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PERFECT SQUARES REPRESENTING THE NUMBER OF RATIONAL
POINTS ON ELLIPTIC CURVES OVER FINITE FIELD EXTENSIONS

KWOK CHI CHIM AND FLORIAN LUCA

ABSTRACT. Let ¢ be a perfect power of a prime number p and E(F,) be an elliptic curve
over F, given by the equation y*> = 2® + Az + B. For a positive integer n we denote
by #E(Fgn) the number of rational points on E (including infinity) over the extension
Fyn. Under a mild technical condition, we show that the sequence {#E(Fyn)},>0 contains
at most 102°° perfect squares. If the mild condition is not satisfied, then #E(Fyn) is a
perfect square for infinitely many n including all the multiples of 24. Our proof uses a
quantitative version of the Subspace Theorem. We also find all the perfect squares for all
such sequences in the range ¢ < 50 and n < 1000.

1. INTRODUCTION

Let ¢ be a prime power. We denote by F/F, the elliptic curve y* = 2* + Az + B over
the finite field I, of ¢ elements. The condition that £ is an elliptic curve is equivalent to
4A3+27B* # 0 in F,. Tt is known that if p > 3, then any elliptic curve over F, admits such
an equation. We consider the set E(F,) of F,-rational points on E (including the point
at infinity) over the finite field F,. This set forms an abelian group with the Mordell-Weil
addition law with the point at infinity as the identity (zero) element. We denote by #E(F,)
the cardinality of this group. It is well-known by a theorem of Hasse that

lg+1—#E(F,)| <24
We set:
a=q+1—-#E(F,).

The number a is called the trace of the Frobenius. For a positive integer n we look at the
set of points of E including the point at infinity over the field extension F,» and denote
this set by E(F,»). This is again an abelian group having F(F,) as a subgroup. We denote
by #E(F,n) the cardinality of this group. Again by Hasse’s theorem, we have

" +1 = #EF)| <2V

There is a formula which allows us to compute #E(F») from knowledge of ¢, #E(F,)
and n only. Namely, let v, 3 € C be the roots of the quadratic polynomial 2> —ax+¢q. Then
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a and 8 are complex conjugates satisfying a + 8 = a and |a| = || = /. Furthermore,
for every n > 1, the following formula holds

#EF ) =q"+1—ap,

where a,, = o™ + ("

The group E(F,») has drawn much attention in literature. For instance, Luca and Sh-
parlinski [5] consider I(¢"), the exponent of E(F;»); that is, the largest possible order of
points P € E(F,.), and show that [(¢g") > ¢"!~%) holds for all ¢ > 0 as n > n. with
some (ineffective) value of n.. In this paper, we look at perfect squares in the sequence
{#E(F )} n=0. We show that under mild conditions, there are at most 10**° values of
n such that #E(F;n) is a perfect square. These potential values are not effectively com-
putable. If the mild conditions are not satisfied, then #E(Fn) is a perfect square for
infinitely many n including all the multiples of 24. Below is our concrete result.

Theorem 1. Let E be an elliptic curve over F, given by the equation y? = x* + Ax + B
and let o, B be the two roots of 2> —ax +q =0, where a = ¢+ 1 — #E(F,).

(a). If o/ B is not a root of unity, then there exists at most 5.6 x 1019 perfect squares in
the sequence {#E(Fyn)}nso-

(b). If o/ = ( = et is a root of unity with ged(k,m) = 1, then m = 1,2,3,4,6.
Furthermore, there exist infinitely many perfect squares in the sequence {#E(Fn)}nso-
In particular, #E(F) is a perfect square if n = 0 mod m. The following table shows

the pattern.

m q a n an (u(q,a,n))?
; " | Vnez | (1)

