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Complete weight enumerators for several
classes of two-weight and three-weight linear
codes
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Abstract. In this paper, for an odd prime p, by extending Li et al.’s construction [17],
several classes of two-weight and three-weight linear codes over the finite field IF,, are constructed
from a defining set, and then their complete weight enumerators are determined by using Weil
sums. Furthermore, we show that some examples of these codes are optimal or almost optimal
with respect to the Griesmer bound. Our results generalize the corresponding results in [15, 17].

Keywords. Linear codes; Complete weight enumerators; Character sums; Weil sums

1 Introduction

Let Fym be the finite field with p™ elements and F.. = F,»\{0}, where p is an odd

prime and m is a positive integer. An [n,k,d] linear code over I, is a k-dimensional
subspace of F} with minimum distance d. In addition, the weight enumerator and com-
plete weight enumerator are the important parameters for a linear code [21], especially,
few-weight linear codes have better applications [1-3, 6, 22]. Motivated by Ding et al’s
work [¢], a number of two-weight or three-weight linear codes have been constructed from
defining sets [7, 11-17, 19, 20, 23, 24].

In 2015, Ding et al. gave a method to construct a class of two-weight or three-weight
linear codes via the trace function from defining sets [3]. Let D = {dy,dy, - ,dp} C Fyn
and Tr,,, denote the trace function from F,= onto IF,, a p-ary linear code is defined by

Cp = {c(z) = (Try,(zdy), Trp(xds), -+, Trp(zdy,)) | @ € IFZ“}
Motivated by the above construction, Li et al. defined a linear code

Cp = {(a,b) = (Trp(azx + by))(xvy)eD } (a,b) € Fym X Fym } (1.1)

with D C Ff,m [17]. Later, Jian et al. obtained several classes of two-weight and three-
weight linear codes Cp from (1.1) by choosing the defining set

D = {(z,y) € Fin | Trp(a® +y*" ) = 0}, (1.2)
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where u is a positive integer [15].
In this paper, we define a linear code

CD,\ = {(Trﬂn (CL[L’) + Trmz(by))(xvy)ep/\ ‘ (a> b) € Fpml X FP7”2} (13)
with
Dy :{(‘Ta y) € Fymi X Fp7”2\{(0a 0)} ‘ Trp, (5172) + Tryp, (yp“+1) = )‘}> (1.4)

where A € F),, m; and mgy are positive integers. We determine the parameters and the
complete weight enumerators of Cp, basing on Weil sums. In addition, for some examples,
Cp, is optimal or almost optimal with respect to the Griesmer bound [9]. Obviously, if
mi = mg and A = 0, then Dy = D and Cp, = Cp. Thus, we extend Li et al.’s construction
[17], and generalize the corresponding results in [15, 17].

This paper is organized as follows. In section 2, some related basic notations and
results of Weil sums are given. In section 3, the complete weight enumerators of several
classes of two-weight and three-weight linear codes are presented. In section 4, the proofs
of the main results are given. In section 5, some examples are obtained by using Magma,
which are accordant with the main results. In section 6, we conclude the whole paper.

2 Preliminaries

Throughout the paper, we denote some notations as follows.

2ry=1 .. .
® (, =e » s a primitive p-th root of the unity.

ma

e u, m; and my are positive integers, and s = "2, v = ged(mg, u).

o K =my+ ms.

(p—1)2

o L=(-1)"s

Tr, (bx
S

e For each b € Fym, xp(2) = x € Fym) is the addtive characters.

e 1), is the quadratic characters of F,m, and it is extended by letting 7,,(0) = 0.

e (3., is the quadratic Gauss sums over Fym, i.e., G, = > nm(c)xi(c).
CEFpm
2.1 Group characters and Gauss sums

In this subsection, some properties for the additive characters, quadratic characters
and quadratic Gauss sums are given.

Lemma 2.1 ([8, 18]) G, = (—1)"'L™p%, and for b € Fym,

Z gTrm(bx) _ P, b= 0;
P 0,  otherwise;

(EGFpm



for z € F),

) = m(x), otherwise.

2.2  Weil sums
It is well known that Weil sums are defined by > x(f(x)) with f(x) € Fyms|x],

Z‘EFme
and there are many results for the Weil sum [4, 5]

Smgula,b) = Z Y(az” '+ bz) (a € Fomy, b€ Fpyms ).
-’EGFPm2
Lemma 2.2 [f %2 is odd, then

Smw(a, O) = Gﬂmnmz (CL)

If 2 s even, then
v

m27 R
e, if > is even and a "+t ST # (=1)v;
pM2 1 s
—p*t, if 2 is even cmda P = (—1)v;
sz,u(aao) = s ps — 1 5
P, if 2 zsoddandap+ #(=1)v;
mo _q s
P, if 2 is odd and a7 = (—1)5.

Lemma 2.3 Fized a € F,ma, then the equation

a?" X +aX =0

mo _
is solvable in Fym, if and only if both =2 is even and o = (—1)

are exactly p* — 1 non-zero solutions in this case.

SA17Y

. Furthermore, there

Remark 2.1 By Lemma 2.3, it is easy to see that f(X) = a?" XP*" +aX is a permutation

mo _q s
polynomial over Frm, if and only if ©2 is odd, or both "2 is even and QI £ (—=1)v.

Lemma 2.4 Suppose that f(X) = a?" X?*" 4+ aX is a permutation polynomial over Fpym,,
then, f(X) = —b"" has an unique solution in Fym,. Furthermore,

Gy Ny (@) ;,,Ter(_amguH) if 2 is odd;
Sm27 (a’ b) — 2 2 Y v )

ERg Trmz(—amgu+1) e
(=1)vp°¢p ) if ™2 is even.



Lemma 2.5 For the non-permutation polynomial f(X) = a?" XP"" 4+ aX over Fpma, sup-
pose that the equation f(X) = —b"" has a solution xy in Fyms, then,

p"+1

S, b) = —(_1)—ps+v pTrmz( az? )’
otherwise,
Smau(a, b) =0.
Taking v = 0 in Lemmas 2.2 and 2.4, we can get

Lemma 2.6 forac F;ml and b € Fpmi,

2
Trml (_ L

Trm, (ax®+bx)
Qi (a,b) Z et Gy Ny (@) G 4a)'

mGIF

In order to prove our main results, we need the evaluation of S, , (21, 22b), where
21, 29 € F} and b € Fyms. The following lemma is necessary.

Lemma 2.7 ([15], Lemma 10) If z € F; and =2 is even, then

pM2 -1
2 v = 1.

By Lemmas 2.3 and 2.7, the equation

2

XP L X = W

u

(2.1)

is not always solvable in [F,m, when ©2 = 0 (mod 4) and has a unique solution otherwise.
Now, suppose that (2.1) has a solution v, € Fym,, then, i—ffyb is a solution of the equation

PXP 4 X = —(zb)?" (2.2)
Thus, by Lemmas 2.3-2.6, the evaluation of S,,, ,(21, 220) is given in the following

Lemma 2.8 For 21,2 € F), and b € Fpm,,

2
( _ZZT pY+1
Gm2nm2(zl)Cp . 20 ), Zf% 18 Odd;
S (ors ) — 4 g i 12 = 2 (mod 4);
Ty (17
—p*Ug, 08 ), if ™2 = 0 (mod 4) and (2.1) is solvable;
L0, if %2 = 0 (mod 4) and (2.1) is not solvable.

