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WEIGHT DISTRIBUTIONS AND WEIGHT
HIERARCHIES OF TWO CLASSES OF BINARY
LINEAR CODES

FEI LI AND XIUMEI LI

ABSTRACT. Linear codes with a few weights can be applied to
communication, consumer electronics and data storage system. In
addition, the weight hierarchy of linear codes has many appli-
cations such as on the type Il wire-tap channel, dealing with t-
resilient functions and trellis or branch complexity of linear codes
and so on. In this paper, we first present a formula for computing
the weight hierarchies of linear codes constructed by the general-
ized method of defining sets. Then, we construct two classes of
binary linear codes with a few weights and determine their weight
distributions and weight hierarchies completely. Some codes of
them can be used in secret sharing schemes.

1. INTRODUCTION

For a prime number p and a positive integer s, let F,« be the finite
field with p* elements and ;. be its multiplicative group.

An [n, k,d] p-ary linear code C' is a k-dimensional subspace of F)
with minimum (Hamming) distance d. For i € {1,2,--- n}, denote
by A; the number of codewords in C' with Hamming weight 7. The
sequence (1, Ay, -+, A,) is called the weight distribution of C' and the
polynomial 1+ A,z + Ayx® +- - -+ A,2" is called the weight enumerator
of C. If the sequence (A;,--- , A,) has ¢t nonzero A; withi =1,2,---n,
then the code C'is called a t-weight code. In coding theory, the weight
distribution of linear codes is a classical research topic and attracts
much attention. Furthermore, linear codes with a few weights have im-
portant applications in authentication codes [10], association schemes
[5], secret sharing [33] and strongly regular graphs [6].

Motivated by applications to cryptography, generalized Hamming
weight of linear codes was introduced in 1970s [12, 19]. For linear code
C, denote by [C, r], the set of all its IF,-vector subspaces with dimension
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r. For V € [C,r],, define Supp(V) = U.eySupp(c), where Supp(c) is
the set of coordinates where ¢ is nonzero, that is,

Supp(V)={i:1<i<n,¢;#0 for some c= (¢,¢c0,-+-,¢,) € V}.

Definition 1.1. Let C be an [n, k,d] linear code over F,. For1 <r <
k,

d,(C) = min{|Supp(V)| : V € [C,1],}
is called the r-th generalized Hamming weight (GHW) of C and {d,(C) :
1 <r <k} is called the weight hierarchy of C.

GHW can be thought of an extension of the minimum distance
d = di(C) and has become an important research object in coding
theory after Wei’s paper [31] in 1991. A detailed overview on the re-
sults of GHW up to 1995 was given in [30]. The weight hierarchy of
linear codes has many applications such as completely characterizing
the performance of the code on the type II wire-tap channel, deal-
ing with t-resilient functions and trellis or branch complexity of linear
codes and so on [13, 30, 31]. Much is known about weight hierarchy for
several classes of codes: algebraic geometric codes, BCH codes, Reed-
Muller codes, cyclic codes [1, 4, 14, 18, 32, 34]. Recently, there are
research results about weight hierarchy of some classes of linear codes
3, 16, 26, 27].

The rest of this paper is organized as follows. In Sec. 2, we intro-
duce a generalized method of constructing linear code by defining sets
and give a corresponding formula for computing the generalized Ham-
ming weights. In Sec. 3, we construct binary linear codes with a few
weights and determine their weight distributions and weight hierarchies
completely. In Sec. 4, we summarize the paper.

2. PRELIMINARIES

2.1. A generic construction of linear codes. Ding et al. [9] pro-
posed a generic construction of linear codes as below. Denote by Tr
the trace function from [F)« to F,. Let D = {dy,ds,--- ,d,} be a subset
of F}.. A p-ary linear code of length n is defined as follows:

(2.1)  Cp ={(Tr(xdy), Tr(xdy), ..., Tr(xd,)) : © € Fps },

and D is called the defining set of C'p. By choosing some proper defin-
ing sets, some optimal linear codes with a few weights can be con-
structed [7, 8, 11, 20, 21, 22, 29, 35, 36].

