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ABSTRACT. An element a € Fyn is normal over F,, if B = {a, a¥, aqz, e ,04‘1%1}
forms a basis of Fg» as a vector space over F,. It is well known that oo € Fyn is
normal over F, if and only if go(z) = az" ! + 2" 2 4. + a? "z 4+ and
x" — 1 are relatively prime over Fy», that is, the degree of their greatest common
divisor in Fn[z] is 0. Using this equivalence, the notion of k-normal elements was
introduced in Huczynska et al. (2013): an element a € Fyn is k-normal over Fy
if the greatest common divisor of the polynomials g,[z] and 2™ — 1 in Fgn[z] has
degree k; so an element which is normal in the usual sense is 0-normal.
Huczynska et al. made the question about the pairs (n, k) for which there exist
primitive k-normal elements in Fg» over IFy and they got a partial result for the
case k = 1, and later Reis and Thomson (2018) completed this case. The Primitive
Normal Basis Theorem solves the case k = 0. In this paper, we solve completely
the case k = 2 using estimates for Gauss sum and the use of the computer, we

also obtain a new condition for the existence of k-normal elements in Fgn».

1. INTRODUCTION

Let F;n be a finite field with ¢" elements, where ¢ is a prime power and n is a
positive integer. An element a € Fy. is primitive if a generates the cyclic multi-
plicative group F7. (o has multiplicative order ¢" — 1). Also, o € Fyn is normal
over IF, if the set B, = {oﬂi | 0 < i <n—1} spans Fn as a F -vector space, in
this case we say that B, is a normal basis. Normal basis are frequently used in
cryptography and computer algebra systems due to the efficiency of exponentiation.
Primitive elements are constantly used in cryptographic applications such as dis-
crete logarithm problem and pseudorandom number generators [12]. If we put these

two properties together, we obtain a primitive normal element. We can study the
1
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multiplicative structure of F,» and at the same time see Fy» as a vector space over
F,. The Primitive Normal Basis Theorem states that for any extension field F,» of
[F,, there exists a basis composed by primitive normal elements; this result was first
proved by Lenstra and Schoof [7] using a combination of character sums, sieving
results and a computer search.

One can prove that an element o € Fy» is normal if and only if the polynomial
Jolz) = az™ '+ 92" 2 + .+ "z +a? " and 2 — 1 are relatively prime over
F,» [8, Theorem 2.39]. With this as motivation, Huczynska et al. [4] introduced the

concept of k-normal elements, as an extension of the usual normal elements:

Definition 1.1. Let a € Fyn and let go(z) = S0 a% 2" 17 € Fyula]. If ged(a™ —
1, ga(x)) over Fyn has degree k (where 0 < k <n—1), then « is a k-normal element
of Fgn over IF,,.

The k-normal elements can be used to reduce the multiplication process in finite
fields, see [9]. From the above definition, elements which are normal in the usual
sense are 0-normal and from the Primitive Normal Basis Theorem, we know that
they always exist. There are several criteria in the literature for the existence of
k-normal elements (see for example [10], [I5], [16]). In [4] the authors worked out
the case k£ = 1, and partially established a Primitive 1-normal element Theorem.
Reis and Thompson completed the case k = 1 in [I1].

A question which naturally arises is: for which values of k£ one has a Primitive k-
normal element Theorem (see [4, Problem 6.3])7 On this line, in [10], Reis obtained
a sufficient condition for the existence of primitive k-normal elements, and he proved
that given € > 0, for q sufficiently large, there exist primitive k-normal elements for
k € [0, (5 — €)n], whenever k-normal elements actually exist in Fyn. Since this is an
asymptotic result for ¢, it is not possible to conclude the result for specific values, but
from the condition that he obtained it is possible to generalize and study particular
cases of k.

Since the cases k = 0 and k = 1 are completely finished, in this paper we study
the case k = 2 as follows: in Section 2] we provide background material that is used
along the paper. In Section [, we present two general conditions for the existence
of primitive k-normal elements in F» over F,, as well as some weaker conditions

IWe use this definition to find primitive 2-normal elements for specific values of (g,n), using

Sagemath (cf. [I3]) program. Also, throughout this paper, when we talk about a k-normal element

a € Fyn, it will be over F,.



PRIMITIVE 2-NORMAL ELEMENTS 3

for some particular cases. In Section [d], we apply the results from previous sections
to prove all cases for n > 8 and also for ¢ < 19. In Section B we study the cases
n = 5,6,7 developing new ideas based on the factorization of certain divisors of
q" — 1. Finally, in Section [l we study the remaining case n = 4, where we prove
that there exist primitive 2-normal elements in F. if and only if ¢ = 1 (mod 4).
For this last case we develop Gauss sum which is different from the ones used in the
previous cases.

Our results can be summarized in the following theorem.

Theorem 1.2 (The Primitive 2-Normal Theorem). Let g be a prime power
and n be a natural number. There exists a primitive 2-normal element in Fyn if and
only if n >5 and ged(¢®> —q,n) #1 orn=4 and ¢ =1 (mod 4).

In Appendix A we show the SageMath procedures that we used in the paper and

in Appendix B we present tables with primitive 2-normal elements for specific cases.

2. PRELIMINARIES

In this section, we present some definitions and results that will be useful in the

rest of this paper. We start with the following definitions.

Definition 2.1. (a) Let f(x) be a monic polynomial with coefficients in F,. The

Euler Totient Function for polynomials over F, is given by

_ Fylz] ) "
wn=|(%
where (f) is the ideal generated by f(x) in F,[z].

(b) Ift is a positive integer (or a monic polynomial over F,), W (t) denotes the

Y

number of square-free (monic) divisors of t.
(c) If f(z) is a monic polynomial with coefficients in F,, the Polynomial Mébius
Function pu, is given by u,(f) =0 if f is not square-free and u,(f) = (=1)"

if fis a product of r distinct irreducible factors over IFy.

We have an interesting formula for the number of k-normal elements over finite
fields:

Theorem 2.2. ([4], Theorem 3.5) The number of k-normal elements of Fyn over F,

15 given by
Z (I)Q(h')>

hlz™—1
deg(h)=n—k
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where the divisors are monic and the polynomial division is over F,.

2.1. Linearized polynomials and the F,order. Here we present some defini-
tions and basic results on linearized polynomials over finite fields that are frequently
used in this paper. A useful feature of these polynomials is the structure of the set

of roots that facilitates the determination of the roots, see [8, Section 3.4].

Definition 2.3. Let f € F [x] with f(z) =Y, a;z".
(a) The polynomial Ly(z) := S"I_,a;x? is the linearized q-associate of f.
(b) For a € Fyn, we set Ly(a) = 31_ a0

The polynomial Ly induces a linear transformation of Fy» over F, that also has

additional properties:

Lemma 2.4. [§, Lemma 3.59] Let f,g € F,[z]. The following hold:

(a) Ly(x) + Ly(x) = Lyiq(2);
(b) Lgg(w) = Ly (Lg(x)) = Ly (Ly ().

Lemma 2.5. Let f,g € F,[z] such that fg = 2™ — 1. For every a € Fyn, we have
that Ly,(a) = 0 if and only if o = Ly(3) for some B € Fyn.

Proof. Observe that fg = 2™ — 1 implies L, o Ly = Lyo L, = Lyn_qy = 0, so
ImL; C Ker L, and Im L, C Ker Ly. On the other hand, L, has degree g8 and
Ker L, has at most dimension degg. Conversely, we have that Im L, has at most
dimension deg f = n — degg. So, we get that Ker L, has dimension exactly degg
and Im Ly = Ker Ly, since n = dimp, Im L, +dimg, Ker L, < (n—degg)+degg. [

Let D € F,[z] be a monic polynomial. We say that an element o € F,» has
F,-order D if D is the lowest degree monic polynomial such that Lp(a) = 0. It is
known that the F -order of an element o € Fyn divides 2™ — 1 and we also have the

following equivalences.

Theorem 2.6. ([4], Theorem 3.2) Let a € Fyn. The following three properties are
equivalent:
(i) « is k-normal over F,.
(ii) Let V,, be the F -vector space generated by {c, a4, . .. ,aqnfl}, then dim V,, is
n—k.

(ili) o has Fy-order of degree n — k.
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2.2. Freeness and Characters. We present the concept of freeness, introduced
in Carlitz [I] and Davenport [3], and refined in Lenstra and Schoof (see [7]). This
concept is useful in the construction of certain characteristic functions over finite
fields.

