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Complete weight enumerators for several
classes of two-weight and three-weight linear

codes

Canze Zhu and Qunying Liao ∗

College of Mathematical Science, Sichuan Normal University, Chengdu Sichuan, 610066

Abstract. In this paper, for an odd prime p, by extending Li et al.’s construction [17],
several classes of two-weight and three-weight linear codes over the finite field Fp are constructed
from a defining set, and then their complete weight enumerators are determined by using Weil
sums. Furthermore, we show that some examples of these codes are optimal or almost optimal
with respect to the Griesmer bound. Our results generalize the corresponding results in [15, 17].
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1 Introduction

Let Fpm be the finite field with pm elements and F∗
pm = Fpm\{0}, where p is an odd

prime and m is a positive integer. An [n, k, d] linear code over Fp is a k-dimensional
subspace of Fn

p with minimum distance d. In addition, the weight enumerator and com-
plete weight enumerator are the important parameters for a linear code [21], especially,
few-weight linear codes have better applications [1–3, 6, 22]. Motivated by Ding et al’s
work [8], a number of two-weight or three-weight linear codes have been constructed from
defining sets [7, 11–17, 19, 20, 23, 24].

In 2015, Ding et al. gave a method to construct a class of two-weight or three-weight
linear codes via the trace function from defining sets [8]. Let D = {d1, d2, · · · , dn} ⊆ F∗

pm

and Trm denote the trace function from Fpm onto Fp, a p-ary linear code is defined by

CD =
{

c(x) =
(

Trm(xd1),Trm(xd2), · · · ,Trm(xdn)
)
∣

∣ x ∈ Fm
p

}

.

Motivated by the above construction, Li et al. defined a linear code

CD̄ =
{

(a, b) =
(

Trm(ax+ by)
)

(x,y)∈D

∣

∣ (a, b) ∈ Fpm × Fpm

}

(1.1)

with D̄ ⊆ F2
pm [17]. Later, Jian et al. obtained several classes of two-weight and three-

weight linear codes CD̄ from (1.1) by choosing the defining set

D̄ =
{

(x, y) ∈ F2
pm

∣

∣ Trm(x
2 + yp

u+1) = 0
}

, (1.2)
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where u is a positive integer [15].
In this paper, we define a linear code

CDλ
=

{(

Trm1(ax) + Trm2(by)
)

(x,y)∈Dλ

∣

∣ (a, b) ∈ Fpm1 × Fpm2

}

(1.3)

with

Dλ =
{

(x, y) ∈ Fpm1 × Fpm2\{(0, 0)}
∣

∣ Trm1(x
2) + Trm2(y

pu+1) = λ
}

, (1.4)

where λ ∈ Fp, m1 and m2 are positive integers. We determine the parameters and the
complete weight enumerators of CDλ

basing on Weil sums. In addition, for some examples,
CDλ

is optimal or almost optimal with respect to the Griesmer bound [9]. Obviously, if
m1 = m2 and λ = 0, then Dλ = D̄ and CDλ

= CD̄. Thus, we extend Li et al.’s construction
[17], and generalize the corresponding results in [15, 17].

This paper is organized as follows. In section 2, some related basic notations and
results of Weil sums are given. In section 3, the complete weight enumerators of several
classes of two-weight and three-weight linear codes are presented. In section 4, the proofs
of the main results are given. In section 5, some examples are obtained by using Magma,
which are accordant with the main results. In section 6, we conclude the whole paper.

2 Preliminaries

Throughout the paper, we denote some notations as follows.

• ζp = e
2π

√
−1

p is a primitive p-th root of the unity.

• u, m1 and m2 are positive integers, and s = m2

2
, v = gcd(m2, u).

• K = m1 +m2.

• L = (−1)
(p−1)2

8 .

• For each b ∈ Fpm, χb(x) = ζ
Trm(bx)
p (x ∈ Fpm) is the addtive characters.

• ηm is the quadratic characters of Fpm, and it is extended by letting ηm(0) = 0.

• Gm is the quadratic Gauss sums over Fpm, i.e., Gm =
∑

c∈Fpm

ηm(c)χ1(c).

2.1 Group characters and Gauss sums

In this subsection, some properties for the additive characters, quadratic characters
and quadratic Gauss sums are given.

Lemma 2.1 ([8, 18]) Gm = (−1)m−1Lmp
m
2 , and for b ∈ Fpm,

∑

x∈Fpm

ζTrm(bx)
p =

{

pm, b = 0;

0, otherwise;
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for x ∈ F∗
p,

ηm(x) =

{

1, 2 | m;

η1(x), otherwise.

2.2 Weil sums

It is well known that Weil sums are defined by
∑

x∈Fpm2

χ(f(x)) with f(x) ∈ Fpm2 [x],

and there are many results for the Weil sum [4, 5]

Sm2,u(a, b) =
∑

x∈Fpm2

χ(axpu+1 + bx) (a ∈ F∗

pm2 , b ∈ Fpm2 ).

Lemma 2.2 If m2

v
is odd, then

Sm2,u(a, 0) = Gm2ηm2(a).

If m2

v
is even, then

Sm2,u(a, 0) =























ps, if s
v
is even and a

pm2−1
pv+1 6= (−1)

s
v ;

−ps+v, if s
v
is even and a

pm2−1
pv+1 = (−1)

s
v ;

−ps, if s
v
is odd and a

pm2−1
pv+1 6= (−1)

s
v ;

ps+v, if s
v
is odd and a

pm2−1
pv+1 = (−1)

s
v .

Lemma 2.3 Fixed a ∈ Fpm2 , then the equation

ap
u

Xp2u + aX = 0

is solvable in F∗
pm2 if and only if both m2

v
is even and a

pm2−1
pv+1 = (−1)

s
v . Furthermore, there

are exactly p2v − 1 non-zero solutions in this case.

Remark 2.1 By Lemma 2.3, it is easy to see that f(X) = ap
u

Xp2u+aX is a permutation

polynomial over F∗
pm2 if and only if m2

v
is odd, or both m2

v
is even and a

pm2−1
pv+1 6= (−1)

s
v .

Lemma 2.4 Suppose that f(X) = ap
u

Xp2u + aX is a permutation polynomial over Fpm2 ,

then, f(X) = −bp
u

has an unique solution in Fpm2 . Furthermore,

Sm2,u(a, b) =







Gm2ηm2(a)ζ
Trm2(−ax

pu+1
0 )

p , if m2

v
is odd;

(−1)
s
v psζ

Trm2(−ax
pu+1
0 )

p , if m2

v
is even.
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Lemma 2.5 For the non-permutation polynomial f(X) = ap
u

Xp2u + aX over Fpm2 , sup-

pose that the equation f(X) = −bp
u

has a solution x0 in Fpm2 , then,

Sm2,u(a, b) = −(−1)
s
v ps+vζ

Trm2(−ax
pu+1
0 )

p ,

otherwise,

Sm2,u(a, b) = 0.

Taking u = 0 in Lemmas 2.2 and 2.4, we can get

Lemma 2.6 For a ∈ F∗
pm1 and b ∈ Fpm1 ,

Qm1(a, b) =
∑

x∈F
m1
p

ζ
Trm1(ax

2+bx)
p = Gm1ηm1(a)ζ

Trm1(−
b2

4a
)

p .

In order to prove our main results, we need the evaluation of Sm2,u(z1, z2b), where
z1, z2 ∈ F∗

p and b ∈ Fpm2 . The following lemma is necessary.

Lemma 2.7 ([15], Lemma 10) If z ∈ F∗
p and m2

v
is even, then

z
pm2−1
pv+1 = 1.

By Lemmas 2.3 and 2.7, the equation

Xp2u +X = −bp
u

(2.1)

is not always solvable in Fpm2 when m2

v
≡ 0 (mod 4) and has a unique solution otherwise.

Now, suppose that (2.1) has a solution γb ∈ Fpm2 , then, z2
z1
γb is a solution of the equation

zp
u

1 Xp2u + z1X = −(z2b)
pu . (2.2)

Thus, by Lemmas 2.3-2.6, the evaluation of Sm2,u(z1, z2b) is given in the following

Lemma 2.8 For z1, z2 ∈ F∗
p and b ∈ Fpm2 ,

Sm2,u(z1, z2b) =































Gm2ηm2(z1)ζ
−

z22
z1

Trm2 (γ
pu+1
b

)

p , if m2

v
is odd;

−psζ
−

z22
z1

Trm2 (γ
pu+1
b

)

p , if m2

v
≡ 2 (mod 4);

−ps+vζ
−

z22
z1

Trm2 (γ
pu+1
b

)

p , if m2

v
≡ 0 (mod 4) and (2.1) is solvable;

0, if m2

v
≡ 0 (mod 4) and (2.1) is not solvable.

Especially, for b = 0, γ0 = 0 is a solution of (2.2). Thus, we have the following

Lemma 2.9 For z1 ∈ F∗
p,

Sm2,u(z1, 0) =







Gm2ηm2(z1), if m2

v
is odd;

−ps, if m2

v
≡ 2 (mod 4);

−ps+v, if m2

v
≡ 0 (mod 4).
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2.3 The Pless power moments

The following lemma is necesssary to calculate the weight enumerator of CDλ
.

Lemma 2.10 ([10], p.259, The Pless power moments) For an [n, k, d] code C over
Fp with weight distribution (1, A1, ..., An), suppose that the weight distribution of its dual

code is (1, A⊥
1 , ..., A

⊥
n ), then the first two Pless power moments are

n
∑

j=0

Aj = pk

and

n
∑

j=0

jAj = pk−1(pn− n−A⊥

1 ).