: s —2p" | VneZ | 2(=p")" (((—p”)” —)1)2
o | Vg except g = p* where 0 | n=2modd | —2¢" 21 ("% +1)?
p=1mod4,veEZ n=0mod4 | 2¢"/? (¢"/% —1)?
» | n=0mod6 2pUn (¢"? 4+ 1)?
5 p*,v € Z except P =3mod6 | 2p | (¢ —1)?
p=1mod3 v | n=0mod6 | 2p™ (" —1)?
Pl n=3mod6 | —2pm (¢"/% —1)?
2Y v 1s odd ot | M Omod 8 %:; (" —1)?
4 7 n=4mod8 | —2 2 ("% +1)?
2V, v is odd _out| M= Omod 8 2%2 (¢"* — 1)
} n=4mod8 | =272 | (¢"?*+41)?
oo wi|n=0mod 12| 2(3% "7 —1)?
6 3", v is odd +372 n =6 mod 12 _2(<3%v)) Eqn/Q + 1§2

(c). With the assumptions and notations from (b), the only perfect squares in the sequence
{#E(F )} =0 of the form (u(q,a,n))?* withn #Z 0 (mod m) are

L=17 = (u(2,2,1))* = (u(3,3,1))*,
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4=2%=(u(3,0,1))%
9_32 (u(2,0, )) (u(8,0,1))?
25 = 52 = (u(2,-2,5))* = (u(32,8,1))%

We ran a computation that looked at all elliptic curves over Fy» for ¢ < 50 and their
extensions to Fy» for 1 < n < 10°. We extracted all the terms which are perfect squares
using SAGE. Let ¢, a, a,, o and [ be defined as before. The following is the numerical
result.

Theorem 2. For the sequence {#E(F ) }nso with a/B not a root of unity, the terms within
q < 50 and 1 < n < 10% which are perfect square, that is, for which (u(q,a,n))* = #E(F ),
are the following

4=2%= (u(2,-1,1))* = (u(2,-1,3))? = (u(4,1,1))* = (u(5,2,1))?
= (u(7,4, )) (u(8,5,1))%,
= (u(5,-3,1))" = (u(7,~1,1))* = (u(9,1,1))* = (u(11,3,1))*
= (u(13, ))2
16 = (u(2,-1,4))" = (u(2,1,4))* = (u(4, -3,2))* = (u(4,3,2))”
(u(ll, 4,1))* = (u(13,-2,1))* = (u(16,1,1))* = (u(17,2,1))?
= (u(19,4,1))* = (u(23,8,1))%,
25 = (u(17,-7,1))? = (u(19, —5,1))% = (u(23, —1,1))* = (u(25,1,1))?
= (w(27,3,1))% = (1(29,5,1))* = (u(31,7,1))* = (u(32,8,1))?,
36 = (u(3,1,3))% = (u(27, 8, 1))* = (u(29, —6,1))* = (u(31, -4, 1))?
= (u(36,1,1))* = (u(37,2,1))* = (u(41,6,1))* = (u(43,8,1))*
= (u(47,12,1))?,
49 = 7* = (u(37, —11,1))* = (u(41,=7,1))* = (u(43, =5,1))* = (u(47, —1,1))?
= (u(49,1,1))%,
144 = 122 = (u(5,3,3))?,
324 = 18" = (u(7,-4,3))* = (u(7,-1,3))* = (u(7,5,3))?,
2116 = 46 = (u(2, —1,11))?,
3025 = 55 = (u(5,1,5))?,
4900 = 70? = (u(17, -7, 3))2,

12100 = 1102 = (u(23, —1,3))?,
24336 = 156° = (u(29, —9 3))
103684 = 3222 = (u(47, —1,3))2.

u
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We refrain from listing the corresponding elliptic curves for each Frobenius stated above
as they can be readily obtained by computer.

