish three cases.

Case 1. n is an odd prime p.

Define

p—1 . p—1 . .9 .. 2 )
D¢ZZ<£> (z —|—C’L]—|—dj> < ><z + 2cij + (¢* —4d)j >
i=0 \P i=0 p

J

If p|cand p=3 (mod 4), then

b-1/2 , . LN (8 4
o3 ((3)+(57) (%)

CZ N (—= D)) (= 4d®

-3 () ) (=)

When p | c and p =1 (mod 4), for ¢ = ((p—1)/2)! we have ¢* = —1 (mod p)
and (2—;) =1 (cf. [11, Remark 1.1 and Lemma 2.3]), thus

1

P£ () £ ()

J
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S ()20 (5)

j=1
Now suppose that p{c. By Lemma 2.2,

5 () () ()

le 48 (5)

-(3) 2 () (5) <ﬁ>k (mod p*%r%).

Combining this with Lemma 2.1, we obtain that

0 (=)
(G0 )
<p1>j:: <;> (z + 2cij +p(c —4d)j2> mod )

Thus D =0 (mod p). Clearly |D| < 2p.
If p | 4, then

=S () (5)- p:<{><W>

M

J J

d 4d—c2>>p‘ <]>
(G)-(57)=G
Now assume that p 1 i. If neither ¢ — 4d nor (2¢)? — 4(c? — 4d) = 16d is

divisible by p, then
H{1<j<p—1:i2+ecij+dj*> =0 (mod p)}| € {0,2}

and
H1<j<p—1:i%+2cij+ ( —4d)j*> =0 (mod p)}| € {0,2},
hence D is even. When p | d, we also have 2 | D since

{1<j<p—1:plili+c)}={1<ji<p—1: pli(i+cj)’} =1
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If p| c® —4d, then 2 | D since
{1<ji<p—1:plili+2)} =1
and

2
Hl <j<p—1: iz—l—cij—i-djzz (z‘+§j) EO(modp)}‘:l.

So D is always even, and hence D =0 as p | D and |D| < 2p.

Case 2. n =pi...p, with r > 2, where pq,...,p, are distinct primes.
By the Chinese Remainder Theorem,

n

(0 () A Q) ()

J =0 s=1

p1—1 pr—1 r .9 .. .2
Js 1“4+ cijs + djs
XX (55

Jj1=0 Jjr=0s=1

Il
=)

and hence
n—1 . r ps—1 .9 .. )
J i +C’L]+d] Js 1“ + cijs + dj;
> () () - () (F5%) e
j=0 s=1 js=0
Similarly,
"Z‘:l <__]> <i2 + 2¢ij + (2 — 4d)j2>
: n n
=0
_HE_: ( js> <z’2+2cz'js+(c2—4d)j§>
ol Ps '
Thus, (1.5) holds in view of Case 1. This concludes the proof. O

3. PROOFS OF THEOREMS 1.3 AND 1.1

Lemma 3.1. Let p > 3 be a prime. If p=1,3 (mod 8) and p = x2 + 2>
with x,y € Z and x =1 (mod 4), then

pzl ) () L(p+5)/8] P 2
= p _ m d
=0 128k (=1 <21 23;> (mod p).

If(%) =—1, di.e., p=5,7 (mod 8), then

() ()

128k

bS]
|

=0 (mod p?).

e
i

0
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Remark 3.1. The first assertion in Lemma 3.1 was conjectured by Z.-W.
Sun [8] and confirmed by his twin brother Z.-H. Sun [7, Theorem 4.3]. The
second assertion was proved by Z.-W. Sun [9, Corollary 1.3] as a consequence
of (2.3) with z =1/2.