For CDλ
defined by (1.3), if (0, 0) /∈ Dλ, by the nondegenerate property of the trace

function, one has A⊥
1 = 0.

3 Main results

In this subsection, for Dλ and CDλ
given by (1.4) and (1.3), respectively, we present

the complete weight enumerators of CDλ
by classfying λ = 0 or not, m1 is odd or even,

and m2

v
mod 4. Furthermore, for any given c ∈ F∗

p,

Trm1

(

(cx)2
)

+ Trm2

(

(cy)p
u+1

)

= c2
(

Trm1(x
2) + Trm2(y

pu+1)
)

,

hence, D0 can be expressed as

D0 = ∪c∈F∗
p
D̃0 (3.1)

with D̃0 ( D0. Thus, CD̃0
defined by (1.3) is just the punctured version of CD0 .

For λ ∈ F∗
p, since

Trm1

(

(−x)2
)

+ Trm2

(

(−y)p
u+1

)

= Trm1(x
2) + Trm2(y

pu+1),

and then,

Dλ = ∪c∈F∗
p
D̃λ (3.2)

with D̃λ ( Dλ. Thus, CD̃λ
defined by (1.3) is just the punctured version of CDλ

.
The parameters of CDλ

and CD̃λ
are given in the following theorems.
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Theorem 3.1 If m2

v
and K are both odd, or m2

v
≡ 2 (mod 4) and m1 is odd, then CD0 is a

[

pK−1−1, K
]

code with weight enumerator in Table 1, and the complete weight enumerator
is

W(CD0) =wpK−1−1
0 +

(

pK−1 − 1
)

wpK−2−1
0

∏

i∈F∗
p

wpK−2

i

+
p− 1

2
p

K−1
2

(

p
K−1

2 + 1
)

w
pK−2+(p−1)p

K−3
2

0

∏

i∈F∗
p

wpK−2−p
K−3

2

i

+
p− 1

2
p

K−1
2

(

p
K−1

2 − 1
)

w
pK−2−(p−1)p

K−3
2

0

∏

i∈F∗
p

wpK−2+p
K−3

2

i .

(3.3)

Table 1 The weight enumerator of CD0

weight w frequency Aw

0 1
(p− 1)pK−2 (pK−1 − 1)

(p− 1)(pK−2 − p
K−3

2 ) p−1
2
p

K−1
2 (p

K−1
2 + 1)

(p− 1)(pK−2 + p
K−3

2 ) p−1
2
p

K−1
2 (p

K−1
2 − 1)

Furthermore, CD̃0
is a

[

pK−1−1
p−1

, K
]

code with weight enumerator in Table 1◦.

Table 1◦ The weight enumerator of CD̃0

weight w frequency Aw

0 1
pK−2 (pK−1 − 1)

pK−2 − p
K−3

2
p−1
2
p

K−1
2 (p

K−1
2 + 1)

pK−2 + p
K−3

2
p−1
2
p

K−1
2 (p

K−1
2 − 1)

Theorem 3.2 If m2

v
is odd and K is even, then CD0 is a

[

pK−1 +LK(p− 1)p
K−2

2 − 1, K
]

code with weight enumerator in Table 2, and the complete weight enumerator is

W(CD0)

=w
pK−1+LK(p−1)p

K−2
2 −1

0 + (p− 1)p
K−2

2

(

p
K
2 − LK

)

wpK−2−1
0

∏

i∈F∗
p

w
p
K−2

2

(

p
K−2

2 +LK

)

i

+
(

pK−1 + LK(p− 1)p
K−2

2 − 1
)

w
pK−2+LK(p−1)p

K−2
2 −1

0

∏

i∈F∗
p

wpK−2

i .

(3.4)

Table 2 The weight enumerator of CD0

weight w frequency Aw

0 1

(p− 1)p
K−2

2 (p
K−2

2 + LK) (p− 1)p
K−2

2 (p
K
2 − LK)

(p− 1)pK−2 pK−1+LK(p−1)p
K−2

2 −1

Furthermore, CD̃0
is a

[

pK−1+−1
p−1

+ LKp
K−2

2 , K
]

code with weight enumerator in Table 2◦.
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Table 2◦ The weight enumerator of CD̃0

weight w frequency Aw

0 1

p
K−2

2 (p
K−2

2 + LK) (p− 1)p
K−2

2 (p
K
2 − LK)

pK−2 pK−1+LK(p−1)p
K−2

2 −1

Theorem 3.3 If m2

v
≡ 2 (mod 4) and m1 is even, then CD0 is a

[

pK−1+Lm1(p−1)p
K−2

2 −

1, K
]

code with weight enumerator in Table 3, and the complete weight enumerator is

W(CD0)

=w
pK−1+Lm1 (p−1)p

K−2
2 −1

0 + (p− 1)p
K−2

2

(

p
K
2 − Lm1

)

wpK−2−1
0

∏

i∈F∗
p

w
p
K−2

2

(

p
K−2

2 +Lm1

)

i

+
(

pK−1 + Lm1(p− 1)p
K−2

2 − 1
)

w
pK−2+Lm1 (p−1)p

K−2
2 −1

0

∏

i∈F∗
p

wpK−2

i .

(3.5)

Table 3 The weight enumerator of CD0

weight w frequency Aw

0 1

(p− 1)p
K−2

2 (p
K−2

2 + Lm1) (p− 1)p
K−2

2 (p
K
2 − Lm1)

(p− 1)pK−2 pK−1+Lm1(p−1)p
K−2

2 −1

Furthermore, CD̃0
is a

[

pK−1−1
p−1

+ Lm1p
K−2

2 , K
]

code with weight enumerator in Table 3◦.

Table 3◦ The weight enumerator of CD̃0

weight w frequency Aw

0 1

p
K−2

2 (p
K−2

2 + Lm1) (p− 1)p
K−2

2 (p
K
2 − Lm1)

pK−2 pK−1+Lm1(p−1)p
K−2

2 −1

Theorem 3.4 If m2

v
≡ 0 (mod 4) and m1 is even, then CD0 is a

[

pK−1+Lm1(p−1)p
K−2

2
+v−

1, K
]

code with weight enumerator in Table 4, and the complete weight enumerator is

W(CD0)

=w
pK−1+Lm1 (p−1)p

K−2
2 +v

−1
0 + (p− 1)p

K−2
2

−v
(

p
K
2
−v − Lm1

)

wpK−2−1
0

∏

i∈F∗
p

wpK−2+Lm1p
K−2

2 +v

i

+
(

pK−2v−1 + Lm1(p− 1)p
K−2

2
−v − 1

)

w
pK−2+Lm1 (p−1)p

K
2 +v

−1
0

∏

i∈F∗
p

wpK−2

i

+ pK
(

1− p−2v
)

w
pK−2+Lm1 (p−1)p

K−4
2 +v

−1
0

∏

i∈F∗
p

w
pK−2+Lm1 (p−1)p

K−4
2 +v

i .

(3.6)
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Table 4 The weight enumerator of CD0

weight w frequency Aw

0 1

(p− 1)
(

pK−2 + Lm1p
K−2

2
+v
)

(p− 1)p
K−2

2
−v
(

p
K
2
−v − Lm1

)

(p− 1)pK−2 pK−2v−1 + Lm1(p− 1)p
K−2

2
−v − 1

(p−1)
(

pK−2+Lm1(p−1)p
K−4

2
+v
)

pK
(

1− p−2v
)

Furthermore, CD̃0
is a

[

pK−1−1
p−1

+Lm1p
K−2

2
+v, K

]

code with weight enumerator in Table 4◦.

Table 4◦ The weight enumerator of CD̃0

weight w frequency Aw

0 1

pK−2 + Lm1p
K−2

2
+v (p− 1)p

K−2
2

−v
(

p
K
2
−v − Lm1

)

pK−2 pK−2v−1 + Lm1(p− 1)p
K−2

2
−v − 1

pK−2 + Lm1(p− 1)p
K−4

2
+v pK

(

1− p−2v
)

Theorem 3.5 If m2

v
≡ 0 (mod 4) and m1 is odd, then CD0 is a

[

pK−1 − 1, K
]

code with
weight enumerator in Table 5, and the complete weight enumerator is

W(CD0)

=wpK−1−1
0 +

(

pK − (p− 1)pK−2v−1 − 1
)

wpK−2−1
0

∏

i∈F∗
p

wpK−2

i

+
p− 1

2

(

pK−2v−1 − Lm1+1p
K−1

2
−v
)

w
pK−2−(p−1)p

K−3
2 +v

−1
0

∏

i∈F∗
p

wpK−2+p
K−3

2 +v

i

+
p− 1

2

(

pK−2v−1 + Lm1+1p
K−1

2
−v
)

w
pK−2+(p−1)p

K−3
2 +v

−1
0

∏

i∈F∗
p

wpK−2−p
K−3

2 +v

i .

(3.7)

Table 5 The weight enumerator of CD0

weight w frequency Aw

0 1
(p− 1)pK−2 pK − (p− 1)pK−2v−1 − 1

(p− 1)(pK−2 + p
K−3

2
+v) p−1

2

(

pK−2v−1 − η1(−1)Lm1+1p
K−1

2
−v
)

(p− 1)(pK−2 − p
K−3

2
+v) p−1

2

(

pK−2v−1 + η1(−1)Lm1+1p
K−1

2
−v
)

Furthermore, CD̃0
is a

[

pK−1−1
p−1

, K
]

code with weight enumerator in Table 5◦.