Especially, for b =0, 79 = 0 is a solution of (2.2). Thus, we have the following
Lemma 2.9 For z; € I},
Grmylims (21), if ™2 is odd;

sz,U(Zla O) =4 -7 Zf% =2 (mod 4);
-, if ™2 =0 (mod 4).



2.3 The Pless power moments
The following lemma is necesssary to calculate the weight enumerator of Cp, .
Lemma 2.10 ([10], p.259, The Pless power moments) For an [n,k,d] code C over

F, with weight distribution (1, Ay, ..., Ayn), suppose that the weight distribution of its dual
code is (1, Ay, ..., AL), then the first two Pless power moments are

>4 ="
=0
and
> JA; =p" " pn—n— A7),
=0

For Cp, defined by (1.3), if (0,0) ¢ D,, by the nondegenerate property of the trace
function, one has A{ = 0.
3 Main results

In this subsection, for Dy and Cp, given by (1.4) and (1.3), respectively, we present

the complete weight enumerators of Cp, by classfying A = 0 or not, m; is odd or even,
and “2 mod 4. Furthermore, for any given c € 7,

Tr,, ((cx)z) + Tr,p, ((cy)puH) = 2 (Tl”m1 (mz) + Tr,p, (ypuﬂ)),
hence, Dy can be expressed as
Dy = UceF;,DO (3.1)

with Dy C Dy. Thus, C p, defined by (1.3) is just the punctured version of Cp,.
For A € T, since

Tty ((=2)*) + Trony (=) ) = Tryny (2%) + Trpny ("),
and then,
Dy = UceF;DA (3.2)

with Dy C D). Thus, Cp, defined by (1.3) is just the punctured version of Cp, .
The parameters of C, p, and Cp, are given in the following theorems.



Theorem 3.1 If ™2 and K are both odd, or ™* = 2 (mod 4) and m, is odd, then Cp, is a
[pK_l—l, K} code with weight enumerator in Table 1, and the complete weight enumerator

18

W(Cp,) =uf 4 (P = DT ] w?

i€F},
p—1 o xo PE2 4 (p—1)p T pK—2_pt5?
+7p2 (pz —i—l)wo Hwi
1€Fy
— _ _ K—2_ [ K-3 K_ K—3
+ i %(p% — 1)wg (p—1)p~ 2" H w? 4pT T

2 .
1€Fy

Table 1 The weight enumerator of Cp,

werght w frequency A,
0 1
(p— 1)pK‘2 (p*'-1)
p-DE*2-p7) | BT (T +1)
1 =52 e |
(p=1DEP"*+p7) =p =z (p )

Furthermore, Cp, 15 a [’%, K} code with weight enumerator in Table 1°.

Table 1°  The weight enumerator of Cp,

weight w frequency A,
0 1
P ("~ —1)
A pT “i(pz +1)
pE 24 pTT pApt (ptr — 1)

(3.3)

Theorem 3.2 If =2 is odd and K 1is even, then Cp, is a [pK_l + LE(p— 1)p% — I,K}

code with weight enumerator in Table 2, and the complete weight enumerator is

VV(CDO)

K-2
R K2

=wg +(p-1pz (p

Pl —2 11—[ pT+LK)

K
2

1€Fy

_ K— Ko B2 _
+ (" + L (p— p'z — 1wy LA e H wa g
i€Fy,

Table 2 The weight enumerator of Cp,

weight w frequency A,
0 1
p-p=z @z +L5 | (p—1p = (p> ;LK)
(p—1)p~—2 pK T+ L (p—1)p T —1

pK-14
-1

Furthermore, Cp, is a |

6

(3.4)

=14 LKpg, K} code with weight enumerator in Table 2°.



Table 2°  The weight enumerator of Cp,

weight w frequency A,
0 1
K—2 K—2 K-2 K
p T (pz +L%) (p—Up = (p> — LF)
pi P+ LR (p—1)p e —1

Theorem 3.3 If ™2 = 2 (mod 4) and my is even, then Cp, is a [p" '+ L™ (p—1)p'z —
1, K} code with weight enumerator in Table 3, and the complete weight enumerator is

W(CDO)
=wy +(p—1)p 7 (p? —L™)wp sz'
i€Fy (3.5)
_ m K2 _
(P AL (-~ Dy T S Tl
i€F},
Table 3 The weight enumerator of Cp,
weight w frequency A,
0 1
K=, K—32 o K
b= T T | - T (F — L)
(p—1)p~2 pr LM (p-1)p . —1

Furthermore, Cp, 15 a

[pK71f1 + Lmlp%, K} code with weight enumerator in Table 3°.

p—

Table 3°  The weight enumerator of Cp,

weight w frequency A,
0 1
K-2 K-2 K-2 K
pr(pz +L™) (p—1)p > (p> = L™)

]ﬂ{—2

pE I Lm (p—1)pTz —1

Theorem 3.4 If 2 =0 (mod4) andm is even, then Cp, is a [p"~'+L™ (p—1)p 2 +v—
1, K} code with weight enumerator in Table 4, and the complete weight enumerator is

W(CDO )

K-—2
pE=l+L™ (p—1)p 2z V-1

—Wo

T L - e

K —2v pK’2+Lm1(p—1)p%+”—l
+p" (1= p")uwyg Hwi

icF

K-2

2

+(p—1p 7 (pr = L™ )]

_ 1)wpK*2+L"‘1 (p—1)
0

1€Fy

icF

K—4
pK 2L (p—1)p~ 2 Y

K
+v K
p2 T =1 D

K—-2
K-2_1 wpK—2+Lm1p—2—+u
| | 7

-2



Table 4 The weight enumerator of Cp,

werght w frequency A,
0 1
(p . 1)(pK_2 + LmlpK;2+”) (p . 1)p¥—v <p§—v ; f‘/ml)
(p—1)p*~2 pr Tt LM (p—1)p = V-1
K—4
(p—l)(pK_2+Lm1(p—1)pT+”) K(l —p_2”)

o P
Furthermore, Cp, is a [ -

Theorem 3.5 [ m2 =

K71—1

Table 4°  The weight enumerator of Cp,
werght w frequency A,
0 1
e (p—Dp> "(p> " —L™)
pK—Z pK—Qv—l + L (p . 1)pK2—2_U -1
PR+ LM (p—pTe pr(L—p~*)

(mod 4) and my is odd, then Cp, is a [p

K-1

weight enumerator in Table 5, and the complete weight enumerator is

W(CDO)

—uwf

_|_

+

K71—1

+ (" = (- -

N

—1
p (pK—Qv—l P

2

p—1 (pK—QU—l

Lm1+1
5 +

K-3
K—1 K-2 —5—tv K—
E-1_py\, pB724(p-1p 2 T"-1 p
P 2 )’UJO ’UJZ-

K—2 K—2
pr -1 P
1)w0 | | w,

icF

K-—3 K—3
Loy, pK2—(p-1)p~ 7 V-1 pK—24p oz Y
Wy w;

i€Fy,
S

icFy

Table 5 The weight enumerator of Cp,

weight w frequency A,
0
(= D@+ p 7 ) p—;(pK s 771( 1)Lm1+1 —_v)
p—DE"?—p =) e (pF =21 g (1)Lt )

Furthermore, Cp,

1S a [’%, K} code with weight enumerator in Table 5°.
Table 5°  The weight enumerator of Cp,
werght w frequency Ap
0
A p* —(p— 1)pK ]
pK—2 _|_pK2 3+v p_21 (pK -1 771( 1)Lm1+1 —v)
pK—2 o pT'H) p% (pK 2u—1 + 771( 1)Lm1+1 —v)

+ Lm1p¥+”, K} code with weight enumerator in Table 4°.