Lemma 3.2. Let p be an odd prime and let ¢,d,i € 7 with ptd. Then

§(0) (Lo ()5 (2ot spaseo)

j= 2=0
(3.1)
Proof. Both sides of (3.1) vanish if p | i. Below we assume p 1 i.
Clearly,
L <l> <z +3czy + dj? >
j=0 p
_pzzl <d_j <dz + 3ci(dy) + (dj)2>
=\ p
_p1<ﬁ> <k2+3czk+dz> pz_:l(zr)( 2 4+ 3ci r+dz>
- k=0 \P r=0 p
B <1> — <r> (r + 3er +d>
p) = \p p
and
If <r3 + 3cr? +dr> _pz_f <(:L' —¢)? 4+ 3c(z —¢)? +d(x — c)>
r=0 p z=0 p
_7’2‘:1 <x3 +(d— 3%z + c(2¢% — d)>
z=0 p
So (3.1) holds. O

Lemma 3.3. Let p be any odd prime and let i € 7.
(i) We have

Bl

7=0
(D=8 (D20 ifp=a?+2¢* (w,y €Z & 4|2 —1),
0 z'f(_?Q):—l, i.e., p=5,7 (mod 8).

(3.2)
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(ii) We have

§(0) (o)

—(%)23; ifp=a2*+4y? (v,y€Z & 4|z - 1),
0 if (_71) =—1, i.e., p=3 (mod 4).

[asry

Also,
. (l) <z’2—|—3z’j+3j2>
= \p p
- —(%)2:1: z’fp—:n2—|—3y2 (r,yeZ &3 |x—1),
0 if (52 3) 41, ie., p=0,2 (mod 3),
and

—_

p—

<j> <i2 +21ij + 112j2>
—\p p

2w ifp=a?+ 7y (ryeZ & (%) =1),
o0 if (5 Ty £1, ie., p=0,3,5,6 (mod 7).

.

(3.3)

(3.4)

(3.5)

Remark 3.2. Tt is well known that any prime p = 1 (mod 4) can be written
as 2 +4y? with z,y € Z. Also, for each m € {2,3,7} any odd prime p with

(=) =1 can be written 2?2 4+ my? with z,y € Z (cf. [3]).

Proof of Lemma 3.53. It is easy to verify that (3.2)-(3.5) hold for p = 3.

Below we assume p > 3.

(i) As 16 x 42/2 = 128, combining Lemma 2.1 and Lemma 3.1 we find

that

pz‘:l (i) <2‘2+4ij+2j2>
p p

J=

(—1)Lr— 3)/8J( )2z (mod p) ifp=a?+2¢y? (v,y€Z & 4|z —1),
0 (mod p) if (_72) =—1, i.e,, p=5,7 (mod 8).

Observe that

”i(]) <i2—|—4z’j—|—2j2> %
— \ p p .

Jj=0 J

1

<Z> <i2—|—4z’j—|—2j2>
< \p p

is even (since [{1 < j < p—1: i%+4ij+ 252 =0 (mod p)}| € {0,2}),
and its absolute value is smaller than p. If p = 22 + 2y? with =,y € Z and

x =1 (mod 4), then [2z| < 2,/p < p. So (3.2) holds.



10 D. KRACHUN, F. PETROV, Z.-W. SUN, M. VSEMIRNOV

(ii) In light of Lemma 3.2,

S () (Frnaty
NS - () (2

and

) (=5
CONOMERS

On the other hand, by [1, Theorem 6.2.9] and [1, pp. 195-196],

I§<83—48>_ 2z ifp=a?+4y® (z,yc€Z&4|x—1),
gt P 1o if p=3 (mod 4),

and

I§<s3—8> _{—Qx(%) if p=a?+3y° (v,y€Z & 3|z —1),
o
s=0

p if p=2 (mod 3).

So we have (3.3) and (3.4).
Now we prove (3.5). Clearly, (3.5) is valid if p | ¢ or p = 7. Below we
assume that p{i and p # 7. Observe that

( ) <i2 + 2145 + 112j2>
p

(112@'7‘) (11%2 + 2142 (112r) + (112ir)2>
p p

1

P

“M

r=

(

[en]

> (s + 2152 +112s>
5=0

|

{nghi
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By a result of Rajwade [6],

1§<s3+2132+1123>_{—2x itp=a2+ T2 (r,y €Z & (%) =1),
~ o

e =T
—0 P if (?) = —1.
Therefore (3.5) holds.
The proof of Lemma 3.3 is now complete. O

Proof of Theorem 1.3. Write n = py...p, with py,...,p, distinct primes.
In light of (2.4) and Lemma 3.3(i), if —2 R n fails (i.e., (;_32) = —1 for some
s=1,...,r) then