Table 5◦ The weight enumerator of CD̃0

weight w frequency Aw

0 1
pK−2 pK − (p− 1)pK−2v−1 − 1

pK−2 + p
K−3

2
+v p−1

2

(

pK−2v−1 − η1(−1)Lm1+1p
K−1

2
−v
)

pK−2 − p
K−3

2
+v p−1

2

(

pK−2v−1 + η1(−1)Lm1+1p
K−1

2
−v
)

8



Theorem 3.6 For λ ∈ F∗
p, if

m2

v
andK are both odd, then CDλ

is a [pK−1−η1(−λ)LK+1p
K−1

2 ,
K] code with weight enumerator in Table 6, and the complete weight enumerator is

W(CDλ
)

=w
pK−1−η1(−λ)LK+1p

K−1
2

0 +
(

pK−1 − 1
)

w
pK−2−η1(−λ)LK+1p

K−1
2

0

∏

i∈F∗

p

w
pK−2

i

+
p− 1

2
p

K−1

2

(

p
K−1

2 + η1(−λ)LK+1
)

∏

i∈Fp

w
pK−2−η1(−λ)LK+1p

K−3
2

i

+ p
K−1

2 (p
K−1

2 − η1(−λ)LK+1)
∑

j∈F∗

p

η1(j)=η1(λ)

w
pK−2−η1(−λ)LK+1(p−1)p

K−3
2

i=±
√
4λj

∏

i∈Fp

i6=±
√
4λj

w
pK−2+η1(−λ)LK+1p

K−3
2

i .

(3.8)

Table 6 The weight enumerator of CDλ

weight w frequency Aw

0 1
(p− 1)pK−2 (pK−1 − 1)

(p− 1)
(

pK−2 − η1(−λ)LK+1p
K−3

2

)

p−1
2
p

K−1
2 (p

K−1
2 + η1(−λ)LK+1)

(p−1)pK−2−η1(−λ)(p+1)LK+1p
K−3

2
p−1
2
p

K−1
2 (p

K−1
2 − η1(−λ)LK+1)

Furthermore, CD̃λ
is a

[

1
2

(

pK−1 − η1(−λ)LK+1p
K−1

2

)

, K
]

code with weight enumerator in
Table 6◦.

Table 6◦ The weight enumerator of CD0

weight w frequency Aw

0 1
p−1
2
pK−2 (pK−1 − 1)

p−1
2

(

pK−2 − η1(−λ)LK+1p
K−3

2

)

p−1
2
p

K−1
2 (p

K−1
2 + η1(−λ)LK+1)

p−1
2
pK−2 − p+1

2
η1(−λ)LK+1p

K−3
2

p−1
2
p

K−1
2 (p

K−1
2 − η1(−λ)LK+1)

Theorem 3.7 For λ ∈ F∗
p, if

m2

v
is odd and K is even, then CDλ

is a
[

pK−1−LKp
K−2

2 , K
]

code with weight enumerator in Table 7, and the complete weight enumerator is

W(CDλ
) =wpK−1−LKp

K−2
2

0 +
(

pK−1 + (p− 1)LKp
K−2

2 − 1
)

wpK−2−LKp
K−2

2

0

∏

i∈F∗
p

wp
K−2

2

i

+
(

pK−1 − LKp
K−2

2

)

∑

j∈F∗
p

∏

i∈Fp

w
pK−2−η1(i2−4λj)LKp

K−2
2

i .

(3.9)

Table 7 The weight enumerator of CDλ

weight w frequency Aw

0 1

(p− 1)pK−2 p+1
2
pK−1 + p−1

2
LKp

K−2
2 − 1

(p− 1)pK−2 − 2LKp
K−2

2
p−1
2
p

K−2
2

(

p
K
2 − LK

)
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Furthermore, CD̃λ
is a

[

1
2

(

pK−1 − LKp
K−2

2

)

, K
]

code with weight enumerator in Table 7◦.

Table 7◦ The weight enumerator of CD̃λ

weight w frequency Aw

0 1
p−1
2
pK−2 p+1

2
pK−1 + p−1

2
LKp

K−2
2 − 1

p−1
2
pK−2 − LK p−1

2
p

K−2
2

(

p
K
2 − LK

)

Theorem 3.8 For λ ∈ F∗
p, if m2

v
≡ 2 (mod 4) and K is odd, then CDλ

is a
[

pK−1 −

η1(−λ)Lm1+1p
K−1

2 , K
]

code with weight enumerator in Table 8, and the complete weight
enumerator is

W(CDλ
)

=w
pK−1−η1(−λ)Lm1+1p

K−1
2

0 +
(

pK−1 − 1
)

w
pK−2−η1(−λ)Lm1+1p

K−1
2

0

∏

i∈F∗

p

w
pK−2

i

+
p− 1

2
p

K−1

2

(

p
K−1

2 − Lm1+1(p− 1)
)

∏

i∈Fp

w
pK−2−η1(−λ)Lm1+1p

K−3
2

i

+ p
K−1

2 (p
K−1

2 + Lm1+1(p− 1))
∑

j∈F∗

p

η1(j)=η1(λ)

w
pK−2−η1(−λ)Lm1+1(p−1)p

K−3
2

i=±
√
4λj

∏

i∈F
∗

p

i6=±
√
4λj

w
pK−2+η1(−λ)Lm1+1p

K−3
2

i .

(3.10)

Table 8 The weight enumerator of CDλ

weight w frequency Aw

0 1
(p− 1)pK−2 (pK−1 − 1)

(p− 1)(pK−2 − η1(−λ)Lm1+1p
K−3

2 ) p−1
2
p

K−1
2 (p

K−1
2 − Lm1+1(p− 1))

(p− 1)pK−2− η1(−λ)(p+1)Lm1+1p
K−3

2
p−1
2
p

K−1
2 (p

K−1
2 + Lm1+1(p− 1))

Furthermore, CD̃λ
is a

[

1
2

(

pK−1 − η1(−λ)Lm1+1p
K−1

2

)

, K
]

code with weight enumerator in
Table 8◦.

Table 8◦ The weight enumerator of CD̃λ

weight w frequency Aw

0 1
p−1
2
pK−2 (pK−1 − 1)

p−1
2

(

pK−2 − η1(−λ)Lm1+1p
K−3

2

)

p−1
2
p

K−1
2 (p

K−1
2 − Lm1+1(p− 1))

p−1
2
pK−2 + η1(−λ)p+1

2
Lm1+1p

K−3
2

p−1
2
p

K−1
2 (p

K−1
2 + Lm1+1(p− 1))

Theorem 3.9 For λ ∈ F∗
p, if m2

v
≡ 2 (mod 4) and K is even, then CDλ

is a
[

pK−1 −

Lm1p
K−2

2 , K
]

code with weight enumerator in Table 9, and the complete weight enumerator
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is

W(CDλ
) =wpK−1−Lm1p

K−2
2

0 +
(

pK−1 + (p− 1)Lm1p
K−2

2 − 1
)

wpK−2−Lm1p
K−2

2

0

∏

i∈F∗
p

wp
K−2

2

i

+
(

pK−1 − Lm1p
K−2

2

)

∑

j∈F∗
p

∏

i∈Fp

w
pK−2−η1(i2−4λj)Lm1p

K−2
2

i .

(3.11)

Table 9 The weight enumerator of CDλ

weight w frequency Aw

0 1

(p− 1)pK−2 p+1
2
pK−1 + p−1

2
Lm1p

K−2
2 − 1

(p− 1)pK−2 − 2Lm1p
K−2

2
p−1
2
p

K−2
2

(

p
K
2 − Lm1

)

Furthermore, CD̃λ
is a

[

1
2

(

pK−1−Lm1p
K−2

2

)

, K
]

code with weight enumerator in Table 9◦.

Table 9◦ The weight enumerator of CD̃λ

weight w frequency Aw

0 1
p−1
2
pK−2 p+1

2
pK−1 + p−1

2
Lm1p

K−2
2 − 1

p−1
2
pK−2 − Lm1p

K−2
2

p−1
2
p

K−2
2

(

p
K
2 − Lm1

)

Theorem 3.10 For λ ∈ F∗
p, if

m2

v
≡ 0 (mod 4) and m1 is even, then CDλ

is a
[

pK−1 −

Lm1p
K−2

2
+v, K

]

code with weight enumerator in Table 10, and the complete weight enu-
merator is

W(CDλ
) =wpK−1−Lm1p

K−2
2 +v

0 +
(

pK − pK−2v
)

∏

i∈Fp

wpK−2−Lm1p
K−4

2 +v

i

+
(

pK−2v−1 + Lm1(p− 1)p
K−2

2
−v − 1

)

wpK−2−Lm1p
K−2

2 +v

0

∏

i∈F∗
p

wpK−2

i

(

pK−2v−1 − Lm1p
K−2

2
−v
)

∑

j∈F∗
p

∏

i∈Fp

w
pK−2−η1(i2−4λj)LKp

K−2
2

i .