We appeal to a quantitative version of Subspace Theorem to obtain the explicit upper
bound for n for the case when the number of perfect squares is finite in Theorem [ In
Section 2] we shall present several lemmas for the preparation of Theorem [l The proof of
Theorem [ is presented in Section [l

2. NOTATIONS AND PRELIMINARY RESULTS

We first present a lemma concerning the criteria on a such that there is corresponding
elliptic curve over the finite field IF,. It is rephrased from [I0, Theorem 4.1].

Lemma 1. Let ¢ = p® be a perfect power of p and let N = p® +1 — a. Then there ewists
an elliptic curve E/F, such that #E(F,) = N if and only if |a| < 2,/q and one of the
following is satisfied:

(a). ged(a,p) = 1;
(b). b is even and one of the following is satisfied:
(i). a = £2,/G;
(ii). p# 1 mod 3, and a = £,/q;
(11i). p % 1 mod 4, and a = 0;
(c). b is odd, and one of the following is satisfied:
(i). p=2 or 3, and a = £p+1/2;
(ii). a = 0.

Before we present the next lemma, we give a review on some standard notations of al-
gebraic number theory, Diophantine equations and Diophantine approximations.

Let L be an algebraic number field of degree D over Q. Denote its ring of integers by
Op, and its collection of places by M. For a fractional ideal Z of L, we denote by Ny, (Z)
its norm. We note that Ni(Z) = #(OL/Z) if T is an ideal of Op, and the norm map is
extended multiplicatively (using unique factorization) to all the fractional ideals of L.

For a prime ideal P, we denote by ordp(z) the order at which it appears in the factor-
ization of the principal ideal Oy, generated by x inside L.

For € My, and x € L, we define the absolute value |z|, as follows:

(i). |2, := |o(z)|P if u corresponds to the embedding o : L — R;
(ii). |z], = |o(@)¥P = [&(z)[¥P if p corresponds to the pair of complex conjugate
embeddings o, 7 : L — C;
(iii). |2, := Np(P)~4»@/D if ;y corresponds to the the nonzero prime ideal P of O;

We say that p is real infinite or complex infinite in case (i) or (ii) respectively, and we
say that pu is finite in case (iii).
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We note that these absolute values satisfy the product formula
(1) IT lelu=1  vezel~
HEMY,

Let m > 1 be a positive integer. For u € My, and a nonzero vector x € L™, we put

1/2D
x|, = (Z |x2\2D> if € My, is real infinite,
. 1/D
x|, = (Z |x2\5> if © € My, is complex infinite,
i=1
x|, = max (|z1],, ... |Tm|u) if € My, is finite.

We note that for an infinite place y, |x[, is a power of the standard Euclidean norm ||x||.

Next, we define the height of a nonzero vector x € L™\{0} as follows:

H(x):=H(wi,. .. xm) = [] [
HEMY,
For x € L, we put
H(x) == H((1,x)).

For a linear form

Za:)s, € L(xy,...,zn),
we define H(L) := H(a), where a = (al, ..., ap). We also put |L|, :=|a|, for p € My.

We now state the explicit version of the Subspace Theorem by Evertse and Schlickewei
[2, Theorem 3.1] (see also [1]).

Lemma 2. Let S be a finite set of places of I containing all the infinite ones. Let

{Liy, .. Lyt for p € S be m > 1 linearly independent sets of linear forms with co-
efficients in I such that for some real H > 0, the inequality
H(L;,) <H

holds for allpp € S andi=1,... ,m. Fora fired ) < § < 1, consider the set X of solutions
x € L™\ {0} of the inequality

) TTIT e < 0 [Tt Lo

peS i=1 RES

Then there exist t proper linear subspaces T1, ..., T; of L™, with

t < (3m)2m#S Q3m+9) gmm#ES—m—4 1404 D) Jog log 4D
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such that every solution x € X with

H(x) > max{m*™/° H}
belongs to Ty U---UT;.

We next present a lemma used in [5] concerning an upper bound on the zero multiplicity

of a nondegenerate linear recurrence sequence {u, },cz of complex numbers due to van der
Poorten and Schlickewei [11].

