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1. Introduction

Let F, be a finite field of ¢ = p* elements. Let [F; be the multiplica-
tive group of Fy, i.s. F; = F, \ {0}. Counting the number of solutions
(z1, 29, ,x,) € Fyy of the general diagonal equation

d d d
amx]t + axy® + -+ apxyt =

over F, is an important and fundamental problem in number theory and
finite field. The special case where all the d; are equal has extensively been
studied by many authors (see, for example, [0, 8, O] 1], T2, [13]).

For any z € F,, one lets A,(z) denote the number of solutions of the
following diagonal equation

3 3 3
ZL’1+JI2+"’+In:Z

over F,.  When ¢ = p = 1(mod3), Chowla, Cowles and Cowles [2] gave
the generating function ) ; A,(0)z". Myerson [9] extended the Chowla,
Cowles and Cowles’s result to finite field IF,. He proved the following result.

Theorem 1.1 ([9]). Let F, be a finite field of ¢ = p* elements with ¢ =
1(mod3). Then

= —1)(2 2
— 1—gqx 1 —3qz? — qcx

where ¢ is uniquely determined by
4q = ¢* +27d*, ¢ = 1(mod3) and if p = 1(mod3), then (c,p) =1. (1.1)

Recently, Hong and Zhu [5] consider A,(z) in finite field F,, they proved
the following result.

Theorem 1.2 ([5]). Let z € F; = (g) and q = p* = 1(mod3) with k being a
positive integer. Then

2 3

ZAs(z)ms x +2x+(c—2)x —cx
s=1

B 1—qx 1 — 3qx? — qea3

if z is cubic, where ¢ is uniquely determined by , and

= i T T+ 12(4+ ¢+ 9do.(d))2? + ca?
ZAS(Z)x - - 2 3
— 1—qx 1 —3qx* — qcx



if z 1s non-cubic, where ¢ and d are uniquely determined by with d >0
and

~ (—1)fnde@s - sgn (Im(ry + 3v/3re1)F) L if k = 1(mod2);
d:(q) { 0, 1 2 if k = 0(mod?2). (1.2)

where r1 and ro are uniquely determined by
dp =12 +27r, r; = 1(mod3), 9r, = (2N1Fq/]pp(g)pT_1 + 1)r;(modp).

Suppose that z € IF; be non-cubic. Let B,(z) be the number of solutions
of diagonal cubic equation

3 3 3 3
ritaey+ - +x, +zr,, ;=0

over IF,. In [5], Hong and Zhu also consider B,,(z). They showed the following
result.

Theorem 1.3 ([3]). Let z € F; be non-cubic and q = p* = 1(mod3) with k
being a positive integer. Then

- 1—qx 1 —3gx? — gea3

Y

ig (2)a° qr (q— 1)z + 3(qg —1)(c — 9d)2?

where ¢ and d are uniquely determined by with d > 0 and 6,(q) is given
as in .

Indeed, The key of these problems is to determine the sign of d. In Hong
and Zhu's results, they use the generator of group F; to determine the sign
of d. However, for a large prime p, it is not easy to find a generator of group
[F;. In this paper, by calculating the Jacobi sum of finite field, we determine
the sign of d immediately by the coefficient z. We give the following two
results.

Theorem 1.4. Let F, be a finite field of ¢ = p* elements with ¢ = 1(mod 3).
Then

- 2 —2)2? — ca
Z A, ()2 = z L 2% +(c—2)2° —cx
— 1—qx 1 — 3gx? — qca3

iof z is cubic, and

> -+ 14 +c—9d)a? + ca?
DU NBF SIS iU
— 1—qx 1 —3qx* — qcx



if z is non-cubic, where ¢ and d are uniquely determined by
4q =  +27d* ¢ = 1(mod3), (¢,p) = 1,9d = c(22q;31 + 1)(modp). (1.3)

Theorem 1.5. Let F, be a finite field of ¢ = p* elements with ¢ = 1(mod3)
and z € Fy be non-cubic. Then we have

- 1—qx 1 — 3qz? — qea®

Y

i By (2)z" 1 (¢— Dz + (g —1)(c — 9d)z?

where ¢ and d are uniquely determined by .

Remark 1.6. When ¢ = 2(mod3), it is known that every element is a cube,
so N,(z) = ¢"'. If ¢ = 1(mod3) with p = 2(mod3), then Wolfmann [14]
gave a formula for N, (z). By Theorem 16 of [10], we have

[ =2p*% if k = 0(mod4);
€= 2p*/2, if k = 2(mod4),

and d = 0. Then for this case, Theorem 1.4 and 1.5 immediately follow from
Theorem 1.2 and 1.3. So in the rest of this paper, we focus on the case
¢ = 1(mod3) with p = 1(mod3).

For ay,az,a3 € F}, let M. (aq, as, az) be the number of solutions of
a7 + agxl + azxl =0
over F, and let Ny (ai, as, as) be the number of solutions of
alx? + agarg = a3

over F,. For the case ¢ = p = 1(mod3), Chowla, Cowles and Cowles [2]
showed that M;(1,1,1) = p? 4+ ¢(p — 1). As pointed out in [3], the following
is essentially included in the derivation of the cubic equation of periods by
Gauss [4]: Let a prime p = 1(mod3) and z be non-cubic in F,. Then one
has

1
M1(17 17Z> = p2 + 5(]9 - 1)(9d - C)?

where ¢ and d are uniquely determined by (1.1]) (except for the sign of d).
Chowla, Cowles and Cowles [3] determined the sign of d for the case of 2
being non-cubic in F,,.