(3.12)

Table 10 The weight enumerator of CDλ

weight w frequency Aw

0 1

(p− 1)pK−2 p+1
2
pK−2v−1 + p−1

2
Lm1p

K−2
2

−v − 1

(p− 1)
(

pK−2 − Lm1p
K−4

2
+v
)

pK − pK−2v

(p− 1)pK−2 − 2Lm1p
K−2

2
+v p−1

2

(

pK−2v−1 − Lm1p
K−2

2
−v
)

Furthermore, CD̃λ
is a

[

1
2

(

pK−1 − Lm1p
K−2

2
+v
)

, K
]

code with weight enumerator in Table
10◦.
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Table 10◦ The weight enumerator of CD̃λ
.

weight w frequency Aw

0 1
p−1
2
pK−2 p+1

2
pK−2v−1 + p−1

2
Lm1p

K−2
2

−v − 1
p−1
2

(

pK−2 − Lm1p
K−4

2
+v
)

pK − pK−2v

p−1
2
pK−2 − Lm1p

K−2
2

+v p−1
2

(

pK−2v−1 − Lm1p
K−2

2
−v
)

Theorem 3.11 For λ ∈ F∗
p, if

m2

v
≡ 0 (mod 4) and m1 is odd, then CDλ

is a
[

pK−1 −

η1(−λ)Lm1+1p
K−1

2
+v, K

]

code with weight enumerator in Table 11, and the complete weight
enumerator is

W(CDλ
)

=w
pK−1−η1(−λ)Lm1+1p

K−1
2

+v

0 +
(

pK−2v−1
− 1

)

w
pK−2−η1(−λ)Lm1+1p

K−1
2

0

∏

i∈F∗p

w
pK−2

i

+
(

pK −
p+ 1

2
pK−2v−1 +

p− 1

2
η1(−λ)Lm1+1p

K−3

2
−v

)

∏

i∈Fp

w
pK−2−η1(−λ)Lm1+1p

K−3
2

i

+
(

pK−2v−1
− η1(−λ)Lm1+1p

K−1

2
−v

)

∑

j∈F∗

p

η1(j)=η1(λ)

w
pK−2−η1(−λ)Lm1+1(p−1)p

K−1
2

+v

i=±
√
4λj

∏

i∈Fp

i6=±
√

4λj

w
pK−2+η1(−λ)Lm1+1p

K−3
2

+v

i .

(3.13)

Table 11 The weight enumerator of CDλ

weight w frequency Aw

0 1
(p− 1)pK−2 pK−2v−1 − 1

(p− 1)(pK−2 − η1(−λ)Lm1+1p
K−3

2
+v) pK− p+1

2
pK−2v−1+ p−1

2
η1(−λ)Lm1+1p

K−1
2

−v

(p− 1)pK−2 − (p+ 1)η1(−λ)Lm1+1p
K−3

2
+v p−1

2

(

pK−2v−1 − η1(−λ)Lm1+1p
K−1

2
−v
)

Furthermore, CD̃λ
is a

[

1
2

(

pK−1 − η1(−λ)Lm1+1p
K−1

2
+v
)

, K
]

code with weight enumerator
in Table 11◦.

Table 11◦ The weight enumerator of CD0

weight w frequency Aw

0 1
p−1
2
pK−2 pK−2v−1 − 1

p−1
2
(pK−2 − η1(−λ)Lm1+1p

K−3
2

+v) pK− p+1
2
pK−2v−1+ p−1

2
η1(−λ)Lm1+1p

K−1
2

−v

1
2

(

(p−1)pK−2−(p+1)η1(−λ)Lm1+1p
K−3

2
+v
)

p−1
2

(

pK−2v−1 − η1(−λ)Lm1+1p
K−1

2
−v
)

4 Proofs of main results

4.1 Some auxiliary lemmas

Lemmas 4.1-4.2 are useful for calculating the length and the weights for CDλ
.

12



Lemma 4.1 For λ ∈ Fp and

Nλ = #
{

(x, y) ∈ Fpm1 × Fpm2\{(0, 0)} | Trm1(x
2) + Trm2(y

pu+1

) = λ
}

,

the following assertions hold.
(1) For λ = 0,

Nλ =



















pK−1 − 1, ifK is odd;

pK−1 + (p− 1)LKp
K−2

2 − 1, if m2

v
is odd andK is even;

pK−1 + (p− 1)Lm1p
K−2

2 − 1, if m2

v
≡ 2 (mod 4) andm1 is even;

pK−1 + (p− 1)Lm1p
K−2

2
+v − 1, if m2

v
≡ 0 (mod 4) andm1 is even.

(4.1)

(2) For λ 6= 0,

Nλ =







































pK−1 − η1(−λ)LK+1p
K−1

2 , if m2

v
andK are both odd;

pK−1 − LKp
K−2

2 , if m2

v
is odd andK is even;

pK−1 − η1(−λ)Lm1+1p
K−1

2 , if m2

v
≡ 2 (mod 4) andm1 is odd;

pK−1 − Lm1p
K−2

2 , if m2

v
≡ 2 (mod 4) andm1 is even;

pK−1 − Lm1p
K−2

2
+v, if m2

v
≡ 0 (mod 4) andm1 is odd;

pK−1 − η1(−λ)Lm1+1p
K−1

2 , if m2

v
≡ 0 (mod 4) andm1 is even.

(4.2)

Proof. It follows from Lemma 2.9 that

N =
∑

x∈Fpm1

∑

y∈Fpm2

(

p−1
∑

z1∈Fp

ζ
z1(Trm1 (x

2)+Trm2 (y
pu+1)−λ)

p

)

=pK−1 − 1 + p−1
∑

z1∈F∗
p

ζ−λz1
p

∑

x∈Fpm1

ζ
Trm1 (z1x

2)
p

∑

y∈Fpm2

ζ
Trm2 (z1y

pu+1)
p

=pK−1 + p−1
∑

z1∈F∗
p

ζ−λz1
p Qm1(z1, 0)Sm2,u(z1, 0)

=pK−1 + p−1Gm1

∑

z1∈F∗
p

ζ−λz1
p ηm1(z1)Sm2,u(z1, 0)

=











pK−1 + p−1Gm1Gm2

∑

z1∈F∗
p
ζ−λz1
p ηm1(z1)ηm2(z1), if m2

v
is odd;

pK−1 − p−1Gm1p
s
∑

z1∈F∗
p
ζ−λz1
p ηm1(z1), if m2

v
≡ 2 (mod 4);

pK−1 − p−1Gm1p
s+v

∑

z1∈F∗
p
ζ−λz1
p ηm1(z1), if m2

v
≡ 0 (mod 4).
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If λ = 0, then

Nλ =N − 1

=











pK−1 − 1 + p−1Gm1Gm2

∑

z1∈F∗
p
ηm1(z1)ηm2(z1), if m2

v
is odd;

pK−1 − 1− p−1Gm1p
s
∑

z1∈F∗
p
ηm1(z1), if m2

v
≡ 2 (mod 4);

pK−1 − 1− p−1Gm1p
s+v

∑

z1∈F∗
p
ηm1(z1), if m2

v
≡ 0 (mod 4);

=



















pK−1 − 1, ifK is odd;

pK−1 + (p− 1)p−1Gm1Gm2 − 1, if m2

v
is odd andK is even;

pK−1 − (p− 1)ps−1Gm1 − 1, if m2

v
≡ 2 (mod 4) andm1 is even;

pK−1 − (p− 1)ps+v−1Gm1 − 1, if m2

v
≡ 0 (mod 4) andm1 is even.

(4.3)

If λ 6= 0, then

Nλ

=























pK−1 + p−1Gm1Gm2

∑

z1∈F∗
p
ζ−λz1
p ηm1(z1)η1(z1), ifm2 is odd;

pK−1 + p−1Gm1Gm2

∑

z1∈F∗
p
ζ−λz1
p ηm1(z1), ifm2 is even and m2

v
is odd;

pK−1 − p−1Gm1p
s
∑

z1∈F∗
p
ζ−λz1
p ηm1(z1), if m2

v
≡ 2 (mod 4);

pK−1 − p−1Gm1p
s+v

∑

z1∈F∗
p
ζ−λz1
p ηm1(z1), if m2

v
≡ 0 (mod 4);

=







































pK−1 + p−1Gm1Gm2

∑

z1∈F∗
p
ζ−λz1
p η1(z1), if m2

v
andK are both odd;

pK−1 + p−1Gm1Gm2

∑

z1∈F∗
p
ζ−λz1
p , if m2

v
is odd and K is even;

pK−1 − p−1Gm1p
s
∑

z1∈F∗
p
ζ−λz1
p η1(z1), if m2

v
≡ 2 (mod 4) andm1 is odd;

pK−1 − p−1Gm1p
s
∑

z1∈F∗
p
ζ−λz1
p , if m2

v
≡ 2 (mod 4) andm1 is even;

pK−1 − p−1Gm1p
s+v

∑

z1∈F∗
p
ζ−λz1
p η1(z1), if m2

v
≡ 0 (mod 4) andm1 is odd;

pK−1 − p−1Gm1p
s+v

∑

z1∈F∗
p
ζ−λz1
p , if m2

v
≡ 0 (mod 4) andm1 is even;

=



































pK−1 + η1(−λ)p−1G1Gm1Gm2 , if m2

v
and K are both odd;

pK−1 − p−1Gm1Gm2 , if m2

v
is odd andK is even;

pK−1 − η1(−λ)G1Gm1p
s−1, if m2

v
≡ 2 (mod 4) andm1 is odd;

pK−1 +Gm1p
s−1, if m2

v
≡ 2 (mod 4) andm1 is even;

pK−1 − η1(−λ)G1Gm1p
s+v−1, if m2

v
≡ 0 (mod 4) andm1 is odd;

pK−1 +Gm1p
s+v−1, if m2

v
≡ 0 (mod 4) andm1 is even.