-1 . ps—1 . .. .
"Z<l> (z +4Z]+2j ) HT Z<35> <22+41j5+2j§>:0’
- n Ps

Jj=0 s=1 j7=0

Thus (1.7) holds. Note that if —2 R n then for each s = 1,...,r we may
write ps = 22 + 2y? with 25,95 € Z and 25 = 1 (mod 4) and hence

n—1 . .9 .. .9 r

5 <1> <z + 4ij + 2j > -1 <_1)ups 3)/8) ( )296)
< n n Ps

7=0 s=1

Similarly, (1.6), (1.8) and (1.9) also hold in view of (2.4) and Lemma
3.3(ii). This concludes our proof of Theorem 1.3. O

Proof of Theorem 1.1. Suppose that n = [[._; p%, where pi,...,p, are
distinct primes and aq, ..., a, are positive integers. If a; > 1 with 1 <t < r,
then n/p; =0 (mod p; ...p,) and hence for any i € Z we have

<z’2 +cij + dj2> B H <i2 + cij + dj2>“s
n 1 Ps

oy (G n/p)t+cli+n/p)i + AP\
-1 ( )

s=1 DPs
_ ((z +n/p)? +cli +n/py)j + dj2>

n

for all j =0,...,n— 1. Therefore
(67 d)n = [67 d]n =0.

Below we assume that n is squarefree. If —1 R n fails, then by Theorems
1.2 and 1.3 we have

"2‘:1 3\ [+ 3ij + 25 _0_"2‘:1 3\ [+ 6ij + 4
. n n a a - n n
7j=1 7=1

foralli=0,...,n— 1, hence (3,2),, = (6,1), = 0 and [3,2],, = [6,1], = 0.
This proves part (i) of Theorem 1.1. Similarly, parts (11) (iv) of Theorem
1.1 follow from Theorems 1.2 and 1.3. This ends the proof. U
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4. PROOF OF THEOREM 1.4

Let ¢ > 1 be a prime power and let F, be the finite field of order ¢. A
multiplicative character x on F, is called trivial (or principal) if x(a) = 1
for all a € F} = F, \ {0}. For a polynomial P(z) = Y " csa® € Fylz], we
define the homogenous polynomial

n
P*(z,y) = chx"_sys =z"P (E) . (4.1)
x
s=0

Fix a list of the elements of F,. For a multiplicative character x on F,, we
introduce the matrices

M(P, x) = [x(P*(a,b))]aper: and Mo(P,x) = [x(P"(a,)))]aper,. (4.2)
Lemma 4.1. Let ¢ > 1 be a prime power and let x be a nontrivial multiplica-

tive character on Fy. Suppose that P(x) € Fylz] and 3_, o, x(2P(z)) = 0.

Then M (P, ) is singular (i.e., det M(P,x) = 0). If the character x"*! is
nontrivial with n = deg P, then the matriz My(P, x) is singular too.

Proof. We introduce the column vector v whose coordinates are v, = x(b)
for b € F;. Let M = M(P,x). Then, for any a € F; we have

(Mv), = Z X (a”P (a_lb)) x(b) = X(a”“) Z X (a_le (a_lb)) =0.

beF; beF;

Since v is a nonzero vector, the matrix M is singular.

Now suppose that the degree of P is n and the character "+ is nontrivial.
Let My = My (P, x) and introduce the vector v with coordinates v, = x(b)
for b € F. Then (Mov), = 0 for all a € F}, as before. Let c, be the leading
coefficient of the polynomial P(z). Then

(Mov)o = > x(eab™)x(b) = x(cn) > X" '(b) = 0.
bEF, beF,

Therefore Myv is the zero vector and hence My is singular. O

Motivated by Lemma 4.1, we give the following more sophisticated lemma.

Lemma 4.2. Let ¢ > 1 be an odd prime power. Suppose that g € Fy is not a
square and x is a nontrivial multiplicative character on F, with x(—1) = 1.
Assume that P(x) € Fylz] and

> x(@P@?) =Y x(zP(ga?)) = 0. (4.3)

z€lFg z€lFg

(i) We have dim(Ker(M (P, x))) = 2, in particular M (P, x) is singular.
(i) Assume that the character x*"*! with n = deg P is nontrivial. Then
dim(Ker(My(P, x))) = 2.
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Proof. For a,b € Iy, set

S x(c) = x(v/ab) if ab = ¢? for some ¢ € F,,
“® o otherwise.