— 1,K} code with

(3.7)



Theorem 3.6 For A\ € F}, if ™2 and K are both odd, then Cp, is a X1 (=N LEp T

K| code with weight enumerator in Table 6, and the complete weight enumerator is

W(CD)\)

K7
K—-1 K+1, —5— -2 K+l
P T =m(= AL T pT 2 K-1 p* T =m(=\)L
=wy + (p — 1)w0 I I w

K-1,6 K-1 K=2_ o (_\)\LE+1(p_1 K-35 K—2 ) LEHL K3
+p2 (pr —m (=LA Z = A | " e

(3.8)

i=+VaAN]
JEF, i€F,
n1(3)=n1(\) i£+AN]
Table 6 The weight enumerator of Cp,
werght w frequency A,
0 1
(p—1)p"~ -
( (pK—2 o 771( LK+1 ) p%lpT (pT + Ul(—)\)LKH)
7 EK=1, K=1
(p—1)p™~ 2—771(—A)(p+1)LK P (p —m(=ALE
Furthermore, Cp_ is a [% (pK_l — nl(—)\)LKHp%), K} code with weight enumerator in
Table 6°.
Table 6° The weight enumerator of Cp,
werght w frequency A,
0 1
%lpK_2 —3 K-T1 (£K1 1 — 1)
(P (L) | B = (p 2 4 m(ZALEH)
pApK=2 ety (—NLEHp s | EpTs (pTr —mu(=M\)LEY

Theorem 3.7 For A € Fy, if =2 is odd and K is even, then Cp, 1is a [pK_l—LKp%, K}
code with weight enumerator in Table 7, and the complete weight enumerator is

B K—2 B B K—2 K2
W(Cp,) =wf M 4 (0K (p - )L ) T [l T

icF;
+ (pK— Z H w 2—m1(i —4)\3)LKp_2_.
JEF; i€Fp
Table 7 The weight enumerator of Cp,
werght w frequency A,
0 1
- K=2
(VA W T Sl A
(p—1)p" 2 —2LFp™= EpTT (p2 — LX)

(3.9)



Furthermore, Cp, is a [% (pK_l — LKp¥),K} code with weight enumerator in Table 7°.

Table 7° The weight enumerator of Cp,

werght w frequency A,
0 1
- k=2
pr ny e e (p2 — LX)

Theorem 3.8 For A € 5, if ™ = 2 (mod 4) and K is odd, then Cp, is a [p"~' —

nl(—)\)Lmlﬂp%,K} code with weight enumerator in Table 8, and the complete weight
enumerator is

W(CD)\)
:ngﬂfm(fA)L"”“p% +(pR - 1)’[1}1071(727771 (~aLmtp H w?
ze]F*
p— my —m (=MLt
+ T ( —L +1 — 1 H w N p
icFy,
PTG Lo Y Wl OV et [T ey
z +/4\ 1 .
JEF, ieFy
n1(3)=n1 () i#+AN]
(3.10)
Table 8 The weight enumerator of Cp,
werght w frequency A,
0 1
(p—1)p~? )
(p— D" 2= m(=A)L™p _) Tlp T (pz —L™T(p—1))
_ K—1 K—1
(p—Dp" 2 —m(=Np+)Lm+p s | lps (pz + L™ (p—1))

Furthermore, Cp, is a [1(pF-t— nl(—)\)Lml“p%), K| code with weight enumerator in
Table 8°.

Table 8° The weight enumerator of Cp,

werght w frequency A,
0 1
PleK 2 <pK—1 _ 1)

S (pt — LMt (p— 1))
T —

T Y e ) 7D 1
Ip2 (pz + L™ p—1))

T oy

S
w|m
,_.

Theorem 3.9 For A € F, if ™ = 2 (mod 4) and K is even, then Cp, is a [p"~" —

Lmlp > , K} code with wezght enumemtor in Table 9, and the complete weight enumerator

10



18

WC o pKfl_Lmlp&;—2 K—1
( D,\) =Wy + (p + (p

)2 I

JEF; i€Fp

mi K-2 pK72_Lm1p£27—2 p£27—2
—1)L™p 7 —1)uwh H w;
ieF

2—m (i2—4Xj)L™1p 2

+ (pK — L™p =

(3.11)

Table 9 The weight enumerator of Cp,

weight w frequency A,
0 1
K—2 p+1 K2
(p—1p _ eepk ; 2KL p2 —1
(p—V)p"—2 —2Lmp™> e A T )

Lisalz(p

Table 9°

Furthermore, Cp K-1_ Lmlp%), K} code with weight enumerator in Table 9°.

The weight enumerator of Cp,

werght w frequency A,
0 1
o A R v A s 2 Sl
o el 0 U rr e (pr = L)

Theorem 3.10 For A € F;, if ™ = 0 (mod 4) and my is even, then Cp, is a [p"~" —

Lm1p¥+”, K} code with weight enumerator in Table 10, and the complete weight enu-
merator is

K—4
pKiQ—LmlpT +v

i (pK - pK—2v) H w!

K—2
K—1 m +v
W P —LMip 2
(CDA) =Wy,

i€F,
—2v— m K-2_, K—=2_m £2ﬁ+u K—2
T LM - 1 = up R G (3.12)
icFy
(pK—Zv 1 Lmlp 2 Z H w 2-m(i —4)\j)LKpT
JEF} i€l
Table 10 The weight enumerator of Cp,
weight w frequency A,
0 I
(p—1p** P K201 p Lm0
(p _ 1)(pK—2 o LmlpTJ’_v) pK pK—2v
(p _ 1)pK—2 . 2Lm1p¥+v p%l(pK—% 1 _ ™ __v)

Furthermore, Cp_is a [3(p"~' —

10°.