Definition 2.7. (a) Let m|(q¢" —1), we say that o € F}. is m-free if, for every
d|m and 8 € Fyn, a = B implies that d = 1.
(b) Let M| (2™ — 1), we say that a € Fyn is M-free if, for every h|M and
B € Fypn, o= Lp(B) implies that h = 1.

It is well known that an element o € [}, is primitive if and only if v is (¢" —1)-free
and « € Fyn is normal if and only if « is (2™ — 1)-free.

Also, from the definition, we have that if a is m-free then « is e-free, for any e|m
(analogous result for polynomial).

Following the notation in [2], we can characterize the freeness of an element. For
the multiplicative part: a multiplicative character n of F. is a group homomorphism
of Fy. to C*, whose order is the least positive integer d such that n(a)? =1 for any

a € Fy.. Let m be a divisor of ¢" —1 and let df na denote the sum >, % > (a) s

where 74 is a multiplicative character of Fy», and the sum Z(d) 74 runs over all
multiplicative characters of order d. It is known that there exist ¢(d) of those
characters.

For the additive part: if p is the characteristic of F,, for o € Fyn, let xo : Fjn — C
be the additive character defined by

XQ(/B) — Q%Trq”L/P(aB), B E Fqn’

where Trgn /), is the trace function of Fyn over IF,,. It is well known that any additive
character of Fn is of this form. We say that the additive character x, has F,-order D

if o has Fy-order D. We use the notation [ xs, to represent >, % > (5p) Xép

D|T
where x5, runs through all characters of F,-order D. It is known that there exist

®,(D) of those characters.

For each divisor m of ¢" — 1 and each monic divisor 7' € F,[z] of 2" — 1, set

f(m) = @ and O(T) = 2o7)

qdeg(T) :

Proposition 2.8. Let m be a divisor of ¢" — 1 and T' € F,[z] be a monic divisor of

" — 1. For any o € Fyn we have
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1, if a is m-free,

wi(ar) = 6(m) /d| na(a) = { 0 otherwise.

1, of a 1is T'-free,
Qr (o) = 9(T)/ Xp(o) = { / . /
DIM 0, otherwise.

Proof. See [4, section 5.2] or [10, Theorem 2.15]. Extending the multiplicative char-
acters 1 to 0 € F,» by setting 1(0) = 0, we can easily see that w,,(0) = 0. O

2.3. Estimates. To finish this section, we present some estimates that are used
along the next sections.

We will need the following result, which is modeled after [2, Lemma 3.3] and
[5, Lemma 4.1] and, like these results, is proved using the multiplicativity of the
function W (-) and the fact that if a positive integer M has [ distinct prime divisors
then W (M) = 2%

Lemma 2.9. Let M be a positive integer and t be a positive real number. Then
W (M) < A, - Mt, where
2
At = H =
PP <2t /o
© 1S prime
pre|M

and for any prime @, a, is defined as the largest positive integer such that p® < 2°
and p®¢ | M.

Proof. Let M = p{*---p"*, so that W(M) = 2'. If p is a prime such that p > 2

then % < 1. Let ; < «; be the greatest integer such that pfi < 2! thus

W (M 9! L2 2
(1):t ol t CVZSH < t ap:At'
M VD1 VP i=1 A p?i o0 <2t &
e
The result follows immediately. 0J

Now, we present some estimates involving sum of characters:

Lemma 2.10. [8, Theorem 5.41] Let n be a multiplicative character of Fyn of order

r>1and f € Fpnlz] be a monic polynomial of positive degree such that f is not of
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the form g(z)" for some g € Fyn[zx] with degree at least 1. Let e be the number of
distinct roots of f in its splitting field over Fyn. For every a € Fyn,

> nlaf(a)| < (e —1)g">

aGFqn
Lemma 2.11. [I4] Theorem 2G| Let n be a multiplicative character of Fyn of order
d # 1 and x be a non-trivial additive character of Fpn. If F,G € Fyn|x] are such
that F' has exactly my roots and deg(G) = mqy with ged(d, deg(F')) = ged(ma, q) = 1,
then

Z n(F(a))x(G(a))| < (my +mg — 1)g"%

aGFqn

Lemma 2.12 ([6], Theorem 1). Let F' be a finite field, let n > 1 be an integer and
let E be an extension field of F' of degree n. Let x be any nontrivial complex-valued
multiplicative character of E* (extended by zero to all of E ), and x in E any element

that generates E over F'. Then

> x(t—w)

tel

< (n = DV#(F)

3. GENERAL RESULTS

In [10], Reis gives a method to construct k-normal elements: let 5 € Fyn be a
normal element and f € F,[z] be a divisor of x™ — 1 of degree k, then oo = L¢(3) is
k-normal (see [10, Lemma 3.1]). From Theorem 2.2] we also know that there exists
a k-normal element in F,» if and only if 2™ — 1 has a divisor of degree n — k (or,

equivalently, a divisor of degree k). So, if 2™ — 1 has a divisor of degree k and
(1) ¢ > Wt - )W (" - 1),

then there exists a primitive k-normal element in F,» (see [10, Theorem 3.3]).
When k = 2, it is easy to prove that the existence of primitive 2-normal elements
is only possible for n > 4 (see Theorem [2.6]). Note that we cannot use condition [I]
for the case n = 4 because the exponent on the left side is equal to zero, so we need
a different approach in that case. We will discuss this case in Section [6l First, we
are going to use the ideas of Huczynska [4] and Reis [10] to get a more general result

than condition [1l
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From Theorem we know that the existence of a factor of degree k of ™ — 1 is
a necessary and sufficient condition for the existence of k-normal elements. Thus,

the following result is very important to know the number of these factors.

Lemma 3.1. Let g be a prime power and let n be a positive integer prime to q. Let

I,,(r) be the number of irreducible monic factors of ™ — 1 with degree r over F,. We

o= ten ().
djr

have

where ty = ged(q? — 1,n).

Proof. Let o be a primitive element in F},. For 0 < s < ¢" —1, we have (o®)" =1 if
and only if ¢" — 1 divides sn. Since % and ;+ are coprimes, we get that (a®)" =1if
and only if %:1 divides s. Therefore, there exist ¢, possibilities for s, which implies
that the number of elements « in [y with o =11is t,.

Observe that for each irreducible polynomial of degree r defined over F, which
divides 2™ — 1, there are r elements « in I, such that o ¢ Fa for any d < r, with
a"™ = 1. So, from the definition of I,(r), the number of elements « in F» which are
not in Fua for d < r, with o = 1is r - I,,(r). Note that if &« € Fpr NFpe and d < 7,

then d | r. We conclude by using the inclusion-exclusion principle. 0

Lemma 3.2. Let q be a prime power and let n be a positive integer. There exists a

2-normal element in Fyn over Fy if and only if ged(¢® — ¢, n) # 1.
Proof. The result follows directly from Theorem and Lemma 311 O

For the purpose of proving The Primitive Normal Basis Theorem without com-
putational calculations, in [2], the authors defined, for m|(¢"™ — 1) and g|(z™ — 1),
the number N(m, g) of non-zero elements of F» that are both m-free and g-free. So

they needed to prove that N(¢™ — 1,2™ — 1) is positive. Similarly, we define:

Definition 3.3. Let f,T € I [z] be divisors of ™ — 1 such that deg f = k and let
m € N be a divisor of ¢" —1. We denote by N¢(T, m) the number of T-free elements
a € Fyn such that L¢(«) is m-free.

The following theorem generalizes [10, Theorem 3.3] using Definition 3.3

Theorem 3.4. Let f,T € F,[x] be divisors of 2™ —1 such that deg f = k and let m €
N be a divisor of ¢" — 1. We have N¢(T,m) > 0(m)O(T)(¢" — ¢"/**W (m)W (T)).
In particular, if ¢"/*7% > W (m)W(T) then N;(T,m) > 0.
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Proof. We have that

Ny(T.m) = Y Qr(a) wa(L(a))

aE]F n

- by /dlm/mnd Ly(0))xa (@),

CMGF n

If we denote the Gauss sum S¢(n4, Xs,,) = Zaqun na(L¢(a))xs, (), we can write

Nf(T, m)

W:SO+SI+52+S37

where SO = Sf(anO)? Sl = / Sf(771>X5D)a SQ = / Sf(ncbXO) and

D|T dm
D#1 d#1
S3 = / / Sf(nd>X5D)'
DI|T djm
D#1 d#1

We observe that

So= 3 mLia)vl@) = 3 1=¢" g

aE]Fqn (xEFqn \Ker Lf
and
11q(D) f1q(D)
Si= > 2 oD Z - 2 2 oD (@)
(D) ®y(D)
a€Fn\Ker Ly D|T (6p acKer Ly D|T (6p)
D#1 D#1

which implies that |S;| < ¢* (W(T) — 1), since |xs, ()] < 1.