(4.4)

By (4.3)-(4.4) and Lemma 2.1, we complete the proof of Lemma 4.1. �

Lemma 4.2 For λ, ρ ∈ Fp, (a, b) ∈ Fqm1 × Fqm2/{(0, 0)} and

Nλ,ρ(a, b)

=#
{

(x, y) ∈ Fpm1 × Fpm2

∣

∣Trm1(x
2) + Trm2(y

pu+1

) = λ and Trm1(ax) + Trm2(by) = ρ
}

,

denote T(a, b) = Trm1

(

a2

4

)

+ Trm2

(

γpu+1
b

)

, then the following assertions hold.
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(I) For λ = 0,

(1) if m2

v
and K are both odd, then

Nλ,ρ(a, b) =











pK−2, if T(a, b) = 0;

pK−2 + η1(−T(a, b))(p− 1)LK+1p
K−3

2 , if T(a, b) 6= 0 and ρ = 0;

pK−2 − η1(−T(a, b))LK+1p
K−3

2 , if T(a, b) 6= 0 and ρ 6= 0.

(4.5)

(2) If m2

v
is odd and K is even, then

Nλ,ρ(a, b) =



















pK−2 + (p− 1)LKp
K−2

2 , if T(a, b) = 0 and ρ = 0;

pK−2, if T(a, b) = 0 and ρ 6= 0,

or T(a, b) 6= 0 and ρ = 0;

pK−2 + LKp
K−2

2 , if T(a, b) 6= 0 and ρ 6= 0.

(4.6)

(3) If m2

v
≡ 2 (mod 4) and m1 is odd, then

Nλ,ρ(a, b) =











pK−2, if T(a, b) = 0;

pK−2 − η1
(

− T(a, b)
)

(p− 1)Lm1+1p
K−3

2 , if T(a, b) 6= 0 and ρ = 0;

pK−2 + η1
(

− T(a, b)
)

Lm1+1p
K−3

2 , if T(a, b) 6= 0 and ρ 6= 0.

(4.7)

(4) If m2

v
≡ 2 (mod 4) and m1 is even, then

Nλ,ρ(a, b) =



















pK−2 + (p− 1)Lm1p
K−2

2 , if T(a, b) = 0 and ρ = 0;

pK−2, if T(a, b) 6= 0 and ρ = 0,

or T(a, b) = 0 and ρ 6= 0;

pK−2 + Lm1p
K−2

2 , if T(a, b) 6= 0 and ρ 6= 0.

(4.8)

(5) If m2

v
≡ 0 (mod 4) and m1 is odd, then

Nλ,ρ(a, b)

=



















pK−2, if (2.1) is not solvable,

or (2.1) is solvable and T(a, b) = 0;

pK−2 − η1
(

− T(a, b)
)

(p− 1)Lm1+1p
K−3

2
+v, if (2.1) is solvable, T(a, b) 6= 0 and ρ = 0;

pK−2 + η1
(

− T(a, b)
)

Lm1+1p
K−3

2
+v, if (2.1) is solvable, T(a, b) 6= 0 and ρ 6= 0.

(4.9)

(6) If m2

v
≡ 0 (mod 4) and m1 is even, then

Nλ,ρ(a, b) =



























pK−2 + (p− 1)Lm1p
K−4

2
+v, if (2.1) is not solvable;

pK−2 + (p− 1)Lm1p
K−2

2
+v, if (2.1) is solvable, T(a, b) = 0 and ρ = 0;

pK−2 + Lm1p
K−2

2
+v, if (2.1) is solvable, T(a, b) 6= 0 and ρ 6= 0;

pK−2, if (2.1) is solvable, T(a, b) 6= 0 and ρ = 0,

or (2.1) is solvable, T(a, b) = 0 and ρ 6= 0.
(4.10)
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(II) For λ 6= 0,

(1) if m2

v
and K are odd, then

Nλ,ρ(a, b)

=



















pK−2 − η1(−λ)LK+1p
K−1

2 , if ρ = 0 and T(a, b) = 0;

pK−2, if ρ 6= 0 and T(a, b) = 0;

pK−2 − η1
(

− T(a, b)
)

(p − 1)LK+1p
K−3

2 , if λ 6= 0, T(a, b) 6= 0 and ρ2 − 4λT(a, b) = 0;

pK−2 + η1
(

− T(a, b)
)

LK+1p
K−3

2 , if λ 6= 0, T(a, b) 6= 0 and ρ2 − 4λT(a, b) 6= 0.

(4.11)

(2) If m2

v
is odd and K is even, then

Nλ,ρ(a, b)

=



















pK−2 − LKp
K−2

2 , if T(a, b) = 0 and ρ = 0;

pK−2, if T(a, b) = 0 and ρ 6= 0,

or T(a, b) 6= 0 and ρ2 − 4λT(a, b) = 0;

pK−2 + η1(ρ
2 − 4λT(a, b))LKp

K−2
2 , if T(a, b) 6= 0 and ρ2 − 4λT(a, b) 6= 0.

(4.12)

(3) If m2

v
≡ 2 (mod 4) and m1 is odd, then

Nλ,ρ(a, b)

=



















pK−2 − η1(−λ)Lm1+1p
K−1

2 , if ρ = 0 and T(a, b) = 0;

pK−2, if ρ 6= 0 and T(a, b) = 0;

pK−2 − η1
(

− T(a, b)
)

(p− 1)Lm1+1p
K−3

2 , if T(a, b) 6= 0 and ρ2 − 4λT(a, b) = 0;

pK−2 + η1
(

− T(a, b)
)

Lm1+1p
K−3

2 , if T(a, b) 6= 0 and ρ2 − 4λT(a, b) 6= 0.
(4.13)

(4) If m2

v
≡ 2 (mod 4) and m1 is even, then

Nλ,ρ(a, b)

=



















pK−2 + Lm1p
K−2

2 , if T(a, b) = 0 and ρ = 0;

pK−2, if T(a, b) = 0 and ρ 6= 0,

or T(a, b) 6= 0 and ρ2 − 4λT(a, b) = 0;

pK−2 + η1(ρ
2 − 4λT(a, b))Lm1p

K−2
2 , if T(a, b) 6= 0 and ρ2 − 4λT(a, b) 6= 0.

(4.14)
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(5) If m2

v
≡ 0 (mod 4) and m1 is odd, then

Nλ,ρ(a, b)

=















































pK−2 − η1(−λ)Lm1+1p
K−3

2
+v, if (2.1) is not solvable,

pK−2 − η1(−λ)Lm1+1p
K−1

2
+v, if (2.1) is solvable, T(a, b) = 0 and ρ = 0;

pK−2, if (2.1) is solvable, T(a, b) = 0 and ρ 6= 0;

pK−2 − η1
(

− T(a, b)
)

(p− 1)Lm1+1p
K−3

2
+v, if (2.1) is solvable, T(a, b) 6= 0

and ρ2 − 4λT(a, b) = 0;

pK−2 + η1
(

− T(a, b)
)

Lm1+1p
K−3

2
+v, if (2.1) is solvable, T(a, b) 6= 0

and ρ2 − 4λT(a, b) 6= 0.

(4.15)

(6) If m2

v
≡ 0 (mod 4) and m1 is even, then

Nλ,ρ(a, b)

=











































pK−2 − Lm1p
K−4

2
+v, if (2.1) is not solvable;

pK−2 − Lm1p
K−2

2
+v, if (2.1) is solvable, T(a, b) = 0 and ρ = 0;

pK−2, if (2.1) is solvable, T(a, b) = 0 and ρ 6= 0;

or (2.1) is solvable, T(a, b) 6= 0

and ρ2 − 4λT(a, b) = 0;

pK−2 + η1(ρ
2 − 4λT(a, b))Lm1p

K−2
2

+v, if (2.1) is solvable, T(a, b) 6= 0

and ρ2 − 4λT(a, b) 6= 0.
(4.16)

Proof. By calculating directly, we have

Nλ,ρ(a, b)

=
∑

x∈Fpm1

∑

y∈Fpm2

(

p−1
∑

z1∈Fp

ζ
z1(Trm1 (x

2)+Trm2 (y
pu+1)−λ)

p

)(

p−1
∑

z2∈Fp

ζ
z2(Trm1 (ax)+Trm2 (by)−ρ)
p

)

=pK−2 + p−2
∑

z2∈F∗
p

ζ−ρz2
p

∑

x∈Fpm1

ζ
Trm1 (z2ax)
p

∑

y∈Fpm2

ζ
Trm2 (z2by)
p

+ p−2
∑

z2∈Fp

ζ−ρz2
p

∑

z1∈F∗
p

ζ−λz1
p

∑

x∈Fpm1

ζ
Trm1 (z1x

2+z2ax)
p

∑

y∈Fpm2

ζ
Trm2 (z1y

pu+1+z2by)
p

=pK−2 + p−2Ω,

where

Ω =
∑

z1∈F∗
p

ζ−λz1
p

∑

z2∈Fp

ζ−ρz2
p Qm1(z1, z2a)Sm2,u(z1, z2b).

Now by Lemmas 2.1 and 2.8-2.9, we calculate Ω as follows.
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Case 1. For odd m2

v
,

Ω =
∑

z1∈F∗
p

ζ−λz1
p

∑

z2∈Fp

ζ−ρz2
p

(

Gm1ζ
Trm1 (−

z22a
2

4z1
)

p ηm1(z1)Gm2ζ
Trm2 (−z1(

z2
z1

γb)
pu+1)

p ηm2(z1)
)

=Gm1Gm2

(

∑

z1∈F∗
p

ζ−λz1
p

∑

z2∈Fp

ζ−ρz2
p ηm1(z1)ηm2(z1)ζ

−z1

(

Trm1 ((
z2
z1

)2 a2

4
)+Trm2 ((

z2
z1

)2γpu+1
b

)
)

p

)

=Gm1Gm2

(

∑

z1∈F∗
p

ζ−λz1
p ηm1(z1)ηm2(z1)

∑

z3∈Fp

ζ−T(a,b)z1z23−ρz1z3
p

)

.