Lemma 3. Let K > 1 be an integer, and let «;, 5; € O \{0}, i = 1,..., K, such that
a;/a; is not a root of unity for any 1 <i < j < K. Then, the number of solutions s of the
equation

satisfies the inequality
s < (K —1)(4(D + w))>*
where w is the number of prime ideal divisors of aq---ag in OL.

It should be noted that there are also results concerning upper bounds on the zero
multiplicity of a nondegenerate linear recurrence sequence {u, },cz of complex numbers by
Schmidt [7] and by Schlickewei and Schmidt [6], among others. These bounds are more
general but they have a worse dependence in the parameter K, which is why we do not
use them here.

Finally, we present a technical lemma whose aim is to give a more concise proof for
Theorem [I1

Lemma 4. Let d be a positive integer, z € C with |z| < 1. Then for the complex function

f(w) = (1 +w)"? we have
VAN I RS VAN |
‘f(w)_z<r)w - r:zk;l(r)w S E+ D) = [w])

r=0

|w‘k+1’

where we have chosen the branch of (1 + 2)Y¢ which is holomorphic on C\ (—oo, —1] and

which is equal to the positive d-th root of (1+ z) for z € R, z > —1.

In particular, when d = %, qg=af,q>2andn > 30, ifw= qin — ‘;‘—: — %, we have
= [1/2 = [1/2 4.001
Z( / )wr <0.0003  and Z( / )wr <—,
r=1 r r—=2 r q

for k=0 and k = 1, respectively.
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Proof. See for example [3, Lemma 2] for the proof of the first inequality.

We shall prove the remaining inequalities. For w = £ — & — g—:, qg = af, ¢ > 2 and

q" q"
n > 30, we have

1 o p° 1 1 2
== _ — |+ —— < — + — < 0.0001
|wl - qv  q" g2 = 230 + 915 ’
and
) 1 am Br 2 1
w|” == —— —— _2n__ 7 2n
q q q q q

) 2n 20(”5” 62n
<

q
1+ 4+4_ 1+4+4 1 +4+4 1<4.0002
2n q3n/2 qr - qr qn/2 qn 230 215 qn qn ’

Thus, when d = % we get

= [1/2 2 = [1/2 2 4.001
) ( / )zur < 20l 0003 and [ ( / )zur < ol 200
2\ r (1w 2\ r —Jul) = ¢
for k = 0 and k£ = 1 respectively, which is what we wanted. O]

3. PROOF OF THEOREM [I](A)

We denote by (u(n))?, where u(n) € Z, the term in the sequence {#FE(F,n)},~0 which
can be expressed as a perfect square. We have

(3) u’ = (u(n))*=¢"+1-a" - p"
Let w = qin - ‘;‘—: - %. We can rewrite ([3)) as
k 00
1/2 1/2
(4) ¢ (1+w) " =q ;2; : Tgi;l :

We assume that n > 20 and ¢ > 2. With £ =1, we get

1 1 a” 5" 1/2
n/2 n/2 §
( 2 qn qn qn —~ r

By Lemma [l we obtain the approximation
1/ a" ok 4.6
_ g2 i
u—g +2(qn/z)+2(n/z)‘<qn/z,

or equivalently

() 2 5

We apply Lemma [ viewing the left side of (B as a small linear form, with details as
follows.

uq < 4.6.
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Let L := Q(v/a,v/B). We have D = [L : Q] < 4. We denote by m and 7 be the
prime ideals dividing ¢ in Op. Let & be the subset of My, consist of the three valuations

corresponding to {m, 7, 00}. We define the linear forms L;, for v € Sand i =1,... ,4 as
follows:
1 1
Ly =X —Xo+ §X3 + §X4,

Li,oo::Xi forz':2,...,4,
whereas for v € S, v # 0o, we put
L’i7OO::Xi fOI'i:]_,...,4.