Now we would like good estimates of the sums S, and S;. We have f(z) =
Zf:o a;x;. One can see that the formal derivative of the g—associate of f is ag # 0
(since f divides 2™ — 1, f is not divisible by x), hence L; does not have repeated
roots and is not of the form G(z)" for any G(z) € Fyn[x] and r > 1. Therefore, by
Lemma 210 we have, for each divisor d # 1 of ¢" — 1:

‘Sf(ndaXO)‘ = Z nd(Lf(a)) < (qk _ 1)q”/2 < qn/2+k'

aGFqn
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From .11, we conclude that, for each divisor D # 1 of ™ —1 and each divisor d # 1
of ¢" — 1,

1S5 (i xoo)| = | S mal L)) xon(@)| < (6 +1 = 1)g2 = g/>,

aE]Fqn

Combining the previous bounds, we have the following inequality:
Ny(T,m) = 6(m)O(T) (So — [Si| — [S2| — |:55])
> 0(m)O(T) [¢" — ¢" — ¢"(W(T) = 1) — ¢"*** (W (m) - YW(T)]
> 0(m)O(T)(g" — /> W (m)W(T)).
Therefore, if W(m)W (T) < ¢"/*7* we have N;(T,m) > 0. O

To use Theorem 4] we need to have some knowledge about the factorization of
m and T. Knowing some factors of these values, one can use the next proposition,
which helps to decrease the estimates of the function W by adding an offset factor.
Before that, we present a result which will be needed in what follows.

For any natural number m, rad(m) denotes the largest square-free factor of m
and for any polynomial 7" € F,[z]|, rad(T) denotes the square-free factor of 1" of
largest degree over IF,.

The sieving technique from the next two results follows the ideas of [2].

Lemma 3.5. Let f,T € F,[x] be divisors of 2™ — 1 such that deg f = k and let
m € N be a diwvisor of ¢" — 1. Let Q1,...,Q, be irreducible polynomials and let
P1,--.,pr be prime numbers such that rad(z™ — 1) = rad(T) - Q1 - Q2+ - Qs and
rad(q" — 1) =rad(m) - p1 - pa- - - p.. We have that

(2) Np(a"=1,¢"=1) = > Np(T,mp;)+ > Np(T-Qj,m) — (r+s—1)Ny(T,m).
i=1 j=1

Proof. The left side of (2) counts every o € Fyn for which « is normal and L(«) is
primitive. Observe that if o is normal and Ls(«) is primitive then a is T"- Q;-free
and T-free; and Ls(«a) is mp;-free and m-free, so a is counted r+s—(r+s—1) =1
times on the right side of (2)). For any other a € F,», we have that either « is not
T - Qj-free for some j € {1,...,s} or Ly(a) is not mp;-free for some i € {1,... 7},
so the right side of (2)) is at most zero. O

Proposition 3.6. Let f, T € F,[x] be divisors of 2" — 1 such that deg f = k and
let m € N be a diwvisor of ¢ — 1. Let Q1,...,Qs be irreducible polynomials and
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let p1, ..., p, be prime numbers such that rad(z™ — 1) = rad(T) - Q1 - Q2+ - Qs and
rad(q" —1) = rad(m)-py-pa---pr. Suppose that 6 =1—>""_, pll Zj.:l @ > 0

and let A == + 2. If g2 kEW(m)W( )A, then Ny(z" —1,¢" —1) > 0.

Proof. From equation 2] we have that

S

Np(a" =1,¢" = 1) > Y Np(T,mp;) + > _ Np(T-Qj,m) — (r+ s — L)Ny(T,m).

i=1 j=1

We can rewrite the equation in the form

Ny = 1q" = 1) 2 Y [Nf(T, mpi) — 0(p)) N (T, m)]

£37 [NAT - Qpum) = O(Q))N, (T m)] + 6NS(T.m).

Now we need a good bound for N¢(T',mp;) — 6(p;)N¢(T,m). Since 0 is a multi-

plicative function, we have
Ny(Tomp) = 0D00) 3 [ [ (L) (o)
aEF dlmp; J D|T
We split the set of d’s which divide mp; into two sets: the first one contains those

which do not have p; as a factor, while the second one contains those which are a

multiple of p;. This will split the first summation into two sums, and we get

N (T, mp;) = ©(T)0(m) ( [ [ mtstasa >)
aE]F n \Jdm JD|T
+O(T)o(m) / e JRCZEE
CMGF n
Hence, N¢(T, mp;) — 0(p;)N¢(T,m) is equal to
o(T)0(m) / e ARz
aE]F n

So, from Lemma 2.1T] we have the following inequality
[N, mpi) = 0(p) NS (T, m)| < ©(T)(m)0 (o)W (D)W (m)q/2+,
Analogously we can prove that

‘Nf(T - Qj,m) — O(Q;)N(T, m)) < O(T)H(m)O(Q,)W (T)W (m)q"/**.
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Combining these inequalities, we obtain

Ne(a" —1,¢" —1) > INg(T,m)—

Therefore, from Theorem [3.4] we have

Ny(z" —1,¢" — 1) > 00(T)0(m) (¢" — q"/2+kW(m)W(T))

= O(T)O(m)W (T)W (m)q"*** <Z 0(p) + Y Ol j)>

J=1

= 50(T)0(m) <q” - q”/2+kW(m)W(T)A>.
Thus, we obtain the desired result. O

For the case k > 2 we can rewrite the previous condition as follows, depending

on the factorization of ™ — 1.

Proposition 3.7. Let n > 5 be a natural number and let q be a prime power
such that ¢ > n®. If 2" — 1 has a factor of degree k > 2 in F,[z] and ¢2~% >

(n+2)W(¢™ — 1), then there exists a primitive k-normal element in Fyn.

Proof. Let f € F,[z] be a factor of 2™ — 1 of degree k. We may use Proposition
with T'=1and m = ¢" — 1.

Let @1, ..., Qs be irreducible polynomials such that rad(z" — 1) = Q1 - Q2 - - - Qs.
Then 6 =1-5° 1 21—%21—12”7_1>O,sinceq2n2ands§n.We

j=1 [ q; n
also have that

s—1 n—1

A = +2< +2=n+2.

— n—1
n

J
This means that W (m)W(T)A < (n+ 2)W(¢" — 1) and from Proposition B.6] we
get the desired result. ([

For small values of ¢ we have the following result which will be used in combination
with Theorem [B.4] and Lemma Note that those results are different from [7]
Lemma 2.11].

Lemma 3.8. For q a prime power, there exist a,b € N such that

n+a

Wit —1) <27 .
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For q > 29, we have a =0 and b =1, for 7 < q < 27 we havea =q—1 and b = 2

and for small values of ¢ we may use the following values of a and b.

a
14
20
12

18 3
TABLE 1. Values of a and b for small values of ¢

Tt = W N
W = o]

Proof. Let s, be the number of distinct monic irreducible polynomials of degree at
most ¢t that divide 2™ —1 and let 7T}, ; be the sum of their degrees. Hence W (2" —1) =

27, where

n — Tn,t n + (t + 1>Sn,t — Tn,t
t+1 t+1 '

Since each term in the sum 7),; is at most ¢, the right-hand side of the expression

(3) ] S + Spt =

above maximizes when s, ; is maximal. On the other hand, it is obvious that zero
is not a root of ™ — 1, so the sum of the degrees of polynomials of degree i is less
or equal than the number of elements of Fe, which is not an element of Fl for any
divisor j of 1.

Table [I] is obtained from (B]) and the reasoning above. For ¢ = 2, we use t = 4;
forq =3, weuset=3;forgq=4orq=25,weuset=2; and for 7 < g < 27, we use
t =1 to obtain a = ¢—1 and b = 2. For ¢ > 29, it is convenient to use the usual

inequality. U

4. RESULTS FOR ALL CASES WHERE n > 8 AND THE CASES n > 5 FOR ¢ < 19

In this section we begin to apply the results of the previous section for the case
k = 2. Thus, we study the values of ¢ and n for which we can guarantee the existence

of primitive 2-normal elements in [Fgn.