If K is odd, then

Ω

=Gm1Gm2

(

∑

z1∈F∗
p

ζ−λz1
p η1(z1)

∑

z3∈Fp

ζ−T(a,b)z1z23−ρz1z3
p

)

=







Gm1Gm2

(
∑

z1∈F∗
p
ζ−λz1
p η1(z1)

∑

z3∈Fp
ζ−ρz1z3
p

)

, if T(a, b) = 0;

η1
(

− T(a, b)
)

G1Gm1Gm2

∑

z1∈F∗
p
ζ

ρ2−4T(a,b)λ
4T(a,b)

z1
p , if T(a, b) 6= 0;

=











































0, if λ = 0 and T(a, b) = 0;

η1
(

− T(a, b)
)

(p− 1)G1Gm1Gm2 , if λ = 0, ρ = 0 and T(a, b) 6= 0;

−η1
(

− T(a, b)
)

G1Gm1Gm2 , if λ = 0, ρ 6= 0 and T(a, b) 6= 0;

η1(−λ)pG1Gm1Gm2 , if λ 6= 0, ρ = 0 and T(a, b) = 0;

0, if λ 6= 0, ρ 6= 0 and T(a, b) = 0;

η1
(

− T(a, b)
)

(p− 1)G1Gm1Gm2 , if λ 6= 0, T(a, b) 6= 0 and ρ2 − 4λT(a, b) = 0;

−η1
(

− T(a, b)
)

G1Gm1Gm2 , if λ 6= 0, T(a, b) 6= 0 and ρ2 − 4λT(a, b) 6= 0.

If K is even, then

Ω

=Gm1Gm2

(

∑

z1∈F∗
p

ζ−λz1
p

∑

z3∈Fp

ζ−T(a,b)z1z23−ρz1z3
p

)

=







Gm1Gm2

(
∑

z1∈F∗
p
ζ−λz1
p

∑

z3∈Fp
ζ−ρz1z3
p

)

, if T(a, b) = 0;

η1(−1)G1Gm1Gm2

∑

z1∈F∗
p
ζ−λz1
p η1

(

z1
4T(a,b)

)

ζ
ρ2

4T(a,b)
z1

p , if T(a, b) 6= 0;

=



















































p(p− 1)Gm1Gm2 , if λ = 0,T(a, b) = 0 and ρ = 0;

0, if λ = 0,T(a, b) = 0 and ρ 6= 0,

or λ = 0,T(a, b) 6= 0 and ρ = 0;

η1(−1)G2
1Gm1Gm2 , if λ = 0,T(a, b) 6= 0 and ρ 6= 0;

−pGm1Gm2 , if λ 6= 0,T(a, b) = 0 and ρ = 0;

0, if λ 6= 0,T(a, b) = 0 and ρ 6= 0,

or λ 6= 0,T(a, b) 6= 0 and ρ2 − 4λT(a, b) = 0;

η1(4λT(a, b)− ρ2)G2
1Gm1Gm2 , if λ 6= 0,T(a, b) 6= 0 and ρ2 − 4λT(a, b) = 0.
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Case 2. For m2

v
≡ 2 (mod 4),

Ω =
∑

z1∈F∗
p

ζ−λz1
p

∑

z2∈Fp

ζ−ρz2
p Qm1(z1, z2a)Sm2,u(z1, z2b)

=− ps
∑

z1∈F∗
p

ζ−λz1
p

∑

z2∈Fp

ζ−ρz2
p

(

Gm1ζ
Trm1 (−

z22a
2

z1
)

p ηm1(z1)ζ
Trm2 (−z1(

z2
z1

γb)
pu+1

p

)

=− psGm1

∑

z1∈F∗
p

ζ−λz1
p ηm1(z1)

∑

z2∈Fp

ζ−ρz2
p ζ

−z1

(

Trm1 ((
z2
z1

)2a2)+Trm2 ((
z2
z1

γb)
pu+1)

)

p

=− psGm1

∑

z1∈F∗
p

ζ−λz1
p ηm1(z1)

∑

z3∈Fp

ζ−T(a,b)z1z23−ρz1z3
p .

If m1 is odd, then

Ω =− psGm1

(

∑

z1∈F∗
p

ζ−λz1
p η1(z1)

∑

z3∈Fp

ζ−T(a,b)z1z23−ρz1z3
p

)

=







−psGm1

(
∑

z1∈F∗
p
ζ−λz1
p η1(z1)

∑

z3∈Fp
ζ−ρz1z3
p

)

, if T(a, b) = 0;

−η1
(

− T(a, b)
)

psG1Gm1

∑

z1∈F∗
p
ζ−λz1
p ζ

ρ2

4T(a,b)
z1

p , if T(a, b) 6= 0;

=











































0, if λ = 0 and T(a, b) = 0;

−η1
(

− T(a, b)
)

(p− 1)psG1Gm1 , if λ = 0, ρ = 0 and T(a, b) 6= 0;

η1
(

− T(a, b)
)

psG1Gm1 , if λ = 0, ρ 6= 0 and T(a, b) 6= 0;

−η1(−λ)ps+1G1Gm1 , if λ 6= 0, ρ = 0 and T(a, b) = 0;

0, if λ 6= 0, ρ 6= 0 and T(a, b) = 0;

−η1
(

− T(a, b)
)

(p− 1)psG1Gm1 , if λ 6= 0, T(a, b) 6= 0 and ρ2 − 4λT(a, b) = 0;

η1
(

− T(a, b)
)

psG1Gm1 , if λ 6= 0, T(a, b) 6= 0 and ρ2 − 4λT(a, b) 6= 0.

If m1 is even, then

Ω =− psGm1

(

∑

z1∈F∗
p

ζ−λz1
p

∑

z3∈Fp

ζ−T(a,b)z1z23−ρz1z3
p

)

=







−psGm1

(
∑

z1∈F∗
p
ζ−λz1
p

∑

z3∈Fp
ζ−ρz1z3
p

)

, if T(a, b) = 0;

−η1(−1)psG1Gm1

∑

z1∈F∗
p
ζ−λz1
p η1

(

z1
4T(a,b)

)

ζ
ρ2

4T(a,b)
z1

p , if T(a, b) 6= 0;

=



















































−(p− 1)ps+1Gm1 , if λ = 0,T(a, b) = 0 and ρ = 0;

0, if λ = 0,T(a, b) = 0 and ρ 6= 0,

or λ = 0,T(a, b) 6= 0 and ρ = 0;

−η1(−1)psG2
1Gm1 , if λ = 0,T(a, b) 6= 0 and ρ 6= 0;

−ps+1Gm1 , if λ 6= 0,T(a, b) = 0 and ρ = 0;

0, if λ 6= 0,T(a, b) = 0 and ρ 6= 0,

or λ 6= 0,T(a, b) 6= 0 and ρ2 − 4λT(a, b) = 0;

−η1(4λT(a, b)− ρ2)psG2
1Gm1 , if λ 6= 0,T(a, b) 6= 0 and ρ2 − 4λT(a, b) 6= 0.
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Case 3. For m2

v
≡ 0 (mod 4),

Ω

=















−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p ηm1(z1), if (2.1) is not solvable;

−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p

∑

z2∈Fp

ζ−ρz2
p ζ

Trm1 (−
z22a

2

z1
)

p ηm1(z1)ζ
Trm2 (−z1(

z2
z1

γb)
pu+1)

p , if (2.1) is solvable;

=











−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p ηm1(z1), if (2.1) is not solvable;

−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p ηm1(z1)

∑

z3∈Fp

ζ
−z1z

2
3T(a,b)−ρz1z3

p , if (2.1) is solvable.

If m1 is odd, then

Ω

=











−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p η1(z1), if (2.1) is not solvable;

−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p η1(z1)

∑

z3∈Fp

ζ
−z1T(a,b)z23−ρz1z3
p , if (2.1) is solvable;

=































−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p η1(z1), if (2.1) is not solvable;

−ps+vGm1

(
∑

z1∈F∗
p

ζ−λz1
p η1(z1)

∑

z3∈Fp

ζ−ρz1z3
p

)

, if (2.1) is solvable and T(a, b) = 0;

−ps+vη1
(

− T(a, b)
)

G1Gm1

∑

z1∈F∗
p

ζ
ρ2−4λT(a,b)

4T(a,b)
z1

p , if (2.1) is solvable and T(a, b) 6= 0;

=















































































0, if λ = 0, (2.1) is not solvable,

or λ = 0, (2.1) is solvable and T(a, b) = 0;

−η1
(

− T(a, b)
)

(p− 1)ps+vG1Gm1 , if λ = 0, (2.1) is solvable, T(a, b) 6= 0 and ρ = 0;

η1
(

− T(a, b)
)

ps+vG1Gm1 , if λ = 0, (2.1) is solvable, T(a, b) 6= 0 and ρ 6= 0;

−η1(−λ)ps+vG1Gm1 , if λ 6= 0, (2.1) is not solvable;

−η1(−λ)ps+v+1G1Gm1 , if λ 6= 0, (2.1) is solvable, T(a, b) = 0 and ρ = 0;