Lm1p¥+”), K] code with weight enumerator in Table

11



Table 10°

The weight enumerator of Cp,
werght w frequency A,
0 1
p_glpK—2 p—;—lpK 2u—1 + P_glelpK;2 v _ 1
pT (pK _m p%ﬂ) pll — =2
p21pK Lm1 2 1y p_gl(pK—Zv 1 ™ ——v)

-mg_

Theorem 3.11 For A € F}, i (mod 4) and my is odd, then Cp, is a [p*~' —
i ( )\)Lm1+1p 7 , K] code wzth weight enumerator in Table 11, and the complete weight
enumerator s

W(Cp,)

K—-1
oKl (Lt T

K—2_ mi+1,
+ (pK—zzz—l _ 1)1118 m(=A)L =

Hw

+ (pK _ izlpK*%’*l + p; 1171( )\)L'nn +1 — 71} H w - *711(*A)Lm1+lp¥
i€Fy
+ (pf 2ot _nl(_)\)Lm1+1pK27171/) Z wf:;j%(—A)L7n1+l(p71)p%+u ]._.[ wa72+n1(7)\)LnL1+]p%+u.
JEFS i€Fp
1 (JJ')E:'H(A) i# /AN
(3.13)
Table 11 The weight enumerator of Cp,
weight w frequency A,
0 ]
(p — 1p~ P T
(p— 1" - nl(—A)Lm”lp z +”) ey A 1+” A (=N LMty
= 20— m K=T_,
(p— P2 — (p+ D (=N LmHpTa v | e (pF2t - (AL )

Furthermore, Cp_ s a [% (pK_1 — 771(—)\)Lm1+1p%+”), K} code with weight enumerator
in Table 11°.

Table 11°  The weight enumerator of Cp,
weight w frequency A,
0 1
pglpK 2 _ pK—2v—1 1 _
p_;1<pK —771( )\)Lm1+1p—‘+v) pK 2 p —20— 1+p 1771( )\)Lmlzi]le—v
Hp=Dp" 2= (p+D)m(=NL™mHp ) [ B (K21 g ()Lt p™s )

4 Proofs of main results

4.1 Some auxiliary lemmas

Lemmas 4.1-4.2 are useful for calculating the length and the weights for Cp,

12



Lemma 4.1 For A € IF, and

Ny = #{(I, y) € Fymi X IF10’”2\{(0> 0)} | Trm, (Iz) + Try, (ypuH) =A }a

the following assertions hold.

(1) For A=0,
pl—1 -1, if K is odd;
Ny — pE 4 (p— 1)[/%9%2— 1, if =2 is odd and K 1s even;
A pEt+(p—1)L™Mp 2 —1, if 22 = 2 (mod 4) andm, is even;
P+ (p—1)Lmp ity — 1, if ™2 = 0 (mod 4) and m, is even.
(2) For A # 0,
(i1 m(=A)LET1p™s if ™2 and K are both odd,
pE—1 — [Kp*52 if ™2 is odd and K is even;

Ny = pit - 771(—>I\()l:m1+1p%, if ™2 = 2 (mod 4) and m, is odd,
ph=t — Lmp==, if ™2 = 2 (mod 4) and my is even;
pE—l — [t if 2 = 0 (mod 4) and my is odd,

VA m (=) LmHip*e if ™2 = 0 (mod 4) andmy is even.

Proof. It follows from Lemma 2.9 that

N = Z Z ( 1 Z Cz1(Trm1 2) 4 T,y (P 1) — A))

x€F, m; y€F,my z1€Fyp
P =14 Z C_Azl Z Trml(zlx Z Trm2(z1yp i1
z1€F5 z€F ymy YyEF,m2
P D G QO (21,00 (21,0)
21€F;§
=" 4 Gy Y G i (21) Smg (21, 0)
21€F*
pK ! +p_1Gm1Gm2 ZzleF* 77m1(zl)77m2(21) if % is Odd;
. _1Gm1p 221€FP gp >\ Yy (21)), if% = 2 (mod 4);
pK_l . p_lelps-‘rv Zz1€F; C‘p—)\zlnml (Zl)a lf % = O (mod 4)

13

(4.1)



If A =0, then

Ny=N -1

K=l 1 —p™ G, p° 2216F; Ny (21),
K-1 _ 1— _le ps+v 2216F; nml(zl),

\

p
p
p
P
P
P
P

If X # 0, then

=

K14 P Gy G, ZzleFP G A Ny (21),
K-1 —lelps ZzleF* C—Annml(zl)
K=l _ p=1G poto 221€F* Mg (2),

@@@@@’@@@@

K—1 + Gmlps_1> if mg
K—-1 _ 771(_)\)G1Gm1PS+U_1a lf mg
pK—l + Gmlps+v_1, if m2

v

K= 1+p_1Gm1Gm2 ZzleF G A "Ny (21)71(21),

e +p 7 Gy G ZzleF C )\21771(21) if %
K=1 4 p71Gony Gy Zzlerg Azt if 212
K—-1 _ p_le1p8 221€F; Cp_mm(a), if %
K—-1 _ p_le1p8 221€F; Cp—)\zl’ if %
K—-1 _ p_le1ps+v ZzleF; Cp_)\Zlnl(Zl)a if %
\pK L LG p 2216F; Cp—m’ if m2
pE—1 4 m(=Np rG1Gpy Gy, if 72 and K are both odd;

Pt = p G, Gy, if 72 is odd and K is even;

Pt = (=N GG p if 22 = 2 (mod 4) and my is odd;
p

p

(p" ' =14+ p7'G,, Gy 2 rers M (20)1my (1), 1 532 is odd;

if 22 = 2 (mod 4);

if 22 = 0 (mod 4); (4.3)

-1, if K is odd;

+(p—1)p~ mlez —1, if 2 is odd and K is even;
—(p—1p* G, — 1, if ™2 = 2 (mod 4) and m; is even;
—(p—pt Gy, — 1, if ™2 =0 (mod 4) and my is even.

if my is odd;
if my is even and 2 is odd;
if 72 = 2 (mod 4),
if 72 = 0 (mod 4);
and K are both odd;
is odd and K is even;
= 2 (mod 4) and m; is odd;
= 2 (mod 4) and m; is even;
= 0 (mod 4) and m; is odd;

= 0 (mod 4) and m; is even;

(4.4)

2 (mod 4) and m; is even;
0 (mod 4) and m; is odd;
0 ( )

0 (mod 4) and m; is even.

By (4.3)-(4.4) and Lemma 2.1, we complete the proof of Lemma 4.1. O

Lemma 4.2 For \,p € F,, (a,b) € Fypmi X Fymo /{(0,0)} and

NA,p(a'> b)

=#{(z,y) € Fpmi X Fyms | Tryy, (%) + Tra, (7)) = X and Try, (az) 4 Tro, (by) = P},

denote T(a,b) = Tr, (%) + Trp, (7{,’ +1) then the following assertions hold.
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(I) For A =0,

(1) of =2 and K are both odd, then

pi2 if T(a,b) = 0;
Nap(a,b) = pX2 4 (= T(a, b)) (p — VLEHp™s", if T(a,b) # 0 andp =0;  (4.5)
P — i (=T(a, b)) LK+ 1p™5", if T(a,b) £ 0 and p % 0.