Li et al. generalized the above constructing method and also con-
structed some linear codes with a few weights [24, 25]. The generalized
method is as follows. For a positive integer e, let D = {d;,dy, -+ ,d,}
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be contained in F7.\{(0,0,---,0)}. Foru = (uy, ug, -+ ,ue), v=(v1,0,"

denote by u - v the ordinary inner product of u and v, that is,
UV =1UV| + UsVs + * + + 4 Uelp.
Define a p-ary linear code Cp with length n as follows:
(2.2) Cp = {(Tr(x-dy), Tr(x-dg),..., Tr(x-dy,)) : x € . }.

Here, D is also called the defining set. Using this method, some classes
of linear codes with few weights were obtained by choosing proper
defining sets [2, 17].

2.2. A formula for computing d,.(Cp). For the linear code Cp in
(2.2), a general formula in Proposition 2.1 will be employed to cal-
culate the generalized Hamming weight d,.(Cp). Indeed, the result of
Proposition 2.1 can be regarded as a generalization of [26, Theorem 1].

Proposition 2.1. For each r and 1 < r < es, if the dimension of Cp
1s es, then

d.(Cp) =n—max{|DNH|: H € [F.,es — 1], }.
Proof. Let f be a map from [Fy. to F) defined by
f(x) = (Tr(x-dy), Tr(x - da), ..., Tr(x - dy)).

Obviously, f is an [F)-linear homomorphism and the image f(F}.) is
Cp. By hypothesis, we know that the dimension of C', is es. Hence, f
is injective.

For any r-dimensional subspace U, € [Cp,r],, denote by H, =
f~YU,) the inverse image of U,. So, H, is also an r-dimensional sub-
space. Let {f1, fa, ..., B} be an Fj-basis of H,. By definition,

d.(Cp) =n —max{N(U,) : U, € [Cp,7],},

NU.)=Hi:1<i<n,¢;=0 forany ¢ = (¢1,¢q,...,¢,) € U}

={i:1<i<n,Tr(f-d;)) =0 forany g € H,}

=[{i:1<i<n,Tr(B-d)=0,j=1,2,---,r}
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Then, by the orthogonal property of additive characters, we have

Z Z Tr ml(ﬁl Z Cg‘r(ﬂvr(ﬁr'di))

1=1 z1€F, zr€Fp

__Z Z C (61r1+ ABrar)-d )
= p

=1 x1,...,xr€Fp

:_Z Z CTr(Bd

=1 BeEH,

For any k-dimensional subspace H of ., let
={velF, :Tr(u-v)=0forany ue H}.

We call H* the dual space of H. Taking a F,-basis oy, g, -, s of

[Fos and y1,72, - -+, v, of H, then the matrix (Tr(ai -aj)) is an invertible

matrix. For any v = Y z;0; € H* with x; € F,,, we have Tr(vy; - v) =
i=1

Yo Tr(vy ;) = 0,7 =1,2,--- k. This is a system of linear equations
i=1

of x1,29,- - ,x.s and the rank of its coefficient matrix (Tr(v; - o)) is
equal to k. Thus, dimpg,(H) + dimg, (H*) = es and (H*)* = H. So,

For y € Iy,
ZCTrBy: |H| lfyeHv}a
0, otherwise .
BEH,

Hence, we have

1
NU,) == > |H|=|DnH}]

yeEDNH -
So, the desired result follows from the fact that there is a bijection
between [F7., ], and [Fr,, es — 7],. We complete the proof. O
3. TWO CLASSES OF BINARY LINEAR CODES

In this section, we construct two classes of binary linear codes and
determine their parameters. We firstly present a few more auxiliary
results which will be needed in proving our main results.

Let [ be a prime such that 2 is a primitive root modulo ["™. Here and
after, let p = 2, ¢ = 2°U"™) where ¢ is the Euler phi-function. Let v be a
fixed primitive element of F;, and y; be the canonical additive character

over IF,, then for any x € F,, x1(z) = (=1)"®). Set a = v T . See [23]
for more information about additive characters over finite ﬁelds.
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3.1. An exponential sum. For any a,b € F,, we define

m-1

S(a,b) = Z X1 (aa:qz;ml + bx) and S(a) = Z x1(aat).

z€ly

Since 2 is a primitive root modulo {"™, we have that F, = Fy(«).
Expressing u € F, in the basis {a,a?,...,a?™} say

o(™)
U= Z a;o’,
i=1

where a; € Fy. Fori =0,1,...,I™ *—1, we denote by u® the following
sub-vector of length [ — 1 of the coordinate vector u = (ay, ..., agum))
of u:

U.(Z) = (alm—l_i, Agym—1_j;, . . . ,a(l_l)lm—l_i).
Recall that wt(x) is the Hamming weight of binary vector x. For
a € Fy, we define two subsets of F, as follows.