Proposition 4.1. Let ¢ < 19 be a prime power and n > 5 be a natural number.
There exists a primitive 2-normal element in Fyn if and only if ged(¢® — q,n) # 1.

Proof. From Theorem 3.4 if g3 ~2 > W (q"—1)W (2" —1) then Ny(2"—1,¢"—1) > 0.

n+a

From Lemma 29 and Lemma[3.8] it follows that A;-q7-2"% > W(q"—1)W (2" —1),
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where
2
A = H — and charF, =p.
por VP
(© 1S prime
©FP
So, if for some ¢ € N we have ¢2=2 > A, -¢% -2"%", then Ny(2"—1,¢"—1) > 0. For
2b . o :
b > log,4 and t > ———— this inequality is equivalent to
e b—log, 4
(1) 21nq+ln(At~2%)
n> .
(% — %) Inqg — %ln2
g a b ({d) satisfied for q b (@) satisfied for
2 14 5 n > 69 2 n > 28
3 20 4 n > 46 9 8 2 n > 27
4 12 3 n > 38 11 10 2 n > 26
5 18 3 n>35 16 15 2 n > 24
76 2 n > 31 (13,17,19} ¢—1 2 n > 25

TABLE 2. Values of n depending on ¢ such that () is satisfied with ¢ = 6.

We know that for values of ¢ and n from Table 2] the condition ¢™/>72 > W (¢" —

1)W (z™—1) is satisfied, so it remains only a finite number of cases to test for ¢ < 19.

q n q n
216,8,9,10,12,14,15,18,21 || 9 | 5,6,8,10

3 6,8,9,10,12,16 11| 5,6,8,10,12
4 5,6,8,9,10,12,15 13| 6,7,8,12

5 5,6,8,9,10,12,16 16| 5,6,9,10,15
7 6,7,8,9,10,12 17 6,8

8 6,7,8,9 1915,6,8,9,10, 12

TABLE 3. Values of ¢ and n such that ¢ < 19, n is not in Table 2]
ged(g(q — 1)(g +1),n) # 1 and ¢*/*72 < W(¢" = 1)W (2" — 1)

Table [B] shows the values of ¢ and n which are not in Table 2l with ¢ < 19 and
ged(q® — q,n) # 1, where ¢"/272 > W (g™ — 1)W (2™ — 1) is not satisfied.
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For pairs (g, n) from Table 3], we test condition ¢z =2 > W (m)W (T)A (see Propo-
sition 3.6]). For this, we use the SageMath procedure Test_Delta(q,n,u) (see Ap-
pendix A) where u is a given natural number, m = ged(¢" —1, u). If ¢ > 5 we choose
T =1;if ¢ < 5 then T is the product of all monic linear factors of 2™ — 1.

For uw = 2 -3 -5, procedure Test_Delta(q,n,u) gets True for (g, ) = (2,14),
(2,15), (2,18), (2,21), (3,9), (3,16), (4,10), (4,12), (4,15), (5,9), (5,10), (5,16),
(7,7), (7,9), (7,10), (8,8), (8,9), (9,10), (11,8), (11,10), (11,12), (13,7), (13,8),
(16,9), (16,10), (17,8), (19,8), (19,9), (19,10), (19, 12).

For (q,n) = (7,12), (13,12), (16, 15), we take m = 30,30,3 and T' = 2% —1, 2 —1,

15 _ 1 respectively, and we get that condition ¢z =2 > W (m)W (T)A is satisfied.

For the last remaining cases, Tables [l Bl and [@ (see Appendix B), show explicitly
a primitive 2-normal element o € F,» such that g(o) = 0 for some irreducible
polynomial g € F,[z], where p is the characteristic of F,. Primitivity and Normality
can be tested using the programs in Appendix A. O

Proposition 4.2. Let n > 8 be a natural number. There exists a primitive 2-normal

element in Fyn for all prime powers q satisfying ged(q® — q,n) # 1.

Proof. From the last result, we have that for ¢ < 23 and n > 5, there exists a
primitive 2-normal element in Fyn. So we will focus on ¢ > 23. From Theorem [3.4]
Lemma 29 and considering that W (z™ — 1) < 2™, there exists a primitive 2-normal
element in Fyn if q272> 2" A,-q7 is satisfied for some real number t. This condition
is equivalent to the following two inequalities:
nz (L ln(A)tin—i(_ 2)ln(lqn)(Q)
2

For a fixed value of t > 4, the right-hand side of the first inequality is a decreasing

and ¢ > (2"- At)% .

function of ¢ > 16. So, fixing ¢ = 7 in the first inequality, we get that for ¢ > 23 and
n > 28, there exists a primitive 2-normal element in F ». Now, if 14 <n < 27, from
the second inequality (whose right-hand side is also a decreasing function of n) and
with ¢t = 6.3, we get that, if n > 14 and ¢ > 144, there exists a primitive 2-normal
element in F». Now, using SageMath, we verify that ¢ =2 > W (¢" —1)W (z" —1) is
true for all prime powers 23 < ¢ < 144 and 14 < n < 28. Hence, from Theorem [3.4]
and the previous considerations we conclude that there exists a primitive 2-normal
element in [Fy» for every prime power ¢ and for all n > 14.

Now, let us suppose that 8 < n < 13. From Proposition B.7 and Lemma 2.9] there

exists a primitive 2-normal element in Fn if ¢ > n? and ¢>72 > (n + 2)A; - ¢+.
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Define
(5) M,(n) = max {n2, [((n 19). At)ufz?ﬁ] } ,

where for x € R, [z] is the smallest integer such that z < [z]. From the inequalities
above, if we have ¢ > M;(n), for some real number ¢ suficiently large (for n > 8 this
means ¢ > 4), then there exists a primitive 2-normal element in F,». For n between

8 and 13, we have

Me5(8) = 6426, Ms(10) = 100, Ms(12) = 144,

Mg(9) =413, Mg(11) = 121, My(13) = 160.
For pairs (¢, n) such that 8 <n < 13 and 23 < g < M,(n), where ¢ is a prime power,
we test ¢22 > W (m)W (T)A, from Proposition The procedure Test_Delta,

with u = 6, returns True for all those pairs. Proposition is now proved. 0J

5. CASES n=5,6,7

For 5 <n <7, applying Proposition .7 and Lemma [2.9] we get that a sufficient
condition to have a primitive 2-normal element in F» is ¢ > M;(n) for some real
number ¢, where M;(n) is defined by equation (B). The problem is that M;(n) is

very large.
5.1. Case n=T: The condition gcd(¢> — ¢,7) # 1 means that ¢ = 0,41 (mod 7).

Proposition 5.1. There exists a primitive 2-normal element in Fyz for every prime
power q such that ¢ = 0,41 (mod 7).

Proof. Suppose first that 7 | ¢. In this case, ¢ = 7% for some integer & > 1. We will
use Theorem [3.4] in combination with Lemma 2.9 Since 7 1 ¢" — 1, we may use the

following constant

0 r= I

AT, p<2t
g is prime

from Lemma 29 From Theorem .4 and taking into account that W (z" — 1) =
W((z — 1)7) = 2, we have that if, for some real number ¢, the inequality ¢z~2 >
W (z"—1)- A,-qt = 24,-¢t holds, then Ni(z"—1,¢"—1) > 0. Setting t = 7, we get
that N;(z7 — 1,¢" — 1) > 0 for ¢ > 104368. Since for prime powers ¢ = 72,73, 74, 7°
the condition ¢2=2 > W (¢"—1)W (27 —1) is satisfied, the result follows from Theorem
B.4
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If g= —1 (mod 7), then 74 ¢” — 1, and we may also use the constant A; given by
[@). From Lemma [3], we conclude that 27 — 1 has one factor of degree 1 and three
factors of degree 2. Weset m =¢"—land T =1,s06 = 1—%—(1% and A = %—1—2.
Since ¢ > 23 and ¢ = —1 (mod 7) then, ¢ > 27. This means that A < 5.116 and
from Proposition B.6] we get N;(z” — 1,¢" — 1) > 0 for prime powers ¢ satisfying

2 2> 5116 A, > A, - A,

for some real number ¢. Setting ¢t = 6.5, we get Ny(z" —1,¢" — 1) > 0 for ¢ >
614236. There are 8377 prime powers ¢ between 23 and 614236 such that ¢ = —1
(mod 7). For those prime powers, we use Theorem [B.4] and we get that condition
¢z 2 > W(q" — )W (2" — 1) is satisfied except for ¢ = 27. From 277 —1 =2-13 -
1093 - 368089, we set m = 277 — 1 and T = x — 1 in Proposition and we get
27272 > W (m)W(T)A, so the proposition is proved for ¢ = —1 (mod 7).