(2) If ™2 is odd and K is even, then

PR+ (p = D)LEp T, if T(a,b) =0 and p = 0;
K—2 if T(a,b) =0 and p # 0,

p )
N, = 4.
rola: ) orT(a,b) # 0 and p = 0; (46)
pE2 4 LEpe if T(a,b) # 0 and p # 0.
(3) If =2 =2 (mod 4) and m, is odd, then
JZ if T(a,b) = 0;
Nap(a,b) = pX=2 — (= T(a,0))(p — DL™Hp"7, if T(a,b) # 0 and p = 0;
PR+ (= T(a, b)) L™t ip™s, if T(a,b) # 0 and p # 0.
(4.7)
(4) If 2 = 2 (mod 4) and m, is even, then
P2+ (p—1D)L™p™ s, if T(a,b) =0 and p = 0;
K—2 -
e, JT(a,b) £ 0 andp = 0,
Nopla,6) = orT(a,b) =0 and p # 0; (48)
pE=2 4 [mp s if T(a,b) # 0 and p # 0.
(5) If ™2 = 0 (mod 4) and m, is odd, then
N)\7p(a, b)
pf—2, if (2.1) is not solvable,

or (2.1) is solvable and T(a,b) = 0;
P2 —m(—=T(a,b)(p— )Lm“rl 53740 if(2.1) is solvable, T(a,b) # 0 and p = 0;
P2+ m(—T(a b))Lmal 7ot if (2.1) is solvable, T(a,b) # 0 and p # 0.
(4.9)

(6) If 2 =0 (mod 4) and m, is even, then

(pF—2 4 (p—1)L™p =z if (2.1) is not solvable;

PE 24 (p—1)Lmp e T, if (2.1) is solvable, T(a,b) = 0 and p = 0;
Ny p(a,b) = pK=2 4 [mips*+v, if (2.1) is solvable, T(a,b) # 0 and p # 0;

pi2 if (2.1) is solvable, T(a,b) # 0 and p = 0,

\ or (2.1) is solvable, T(a,b) = 0 and p # 0.

(4.10)
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(IT) For A #0,

(1) if =2 and K are odd, then

N)\,p(a7 b)
PR = (AL if p=0andT(a,b) = 0;
pK—2, if p#0andT(a,b)=0;
K-2 _ K+ AR 2 _ — 0
p 771( T(av b))(p 1)L pz, Zf/\ 7£ 07 T(av b) 7£ 0 (anp 4)‘T(a7 b) - 07
pE=2 4y (= T(a, b)) LEHp 2, ifA#0, T(a,b) # 0 and p? — 4XT(a, b) # 0.
(4.11)
(2) If =2 is odd and K is even, then
NA,P(C% b)
pK_2—LKpK22, if T(a,b) = 0 and p = 0;
P, i T(a,b) = 0 and p £,
N or T(a,b) # 0 and p* — 4\T(a, b) = 0;
PE2 4y (p? — ANT(a, b)) LEp =, if T(a,b) # 0 and p* — ANT(a, b) # 0.
(4.12)

(3) If =2 =2 (mod 4) and m, is odd, then

NAp(a b)
p —m (= )\)Lmlﬂp%, if p=0andT(a,b) = 0;
_ p* if p# 0 andT(a,b) = 0;
TP (= (@, b)) (p — DL, if T(a,b) # 0 and p? — 4NT(ab) = 0:
pK 2+ m (- T(a, b))Lmﬁlp%, if T(a,b) # 0 and p* — 4\T(a,b) # 0.
(4.13)

(4) If ™> =2 (mod 4) and m, is even, then

NM)(a, b)
K2 Lmpte if T(a,b) = 0 and p = 0;
pE2 if T(a,b) = 0 and p # 0,

or T(a,b) # 0 and p* — 4\T(a,b) = 0;
P2+ m(p? — 4AT(a,b)) L™ p" =",  if T(a,b) # 0 and p* — 4XT(a, b) 0.
(4.14)
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(5) If ™2 = 0 (mod 4) and m, is odd, then

N)\7p(a, b)
pK 2 (=N Lmtlp it if (2.1) is not solvable,
pK=2 — (=N L™Hp~3 F if (2.1) is solvable, T(a,b) =0 and p = 0;
pK 2, if (2.1) is solvable, T(a,b) =0 and p # 0;
=925 2 =m(—T(a,b))(p— 1)Lm1+1p$+”, if (2.1) is solvable, T(a,b) # 0

and p? — 4T (a,b) = 0;

P2+ m(—Tl(a, b))LmlJrlpK;SJr”, if (2.1) is solvable, T(a,b) # 0
L and p* — 4XT(a,b) # 0.
(4.15)
(6) If ™2 = 0 (mod 4) and m, is even, then
NA,P(C% b)
(pK=2 — [mp 5o, if (2.1) is not solvable;
pl=2 — [mip Ty, if (2.1) is solvable, T(a,b) = 0 and p = 0;
pE2, if (2.1) is solvable, T(a,b) = 0 and p # 0;
= or (2.1) is solvable, T(a,b) # 0
and p* — 4\T(a, b) = 0;
PE2 4y (p? — 4ANT(a, b)) L™p™ 2" v, if (2.1) is solvable, T(a,b) # 0
L and p* — 4XT(a, b) # 0.
(4.16)

Proof. By calculating directly, we have
N, )\,p(a'a b)

_ Z Z ( 1 Z 21 (Tryny (22 +Trm2(yp +1y )( 1 Z 22(Trm, (az)+Trm, (by)—p ))

zelF pMm1 yGF mo z1€F, z2€lF,

K- 2 P22 Trm1 zoax) Trm, (22by)
AT I DN D¢ 2. 6

ZQGF zeR pm1 yE]F mo

U1
_9 —p2a —Az1 Trom, (2122 +22a) Trimg (21yP Ty 2oby)
+ p E Cp E Cp E CP Cp

z2€F, Z1€F;‘) xE]Fpml yGFpmz
_K-2 -2
=p" T +p 7,
where
E -z § —pz
Q - Cp ! Cp r 2@7711 (217 ZQG)Smg,u(Zla 226)
Z1GF; z2€F,

Now by Lemmas 2.1 and 2.8-2.9, we calculate €2 as follows.
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Case 1. For odd #2,