Eo={u€F:: 2lwt((au 7))},

O = {u€F:: 2fwt((au ™))},

In subsection 3.3, we will give the cardinal numbers of E, and O,.

Now, we give some results on S(a,b) and S(a) in the following lem-
mas, which will play important roles in settling the parameters of our
codes.

Lemma 3.1. [21, Lemma 4] Let a € F;,b € F, and let ¢ = ab= if
b+# 0. Then,

o %S(a)v if b=0,
S(a,b) = { (l_l)wt(c(o))\/a _ ‘/EJIS(CL), if b#0.

Lemma 3.2. [28, Theorem 1] Let a € F,. Then

lm71—1
Sa) = > (=M1 - 2wi(a)),
i=0
Lemma 3.3. [28, Theorem 3| The value set of S(a), as a runs over
F?, is
™l —-1)

™ 4ilj =1, ...
{ Jli=1,..., 5

.
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3.2. Our defining sets and some auxiliary results. In this paper,
we choose a defining set contained in Fg as follows. For a € F},0 € F,,
set

Diasy = {(z,y) € F2\{(0,0)} : Tr(az™ +by) = 0} = {dy,da, ..., d,}
and the corresponding binary linear code Cp, , is defined by
(31)  Cp,, = { (Tr(x - dy), Te(x - da), .., Te(x - dy)) £ x € Fg}.

Now, we first calculate the length of the linear codes Cp,, , and the
Hamming weight of non-zero codewords in Cp, .

Lemma 3.4. Fora € F,,b € F,. Then,

. :
B _ [ 3a(g+1+5(a,0) =1, if b=0,
n—|D(a,b)|—{ %qZ—l, if b 0.

Proof. By the orthogonal property of additive characters, we have

Dap)| = Z Z T (= T +by)) —1

xyquzer
1 raacg%ll
=5 (1 + (_1)T( l +by)) -1
x,y€lfy
1 2 1 Tr m
— - -1 (ax +by) 1
50 T3 (1)
xyEFq
1 ——
_ §q _'_ Tr(by Z(_l)Tr(axl ) 1.
yEIFq z€Fy

When b = 0, we have

1
Doy = =¢° + qz )Tt

2
z€lFy

_leat -
= 54 +2q(1+5(a,0)) 1

= %q(q+ 1+ S(a,0)) — 1.

When b 7& 0, we have > p (— 1)T®v) = 0, which follows that
D] = §q — 1. We complete the proof. d

Let c() be the corresponding codeword in CD(a,b) in (3.1) with
(u,v) € F2, that is,

cM:(Tru:c—i—v ) .
(w0) ( Y) Do
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Obviously, c(0) = 0 and wt(c(0)) = 0. Now, we determine the Ham-
ming weight wt(c(,,)) with (u,v) # (0,0) in the following lemma.

Lemma 3.5. Let (u,v)(# (0,0)) € F2. We have
(1) If b =0, then
v ) iq q+1+S(a,O)), if v#0,
WU C(u,0)) = .
") tala+ 80,0 = S@w), i v=0.
(2) If b # 0, then
1, if v=0o0r v#b, v#0,
(Cluw)) = 1 —1-5 ' =)
19\ 4 (a,u)), if v="0

Proof. Put N(u,v) = {(x,y) € F2: Tr(owa%1 +by) = 0, Tr(ux + vy) =
0}, then

|N(u’v)‘ = i Z ( Z (_1)Tr(21(am%+by)) Z (_1)Tr(zz(u:c+vy))>

z,y€lfy  z1€F2 zo€Fo
1 I‘[leq_"izl rfur—muv
=3 3 ((1+(_1)T< Y (1 4 (1) +y)))
x,y€lfy
_ 1q2+1 Z (_I)Tr(ax‘lz;ml+by)+} Z (—1) Tr(a:c;—i-u:c—i-by—i-vy)
4 4 4
x,y€ly x,y€ly

where we use the fact that

Z (_1)Tr(ux+vy) _ Z(_l)Tr(u:v) Z(_l)Tr(vy) = 0.