Finally, suppose that ¢ = 1 (mod 7). In this case we may use the following

constant

A= f272 1 %

PFET, p<2*

© is prime
from Lemma 2.0, as 72 appears in the factorization of ¢ — 1 and 7> < 2! for any
t > 6. From Lemma 3.1l we know that 27 — 1 has seven factors of degree 1. We set
m=q —1land T = 1, soézl—gandA:%jLQ:S—l—%. Let us suppose
that ¢ > 337. This means that A < 8.128 and from Proposition [3.6] we get that
if 272 > 8.128- Ay - gt > W(q" — 1)W(1)A, then Ny(z” —1,¢" —1) > 0. Setting
t = 6.8, the inequality ¢2~7 > 8.128 - A, is equivalent to ¢ > 2142829. For those
prime powers, we have N;(z" — 1,¢" — 1) > 0. There are 26543 prime powers g
between 23 and 2142829 such that ¢ = 1 (mod 7). For those prime powers, we test
272> W(m)W(T)A. The procedure Test_Delta, with u = 2, returns True in all

cases, so the proposition is also proved for ¢ =1 (mod 7). O

5.2. Case n=6: The condition ged(q®—q, 6) # 1 is satisfied for every prime power .
From the considerations at the beginning of this section, we have Ny(2%—1,¢°—1) >
0 for prime powers g > M;(6). For t = 8.1 we get M;(6) < 1.62-10'8. So, we will
suppose that ¢ < 1.62 - 10,
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We have that if ¢ is a prime power then ¢ is of the form 2%, 3% or ¢ = 41 (mod 6).
Observe also that ged(¢? — 1,¢* + ¢*> + 1) = ged(¢* — 1,3) = 3. Let

q4+q2+1:350-Hpi"

i=1
be the prime factorization of ¢* + ¢ + 1, where 3 < @, < --- < g, are the prime
factors of ¢* + ¢ + 1.

Now, we want to apply Proposition with m = ¢*> — 1, and therefore we need

to have some control on the prime factors of ¢* + ¢® + 1.

Lemma 5.2. Let ¢ = +1 (mod 6) be a prime power such that ¢ < 1.62 - 10*®. If
g +1=3%. I, pzﬁ is the prime factorization of ¢* +q¢*> + 1, then r < 34 and

S=> L <0530
im1 Vi
Proof. Let S, and P, be, respectively, the sum of the inverses and the product of
the first & primes of the form 65 + 1. We have that ged(¢* +¢*> +1,¢> — 1) = 1 or
3, so the only primes which divide ¢* + ¢ 4+ 1 are 3 and primes of the form 65 + 1.
Thus ¢* +¢*>+1 >3- P, and then P, < (M* + M? +1)/3, where M = 1.62 - 10'%.
We have that P, < (M* + M? +1)/3 for r < 34, so S < S3y < 0.539. O

Proposition 5.3. There exists a primitive 2-normal element in Fye for every prime

Power q.

Proof. Consider 10° < ¢ < 1.62-10'® and let us suppose first that ¢ = +1 (mod 6).
Now, we will apply Proposition withm=¢*—1land T =1. If =1 (mod 6),
then z° — 1 has six factors of degree 1 and if ¢ = —1 (mod 6), then 2% — 1 has two
factors of degree 1 and two factors of degree 2. In any case, we have g < % + q%
and s = 4 or s = 6, so, in any case, s < 6. From Lemma [5.2] considering the prime
factorization of ¢* + ¢® + 1 given in such lemma and the considerations above, we
get 0 > 1 — S34 — g, r < 34 and s < 6. Since ¢ > 10°, we have § > 0.46094 and
A =2+ % < 86.61. From Lemma we have W(qg? — 1) < A; - gt for any
real number ¢. Now, if ¢ > (A, - 86.61)ﬁ, then from Proposition [3.0] there exists a
primitive 2-normal element in Fg . For ¢t = 4.9, this condition becomes g > 94870.
Now, let us assume that ¢ < 94870 and ¢ = +1 (mod 6). There are 9221 prime
powers g between 23 and 94870 such that ¢ = £1 (mod 6). For those prime powers,

we test ¢272 > W(m)W(T)A. The procedure Test_Delta, with u = 6, returns
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True in all cases, except for the following prime powers: 23, 25, 29, 31, 37, 41, 43,
47,49, 59, 61, 67, 79.

Finally, for prime powers above, table [0 shows an element a € F,, primitive
2-normal over F,, such that g(a) = 0 for some irreducible polynomial g € F,[z],
where p is the characteristic of IF,.

If ¢ = 2%, then W (2% — 1) < 8 and if ¢ = 3%, then W (2% — 1) = 4. Hence from
Theorem B4 and Lemma [2.9] we test the inequality ¢ > 8- A; - q% with t = 8 and we
conclude that there exists a primitive 2-normal element in F for & > 58 (if ¢ = 2F)
and k > 37 (if ¢ = 3¥). We also know that there exists a primitive 2-normal element
in Fys for ¢ < 19. We test the condition ¢ > W (m)W (T)A from Proposition
The procedure Test_Delta, with u = 3 for ¢ = 2% (5 < k < 57) and u = 2 for
q = 3% (3 <k < 36), returns True in all these cases. O

5.3. Case n=>5: From Lemmal[3.]] if ¢ = +2 (mod 5), then 2°—1 has no irreducible
quadratic factor and only one linear factor. If 5|¢, we have 2° — 1 = (z — 1), if
g = 1 (mod 5), then 2° — 1 has five linear factors and if ¢ = —1 (mod 5), then
2° — 1 has one linear factor and two irreducible factors of degree 2. In particular,

there exist 2-normal elements in Fs if and only if ¢ = 0,1 (mod 5).

Lemma 5.4. Let ¢ = 0,£1 (mod 5) be a prime power. There exists a primitive
2-normal element in F,s for ¢ > 507936.

Proof. Let t, u be positive real numbers such that ¢t +u > 11 and let
¢ — 1=l ot ol
be the prime factorization of ¢° — 1 such that 2 < @; < 2t or 274 < @, for 1 <i < w
and 2! < g; < 27 for 1 < ¢ < r. We use Proposition 3.6, where we set T' = 1 and
m= 7' %, so we have
1 1
5:1_Zg_zqdeng’
i=1 7j=1
where rad(z" —1) = @1 - - - Q5. From the considerations above, we have s € {1,3,5}
and 1 < deg@; < 2. Before applying Proposition B.6] we will bound §, A and
W(m).
Let S;, be the sum of the inverse of all prime numbers between 2 and 2/t and

r(t,u) be the number of those primes. If S, + 2 < 1, then 6 > 1 — S, — %. If
we choose ¢ > 10° and (t,u) = (5.8,9.8), we get S;,, < 0.962094, 6 > 0.037901,
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r < r(t,u) = 5085 and A = 2+ =l < 2 4 B8] < 134272.87. To bound W (m)
we will use Lemma Let P, be the set of all prime numbers less than 2. From

this, we obtain that W (m) < Ammt%u < Amqt%u, where

2
A =]] —— < 3678.26, since (f,u) = (5.8,9.8).

pGPt

From Proposition B.6] we conclude that a suficient condition for the existence of a
primitive 2-normal element in [Fs is q% > Amax-Atvu-qt%u (where A, = 134272.87)
or, equivalently,