e ety T () Tryng (=21 (29" +1)
Q=M G (GG My (1) Gy G ma (1))
21€F;‘) z2€F,
e e —21 (T ((22)720) 4Ty ((22)%47 1)
:Gm1Gm2< Z Cp)\ ' Z G My (21)ms (21)Gp ( ! ))
z1€F} z2€F),
:Gm1 sz( Z Cp—)\zlnml (Zl>77m2 (Zl) Z C})—T(a,b)z1z§—ﬂz1z3)'
ZleF; z3€F)
If K is odd, then
Q
:Gml sz( Z Cp—)\zl,rh(zl> Z CP—T(U«,b)leg—PZlZS)
Z1GF;‘, z3€F,
Gml Gm2 ( ZZlEF;; Cp_)\21771 (Zl) ZngFp CIJ_p21ZS)’ if T(a’ b) = 0;
— p274T(a,b))\Zl
7]1( B T(CL, b))Glel sz ZzleF; Cp e ) if T(a7 b) 7£ 0;
(0, if \ = 0 and T(a, b) = 0;
771( - T(CI,, b))(p - 1)G1Gm1Gm2a if A= O> p= 0 and T(aa b) 7é 0;
—171( - T(a, b))Glelez, if A\ =0, p# 0and T(a,b) # 0;
=< m(=AN)pG1Gp, Gy, if A\ #0, p=0and T(a,b) = 0;
0, if A\ £ 0, p# 0and T(a,b) = 0;
771( - T(CI,, b))(p - 1)G1Gm1Gm2a if A 7& O> T(CI,, b) 7é 0 and p2 - 4)‘T(aa b) = O;
=71 (= T(a, b)) G1G G, if \ # 0, T(a,b) # 0 and p? — 4\T(a, b) # 0.
If K is even, then
Q
:Gm1 sz ( Z Cp—)\zl Z C[]—T(a,b)zlzg—pzlzg)
ZleF; z3€F)
Gm1Gm2 ( ZZ1€F;‘, Cp_)\Zl Zz3er Cp_pZIZS)a lfT(CL, b) = O,
M(=D)C1Gon, Gy Xy G (i) G0 i T(a,b) #0;
(p(p — 1)G o, Gy if A =0,T(a,b) =0and p = 0;
0, if A\ =0,T(a,b) =0and p # 0,
or A =0,T(a,b) # 0and p = 0;
) m(-1)GIG 0, G, if A\ =0,T(a,b) # 0and p # 0;
) =G, Gy if A 40, T(a,b) =0and p = 0;
0, if A #0,T(a,b) =0and p # 0,
or A # 0, T(a,b) # 0 and p* — 4\T(a, b) = 0;
(71 (4T (a, b) — p*)G3G oy Gy if X\ # 0, T(a,b) # 0and p?> — 4\T(a,b) = 0.
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Case 2. For 72 = 2 (mod 4),

Q="M D G Quy (21, 220) Sy (21, 22D)

Z1 GF; z€F,

2 2
. . . Trm, (—2-) Trmy (—21(227)P" +!
=P Z Cp = Z G (Gnn(p S i, (20)G ! )

z1€F} 22€F),

== PGy > G (21) D GG

z1€F} z2€F),

== PGy Y, G () Y G,

Z1 GF; z3€F,

z1 (Trml ((%)Zaz)—i-Trm2 ((%%)pUJrl))

If my is odd, then
0=_ psGml( Z Cp—)\zlnl(zl) Z Cp—T(a,b)mz%—pzlzg)

ZleF; z3€F)
PGy (X ers G m(21) Der, G 777), if T(a,b) = 0;
_771( - T(a> b))psGlel Zz16F;§ CP_AZlCI;LT(a,b) Zl’ if T(a’ b) 7& 0;
(0, if \ = 0 and T(a,b) = 0;
—771( - T(CL, b))(p - 1)p8G1Gm17 if A= 07 p= 0 and T(CL, b) % 07
7]1( - T(CL, b))psGleu if A= 07 P % 0 and T(CL, b) % 07
=< = (=N)p* GGy, if A\ #0, p=0and T(a,b) =0;
0, if A\ #0, p# 0and T(a,b) =0;
—771( - T(CL, b))(p - 1)p8G1Gm17 if A % 07 T(CL, b) % 0 and p2 - 4>\T(CL, b) = Ou
(m (= T(a,0))p*G1Gy s if \ # 0, T(a,b) # 0 and p* — 4\T(a, b) # 0.

If m; is even, then

0= _psGm1< Z Cp—)\zl Z C[]—T(a,b)zlzg—pzlzg)

ZleF; z3€F)
_psGml ( ZZ1€F;‘, Cp_)\Zl Zzger Cp_leZS)> lfT(a> b) = O;
—771(—1)298@1Gm1 ZzleF;‘, Cp_)\Zlnl (4T?z11,b)) ;T(a’b) Zla lfT(a'> b) 7& O;
(—(p — 1)p* TGy, if A\ =0,T(a,b) = 0and p = 0;
0, if A\ =0,T(a,b) =0and p # 0,
or A =0,T(a,b) # 0and p = 0;
_Jm(=D)p GG, if A = 0,T(a,b) # 0 and p # 0;
) -G, it A £ 0,T(a,b) =0and p = 0;
0, if A 40, T(a,b) =0and p # 0,
or A # 0, T(a,b) # 0 and p* — 4\T(a, b) = 0;
\— I (4)‘T(aa b) - p2)pSG%Gm1> if A 7é 0, T(aa b) 7é 0 and p2 - 4)‘T(aa b) 7é 0.
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Case 3. For 2 = 0 (mod 4),

Q
(—p* Gy D0 my (21), if (2.1) is not solvable;
ZleF;
— 2.2
- T, (— 222 T, (—21 (22, )P +1
—p G, G Y PG 0 )nml(zl)gp 2o ), if (2.1) is solvable;
\ Z1EFZ z2€F,
(=" Gy D0 G Ny (1), if (2.1) is not solvable;
Z1€F;‘,
B —p* G Y Cp_)‘zlnml(zl) > Cp_mf%T(a’b)_pzm, if (2.1) is solvable.
L ZleF; z3€F),
If m, is odd, then
Q
(—p* Gy Y G m(21), if (2.1) is not solvable;
Z1€F;§
]G T G m(z) TG ETER i (2.0 s solvable;
\ z1€F} z3€lF,
(—p G, S ¢ (=), if (2.1) is not solvable;
ZleF;
G, (X GM(z) X (), if (2.1) is solvable and T'(a,b) = 0;
= z1€F} z3€F),
’ p2 —4AT(a,b) .
—p* T (= T(a,0)) GGy > ¢ P 7, if(2.1) is solvable and T(a, b) # 0;
L z1€F}
(0, if A =0, (2.1) is not solvable,
or A =0, (2.1) is solvable and T(a,b) = 0;
—m (= T(a,b))(p — )p*T"G1G,r,, if A =0, (2.1) is solvable, T(a,b) # 0 and p = 0;
m(—T(a,b)p* GGy, if A =0, (2.1) is solvable, T(a, b) # 0 and p # 0;
—(=A)p* GGy s if A # 0, (2.1) is not solvable;
=< —m(=A\)p™H GGy, if A # 0, (2.1) is solvable, T(a,b) = 0 and p = 0;
0, if A # 0, (2.1) is solvable T'(a, b) = 0 and p # 0;
—m (= T(a,b))(p — Dp*TG1Gyny, A #0, (2.1) is solvable, T(a,b) # 0

nl( - T(a7 b))pS+UG1Gm17

and p? — 4\T(a,b) = 0;
if A # 0, (2.1) is solvable, T(a,b) # 0
and p? — 4\T(a, b) # 0.