This is well defined since x(£1) = 1, The matrix V = [’Ua,b]a,belh‘;; has rank

2; in fact, if ¥’ = bc? for some ¢ € F, then columns b and ' in V are
proportional, but columns 1 and g are not proportional.

(i) Write M for M (P, x). It suffices to show that MV is the zero matrix.
For a,b € Fy, the (a,b)-entry of the matric MV is

Z X(P*(a,c))vep = Z x (a"P (a"'c)) x(Ve)

celfy c€lg
be is a square

=5 3 x (@ P (b)) x(ba)

deF,

—=-x(a"0) Y X (Py=1y(d))
deF,
where P.(r) = zP(cz?) for any c € F,.
Now it remains to show for any c¢ € [ the identity

Z X(Pe(z)) = 0.

z€lFy

Clearly, ¢ = cyd? for some ¢y € {1,g} and d € Fy. Thus

D x(Pe()) =Y x(@P(cod®a®) = Y x(d~'yPleoy?))

z€lFg z€lfy y€eF,

=x(d)™" D x(Pey(y) = 0.

y€lFq

This proves part (i) of Lemma 4.2.

(ii) Write Mo for Mo(P, x), and define Vo = [vgp]aper,. (Note the slight
difference between Vj and V.) The rank of Vj is still equal to 2, so it suffices
to show that MV} is the zero matrix. Note that the (a,b)-entry of MV is
trivially zero if b = 0 since v.o = 0 for all ¢ € Fy. For a,b # 0 we can repeat
the computation for MV verbatim. Let ¢, denote the leading coefficient of
P(z). If a =0 and b # 0, then the (a,b)-entry of MyVj is

Z X(P*(O’C))'Uc,b = Z X(Cncn)X(\/%)

cely cely
be is a square

:_ E 1d2 nd Z X2n+1
deF* deF,

2n+1

This is zero since y is nontrivial. We are done. O
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Theorem 4.1. Let ¢ > 1 be an odd prime power and let m € ZT with
ged(m,q — 1) = 1. Let x be a nontrivial quadratic character on Fy, and let

m—1
_ 2m g m—1-k
Py (z,a) = ];) <2/<;+ 1>a x (4.4)
with a € Fy = F,\ {0}. Then
Z X(xPn(gx?,a)) =0 forall g € Fg- (4.5)
z€lFy

If x(—=1) = 1, then both M (P,,(z,a),x) and My(Py,(x,a),x) are singular,
and moreover either of them has a kernel of dimension at least two.

Proof. In view of Lemma 4.2, we only need to prove (4.5). As P,,(gz?%,a) =
g™ P, (2%, ag7") for all g € [y, it suffices to show that

Z X(z P (2%,a)) =0 (4.6)
z€lFy

for any a € Fy.
Clearly, m is odd since ged(m,q — 1) = 1. Recall that x? is the trivial
character, and note that

Y x(@Pu(a?a)) = Y x(az™ Py((az™")?, a))
zel, z€Fy

m—1

— Z ( Z ( om i”_l . 1> a2m—l—k$2k+1—2m>

zelFY

B(EE)

z€Fy

= Z X 2me (l‘ a)) X(a)m Z X(l‘Pm(l‘2,a))-

z€elF} z€lfg

If a is not a square in Fy, then x(a)™ = (—1)™ = —1 and hence (4.6) holds
by the above.
Now assume that a = b% with b € [Fy. Since

N x(@Pu(a?a)) = > x(OP" 2P (7 12)%, 1) = x(0)* Y x(yPu(y?,1)),
z€ly z€lF, S

1

it remains to show that zxqu x(xPp(2%,1)) = 0. Since y = x~! and

2P, (22,1) = (z4+1)*"—(2—1)*" = ((z+1)"+(z—1)™)((z+1)™—(z—1)™),
we have

Z X (22 P (22, 1))

z€lF,
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=X+ Y x(@+ )"+ @ - )" (@ + )" (2 - 1)™)

z€lfg\{1}
(x+ 1)+ (x — 1)m>
-+ Y (e
rebov() (x+1) (r—1)
1+2/(z—-1)"+ 1)
-1+ 3 ;
sero(1) 1+2/(x—1)m—1
B y"+1\ y+1
AP X<ym—1>_1+ 2 X(@/—l)
yeF \{1} yeF\ {1}
2
yEF\{1} z€F \{1}
Thus >, cr, (2P (2%,1)) = 0 as desired.
The proof of Theorem 4.1 is now complete. O