2(t+u)
02 (Dmar - Ar) 710 22 2729 - 10%,

Let’s suppose now that ¢ < 2.729 - 10*®. We will apply Proposition again,
but this time we will set m = ¢ — 1 and T'= 1. We have that ged(¢* + ¢* + ¢* +
q+1,g—1) =1or 5 and if a prime different from 5 divides ¢* + ¢* + ¢*> + ¢ + 1,
then it is of the form 55 + 1. We will bound §, A and W(m). Obviously, from
Lemma [Z9] we have W(qg — 1) < A; - qi for any real number ¢. Let Sy and Py
be, respectively, the sum of the inverses and the product of the first k& primes of
the form 55 + 1. Let r be the number of prime factors of ¢* + ¢* + ¢*> + ¢ + 1
different from 5, so P, < ¢* + ¢®* +¢* + ¢+ 1 < 5.55 - 10!, Therefore r < 69
and S, < 0.29717. As before, if ¢ > 10° then § > 1 — S, — 3 > 0.70278 and
A =2+ ™21 < 105.874. So, observing that if ¢ > (105.874 - At)tz_t2 for some real
number ¢, then ¢z > A, - ¢t - 105.874 > W (g —1) - W(1) - A, and using Proposition
[3.6], there exists a primitive 2-normal element in F

For t = 4.7, the condition above becomes ¢ > 1.984 - 10'°. If we suppose now
g < 1.984 - 10'° and if we use again Proposition withm =¢g—1and T = 1,
we get r < 19 and S, < 0.2441801. For ¢ > 10°, we also get 6 > 0.7558149 and
A < 32.43074. From Proposition and taking t = 4.8, we get that there exists a
primitive 2-normal element in F,s for ¢ > 3.208 - 10%.

We apply now Proposition B.6, setting m = ged(¢® — 1,2-3-5) (so W(m) < 8)
and T = 1, and let r and s < 5 be the natural numbers defined by Proposition
B.6l Let S, and P, be, respectively, the sum of the inverses and the product of the
first k primes greater than 5. In particular we have P, < M® — 1 < 3.398 - 10%2,
where M = 3.208 - 10%. This implies that r» < 25, and if we suppose ¢ > 10° then
6>1-S5, — % > 0.20155 and A < 145.885. The condition from Proposition is
q% > 1167.08 > 8- 145.885 > W (m)W (T)A. So, if ¢ > 1.363 - 105, then there exists

a primitive 2-normal element in [Fgs.
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Finally, we apply one last time Proposition B.6, setting m = ged(¢® — 1,23 - 5)
(so W(m) < 8) and T' = 1. This time we get < 19 and .S, < 0.7359. If we suppose
g > 10%, we get 6 > 0.264104, A < 89.087 and ¢ > 507936. OJ

If we try to use procedure Test_Delta, with u = 2 - 3, for all prime powers such
that ¢ = 0,£1 (mod 5) and ¢ < 507936, it will produce a list of 127 prime powers

for which Test_Delta returns False. For this reason we will try another approach.

Lemma 5.5. Let ¢ be a prime power such that ¢ = +1 (mod 5). Then z° — 1 =
(x —1)(2? —bx + 1)(2? + (b+ 1)z + 1), where b € F, is a root of x> + x — 1 =0.

Proof. Let £ # 1 be aroot of ° —1 in F2 and define b =+ ¢ If ¢ =1 (mod 5),
then obviously ¢ € F,, which implies that b € FF,. If q = —1 (mod 5), then there

exists a primitive element a in 2 such that { = o5 . Observe that

£0 = QR (aqTﬂyz_q _ (aqTﬂ)l_q _ e,
This implies that b7 = £ 1 +& = b, so we also have b € F,,. Since £*+&*+&2+&+1 = 0,
we get that b?+b = £2(E*+ 8+ +E6+1)+1 = 1 and (22 —bz+1) (2?4 (b+1)z+1) =
P4+ 1 O

Lemma 5.6. Let q be a prime power such that ¢ = +£1 (mod 5), b € F,, be a root of
r*+1x—1=0, a be a normal element in Fys and f = 2* —bx + 1. Then Li(a)+a

is a 2-normal element in F s for all a € F, except for only one value of a.

Proof. If we let g = (z — 1)(z* + (b+ 1)z + 1), we get fg = 2° — 1 and, for every
element v € F,s we have 0 = Lys,(y) = Ly(Ls(y)). Since x — 1 is a factor of g,
then Ly(a) = 0 for every a € F,. In particular, if o is a normal element in F,s then
Ly(Lf(a)+a) = Ly(Ls(a)) + Ly(a) = 0 for every a € Fy, so Ly(a)+ a has F-order
deg h < 3 for some divisor h of g. From Theorem 2.6, we get that L(a) + a is k-
normal where k > 2. Let us suppose that degh < 2. If x—1 | h, then Lj(a) = 0 and
Ly(Ls(cr)) # 0, since « is normal, so, in this case, Lh(Lf( ) 4+ a) # 0. This means
that if deg h < 2, then z — 11 h and, in particular, h | 2> + (b+ 1) + 1. Note that
Lazy p1)es1(Ly(a) +a) = 0 is equivalent to Ly g1 g2 4011(@) + Lazy (p11)e41(a) = 0.
Since Ly2y(p1)et1(a) = (b4 3)a, then o* +a® +a* +a+1=—(b+3)a. If b= —

then (—3)? 4+ (—3) — 1 = 0, which is not possible because 5 { ¢ and hence b # —3.
Therefore there is only one possible value of a such that Trg /(o) = —(b + 3)a.
In particular, this means that if a # —(b + 3)™" - Tryp (), then Ly(a) + a is

2-normal. ]
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In fact, if j € F, is the only value for which L;(a) 4 j is not 2-normal, then
g(a) = (a — j)(Ls(a) + a) is 2-normal for every a € F,\{j} and for j we have
g(7) = 0. This means that if g(a) is primitive, then g(a) is also 2-normal. We finish

the case n = 5 with a computational approach using the idea from Lemma

Proposition 5.7. Let q be a prime power. There exists a primitive element 2-
normal in Fs if and only if ¢ = 0,£1 (mod 5).

Proof. From Lemma[5.4] we only need to prove the existence of a primitive 2-normal
element in Fs for ¢ = 0,41 (mod 5) such that ¢ < 507936.

Inspired by Lemma [5.0] we use the SageMath procedure named TestExplicith
(see Appendix A) to find a primitive 2-normal element in F,s. In this procedure,
a generates Fys, j € Fp, b € F,is aroot of 2> + 2 —1 =0 and 8 = Ly2 p,11(a)
for ¢ = +£1 (mod 5). If 5|¢, then § = L(—1)2(a). From Lemma [5.6, we get that
if ¢ = £1 (mod 5), then 8 + j is always 2-normal except, maybe, for one value of
j. In any case (¢ =0 (mod 5) or ¢ = +1 (mod 5)), this procedure returns True if
f + j is primitive 2-normal in F s for some j € F),, where p = charF,.

For all prime powers ¢ such that ¢ = 0,£1 (mod 5) for which ¢ < 507936 and
Test_Delta (with u = 2-3) returns False, the procedure TestExplicit5(q) returns
False only for ¢ = 64.

For ¢ = 64, we may use procedures ordmodqgn and Normal (see Appendix A)

to see that « is a primitive 2-normal element in F,s where « is a root of
g(z) = R i o e i o i o e O N o L R L N i F S

This proves the proposition. O

6. CASEn=4

In [I0] after Remark 3.5, the author proved that there is no primitive 2-normal
element in F4 if ¢ =3 (mod 4). Suppose now that ¢ is a power of 2. In this case,
zt—1=(z+1)*and f = (z+1)?, so if B is a 2-normal element, there exists a normal
element a € Fgs such that 8 = Lyq12(a) = o + a. Since B¢ = (o + ) =
o+ a? = f3, we have that 8 is not a primitive element in Fya. Therefore, if there
exists a primitive 2-normal element in F 4, then ¢ = 1 (mod 4). In this case, we
may factor ¢ — 1 into four linear factors, say z* — 1 = (z +1)(z — 1)(z + b)(z — b),
where b € F, and b* = —1.
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Throughout this section, we will consider ¢ = 1 (mod 4), b € F, such that »* =
—1, f(z) = (x + 1)(z + b) € F,z] a factor of 2* — 1 of degree two and o € Fu a
normal element in F . Thus, Ly(a) is a 2-normal element in F 4 (see [10], Lemma
3.1). The following result tells us that we can generate more 2-normal elements if

they are also primitive, more precisely we have

Lemma 6.1. Let u,v € F; and f(z) = (v +1)(x +b) € Fy[x], where b € Fy satisfies
v = —1. If y = uLs(a) + v is primitive in Fpa, then v is 2-normal in F .