Then {Li,,..., L4y}, v € S are linearly independent sets of linear forms in 4 variables
with coefficients in L. Finally, we define the vector

x=(X,...,Xy) = (uq"/z,q",a”,ﬁ”) e L4

With these settings, we can evaluate H(L;,) as follows. Forall e Sandi=1,... ,4
except when p = 00,7 = 1, we have a; = (ay,...,a4) with a; = 1 and other entries 0.
Thus,

For 1 = 00,i = 1, we have a = (1, —1, 2, 1) so that

DRI
11 ~
H(Lio)=H(a) = [] L-l.5])| <2=4.
0

HeEML,

Let us note that H(L;,) < max{l, H}=H.

We need to find some explicit § with 0 < § < 1 such that the inequality (2) is satisfied.
First, we consider the expression [ s [det (L1, ..., La,)|, and observe that for p = oo we

have |det (L1 o, - .. , Laoo)|,, = 1 as the corresponding matrix is upper-triangular, whereas
det (L1, ..., Lay)|, = |detI], =1 for p € S, p # oo, where I is the identity matrix.
Next, we rewrite

LT, = (T, ) (TITE00, ).

peS i=1 HES HES 1=2

We apply the product formula () to get

TLT] 1z H Hugs "

HES 1=2
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Besides, using the fact that v € Z so that |u| <1, |ul- < 1 and |L; (%) < 4.6 as in
@), we have

4
T2, = X0l X0 = 1 e ()] = [ug? ], |ug? |- 1o ()],
peS i=1

n

<4.6|q?|_|q¥|_=4.6q2.
Now, we note that H(x) = [[,cu, [X[u = (Hues ‘X|“> (Hu¢8 |X‘u>, where

Ii[|3<‘u = Ii[ max (| X[y, ..., | Xaf) = 1.
n¢S n¢S
Therefore, we get
—4

[T~ (1) = () (T ) =
ueS i=1 K LES LES uésS

Besides, we deduce that

Y

|X|7r = max (|X1|7ra ) |X4|7r) = max (|an/2|m |qn|7T> |an|ﬂ> |5n|7r) 1
1.

|x|7 = max (| Xi|#, ..., [X4|#) = max (|uq”/2\f, 0" |7, | |, |5n|f)

Next, we bound |x|.. Using (@) and Lemma @], we rewrite | X1 | as

- ( s z () )

so that with ¢ > 2 and the assumption n > 30,

n/2

< 1.0003¢",

| o0

o0

4 1/D
xloc = (Z \XAQ) = (104 + gl + a2+ 18714) "
i=1

1/4 1/4
an 4 2 an 4 2
< (¢* ( 1.0003 +1+qﬁ < (g" (1.0003" + 1+ o5

< 1.2¢".
This yields

Hx) = ] .= <H |X|u> LT 1l | = el el x| < 1.2¢7,

HEML HES ugsS

and hence H(x)™° > 0.8¢7™. We note that for ¢ > 2 and n > 30,

4
. 4.6
TTTI 1z ()], <4645 = (4.6q-%") g < <§) g3 < 0.8 5"

peS i=1
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Finally, we take 0 := 2/5, and then the above estimates altogether give

L ,.( —2p
LT Ftle < osq i p0 7 < G0 T et L
n

pes i=1 RES

and thus (2]) is satisfied. Now we apply Lemma 2 with m =4, D = 4, #8 = 3, to deduce
that there exist ¢ proper linear subspaces 7y,... ,7; of L*, with

t < (3m)2m#ES Q39 gmm#ES—m—4 100 4 D log log 4D < 107
such that every solution x € X with
(6) H(x) > max{m*™/° H} > 1.2 x 10*
belongs to T U---UT;.