Proof of Theorem 1.4(1). Let p be any prime with p = 5 (mod 12), and let x
be the quadratic character of ), = Z/pZ with x(z+pZ) = (%) for all z € Z.
Note that x(—1) =1 since p = 1 (mod 4). Clearly,

Ps(z,3) = <(15> z% + (g) 3z + (g) 3% = 6(«* + 10z + 9).

Applying Theorem 4.1, we obtain that

2 1 o . .2
(10,9), — det [(Mﬂ _0
1<6,j<p—1

p .7 .
and
.2 1 .. .2
[10,9], = det Kw)] — 0.
p 0<i,j<p-1
Note that Sun stated in [S19, Remark 4.9] that (10,9), = 0 if and only if
[10,9], = 0. O

Let F, be a finite field of order q. A polynomial P(z) € Fy[z] is called
a permutation polynomial if P is bijective as a function on F,. If x is a
nontrivial multiplicative character on F, and P(z) € F,[z] is a permutation

polynomial, then
> x(P(z) =) x(y) =0,
z€F, IS

and also

> x(P(x)) =0

zelFy

provided that P(0) = 0.
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Theorem 4.2. Let ¢ > 1 be an odd prime power and let m € ZT with
ged(m, q? —1) = 1. Let x be a nontrivial multiplicative character on F, with
x(—1) = 1. For the polynomial

(m—1)/2 .
mo(m=t i, (m—1)/2—i
Q)= 3 (M) et (1.7
=0

with a € F, we have
dim(Ker (M (@m(z, a), X)) = 2.
Moreover, if the character x™ is nontrivial, then
dim(Ker(Mo(Qm(z, ), x))) = 2.

Proof. Let a € F,. It is a classical result (cf. [5, pp.355-357]) that the
Dickson polynomial D,,(z,a) := 2Q,, (22, a) is a permutation polynomial on
Fgy. For any g € Fy, as Qm(g2?%,a) = g(m_l)/sz(x2,ag_1), the polynomial
Q. (922, a) is also a permutation polynomial on F,. Thus

Z X(2Qm(gz®,a)) =0 forall g € Iy (4.8)

z€lF,

Combining this with Lemma 4.2, we immediately obtain the desired results.
O

Proof of Theorem 1.4(ii). Let p be any prime with p = 13,17 (mod 20).
Then ged(5,p? — 1) = 1. Let x be the quadratic character of F, = Z/pZ
with x(z + pZ) = (3) for all z € Z. Then x(—1) = 1 since p =1 (mod 4).
Clearly x° = x is nontrivial and Q5(x, —1) = 22 +5z+5. Applying Theorem
4.2, we get that

.2 . .2
5,5, — det KMH _o.
p 0<i,j<p—1

This concludes the proof. O
Note that actually our method to prove Theorem 1.4 yields a stronger

result stated after Theorem 1.4 in Section 1.

— 5 3
5. A SUFFICIENT CONDITION FOR Zi:é(%) =0

For an odd prime power ¢ > 1, we let x, denote the quadratic multiplica-
tive character on the finite field F,.

Let p =1 (mod 4) be a prime and let a be a nonzero element of F,,. If
xp(a) = 1, then we define \/a as an element « € F, with a? = a. When
Xp(a) = —1, the finite field F 2 = F,[z]/(z* — a) contains an element o with

o? = a, and we denote such an a € F,2 by \/a.
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Theorem 5.1. Let p = 1 (mod 4) be a prime and let a,b,c be nonnzero
elements of the field F,. Let q be p or p? according as xplac) is 1 or —1,

and set b o
— ; v ac c Fq'
16+/ac
Let N be the number of Fy-points on the affine curve v =at + a2 4. If
N = —1 (mod p), then