Proof. We know that Ly is a linear transformation over Fy, so Liy4_1)/f(uLs(a)4+v) =

UL(x—l)(x—b)(Lf(a)) + L(x—l)(x—b) (U> = ULx4—1(a> + L(:c—b) (Uq - U) = 0. Since x4f_1

is a degree two polynomial, we have that the set {v,~9, fyqz} is linearly dependent.

Suppose that « and ¢ are linearly dependent, thus v7~! € Fy and ord4(y) <
(q—1)? < ¢* — 1, which is a contradiction. Thus, (y,7%,~%,77) = (7,7%) and 7 is
2-normal, by Theorem 2.6l 0J

Let us define a function g(x) = = + 8, where § is a 2-normal element in Fn.
We need conditions for the existence of primitive elements of the form g(a), where
a € F;, because in the case where n = 4, if we choose 3 = Lf(a) then, from
Lemma [6.1], primitivity of g(a) implies 2-normality of g(a). Observe also that if
B = Ls(a) € Fu, then B ¢ Fpeo. Indeed, if 8 € Fpe, then 0 = L,a_, (8) = ¢ — (b+
1)B1+ b= (b+1)(8 — B9). Since b* = —1 and ¢ =1 (mod 4),fwe get b # —1 and

B € [y, which is a contradiction.

Theorem 6.2. Let ¢ be a prime power, let m € N be a divisor of ¢* — 1, and
let B = Ly(a) be a 2-normal element in Fu, where a € Fua is a normal element,
f(x) = (z+ 1)(x +0b) € Flz] and b € F, satisfies b* = —1. Let Ng(m) be the
number of elements a € F, such that g(a) = a + B is m-free. If ¢/ > 3W (m), then

Ng(m) >0, i.e., there exists an element of the form g(a) in F;, which is m-free.

Proof. Since f = L¢(a) ¢ F,2, we have that F,u = F (8). Therefore, from Lemma

2.12] for any non-trivial multiplicative character x over F 4, we have

(7) > x(gla)| <34,

aclF,
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Now, from Proposition 2.8 we have that

Nam) = 3w (9(a)) = 60m) | 3" xa(ga)) + / S valg(a)

acly acly djm, d#1 acly

Therefore we obtain the following estimative, using inequality (7))

T o] <[ A 5 vl <338 2 0= 30700 = 0
dlm (d) d|

a€lFq m
d#1 d#1

Then Zg?in";) > q — 3(W(m) — 1),/q, and we obtain the desired result. O

The next result’s proof is similar to the proof of Proposition [3.6, and hence is

omitted.

Proposition 6.3. Let m € N be a divisor of ¢*—1 and let 3 be a 2-normal element as
in Theorem[GA. Let oy, ..., o, be prime numbers such that rad(q*—1) = rad(m)- ;-
Q2 or. Suppose that 6 =1—>""_, é >0 and let A = % +2. ]fq% > 3W(m)A,
then Ng(¢* — 1) > 0.

Now, we get the following sufficient conditions for the existence of primitive ele-
ments in F. of the form g(a) =a+ g. If

(8) ¢ >3W(*—1) or ¢?>3W(m)A

(for some m | ¢* — 1 and a specific value of A), then there exists a primitive element
in F,4 of the form g(a) = a+  with a € F,; also this element is 2-normal by Lemma
6.1l Let us use Proposition [6.3]in combination with Lemma [6.1] to find a bound for

the values of ¢ such that there exists a primitive 2-normal element in F .

Theorem 6.4. Let q be a prime power. There exists a primitive 2-normal element
in Fpa if and only if g =1 (mod 4).

Proof. We proceed as in Lemma 5.4l Let t,u be positive real numbers such that
t+u>8andlet ¢* —1 =} - % - o ... o> be the prime factorization of ¢* — 1
such that 2 < p; < 2l or 2" < g, for1 <i<wand 2! < g, < 2T for 1 <i < r
and consider m = pi" ---p%. Let S;, < 1 be the sum of the inverses of all prime

numbers between 2¢ and 2!, and r(¢,u) be the number of those primes. As in
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LemmaBdlr <r(t,u),d >1-5,, and A <2+ Tl(t_’qfq);l
that 2* | ¢* — 1 and 4 < ¢ + u, we have W (m) < A, - qtﬁ’ where

Lemma[2.9] considering

At,u == t+\/7 | |
2<p<2t
© is prlmo

t+\/_

We know that f = Lf( ) ¢ F, and we may apply Proposition [6.31 Therefore,
if g3 > 3- Apy - qt+u A then Ng(¢* — 1) > 0. This condition is equivalent to
q > (3-At,u-A)t(+t:*§. Taking ¢t = 5 and u = 8.5 we get Ng(¢* — 1) > 0 for
¢> M =212-10%.

Suppose now ¢ < M = 2.12-10%. We will use now Proposition[6.3lwith m = ¢*>—1.

Let ¢> +1 =2 p{"--- % be the prime factorization of ¢*> + 1. For any odd prime
number such that ¢ | ¢* + 1, we have ¢*> # 1 (mod p) and ¢* = 1 (mod p). This
means that 4 | ¢(p) = p — 1. Let Si be the sum of the inverses of the first k£ prime
numbers of the form 45 + 1 and let P, be the product of those k prime numbers.
So, from 2P, < ¢ +1 < M? 4 1, we get r < 33, S, < 0.60520004, § > 0.39479996
and A < 83.054. Let

Ay = t223 : H \523

2<p<2t

@ is prime
be the constant from Lemma 2.9 considering that 23 | ¢> — 1 and 3 < t. Therefore,
if g2 >3- A, -qt-A >3- W(q* — 1) - A, and applying Proposition 6.3, then

Ns(g* — 1) > 0. For t = 6.8, we get (3- A, - A)t%t4 < 7.321- 102

Let us suppose now that M = 7.321 - 10?" and ¢ < M. We will use again
Proposition with m = ged(¢* —1,2-3-5-7). Let Sy be the sum of the inverses
of the first k prime numbers starting with 11 and let P, be the product of those
k prime numbers. Observe that if 5 1 ¢* — 1, then ¢ is a prime power of 5 which

implies that 3 | ¢* — 1. This means that 2*-3 | ¢* —1or 2*-5|¢* — 1. Let r be the
-1

number of prime factors of ¢* — 1 greater than 7. We have r < 44, since P, < 48
So, S < S, < 0.7821, § > 0.2179 and therefore A < 2 4 2525 < 199.34. Thus,
¢z >3-W(m)- A for ¢ > 9.156 - 107.

We repeat this last process with M = 9.156-107 and m = ged(¢* —1,2-3-5). Now
S} is the sum of the inverses of the first k prime numbers starting with 7 and Py is the
product of those k£ prime numbers. We have P, < _1 for r <19 and A < 70.155.
So, 2 >3-23.70.155 > 3 - W(m) - A for g > 2834914. Repeating this process one

last time with M = 2834914 and m = ged(¢*—1,2-3-5), we get < 16, A < 51.253.
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From Proposition 63 we get Ns(¢*—1) > 0if ¢ > 1513078 > (3 - 2% - 51.253)°. From
Lemma [6.1], we get that, for ¢ > 1513078, there exists a primitive 2-normal element
in Fq4.

There are 57731 prime powers ¢ = 1 (mod 4) less than 1513078. We use the test
gz >3- W(m) - A using the SageMath procedure Test(q,list) from Appendix A
where the variable list is the list of prime numbers which can be factors of m. With
list = [2,3,5], the procedure Test(q,list) returns False for 1704 primes powers
from all prime powers ¢ = 1 (mod 4) less than 1513078. For those prime powers,
the procedure Test(q,list), with list = [2, 3], returns False for 934 prime powers.
Finally, for those last prime powers, the procedure Test(q,list), with list = [2],
returns False for 918 prime powers.