z,y€lfq z€F, yElFg

Now we discuss case by case on the term of b =0 or b # 0.
(1) If b= 0, then

1 _W
|N(u,v)\ - 1((]2 4 Z ( Tr(aml + Z Tr arT +um+vy))

ZB,yqu T yE]Fq

_ 1 2 Tr(aqu Tr(v Tr(ax;ml-{-u;c)
S (DM ILCLES DELLD B! )

ZBE]Fq E]Fq mqu

1
yely
So, we have
ta(a+1+5(a.0)). it 040,

Nuo) =4 |
147 q+2+S(a,0)+S(a,u)>, if v=0.
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Noting that wt(c(uw) =n — [N(u,v)| + 1. By Lemma 3.4, we have
14 q+1+5(a,0)>, if v#0,
Wt(C(um)) = 1 .
149 q—i—S(a,O)—S(a,u)), if v=0.

(2) If b # 0, then
Z (_1>Tr(axil;ﬂl+by) _ Z(_l)Tr(axq_l";;) Z(_l)Tr(by) — O’

x,y€lfy z€lFy y€ly
which follows that
1 1 a1
N — 2 - _ 1\Tr(az ™ +by+uz+vy)
z,y€lf,
_ 1 2 + 1 Z(_1>Tr((b+v)y) Z(_l)Tr(amq_lTWl—l—um)
4 4
y€lFy zel,
1y Tr((b+0)y)
=1 +Z(1+S(a,u))2(—1) v
IS
So, we have
/ .
iqz, ifv=0,
IN(u,v)] ={ Lq(q+1+ S(a,u)), it v=b,
| 14, if v#£0b, v#£0.
By Lemma 3.4 again, we have
( iq2, if v=0,
Wt(Cu,v)) = iq(q —1—95(a, u)), if v =",
\iq2, if v#0b, v#D0.
The proof is finished. O

Remark 3.6. By Lemma 3.5, we know that, for (u,v)(# (0,0)) € F?,
we have Wt(cww)) > 0. So, the map: F; — Cp,, , defined by (u,v) —
Cluw) 15 an isomorphism as linear spaces over Fy. Hence, the dimension
of the codes Cp,,, in (3.1) is equal to 2¢(I™).

Lemma 3.7. Let Cp,,, be defined in (3.1). Then, the minimal dis-

tance of the dual code Cp, , is at least 2.

Proof. We prove it by contradiction. If not, then there exists a coor-
dinate ¢ such that the i-th entry of all of the codewords of Cp_, ,  is 0,
that is, Tr(x - d;) = 0 for all x € F2, where d; € D(,p). Thus, by the
properties of the trace function, we have d; = 0. It contradicts with
d; # 0. O
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3.3. Weight distribution of Cp,, in (3.1). In this sequel, we de-
termine the weight distributions of linear codes Cp,, , in (3.1).

Theorem 3.8. Leta € F,. The code Cp, in (3.1) is an [n,2¢(I™), d]
bmary linear code wzth the weight distribution in Table 1, where d =

( \/_—l—(qJ”[ ) andn—zq(q+1+qlmlS( ))—1.

TABLE 1. The weight distribution of the codes of Theo-

rem 1.
Weight w Multiplicity A,
0 1
talg+1+ 7Y g(q—1)
1000+ 3+ ) | 5(g — D+ )
10la = a+ ) [3(g - D - 5

Proof. Assume that (u,v) # (0,0). By Lemma 3.1 and Lemma 3.5,
Wt (C(u,0)) has only three values, that is,

W1:iQ(q+1+(q ll) ()g
@ =qulat Vit ),
wy = 1q(q — /g + TP,

Recall that A,, is the multiplicity of w;. By Lemma 3.5, we have
A, = q(qg—1). By Lemma 3.7 and the first two Pless Power Moment
([15, P. 260] ), we obtain the system of linear equations as follows:

Ao =q(g—1),

Aw2+Aw3 :q_17
wiAw, +wa Ay, +ws Ay, = 3¢°n.