Z xp(az® + ba® + cx) = 0.
z€lF,

For the sake of convenience, for an odd prime p we introduce the following
two polynomials over I,

_ Z% 1:[8'7+1 8j+5)k (5.1)
= oo 47+ 1)(45 + 3)
and L(p—1)/4]
p—1)/4
B 4k —1)I'
g(z) =1+ 2 ICIE FAR (5.2)

Lemma 5.1. Let p be a prime withp =1 (mod 4), and let a,b, c € F,\ {0}.
Define
A, = Z Xp(az® + bz® + cz).
z€lF,
Viewing A, (mod p) as an element of F,,, we have

A, (mod p) = _<E —1%421)1)@ DI/ 4 om0/ 7 (96,

Consequently, A, =0 if (a~ Le)e=D/4 = _1 or f(ac/b?) = 0.
Proof. As Ap = 3~ e\ f0} xplaz® + bz® + cz), we have |A,| < p. So, the
second assertion in Lemma 5.1 follows from the first one.

Now we come to prove the first assertion. With the help of (2.2), in F),
we have

A, (mod p) = Z (az® + ba® + cx)P~1/2

zel,
p—1
— Z ((p B ]‘)/2)'ak5 bkgckl Z x5k5+3k3+k1
ks'ksglkq!
k5+k3+k1:(p—l)/2 x=0
= — Z Maksbk%lﬁ
kslkslky!

kg+kz+ki=(p—1)/2
Sks-3kg+k=p—1

Ly

l ol ! '
ks+kg+k1=(p—1)/2 kslkslk:!
5k5+3kg+k1=2(p—1)
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(Note that if k1, k3, k5 are nonnegative integers with k1 +ks+ks = (p—1)/2
then k1 + 3ks + 5ks < 5(k’1 + k3 + k‘5) < 3(p — 1)) Thus,

A, (mod p)
_ Z ((p— 1)/2)!ak5bk36k1 _ Z ((p— 1)/2)!ak5bk36k1
et h (1) /2 kslks!kq! ket h i (1) /2 kslkslkq!
ks+2ks=(p—1)/4 ks+2ky=(p—1)/4
L(p—1)/8]
pz ((p—1)/2)! JFp =1 /A=2k (p=1)/A+k
R —1)/2 - 20((p — 1)/ T B)!
L( 1)/8J
Y ((p—1)/2)! (P~ 1)/ Ak (p—1) /42K k

— ((p—1/4+R)(p—1)/4 - 2k)K!

_ (P =D\ o110/ 4 g1/
<(p— )/4> (¢ i )

<1+L(p§15/8j 2i_[1< ) lj /4+j) %(%)k>

=1

o <E§: 3@ D/ (alr D/ D £ (2]

as desired.

O

Lemma 5.2. Let p be an odd prime and let ¢ = p™ with n € Z*. For any
polynomial

2(p—1)

= Z e’ € Fylz]
k=0

we have
Z H(x)l—l—p-i-----i-p”*l — _cl+p+'“+p”71 _ ettt 1' (5.3)

- "p-1 Ca(p—1)
z€lF,

Proof. As the multiplicative group F, \ {0} is cyclic, similar to (2.2), for
each s =0,1,2,... we have

T _{—1 if s € (¢ - 1)2°,

otherwise,
z€lFy

where we treat 0° as 1 when s = 0. Note also that

2(p—1)

k=0
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for all integers ¢ > 0. Thus

n—1 ,2(p—1) n—1
S =S 4o ) =%, T4
z€lFy z€lFy 1=0 =

where Y_* means that the sum is taken over all kg, ..., k,—1 € {0,1,...,2p—
2} subject to the condition

ko+kip+---+ kn_lpn_l S (q — 1)Z+. (5.4)
Write k; = p — 1+ t;, where —(p — 1) < t; < p—1. Then

n—1 n—1
D okpt=q-1+> tp'.
i=0 i=0

Note that

n—1

>t <q-1,

i=0
and the equality is possible only if tg = -+ =t,-1 =p—1 (ie, kg =+ =
kn1 =2(p—1)orty=-=tyq =—(p—1) (le, ko+kip+ -+
kn_1p" ! = 0). Since |t;| < p, if Z?:_OI tip" = 0 then we obtain step by step
that to="+"=1tn—1 =0 (i.e., k’o:--- :kn—l :p—l).