20



If m;y is even, then

Q
(—p* TGy > G, if (2.1) is not solvable;
- z1€F}
) TG Y G Y nglz%T(a’b)_pzlzg’, if (2.1) is solvable;
\ z1€F;‘, z3€lF,
(G, S ¢ if (2.1) is not solvable;
z1€F}
—pTGn, (X G Y (), if (2.1) is solvable and T'(a, b) = 0;
= z1€Fy z3€Fy
p274AT(a,b)Z
—m (= T(a,b))p* ™G 1Gry > m(21)G T ' if (2.1) is solvable and T(a, b) # 0;
L z1€Fy
(—(p — D)p* Gy if A =0, (2.1) is not solvable;
—(p— 1)p*™ G, if A =0, (2.1) is solvable, T(a,b) = 0 and p = 0;
0, if A =0, (2.1) is solvable, T(a, b) # 0 and p = 0,
or A =0, (2.1) is solvable, T(a,b) = 0 and p # 0;
—m (=) p* T GEGy if A =0, (2.1) is solvable, T(a,b) # 0 and p # 0.
)G, if A # 0, (2.1) is not solvable;
) G, if X\ # 0, (2.1) is solvable, T(a,b) = 0 and p = 0;
0, if A # 0, (2.1) is solvable, T(a,b) = 0 and p # 0,
or A # 0, (2.1) is solvable, T(a, b) # 0
and p* — 4\T(a, b) = 0;
—m (4T (a,b) — P )p* T G3G,,, it X #£0,(2.1) is solvable, T(a, b) # 0
and p? — 4\T(a, b) # 0.

So far, by the cases 1-3 and Lemma 2.1, we complete the proof of Lemma 4.2. [
Lemmas 4.3-4.5 are important to calculate the weight enumerators for Cp, .

Lemma 4.3 Fort € F, and

Ay = #{(a,b) € Fyrs X Fyma| T(a,b) =1 },

if =2 is odd or =2 = 2 (mod 4), then the following assections hold.
(1) Fort =0,
pl—1 if K is odd,

K-2

A =< pE-t 4 (p—1)LEp =, if =2 is odd and K is even; (4.17)
pE 4 (p— 1)Lm1pK52, if t2 =2 (mod 4) and my is even.
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K=1 _ p (—t)LE1p*s, if ™2 and K are odd,

p
i pE—1 — [Kp*52, if 2 is odd and K is even; (4.18)
L= K—1 oy, L rmo : . )
P m(=t) L™ p~=, if %2 =2 (mod 4) and m is odd;
pE—1 — [Kp* T2 if ™2 = 2 (mod 4) andmy is even.

Proof. For odd ™2, or ™2 = 2 (mod 4), it follows from Lemma 2.3 that X7 4 X
is a permutation polynomial over F,m,[z] and then (2.1) has an unique solution in Fym.,
thus,

Ay = #{(a,b) € Fyni x Fyma | Tty (a®) + Trp, (P11 = }.

Now by Lemma 4.2, we can obtain (4.17)-(4.18). O

Lemma 4.4 ([15], Lemma 13) For ™2 = 0 (mod 4), and
B={ceF,m ‘ X7 4 X =" s solvable in Fym},
one has
#B = p".
Lemma 4.5 For ™2 = 0 (mod4), t € F,, and

0,2

Ay ={(a,0) € Fymi X B | Ty, (5

)+ Temy () ) = 1},

the following two assertions hold.
(1) If my is even, then

_ K—2v—1 mi o K-2_, — 0
#&Z{p e (4.19)

K—2 -
pl=2o=1 _ [T, otherwise.

(2) If my is odd, then

_ K—2v—1 t=0:
HA, = {p ’ 0 (4.20)

pl—2v-1 _ m(—t)Lmﬁlp%_v, otherwise.

To prove Lemma 4.5, we need Tables 4 and 10, which are given in subsection 4.4.
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4.2 The proofs for Theorems 3.1-3.3 and 3.6-3.9

The proofs for Theorems 3.1-3.3.
By Lemmas 4.1-4.3, we have the following three cases.
Case 1. If 2 and K are both odd, or ™2 = 2 (mod 4) and m; is odd, then the length

of Cp, is Ny = p~1 — 1. Tt follows from (4.5) and (4.7) that the nonzero weights of Cp,
are

K-3 K-3
2

w=p-DE"?=p ), w=0@E-1p"7 w=pE-1)p" +p ).

By Lemma 4.3, we know that A,, = Ag — 1 =p"~1 — 1, which combines first two Pless
power moments leads to

Case 2. If ™2 is odd and K is even, the length of Cp, is Ny = PE A LE (p—1)p T —1.
It follows from (4.6) that the nonzero weights of Cp, are

K-2

K-2 , K-2 _
wi=p-1pz (pz +L%), w=@p@-1p~=
Then, by the first two Pless power moments, one has

2

Apy =(p—1p 7 (p7 = L), Ay =p" '+ LEp-1p7 -1

Case 3. If 2 = 2 (mod 4) and m; is even, then the length of Cp, is Ny = p* ' +
L™ (p — 1)p¥ — 1, the nonzero weights of Cp, are

K—2 K—2 —
wi=(p-1pz (pz +L™), w=(p-1)p~7?

and by the first two Pless power moments, one has

K—-2 K-2

Ay =(p—1p 7 (p7 —L™), Ay =p" '+ L™Mp-1p7 -1

By the cases 1-3, we can obtain Tables 1-3, correspondingly, which combines Lemma
4.2 leads to the complete weight enumerator of Cp, directly.
So far, we complete the proofs for Theorems 3.1-3.3. O

The proofs for Theorems 3.6-3.9.
Using Lemmas 4.1-4.3, in the similar proofs as those of Theorems 3.1-3.3, correspond-
ingly, one can obtain Theorems 3.6-3.9 immediately. U

4.3 The proofs for Theorems 3.4-3.5 and 3.10-3.11

In this subsection, Theorems 3.4-3.5 and 3.10-3.11 are obtained from Lemmas 2.10,
4.1-4.2 and 4.4-4.5. To this aim, we firstly prove Lemma 4.5.
Proof of Lemma 4.5.
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If ™2 = 0 (mod 4) and m; is even, by Lemmas 4.1-4.2 and 4.4, the length of Cp, is
Nog—1=pFf-t 4 Lm(p— 1)p¥+“ — 1, the nonzero weights of Cp, are

wy = (p o 1)(pK—2 + Lm1p¥+v)’
wy = (p— 1)p~ 72, (4.21)
ws = (p— P2+ LM (p—1)p =z *),

and
Ay = (p—1p 7 (p7 = = L™),
Awg _ pK—2v—1 + L™ (p o 1)pK;2—v - 1’ (422)
Auy =¥ (1= 7).