Since we are in case (a), we have that o/ is not a root of unity. Let T be one of these
subspaces and suppose that 7 does not depend on X;. Then the solution
x = (ug™?,¢q", a", ") € X
satisfying (@) satisfies an equation of the form
a1q" + as” + azf" =0

for some vector of coefficients (ay, as, az) € IL? not all zero. By Lemma 3] this relation can
hold for at most

¢(K,D,w) = ¢(3,4,2) = (3 — 1)(4(4 + 2))*P*! = 15925248

values of n. Suppose next that 7 is one of these subspaces and T depends on X;. Then
the solution x = (uq™?,q",a", ") € X with (@) satisfies an equation of the form

ug™? 4+ a1q" + asa™ + azf" =0
for some vector of coefficients (1, a1, as, az) € IL* not all zero. Together with (3], we have
uq" = ¢+ ¢" = ¢"a" = ¢"B" = (a1q" + axa” + azf")?,
yielding
1@ + 0™ + 37"+ cyq" ™ + 5@ B + ceq™ = 0,
where ¢; € L, 1 < j < 6. By Lemma [3] this can hold for at most
¢(K,D,w) = ¢(6,4,2) = (6 — 1)(4(4 + 2))*>*! = 39813120

values of n.
Next, we consider the solutions of “small height” x = (ug™/?,¢",a", ") € X with

H(x) < max{m*™/° H} < 1.3 x 10*.
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Note that

A 1/D
H(x) = (H IX\u> LT el | =TT Il = Il 3¢l [l = (Z\Xilfo>

HES ue¢S HES

> (1/2
n 1 T
(7))

_ log(1.3 x 10%) _ log(1.3 x 10%4)
log q log 2
Therefore, we obtained the upper bound

80 + (15925248 + 39813120)10"" < 5.6 x 10'*

(7)

(o]
> q".
Thus, we have

< 80.

on the number of possible values of n such that #E(F,) is a square, which finishes the
proof of part (a).

4. PROOF OF THEOREM [I(B) AND (C)

In this section, we assume that a/8 = ¢ = e¢”w" is a root of unity with (k,m) = 1. Since
27ki

a, B are roots of ¥? — ax + ¢ = 0, we have deg(¢) = deg(e™m ) = ¢(m) < 2, giving m = 1,
2, 3, 4 or 6. This takes care of the first assertion from (b). We shall show that #E(F,) is
a perfect square if n = 0 mod m. For n # 0 mod m, we find all n such that #E(F) is a
perfect square. We consider each value of m below.

(1). m=1
This gives /B = ¢ = e*™ =1, that is a = 3 € Z and hence o = 3 = £¢"/. This yields

a = £2,/q.
In order that a € Z, we need ,/q € Z, therefore
qg=p* and a = £2p’, where v € Z.
Then for all n € Z, a, = a" + " = 2(£¢"/?)" and
#EFp) =q"+1-a" =" =¢" +1-2(£¢"?)" = (£¢'*)" = 1)* = (Fp")" = 1)*

is a perfect square.

(2). m=2

This gives k = 1, a/8 = ( = €™ = —1, that is « = —f € Z and hence without loss of
generality we may assume that a = ¢'/%i and 8 = —¢'/?i. This yields to a = 0. When n is
odd,

HEFp)=q"+1—a"— " =¢" + 1.
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By known results about the Catalan equation, the only solution when either n > 1 or when
n =1 and ¢ is not prime is 23 +1 = 32. This gives the solutions (¢, a,n) = (2,0, 3), (8,0,1).
When n = 1 and ¢ = p is prime, then setting p + 1 = u?, we get p = (u — 1)(u+ 1). Since
p is prime, the only possibility is u — 1 = 1, so (u,p) = (2,3), which gives the solution
(¢,a,n) = (3,0,1).