Combining the above, we finally obtain (5.3). O

Lemma 5.3. Let p be an odd prime and let ¢ = p™ with n € ZT. Let
a, 8,7 € F,\ {0} and set

B, = Z Xq(azt + Bz? + 7).

z€lFy

Viewing B, (mod p) as an element of Fy, we have

v Lpttpn =t
By (mod p) = ~xyla) = (g 53 ) (5.5
Proof. Write
2(p—1)
H(z) := (ax + fa? 4 )P~/ Z cpat.
In view of Lemma 5.2, we have
B, (mod p) = Z (am + Ba? +7) (q n/ Z H(x 1+p+---+pn71
z€F, z€F, (5.6)
_ Lptetp™Tt lptedpnT?
- %1 “2(p-1) '

Clearly,

I4pt--fpm ! (g—1)/2

Cop1) =al\7” = xq(). (5.7)
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Note also that

3 (0 =1)/2)! 1, ook
L BT TRl A
ky+kotko=(p—1)/2 k4'k2-k0-

4kg+2kg=p—1

- ¥ ((p —1)/2) W 5(-1)/2-2K) i
p v
0<k<(p—1)/4 ((p—1)/2 = 2k)!(K!)?

1)/2 ~1)/ et 1 (av\"
e S (050) (5

_ﬁ(p 1/ <Bz>

and hence . )
+p+Ap™ T
a1 ay
1 = () 6
Combining (5.6) with (5.7) and (5.8), we immediately obtain the desired
(5.5). 0

Now we study further properties of the polynomials f and g defined by
(5.1) and (5.2). They may be viewed as truncated versions of certain hyper-
geometric series.

Lemma 5.4. Let p be an odd prime and let g = p™ with n € Z*.
(i) A polynomial u € Fy[z] with degu < |(p—1)/4] satisfies the differential
equation
(42 — 1622)u" + (4 — 322)u’ — 3u =0 (5.9)
if and only if uw = cg for some c € F,.
(i) Suppose that p = 1 (mod 4). Then a polynomial v € F4[z] with
degv < |(p —1)/8] satisfies the differential equation

(162 — 6422)0" + (12 — 1122)0" — 50 =0 (5.10)
if and only if v = cf for some c € F,.

Proof. Tt is straightforward to verify that u = g and v = f satisfy (5.9) and
(5.10) respectively. So, the “if” parts of (i) and (ii) are easy.

Now we prove the “only if” part of (i). If a polynomial u € Fy[z] with
degu < [(p — 1)/4] satisfies (5.9), then there is a constant ¢ € F, such that
@ = u—cg is a solution of (5.9) with degu < [(p—1)/4]. Thus, it suffices to
show that (5.9) has no nonzero solution u = cqz? +- - - 4 co with degu = d <
|(p—1)/4]. In fact, the coefficient of 2% in (42 — 162%)u” + (4 — 322)u’ — 3u
is —(4d + 1)(4d + 3)cq # 0 provided d < [(p — 1)/4].

Similarly, we can show the “only if” part of (ii). O

Lemma 5.5. Let p = 4n + 1 be a prime with n € Z™. Then

—(2n)!(n)2g(2) = (162 — 2)" f (ﬁ) .
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Proof. Clearly, v = (162 — 2)"f((16z — 2)72) is a polynomial of degree
n = (p—1)/4 with the leading coefficient 1. A direct computation based on
(5.10) shows that u satisfies (5.9). Now we apply Lemma 5.4 and compare
the leading terms of both sides. Since

-2 (p—1) )
(a2~ 2 12n)I(n)2 —  (2n)l(n!)2 (mod p),

we immediately get the desired result. O
Proof of Theorem 5.1. Since

N=>) (I+xga"+2>+7) =q+ Y xq(z* +2° +7),
z€F, z€F,

the assumption N = —1 (mod p), together with Lemma 5.3 in the case
a = B = 1, implies that g(y) = 0. As (167 — 2)72 = ac/b?, we have
f(ac/b?) = 0 by Lemma 5.5. Applying Lemma 5.1 we obtain the desired
result. O
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