Then, by Lemma 4.2, one has

K—-2

HAy= Ay, +1=pF 2 L™ (p—1)p T (4.23)
Similarly, for A € [}, the length of Cp, is Ng—1 = pf1 —Lm1p¥+”, the nonzero weights
of Cp, are

wy = (p - l)pK_2a

wy = (p— 1) (p=2 = L™Mp™ 7T+, (4.24)
wy = (p— Dpf =2 —20mp T,

and

sz = pK - pK—2v7 (425)

Then, by Lemma 4.2, one has

_ -1 _

Do A= Ay = P (T - L), (4.26)

teF;,
m ()= (=)

which leads to
A A p—- 1 K—2v— my, E=2_y

doo#Ai= Y #A =TT L), (4.27)
teF?, teF

m(t)=1 m(t)=-1
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For any given o € F,, with 7,(a)) = —1, we have

#A

Z 33 (DIl )

aEF pm1 bEB zEIF'p

1
K 2u— 1_|_ 2 :C_tz j : Trm1 za? ZCZTrmz o+

zeIF a€F ymy beB
v— —tz 2T, (
K 20-1 Gm1 ZC t Z 2
z€Fy beB
—op— 1 _ ZTr Pt 2Tty (4
_K—2v-1 tz mo (7 tz m ’Y
SANEECH (D DR 0 WAL ERED D) DI QPN
z€Fy, beB z€Fy beB
171(z)=1 771(2)=—1
—ou— 1 —tz Trm 1 » aTry, 1
SARRRE L VR WA VG M)
z€Fy beB z€lFy beB
n1(Z):1 771(2):—1
IR —(m(z) +1) o (=m(z) +1)
_ K—-2v-1 tz tz
e e, (D ey ey
z€Fy z€Fy
—2u— 1 VA z
—pl—2 1+2_Gm1( thnl + (A4 + A= ZCt)
P z€F}, z€F},

where

+1

A+ _ Z Cgrmz (“/fu )’ Z aTrm, ('Yz,

beB beB

Then, by (4.28) and Lemma 2.1, one has

_ -1
HA, =pl—21 = 2p ——L™p (A+ +A_), (4.29)
and for t € T},
1 —2v— 1 my, =L
#A, =p" T 4 2—pL D=z (ﬁl(—t)Gl(AJr —A) = (A + A—))- (4.30)

It follows from (4.23), (4.27) and (4.29)-(4.30) that

m2

A+ - A_ - —pT_v. (431)
Now by (4.29)-(4.31), we can obtain (4.19).
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Similarly, if m, is odd, by (4.31), we have

#A,

—ou— 1 iz 2T, (4P 1 iz 2T, (77 1
ot (X Gme T Y G S )
p z€F?, beB =€F} beB

n1(z)=1 m(z)=-1
IR e (m(2) +1) e (=m(2) +1)
_ K—-2v-1 tz tz
e o (S el
zEF; ZEF;

s e (A A S G+ (a4 Y 6)

z€lFy z€lFy

B pK—2u—17 t=0;
) K-l m(_t)LmlJrlp%—”, otherwise.
(4.32)

So far, we complete the proof of Lemma 4.5. O

The proofs for Theorems 3.4-3.5 and 3.10-3.11.

If ™2 =0 (mod 4) and m; is even, Tables 4 and 10 are given from (4.21)-(4.22) and
(4.24)-(4.25), respectively, and then the complete weight enumerators of Cp, and Cp, are
obtained from lemmas 4.2 and 4.5 directly. So far, we complete the proofs for Theorems
3.4 and 3.10.

By Lemmas 4.1-4.2 and 4.4-4.5, in the similar proofs as those of Theorems 3.4 and
3.10, we can obtain Theorems 3.5 and 3.11 immediately. 0J

5 Examples

In this section, we give some examples for the main results.

Example 5.1 Forp =3, by using Magma, we obtain Cp, for some special cases in Table
12, which are accordant with Theorems 3.1-3.5.

Table 12 Some Cp, for special cases

my | Mo U % my + mo parameter weight enumerator
3 2 2 1 5 80, 5, 48 1+ 902% + 802°% 4 722%
2 2 2 1 4 32,4,18 1+ 32278 4 482
2 2 1 2 4 20, 4, 12] 1+ 60212 4 20218
2 4 2 2 4 [224, 6, 144] 1 + 50421 4 224,162
2 [ 4] 31 4 6 [188,6,108] | 1+ 60210% 4 6482125 4 20162
3 4 1 4 7 [728,7,432] 1+ 902532 420242786 1 72,510

According to the Griesmer bound [9], the code [20, 4, 12] is optimal.

Example 5.2 Forp =3, by Table 12 and Theorems 3.1-3.5, we obtain Furthermore, Cp,
for some special cases in Table 12°.
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Table 12°  Some Furthermore, Cp, = for special cases

my | Mo U % mi-+meo | parameter weight enumerator
3 | 2 2 1 5 [40, 5, 24] 1+ 9022% + 80227 + 722%°
2 2 2 1 4 (16,4, 9] 1+ 3227 + 48212
2 2 1 2 4 10, 4, 6] 1+ 6025 4 202"
2 | 4] 2 6 4 [112,6,72] 1+ 504272 + 224281
2 4 3 4 6 (94, 6, 54] 1+ 602°% + 648293 + 20281
3 41 1] 4 7 [364,7,216] | 14 902210 +202422% 4 722270

According to the Griesmer bound [9], the codes [16,4, 9], [10,4, 6] and [112, 6, 72| are
all optimal.

Example 5.3 Forp = 3, by using Magma, we obtain Cp, for some special cases in Table
13, which are accordant with Theorems 3.6-3.11.

Table 13 Some Cp, for special cases

A lmy|mg| u | 72| mi+my | parameter weight enumerator
—1[ 3] 2] 21 5 [90, 5, 54] 1+ 802°% + 72250 + 90256

I [ 212121 4 [24,4,12] 1+ 242 + 562"
—1[ 221112 4 30,4, 18] 1+ 50218 4 302*
1121471272 4 252, 6, 162] 1+ 476212 4 2522180
-1 2141114 6 [270,6,162] | 1+ 502102 4 64820 4 302210
1] 3[4 174 7 [648,7,378] | 1+ 722°78 420342732 1 80,70

According to the Griesmer bound [9], the code [30,4, 18] is almost optimal.

Example 5.4 For p = 3, by Table 13 and Theorems 3.6-3.11, we obtain Cp for some
special cases in Table 13°.

Table 13° Some Cp, for special cases

A |my|me| u | 2| mi+my | parameter weight enumerator
-1 32121 5 [45,5,27] 1+ 80227 + 722V + 90233

1 [ 22121 4 [12, 4, 6] 1+ 242% + 5627
—1[ 27211712 4 15,4, 9] 1+ 502Y + 30212

1 [ 2] 4] 212 4 [126, 6, 81] 1+ 476251 + 25220
1721411 4 6 [135,6,81] | 1+ 50231 + 64829 + 302108
-1 3[4 1] 4 7 [324,7,189] | 1+ 722189 420342216 4-802%%3

According to the Griesmer bound [9], the codes [45,5,27] and [12,4,6] are both
almost optimal, [15,4,9] and [126, 6,81] are both optimal.

6 Conclusion

Note that codes in [15, 17] are always even dimension. In this paper, we construct
several classes of two-weight and three-weight linear codes with any dimension over the
finite field F, (p is an odd prime) by extending the construction in [15, 17], and we
determine their complete weight enumerators by using Weil sums. Furthermore, according
to the Griesmer bound, some examples of these codes are optimal or almost optimal,
respectively.
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