Solving the system , we get
A q(q - 1)7 g
sz =3(@-1(1- Slfff)),
Ay = Hg—1)(1+22),
Then we get the weight distribution of Table 1. By Lemma 3.3, of

all the non-zero weights, w3 is the smallest. So we get the value of
minimum Hamming weight d = w3. We complete the proof. U

Corollary 3.9. For each a € F},, we have |E,| = 3(¢—1)(14 55 54y and
[Oal = 3(g = 1)(1 = ).
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Proof. Recall the definitions of £, and O, in Subsection 3.1. Obviously,
|Eu| + 10, = ¢ — 1. By Lemma 3.1,

S(a,u) = (~1) T g VI D)

For a code word c(,,.) € Cp,,,, by the computlng of |N(u,v)|, we know

that wt(c(u,w) = Tq(q¢—/q+ (q+\ﬁ 1y if and only if 2|wt((au~ % )©).
So the desired result follows from Theorem 3.8. The proof is completed.
O

Remark 3.10. By Lemma 3.3, we know that neither E, nor O, is
empty for every a € F.

Example 3.11. Let (I,m,a,b) = (3,2,1,0). Then, the corresponding
code Cp,, , has parameters [3199 12,1536] and weight enumerator 1 +

49 1536+40321’1600+141’1792

Theorem 3.12. Let a,b € F}. The code Cp,,, in (3.1) is a [3¢> —
1,2¢(1I™)] binary linear code with the weight distribution in Table 2.

TABLE 2. The weight distribution of the codes of Theo-

rem 2.

Weight w Multiplicity A,

0 1

tqlg —1— =) 1

1 S(a

Ly(g—1- \/§+(1+W;E;) Hg—-1)(1+52)
+ Sa
falg =1+ ya+ o) e - )01 - o)
4q ¢ —q-—1

Proof. Assume that (u,v) # (0,0). By Lemma 3.1 and Lemma 3.5,
Wt(C(u,0)) has only four values, that is,

wy —iq(q—l—i(q_llll(l))

wy = 3q(q—1- q+(1+0()),
ws = 3alg— 1+ V3 + (LEvDSta)y,
(.U4_4q2

By the computation of |[N(u,v)| in Lemma 3.5 and Corollary 3.9, it
is easy to get the multiplicity A,, of w;. They are listed as follows.

A, =1,

Ay, =5(@ =D+ l%ff;)
AwB = %(q 1)(1_ m )a
Avy=¢—q— 1L
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Then we get the weight distribution of Table 2. The proof is finished.
O

Example 3.13. Let (I,m,a,b) = (3,2,1,1). Then, the corresponding
code Cp,,, has parameters [2047,12,448] and weight enumerator 1 +
M8 492900 4 1421216 + 40312102,

Example 3.14. Let (I,m,a,b) = (5,1,1,1). Then, the corresponding
code Cp,, , has parameters 127, 8, 32] and weight enumerator 1+ z% +
25128 + 32%2.

Remark 3.15. In Ezample 3, when (I,m,a,b) = (5,1,1,1), the last
two weights of Cp,, , equal. So it is a 3-weight code.

3.4. Weight hierarchy of Cp, , in (3.1). Let H, be an r-dimensional
subspace of Fg and (1, B2, -+, B, be an Fo-basis of H,. We set

N(H,) = {x = (z,y) € F2 : Tr(az'™ +by) = 0, Tr(x-8;) = 0,1 < j <r}.

Then, N(H,) = (D»nNH;")U{(0,0)}, which concludes that | N (H,)| =
Doy N H|+1.
So, by Remark 3.6 and the proof of proposition 2.1, we have

dr(Cpy,y)
(3.2)

= n — max { Doty N Hagm)—r| © Hagum)—r € [F2,20(1™) — r]p}
(3.3)

=-n— max{|N(Hr)\ cH, € [Ffpr]p} + 1.

q—1
Proposition 3.16. Define By, = >, cx2 D pen (—1)Tr(B-(@y)taa T +by)
) q T
Then,

1

1
2r+1q2 — g7 max {BHT :H, € [Fg,r]p} + 1.