0, if λ 6= 0, (2.1) is solvable T(a, b) = 0 and ρ 6= 0;

−η1
(

− T(a, b)
)

(p− 1)ps+vG1Gm1 , if λ 6= 0, (2.1) is solvable, T(a, b) 6= 0

and ρ2 − 4λT(a, b) = 0;

η1
(

− T(a, b)
)

ps+vG1Gm1 , if λ 6= 0, (2.1) is solvable, T(a, b) 6= 0

and ρ2 − 4λT(a, b) 6= 0.
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If m1 is even, then

Ω

=











−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p , if (2.1) is not solvable;

−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p

∑

z3∈Fp

ζ
−z1z

2
3T(a,b)−ρz1z3

p , if (2.1) is solvable;

=































−ps+vGm1

∑

z1∈F∗
p

ζ−λz1
p , if (2.1) is not solvable;

−ps+vGm1

(
∑

z1∈F∗
p

ζ−λz1
p

∑

z3∈Fp

ζ−ρz1z3
p

)

, if (2.1) is solvable and T(a, b) = 0;

−η1
(

− T(a, b)
)

ps+vG1Gm1

∑

z1∈F∗
p

η1(z1)ζ
ρ2−4λT(a,b)

4T(a,b)
z1

p , if (2.1) is solvable and T(a, b) 6= 0;

=























































































−(p− 1)ps+vGm1 , if λ = 0, (2.1) is not solvable;

−(p− 1)ps+v+1Gm1 , if λ = 0, (2.1) is solvable, T(a, b) = 0 and ρ = 0;

0, if λ = 0, (2.1) is solvable, T(a, b) 6= 0 and ρ = 0,

or λ = 0, (2.1) is solvable, T(a, b) = 0 and ρ 6= 0;

−η1(−1)ps+vG2
1Gm1 , if λ = 0, (2.1) is solvable, T(a, b) 6= 0 and ρ 6= 0.

ps+vGm1 , if λ 6= 0, (2.1) is not solvable;

ps+v+1Gm1 , if λ 6= 0, (2.1) is solvable, T(a, b) = 0 and ρ = 0;

0, if λ 6= 0, (2.1) is solvable, T(a, b) = 0 and ρ 6= 0,

or λ 6= 0, (2.1) is solvable, T(a, b) 6= 0

and ρ2 − 4λT(a, b) = 0;

−η1(4λT(a, b)− ρ2)ps+vG2
1Gm1 , if λ 6= 0, (2.1) is solvable, T(a, b) 6= 0

and ρ2 − 4λT(a, b) 6= 0.

So far, by the cases 1-3 and Lemma 2.1, we complete the proof of Lemma 4.2. �

Lemmas 4.3-4.5 are important to calculate the weight enumerators for CDλ
.

Lemma 4.3 For t ∈ Fp and

Ãt = #
{

(a, b) ∈ Fpm1 × Fpm2 |T(a, b) = t
}

,

if m2

v
is odd or m2

v
≡ 2 (mod 4), then the following assections hold.

(1) For t = 0,

Ãt =











pK−1, ifK is odd;

pK−1 + (p− 1)LKp
K−2

2 , if m2

v
is odd and K is even;

pK−1 + (p− 1)Lm1p
K−2

2 , if m2

v
≡ 2 (mod 4) and m1 is even.

(4.17)
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(2) For t 6= 0,

Ãt =



















pK−1 − η1(−t)LK+1p
K−1

2 , if m2

v
andK are odd;

pK−1 − LKp
K−2

2 , if m2

v
is odd andK is even;

pK−1 − η1(−t)Lm1+1p
K−1

2 , if m2

v
≡ 2 (mod 4) andm1 is odd;

pK−1 − LKp
K−2

2 , if m2

v
≡ 2 (mod 4) andm1 is even.

(4.18)

Proof. For odd m2

v
, or m2

v
≡ 2 (mod 4), it follows from Lemma 2.3 that Xp2u + X

is a permutation polynomial over Fpm2 [x] and then (2.1) has an unique solution in Fpm2 ,
thus,

Ãt = #
{

(a, b) ∈ Fpm1 × Fpm2 |Trm1

(

a2
)

+ Trm2

(

bp
u+1

)

= t
}

.

Now by Lemma 4.2, we can obtain (4.17)-(4.18). �

Lemma 4.4 ([15], Lemma 13) For m2

v
≡ 0 (mod 4), and

B =
{

c ∈ Fpm

∣

∣ Xp2u +X = cp
u

is solvable in Fpm

}

,

one has

#B = pm−2v.

Lemma 4.5 For m2

v
≡ 0 (mod 4), t ∈ Fp, and

Āt = {(a, b) ∈ Fpm1 × B
∣

∣ Trm1(
a2

4
) + Trm2(γ

pu+1
b ) = t},

the following two assertions hold.
(1) If m1 is even, then

#Āt =

{

pK−2v−1 + Lm1(p− 1)p
K−2

2
−v, t = 0;

pK−2v−1 − Lm1p
K−2

2
−v, otherwise.

(4.19)

(2) If m1 is odd, then

#Āt =

{

pK−2v−1, t = 0;

pK−2v−1 − η1(−t)Lm1+1p
K−1

2
−v, otherwise.

(4.20)

To prove Lemma 4.5, we need Tables 4 and 10, which are given in subsection 4.4.
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4.2 The proofs for Theorems 3.1-3.3 and 3.6-3.9

The proofs for Theorems 3.1-3.3.
By Lemmas 4.1-4.3, we have the following three cases.
Case 1. If m2

v
and K are both odd, or m2

v
≡ 2 (mod 4) and m1 is odd, then the length

of CD0 is N0 = pK−1 − 1. It follows from (4.5) and (4.7) that the nonzero weights of CD0

are

w1 = (p− 1)
(

pK−2 − p
K−3

2

)

, w2 = (p− 1)pK−2, w3 = (p− 1)
(

pK−2 + p
K−3

2

)

.

By Lemma 4.3, we know that Aw2 = Ã0 − 1 = pK−1 − 1, which combines first two Pless
power moments leads to

Aw1 =
p− 1

2
p

K−1
2

(

p
K−1

2 + 1
)

, Aw3 =
p− 1

2
p

K−1
2

(

p
K−1

2 − 1
)

.

Case 2. If m2

v
is odd andK is even, the length of CD0 is N0 = pK−1+LK(p−1)p

K−2
2 −1.

It follows from (4.6) that the nonzero weights of CD0 are

w1 = (p− 1)p
K−2

2

(

p
K−2

2 + LK
)

, w2 = (p− 1)pK−2.

Then, by the first two Pless power moments, one has

Aw1 = (p− 1)p
K−2

2

(

p
K
2 − LK

)

, Aw2 = pK−1 + LK(p− 1)p
K−2

2 − 1.

Case 3. If m2

v
≡ 2 (mod 4) and m1 is even, then the length of CD0 is N0 = pK−1 +

Lm1(p− 1)p
K−2

2 − 1, the nonzero weights of CD0 are

w1 = (p− 1)p
K−2

2

(

p
K−2

2 + Lm1
)

, w2 = (p− 1)pK−2,

and by the first two Pless power moments, one has

Aw1 = (p− 1)p
K−2

2

(

p
K
2 − Lm1

)

, Aw2 = pK−1 + Lm1(p− 1)p
K−2

2 − 1.

By the cases 1-3, we can obtain Tables 1-3, correspondingly, which combines Lemma
4.2 leads to the complete weight enumerator of CD0 directly.

So far, we complete the proofs for Theorems 3.1-3.3. �

The proofs for Theorems 3.6-3.9.
Using Lemmas 4.1-4.3, in the similar proofs as those of Theorems 3.1-3.3, correspond-

ingly, one can obtain Theorems 3.6-3.9 immediately. �

4.3 The proofs for Theorems 3.4-3.5 and 3.10-3.11

In this subsection, Theorems 3.4-3.5 and 3.10-3.11 are obtained from Lemmas 2.10,
4.1-4.2 and 4.4-4.5. To this aim, we firstly prove Lemma 4.5.

Proof of Lemma 4.5.
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If m2

v
≡ 0 (mod 4) and m1 is even, by Lemmas 4.1-4.2 and 4.4, the length of CD0 is

N0 − 1 = pK−1 + Lm1(p− 1)p
K−2

2
+v − 1, the nonzero weights of CD0 are

w1 = (p− 1)
(

pK−2 + Lm1p
K−2

2
+v
)

,

w2 = (p− 1)pK−2,

w3 = (p− 1)
(

pK−2 + Lm1(p− 1)p
K−4

2
+v
)

,

(4.21)

and

Aw1 = (p− 1)p
K−2

2
−v
(

p
K
2
−v − Lm1

)

,

Aw2 = pK−2v−1 + Lm1(p− 1)p
K−2

2
−v − 1,

Aw3 = pK
(

1− p−2v
)

.

(4.22)

Then, by Lemma 4.2, one has

#Ā0 = Aw2 + 1 = pK−2v−1 + Lm1(p− 1)p
K−2

2
−v. (4.23)

Similarly, for λ ∈ F∗
p, the length of CDλ

is N0−1 = pK−1−Lm1p
K−2

2
+v, the nonzero weights

of CDλ
are

w1 = (p− 1)pK−2,

w2 = (p− 1)
(

pK−2 − Lm1p
K−4

2
+v
)

,

w3 = (p− 1)pK−2 − 2Lm1p
K−2

2
+v,

(4.24)

and

Aw1 =
p+ 1

2
pK−2v−1 +

p− 1

2
Lm1p

K−2
2

−v − 1,

Aw2 = pK − pK−2v,

Aw3 =
p− 1

2

(

pK−2v−1 − Lm1p
K−2

2
−v
)

.