Now, we use the SageMath procedure named TestExplicit4 (see Appendix A) to
find a primitive 2-normal element in . In this procedure, we found first a normal
element o € Fa, b € Fy aroot of 2% +1 = 0 and we define 8 = L(y11)z45) (a). Next,
we try to find an element j € F, such that § + j is primitive. From Lemma [6.1]
£+ j is also 2-normal. This procedure returns True if 5 + j is primitive 2-normal
in F 4 for some j € F,,. For all 918 prime powers for which we didn’t conclude with
the procedure Test(q,list), the procedure TestExplicit4(q) returns False only for
13,17,125. Table [§ shows for these cases a primitive 2-normal element o € F,
such that h(a) = 0, for some irreducible polynomial h € F,[z], where p is the
characteristic of F,. This completes the proof. O
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APPENDIX A: PROCEDURES IN SAGEMATH

def Test_Delta(q,n,u):
A.<a>=GF(q); P.<x>=PolynomialRing(A)
Mi=factor(q™n-1); M2=factor(x"n-1) ; m=1
count1=0; count2=0; choose=True
T=1
for g in M2:
if g[0].degree()==1 and q<7:
T=T*g[0]
r=len(M1); s=len(M2); S1=0; S2=0
for p in Mi:
if gcd(pl0],u)!=1:
m=m*p [0]
r=r-1

else:
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S1=81+1/p[0]
for Q in M2:
if gcd(QL0],T)!=1:
s=s-1
else:
$2=82+1/q~ (Q[0] .degree())
delta=1-S1-S2
if delta>0:
Delta=2+(r+s-1)/delta; A=(q*1.0) " (n*0.5-2)
B=Delta*2"~ (len(factor(m)))*2"1len(factor(T)); Fact=A>=B
else:
Fact=False

return Fact

#Given p,q,n and g define:
B=GF(p); T.<x>=PolynomialRing(B)
C.<c>=B.extension(g); R.<x>=PolynomialRing(C)
#Testing if ¢ is primitive: ordmodgn(c)
#Testing if ¢ is 2-normal: Normal(c)
#where:
def ordmodqn(d):
ord=q"n-1
for m in divisors(q n-1):
if d"m==1:
if m<ord:
ord=m
return (q°n-1)/ord
def Normal(e):
pol=0
for i in range(O,n):
pol=pol+e”(q~i)*x~ (n-1-1i)
pol_gcd=gcd(pol,x n-1); k=pol_gcd.degree()

return k

def TestExplicit5(q):
A .<a>=GF(q~5); T.<x>=PolynomialRing(A)
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if mod(q,5)==0:
beta=a”~(q~2)-2*a"q+a
else:
Sol=(x"2+x-1) .roots(); b=S01[0] [0]; beta=a"(q~2)-b*a"q+a
j=0; Teste=False; valor=True
while valor:
c=betat+j; ord=q~5-1

for m in divisors(q~5-1):

if c"m==1:
if m<ord:
ord=m
e=(q"n-1)/ord
if e==1:
pol=0

for i in range(0,5):
pol=pol+c~(q~i)*x~ (4-i)
pol_gcd=gcd(pol,x"n-1); k=pol_gcd.degree()
if k==2:
valor=False; Teste=True
j=i+
if betat+j==beta:
valor=False

return Teste

def Test(q,list):
L=factor(q~4-1); m=1; r=len(L); S=0.0
for p in L:
if p[0] in list:
m=m*p [0] ; r=r-1
else:
S=s+1/p[0]
delta=1-S
if delta>0:
Delta=2+(r-1)/delta; A=(g*1.0)"(0.5); B=3*Delta*2"” (len(factor(m)))
Fact=A>=B
else:

Fact=False
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return Fact

def TestExplicit4(q):
A . <a>=GF(q~4, modulus="primitive"); T.<x>=PolynomialRing(A)
z=1
norm=True
while norm:
alpha=a“z
pol=0
for i in range(0,n):
pol=pol+alpha”(q~i)*x~ (n-1-1i)
pol_gcd=gcd(pol,x"n-1); k=pol_gcd.degree()
if k==0:
norm=False
z=z+1
if z==q"4-1 and norm:
norm=False; Test=False
Sol=(x"2+1) .roots(); b=Sol[0][0]
beta=alpha”(q~2)+(b+1)*alpha”q+b*alpha; j=0
Test=False; valor=True
while valor:
c=betat+j; ord=q"n-1

for m in divisors(q n-1):

if c"m==1:
if m<ord:
ord=m
e=(q"n-1)/ord
if e==1:
pol=0

for i in range(O,n):
pol=pol+c~(q~i)*x~ (n-1-1)
pol_gcd=gcd(pol,x"n-1); k=pol_gcd.degree()
if k==2:
valor=False; Test=True
j=j+1
if betat+j==beta:

valor=False
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return Test

APPENDIX B: TABLES

(4,n) g(z) € Fyfu]

(2,6) P+t +a?+1

(2,8) B+t +r+1

(2,9) P+a¥+ b+ttt +1
(2,10) e+l +ad+d a1
(2,12) 24+ttt 41
(3,6) W+ttt +2

(3,8) 28 + 22° + ot + 227 + 22 + 2

(3,10) 20+ 2+ 2"+ 225 + 2% + 2t + 2% + 227 + 2 + 2
(3,12) 212+ 219 +22° + 228 + 27 + 20 + 22* + 22% + 2

TABLE 4. « € Fyn is a primitive 2-normal element such that g(a) =0

(g:m) g(@) € Fyla]

(4,5) O+ 2+ S+t +1

(4,6) e A B e S s S e S A R
(4,8) a4 B4+ 4 42042+ a8+ 2"+ +a? + 1
(4,9) o4+ 42 a0t 4+ 1

(5,5) 5+ 22° + o+ 2

(5,6) 28+ 2t + 423 + 2% + 2

(5,8) 4"+ 2+ 3t + P+ + 3

(5,12) 2" 4+ 2™ + 320 + 2% + 427 + 32° + 32° + 322 + 4z + 3

28 + 2% + 523 + 422 + 62 + 3
28 +32° 4+ 625 + 2t +62% + 522 + 4w +5
1'18—|—[L’16—|—[L’15—|—{L'14+1'13+1'6—|—{L'2+1'+1
R A e o i A o i i s A

~—

~—~—~ |~ | |
o ||~
o | 0| o

o
\]
~— |~ [~

TABLE 5. « € Fyn is a primitive 2-normal element such that g(a) =0
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(¢,n) g(x) € F,[z]

(9,5) 210+ 27 4+ 225 + 2% + 2t + 223 + 2
(9,6) o2+ 2% + 28 + 2" + 28 4+ 20t 4+ 223 4+ 20+ 2
(

9,8) x4+ 2z 4 2213 4 2212 + 1t 4+ 210 4 229 + 28 + 25 + 2 + 2

(11,5) 2° + 923 + 422 + 97 + 3

(11,6) 9+ 90+t + 33+t + 7

(13,6) 25 + 1023 + 112% + 11z + 2

(16,5)  a® + 24P 4B 4t 04T+ 25+t 41

(16’ 6) 1'24 + 1’22 + 1’21 + 1’20 + :L.IQ + 1'18 + 1'15—|—
i S e S L S Sl S |

(17,6) 2% + 92° + 152 + 62° + 2 4 4o + 14

(19,5) 2° + 2zt + 2% + 22 + 16

(19,6) 2% +172% + 172% + 62 + 2

TABLE 6. « € Fyn is a primitive 2-normal element such that g(a) =0

q g(@) € Fpla]

23 2% + 32° 4 202* + 1222 + 62 + 11

25 2?2 + 2t + 3210 + 2% + 427 4 325 + 323 + 322 + 42 + 3
29 2% + 14a* + 222° 4 62% + 22 + 15

31 2% + 1923 + 1622 4+ 8z + 3

37 2% 4 352° + 42% + 30 + 2

41 28 + 1724 + 1923 + 922 + 38x + 17

43 25 + 1923 + 2822 + 21z + 3

47 2% + 352* + 3623 + 3622 + 192 + 31

49 z'2 +62'° +52° + 62° + 627 + 325 + 2° + 423 + 22 + 5z + 3
59 2% + 132* + 562° + 1522 + 22 + 11

61 2% + 4923 + 322 + 292 + 2

67 2% 4+ 3225 + 58zt + 4623 4 2222 + 59z + 61

79 28 + 1923 + 2822 4 682 + 3

TABLE 7. o € F6 is a primitive 2-normal element such that g(a) =0
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q h(x) € Fplz]
13 2t + 1123 + 822 + 62 + 11
17 x4+ 1022 +5x+ 3

125 22 4+ 210 4 32° + 428 + 325 + 225 + 222 + 323 + 2?2 + 4 + 3

TABLE 8. o € F4 is a primitive 2-normal element such that h(a) =0
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