dr(CD(a,b)) =n-—
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Proof. By the orthogonal property of additive characters, we have

2" N(H,)]

- T (S [ )
x=(z,y)€F2  z€Fy 1=1 z,€F3

_ Z ( (_1>Tr(z(aqu%;+by)) Z (_1)Tr(ﬁ-x)>
x=(z,y)€F2  z€F BeH,

q—1

- ¥ ((1+(—1)Tr(‘”’l o)) Z(—l)Tr(B'X))
x:(m,y)ng BEH,

_ (_1>Tr(ﬁ-x) + Z Z (_1)Tr(ﬁ-x+axq_l?7ﬁl+by)
X:(x,y)ng BEH, x:(x,y)EIF% BeH,

— q2 + (_1)Tr(ﬁ-x+aqu;ml+by)’

where the last equation comes from

Z Z 1)) — Z 14 Z Z 1)TB%)

x=(z,y)€F2 BEH, x=(z,y)€F2 x=(z,y)€F?2 (0,0)#B€H,

_q + Z Z Tr(ﬁx :q2.

(0,0)#B€Hy x=(z,y)€F2

So, the desired result is obtained. Thus, we complete the proof. O

In the following sequel, we shall determine the weight hierarchy of
OD(a,b) by calculating By, in Proposition 3.16 and [D, 5 N Haggm)—r|
in (3.2).

Theorem 3.17. Let a € F; and Cp,, , defined in (3.1). Then

iy 2o ) 0 1< <
r\“D(a,0)) — .
%q q+1—|—(qll7#)—yq if 2¢(lm)<r 20(1™).
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Proof. When 1 <r < %gb(lm), by the definition of By, , we have

q—1

BHT — Z Z Tr(8- X—i—axT)

x=(z,y)€ IF2 BeEH,

Z ( Z Tr (Brz+ax G )_'_ Z Tr(ﬁ1$+52y+ax L ))

Y)EF2  (B1,0)EH (B1,82)€Hr
B27#0
_ Z Z Tr(ﬁlm—l—am T )
H, z€lF,

Z (1+S )).

1,0)€

So, by lemma 3.1, we obtain

1BHTZ > (1 (*[+1) ) Vi Y (—pymlen )

q

(5170)€H’l‘ (61 O)GHT
B17#0
(va+q)S(a)

By Corollary 3.9, there is an element 3 € I}, such that Wt((aﬁ_%)(o))
is even. Recall that 2 is a primitive root modulo I and ¢ = 2¢(™),
we have ¢ = 1 mod [, which concludes that /¢ = —1 mod [™,
ie. lm|\/’ + 1. Since /g — 1 and /g + 1 are coprime, we have
(Bu)~ " = B~ (uva )" G = B for any u € F?/;. Take an
r-dimensional subspace L, contained in SF 5 and Put H, = L, x O,

-
then, for any (51,0) € H,, we have wt((af; ' [ ")) is even. Further-
more, by Lemma 3.3, we have —,/q < 1— (\/_H)S(a < /q, which follows
that 1 — (‘[H)S(a +4/q > 0. Hence, BHT reaches its maximum

2T<1_ (ﬂJrli)S(a)jL\/a)jL(\/aJrlg)S(a) Z

So, by Proposition 3.16, we obtain the generalized Hamming weights
dr(CD(a,o)) forl1<r< %(b(lm)

When £o(I™) < r < 2¢(I™), we have 1 < 2¢(I™) —r < 2¢(I™). By
Lemma 3.4 and Lemma 3.3, there exists an element (z,y) € D,,0) such
that € IFy, that is, Tr(a:cql%) =0 and z # 0. Then, for any u € F? 7,
we have Tr(a(zu) ™ ) Tr(ax ™ ) = 0. So, 2FF 7 x F; C D4,0). Note
that the dimension of the subspace zFF 5 x F, C IF2 is 3¢(I™). Let
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Hygqmy—r be a (2¢(I™) — r)-dimensional subspace of F ;5 x Fy. So,
| Hag(im)—r N Diagy| = 2290777 — 1,
Then,
max{|Di0) N H| : H € [Fypm,20(1™) — 1],} = 220" — 1.
By the equation (2.1), for $o(I™) < r < 2¢(I™), we have
d,(Cpy,,) =n—220"7" 41