When n = 2 mod 4, a, = ay, = o™ + " = —2¢™? and

#HEFp)=q¢"+1—-a"-p"=q¢"+1+ 2¢"? = (qn/2 +1)?
is a perfect square for all q.
When n = 0 mod 4, a, = as, = a" + " = 2"/ and
#EFp ) =q¢"+1—-a"-p"=q¢"+1- 2¢"? = (qn/2 —1)?

is a perfect square for all q.
Finally, we note from Lemma [Il that there is no corresponding elliptic curve for (¢, a) if
a=0, qg=p® where p=1mod 4,v € Z.

(3). m=3

This gives o/ = ¢ = e 55 Then either (i). a = ¢'/%¢% and § = ¢'/?e”% for k=1, or
(ii). a = ¢/2¢%" and 8 = ¢"/2¢="5" for k = 2. Thus, we have either

(). a=q¢"? #EFu)=q¢"+1—a"—p"=q"+1—2¢"?cos (%), or

(ii). a=—¢"% H#EFp)=q¢"+1—a"—p"=q"+1—2¢"?cos (221).

We shall consider different scenarios for n.

When n = 0 mod 6, in both (i) and (ii) we have
#EFp) =q"+1—2¢"% = (¢"* - 1)~

This is a perfect square whenever ¢"/? — 1 € Z; ie., ¢ = p*, v € Z. Therefore, the
corresponding a and a,, are
(i). a=p"a,=2p", (ii). a=—p' a,=2p

vn

When n = 3 mod 6, we have
(1) a = q1/2’ #E(Fqn) =q"+ 14+ Qqn/2 _ (qn/2 4 1)27 or
(). a=—q¢"% H#EFp.)=q"+1-2¢"%=(¢"?—1)%
This is a perfect square whenever ¢"/? + 1 € Z; ie., ¢ = p*, v € Z. Therefore, the
corresponding a and a,, are
(i). a=7p' a, =2p", (ii). a=—-p' a,=—2p
Finally, we note from Lemma [I] that there is no corresponding elliptic curve for (¢, a) if
a==%,/q, ¢ =p* with p=1mod 3.

N

This was for 3 | n. If 3 1 n, then both cos(nw/3), cos(2nr/3) € {£1/2}. So, we are
lead to the equations ¢" + ¢"/?> + 1 = u?>. We may assume that u is a positive integer.
This gives (u — ¢™/?)(u + ¢*/?) = £¢™? + 1. In case the sign is + in the right-hand side
above, we then get that u — ¢™? > 0. Thus, the number u + ¢"™/? > 2¢"/? is a factor of
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¢"* + 1 < 2¢™?, which is impossible. In case the sign is — in the right-hand side above,
we get that u + ¢"™/? > ¢™? is a factor of ¢"/> — 1 < ¢™?, which is again impossible. So,
there are no solutions with n coprime to 3 in this case.

(4). m=4

This gives § = ( = e*T". Then either (i). a = ¢"/2e% and 8 = ¢"/2¢~% for k = 1, or (ii).
a = q/2e’T and 8 = ¢/2¢= "1 for k = 3. Thus we have either

(1). a=+2¢, #EFp)=q¢"+1—a"—p"=q¢"+1—2¢"/%cos ("74“), or

(ii). a=-v2q¢, #EFp)=q¢"+1—a"—pF"=q"+1—2¢"*cos (32T).

We shall consider different scenarios for n.

When n = 0 mod 8, in both (i) and (ii) we have
#HEFp) =q" +1-2¢"7 = (¢"* = 1),
which is a perfect square for all ¢. In order that a € Z, we need /2¢q € Z, implying g = 2*

with odd v. Therefore, the corresponding a and a,, are
v+1 nv42 v+1 nv+2
2

(i). a=27,a,=-2"2 , (i), a=-27,a,=—-2"2 .