(4.25)

Then, by Lemma 4.2, one has

∑

t∈F∗
p

η1(t)=η1(−λ)

#Āt = Aw3 =
p− 1

2

(

pK−2v−1 − Lm1p
K−2

2
−v
)

, (4.26)

which leads to

∑

t∈F∗
p

η1(t)=1

#Āt =
∑

t∈F∗
p

η1(t)=−1

#Āt =
p− 1

2

(

pK−2v−1 − Lm1p
K−2

2
−v
)

. (4.27)
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For any given α ∈ Fp with η1(α) = −1, we have

#Āt

=
1

p

∑

a∈Fpm1

∑

b∈B

∑

z∈Fp

ζ
z

(

Trm1 (
a2

4
)+Trm2 (γ

pu+1
b

)−t

)

p

=pK−2v−1 +
1

p

∑

z∈F∗
p

ζ−tz
p

∑

a∈Fpm1

ζ
Trm1 (za

2)
p

∑

b∈B

ζ
zTrm2 (γ

pu+1
b

)
p

=pK−2v−1 +
1

p
Gm1

∑

z∈F∗
p

ζ−tz
p

∑

b∈B

ζ
zTrm2 (γ

pu+1
b

)
p

=pK−2v−1 +
1

p
Gm1

(

∑

z∈F∗
p

η1(z)=1

ζ−tz
p

∑

b∈B

ζ
zTrm2 (γ

pu+1
b

)
p +

∑

z∈F∗
p

η1(z)=−1

ζ−tz
p

∑

b∈B

ζ
zTrm2 (γ

pu+1
b

)
p

)

=pK−2v−1 +
1

p
Gm1

(

∑

z∈F∗
p

η1(z)=1

ζ−tz
p

∑

b∈B

ζ
Trm2 (γ

pu+1
b

)
p +

∑

z∈F∗
p

η1(z)=−1

ζ−tz
p

∑

b∈B

ζ
αTrm2 (γ

pu+1
b

)
p

)

=pK−2v−1 +
1

p
Gm1

(

∑

z∈F∗
p

ζ−tz
p

(η1(z) + 1)

2
A+ +

∑

z∈F∗
p

ζ−tz
p

(−η1(z) + 1)

2
A−

)

=pK−2v−1 +
1

2p
Gm1

(

(

A+ − A−

)

∑

z∈F∗
p

ζ−tz
p η1(z) +

(

A+ + A−

)

∑

z∈F∗
p

ζ−tz
p

)

,

(4.28)

where

A+ =
∑

b∈B

ζ
Trm2 (γ

pu+1
b

)
p , A− =

∑

b∈B

ζ
αTrm2 (γ

pu+1
b

)
p .

Then, by (4.28) and Lemma 2.1, one has

#Ā0 = pK−2v−1 −
p− 1

2p
Lm1p

m1
2

(

A+ + A−

)

, (4.29)

and for t ∈ F∗
p,

#Āt = pK−2v−1 +
1

2p
Lm1p

m1
2

(

η1(−t)G1(A+ − A−)− (A+ + A−)
)

. (4.30)

It follows from (4.23), (4.27) and (4.29)-(4.30) that

A+ = A− = −p
m2
2

−v. (4.31)

Now by (4.29)-(4.31), we can obtain (4.19).
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Similarly, if m1 is odd, by (4.31), we have

#Āt

=pK−2v−1 +
1

p
Gm1

(

∑

z∈F∗
p

η1(z)=1

ζ−tz
p η1(z)

∑

b∈B

ζ
zTrm2 (γ

pu+1
b

)
p +

∑

z∈F∗
p

η1(z)=−1

ζ−tz
p η1(z)

∑

b∈B

ζ
zTrm2 (γ

pu+1
b

)
p

)

=pK−2v−1 +
1

p
Gm1

(

∑

z∈F∗
p

ζ−tz
p

(η1(z) + 1)

2
A+ −

∑

z∈F∗
p

ζ−tz
p

(−η1(z) + 1)

2
A−

)

=pK−2v−1 +
1

2p
Gm1

(

(

A+ + A−

)

∑

z∈F∗
p

ζ−tz
p η1(z) +

(

A+ −A−

)

∑

z∈F∗
p

ζ−tz
p

)

=

{

pK−2v−1, t = 0;

pK−2v−1 − η1(−t)Lm1+1p
K−1

2
−v, otherwise.

(4.32)

So far, we complete the proof of Lemma 4.5. �

The proofs for Theorems 3.4-3.5 and 3.10-3.11.
If m2

v
≡ 0 (mod 4) and m1 is even, Tables 4 and 10 are given from (4.21)-(4.22) and

(4.24)-(4.25), respectively, and then the complete weight enumerators of CD0 and CDλ
are

obtained from lemmas 4.2 and 4.5 directly. So far, we complete the proofs for Theorems
3.4 and 3.10.

By Lemmas 4.1-4.2 and 4.4-4.5, in the similar proofs as those of Theorems 3.4 and
3.10, we can obtain Theorems 3.5 and 3.11 immediately. �

5 Examples

In this section, we give some examples for the main results.

Example 5.1 For p = 3, by using Magma, we obtain CD0 for some special cases in Table
12, which are accordant with Theorems 3.1-3.5.

Table 12 Some CD0 for special cases

m1 m2 u m2

v
m1+m2 parameter weight enumerator

3 2 2 1 5 [80, 5, 48] 1 + 90z48 + 80z54 + 72z60

2 2 2 1 4 [32, 4, 18] 1 + 32z18 + 48z24

2 2 1 2 4 [20, 4, 12] 1 + 60z12 + 20z18

2 4 2 2 4 [224, 6, 144] 1 + 504z144 + 224z162

2 4 3 4 6 [188, 6, 108] 1 + 60z108 + 648z126 + 20z162

3 4 1 4 7 [728, 7, 432] 1+ 90z432 +2024z486 +72z540

According to the Griesmer bound [9], the code [20, 4, 12] is optimal.

Example 5.2 For p = 3, by Table 12 and Theorems 3.1-3.5, we obtain Furthermore, CD̃0

for some special cases in Table 12◦.
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Table 12◦ Some Furthermore, CD̃0
for special cases

m1 m2 u m2

v
m1+m2 parameter weight enumerator

3 2 2 1 5 [40, 5, 24] 1 + 90z24 + 80z27 + 72z30

2 2 2 1 4 [16, 4, 9] 1 + 32z9 + 48z12

2 2 1 2 4 [10, 4, 6] 1 + 60z6 + 20z9

2 4 2 6 4 [112, 6, 72] 1 + 504z72 + 224z81

2 4 3 4 6 [94, 6, 54] 1 + 60z54 + 648z63 + 20z81

3 4 1 4 7 [364, 7, 216] 1+ 90z216 +2024z243 +72z270

According to the Griesmer bound [9], the codes [16, 4, 9], [10, 4, 6] and [112, 6, 72] are
all optimal.

Example 5.3 For p = 3, by using Magma, we obtain CDλ
for some special cases in Table

13, which are accordant with Theorems 3.6-3.11.

Table 13 Some CDλ
for special cases

λ m1 m2 u m2

v
m1+m2 parameter weight enumerator

−1 3 2 2 1 5 [90, 5, 54] 1 + 80z54 + 72z60 + 90z66

1 2 2 2 1 4 [24, 4, 12] 1 + 24z12 + 56z18

−1 2 2 1 2 4 [30, 4, 18] 1 + 50z18 + 30z24

1 2 4 2 2 4 [252, 6, 162] 1 + 476z162 + 252z180

−1 2 4 1 4 6 [270, 6, 162] 1 + 50z162 + 648z180 + 30z216

−1 3 4 1 4 7 [648, 7, 378] 1+ 72z378 +2034z432 +80z486

According to the Griesmer bound [9], the code [30, 4, 18] is almost optimal.

Example 5.4 For p = 3, by Table 13 and Theorems 3.6-3.11, we obtain CD̃λ
for some

special cases in Table 13◦.

Table 13◦ Some CD̃λ
for special cases

λ m1 m2 u m2

v
m1+m2 parameter weight enumerator

−1 3 2 2 1 5 [45, 5, 27] 1 + 80z27 + 72z30 + 90z33

1 2 2 2 1 4 [12, 4, 6] 1 + 24z6 + 56z9

−1 2 2 1 2 4 [15, 4, 9] 1 + 50z9 + 30z12

1 2 4 2 2 4 [126, 6, 81] 1 + 476z81 + 252z90

−1 2 4 1 4 6 [135, 6, 81] 1 + 50z81 + 648z90 + 30z108

−1 3 4 1 4 7 [324, 7, 189] 1+ 72z189 +2034z216 +80z243

According to the Griesmer bound [9], the codes [45, 5, 27] and [12, 4, 6] are both
almost optimal, [15, 4, 9] and [126, 6, 81] are both optimal.

6 Conclusion

Note that codes in [15, 17] are always even dimension. In this paper, we construct
several classes of two-weight and three-weight linear codes with any dimension over the
finite field Fp (p is an odd prime) by extending the construction in [15, 17], and we
determine their complete weight enumerators by using Weil sums. Furthermore, according
to the Griesmer bound, some examples of these codes are optimal or almost optimal,
respectively.
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