1 (¢-DS@y _ 1,
=galo s ) - g

Thus, we complete the proof. O
Theorem 3.18. Let a,b € F and Cp,, , defined in (3.1). Then,
(1) If 1 < r < 39(I™), we have

1P (1— &) - WD Se) - Gf S(a <a
dr(CD(a’b)> = %q2 _ 2% . q(\/ZH) 1— % 2T+1 <
if S(a) > O
(2) If So(I™) < r < 2¢(I™), we have
1, 1
4(Cn,) = 2%~ 5)

Proof. (1) When 1 < r < 1¢(I™), by the definition of By, , we have

g—1
Bu= 3 D (-nent e

(z,y)€F2 (B1,B2)€Hy

_ Z Z Tr agv_lW +B1x) Z (_1>Tr(52y+by).

(B1,82)eH, z€Fq (S

Let Prj, be the second projection from F2 to F, defined by (z,y) — y.

If b ¢ Prjp(H,), then ¥, cp, (~L)™0) — 0 for any (8, 5) € H,,
which follows that By, = 0

If b € Prj,(H,), by Lemma 3.1 again, we have

_BHT Z Z Tr(a:cq_l;; +piw) Z 1+ Z S 61

¢ (B1,b)€Hy z€Fq (B1,b)eH, (B1,b)EH,
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oI, (1@ + (cpmen T )., i (0.6) ¢ H,
1,0)ELy
B17#0
- g
T L2, (s (e 1G) HL+ LS a),
B1,b)EH,
B1#0
if (0,b) € H,.

By Lemma 3.3, we have 1— (‘[H +\/_ > (. Take an element 3 €

IF? so that Wt((aﬁ_ql%)(o)) is even and an (r—1)-dimensional space L,
f+1 q—1

of BF . Then, we have (fu)~ o= B (w1 = B_W for

any u € F7 2. So, for any non-zero element f; € L1, wt((afB; )(0))
is even.

If S(a) <0, set H, = {(u,0) v e L, 1} U{(§+u,b):ue L4},
where { € BF 5\L,—1. Then, (0, ) ¢ H,. In this case, gBHr reaches

its maximum
2’“—1<1 I CRIEIC) lm)S( a) \/§>.

If S(a) > 0, set H. = L,y X bFy. Then, (0,b) € H,. In this case,
%B [, reaches its maximum

11— <¢a+l D@ | oy w _ /i

So, by Proposition 3.16, we obtain the generalized Hamming weights
d(Cp,,,,) for 1 <r < so(m).

(2) For £¢(I™) < r < 2¢(I™), we have 1 < 21¢(zm) —r < 3e(Im™) - 1.
Take an element z € [} such that Tr(az™ ) = 0. Then, for any
u € F ., we have Tr(a(xu)ql%) = Tr(aqu%) =0. Let T, = {y €
F, : Tr(by) = 0}, which is a (¢(I") — 1)-dimensional subspace. So,
zIF vaxTy C D(a)- Note that the dimension of the subspace zIF vaxTy C

F2is 3¢(I™) — 1. Let Hygm)—, be a (2¢(I™) — r)-dimensional subspace
of aF 5 % Tp. So,

| Hag(my—r N Dap| = 279077 — 1,
Then,
max{|Dip N H| : H € [Fpm, 26(I™) — 1], } = 220" — 1.
By the equation (2.1), for $o(I™) < r < 2¢(I™), we have
d.(Cp,,,) =n— %q %@F(l - 23—1)-
Thus, we complete the proof. O
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4. CONCLUDING REMARKS

The method of constructing linear codes by defining sets can be
generalized. In this paper, we give a formula for calculating the weight
hierarchies of linear codes constructed by the generalizes method. Then
we construct two classes of 3-weight or 4-weight binary linear codes
based on the generalized method. By the exponential sum theory, we
give the weight distributions of these codes. Using our formula, we
determine the weight hierarchies of these codes completely.

Let wmin and wpayx be the minimum and maximum nonzero weight
of the linear code Cp, ,, respectively. It is easy to check that

Wmin 1

Wmax 2

By the results in [33], the binary linear codes Cp,, in Theorem 1
are suitable for constructing secret sharing schemes with interesting
properties.
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