When n =4 mod 8, in both (i) and (ii) we have
#E(Fy) =" +1+2¢"% = (¢"* + 1)%,

which is a perfect square for all ¢g. In order that a € Z, we need /2q € Z, implying q¢ = 2"

with odd v. Therefore, the corresponding a and a,, are

(1) a:2”§1’an:—2%+2’ (11) a:_QUTﬂjan:_Q%H'

Assume next that n # 0 mod 4. If n is even, then n = 2,6 mod 8 so a,, = 0. This leads
to u? = ¢" +1, a case which has been dealt with at the case m = 2 above. If n is odd, then
cos(nm/4), cos(3nm/4) € {£27Y2}, so we get u? = ¢" £2'/2¢"/? + 1. Thus 2Y/2¢"? € Z,
which shows that ¢ = 2° with b and n odd. Hence, u? = 2" £ 27+1/2 L 1. The equations
u? = 2% 4 2Y 4+ 1 with & > y have been solved by Szalay in [9]. Aside from the parametric
solutions with (x,y) = (2t,t+ 1) for both signs and (z,y) = (¢,t) for the sign —, it has the
sporadic solutions (z,y) = (5,4), (9,4) for the sign + and (z,y) = (5,3), (7,3), (15,3) for
the sign —. Thus, we get that either (bn, (bn+1)/2)) = (2¢,t+1), (¢,t) for some integer t,
or it is one of the 5 sporadic solutions. The possibility (bn, (bn + 1)/2) = (2t,¢ + 1) is not
convenient since for us both b and n are both odd. The solution (bn, (bn + 1)/2) = (t,t)
leads to bn = (bn + 1)/2, which gives b = n = 1, so (¢,a,n) = (2,2,1). Of the remaining
5 sporadic solutions only (bn, (bn + 1)/2) = (5,3) is convenient and leads to bn = 5, so
(g,n) = (5,1), (2,5). This leads to (g,a,n) = (32,8,1), (2,—2,5).

(5). m=6 _ _ .
This gives o/ = ( = e"3". Then either (i). a = ¢/2¢% and 8 = ¢"/2¢~% for k = 1, or

s}

(ii). a = ¢/2¢¢ and 8 = ¢"/2¢="" for k = 5. Thus, we have either
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(). a=+Bq, #EF;)=q"+1-a"—p"=q"+1-2¢"cos (%), or
(i). a=—v3q #EFp)=q¢"+1—a"—fF"=q"+1-2¢"cos (%),
We shall consider different scenarios for n.

When n = 0 mod 12, in both (i) and (ii) we have
#E(Fp) =" +1-2¢"% = (¢" — 1)%,

which is a perfect square for all ¢g. In order that a € Z, we need /3q € Z, implying ¢ = 3"
with odd v. Therefore, the corresponding a and a,, are
(). a=3"%,a,=2(3%), (i) a=-3"7,a,=23%).

When n = 6 mod 12, in both (i) and (ii) we have
H#EFp) = q" +1+2¢"2 = (¢ + 1),

which is a perfect square for all ¢. In order that a € Z, we need /3¢ € Z, implying g = 3"
with odd v. Therefore, the corresponding a and a,, are
(i) a=3%,a,=-233%), (i), a=-37,a,=-203%)

When n is an odd multiple of 3, we get that #E(F;») = ¢"+1, a case treated at the case
m = 2. When n is even and coprime to 3, we get u> = ¢" £ ¢"/? + 1, a case already treated
at m = 3 above. Finally, when n is coprime to 6, then cos(nm/6), cos(5nm/6) € {£31/2/2}.
In this case, we get u? = ¢" +3Y2¢"/? + 1. Since 3'/2¢™/? € 7, it follows that ¢ = 3° with b
and n both odd. The equation u? = p®£p¥ 41 with an odd prime p and integers > y has
been solved by Luca [4]. Its only solutions are (p,z,y) = (3,3,1), (5,3,1). Thus, if bn > 1,
then the only possibility is (bn, (bn + 1)/2) = (3,1), which does not have a convenient
integer solution b,n. The solution with bn = 1 leads to b =n =1, so (¢,a,n) = (3,3,1).
This finishes the proof of our theorem.
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