Theorem 1.7 ([3]). Let a prime p = 1(mod 3). If 2 is non-cubic in F,, then
for any non-cubic element z, one has

1
M1(17 17 Z) - p2 + §<p - 1)(9d - C),
where ¢ and d are uniquely determined by with
d = ¢(mod4) if 4z is cubic

and
= —c(mod4) if 2z is cubic.

In [5], Hong and Zhu solved the Gauss sign problem. In fact, they gave
the following result.

Theorem 1.8 ([3]). Let z € F; = (g) be non-cubic and ¢ = p* = 1(mod3).
Then

My(1,1,2) = ¢ + 3 g — 1)~ — 90-()d),

where ¢ and d are uniquely determined by with d > 0 and 6,(q) is given

as in .

In this paper, we consider My (aq, as, as), Ni(a1,as, as) and determine the
sign of d immediately by the coefficients a;, ay and az. We have the following
more general results.

Theorem 1.9. Let F, be a finite field of ¢ = p* elements with the prime
p = 1(mod3), and ay,as,az € F;. Then

2 . . .
| ¢ Hclg—-1), if ajagas is cubic;
Mi(a, 0z, a3) = { ¢* + 3(¢—1)(9d —¢), if arasas is non-cubic,

where ¢ and d are uniquely determined by

4q = ¢ +27d*,c = 1(mod3), (¢,p) = 1,9d = c(2(a1a2a3)q3;1 + 1)(modp).
(1.4)

Theorem 1.10. Let F, be a finite field of ¢ = p* elements with the prime
p = 1(mod3), and ay, az, az € F;.



(1) For the case of ajasas being cubic, we have

q—2+4c, ifaiay’ is cubic;

N(as, az, 05) = { q+1+c, otherwise.
(2) For the case of ajasas being non-cubic, we have

[ qg-2+ %(Qd —c¢), ifajay’ is cubic;
N(ay,as,a3) = { g+ 1+ %(Qd —c¢), otherwise,

where ¢ and d are uniquely determined by .

2. Auxiliary Lemmas

Lemma 2.1 ([7]). Let F, be a finite field. Let x be a nontrivial multiplicative
character of Fy and v be a nontrivial additive character of Fy. Then for any
a €F,, we have

Tt =0, 3 vier) = (o e

For any a € I}, we defined the sums

and

where x is a multiplicative character of F, and 1 is an additive character of
[F,. Both S(a) and G(x) are called Gauss sums.

Lemma 2.2 ([7]). Let x be a nontrivial multiplicative character and ¢ a non-
trivial additive character of Fy. Then |G(x, )| = \/q and G(x, V)G (X, ) =
x(=1)g.

Let F, be the finite extension of F, with [F, : F,] = k. Recall that the
trace Trg,/r, (o) and norm N, /p, (o) of a € F, over IF,, are defined by

k—1

Tre,/p, () =a+af +---+af

and

|
-

k—1 q
Nr,r, (@) =axal x---xa  =ar

|
.
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Lemma 2.3 (Hasse-Davenport Theorem [7]). Let F, be the finite extension
of F, with [F, : F,] = k. Let x’ be a multiplicative character and ' an
additive character of ), not both of them trivial. Suppose that x and v are
the lifts of X' and 9" from I, to Fy, i.e. x = X' oNg,/p, and ¢ =1’ o Trp, /.
Then

G(x. ¥) = (~DF1GH (o, ).

Lemma 2.4 ([7]). Let F, be the finite extension of F,. Then a multiplicative
character x of F, can be lifted by a multiplicative character x' of F,, if and
only if xP~! is trivial.

Let x1, X2, -, Xs be nontrivial multiplicative characters of F,. The Ja-
cobi sum in [F, is defined by

J(X1: X2, 5 Xs) = Z X1 (1) xa(2) - - - Xs(Ts)-

(z1,m0, ,xs)€EFG
z1tzo+-Frs=1

The following gives a relation between Gauss sun and Jacobi sum.

Lemma 2.5 ([7]). Let x1,x2, -, Xs be nontrivial multiplicative characters
of F, with the product x1x2 - - Xs 15 nontrivial. Let 1 be a nontrivial additive
character of F,. Then

G(x1,%) - G(xs,¥)
Glxi- X))

Lemma 2.6 ([10]). Let F, be the finite field of ¢ = p* elements with the
prime p = 1(mod3), and z is non-cubic in F;, Then S(1),5(z) and S(z°)
are the roots of the cubic equation

J(X17X27 e 7X8) =

3 —3qx — qc =0,
where ¢ 1s uniquely determined by
4p = 4 27d*, c¢=1(mod3), (p,c)=1.

Lemma 2.7 (Theorem 3.1.3 of [1]). Let p = 1(mod3) and x’ be a multi-
plicative character of order 3 over IF,,. Then

o Cco + 3\/§d01

! !
J(X's X)) 5 7



where ¢y and dy are uniquely determined by
4p = 3+ 27d3, co = 1(mod3), 9dy = Co<2ng_l + 1)(modp)

with g being the generator of the multiplicative group F} of non-zero residues
(modp) such that x'(g) = _HT\/&

In the rest of this paper, we let x be a multiplicative character of order 3
of F, and 9 be the canonical additive character which is defined by

w(x) _ 627riTr]Fq/JFp (:c)/p

We denote X the conjugate character of x. For convenience, we let G(y) :=
G(x,%). By Lemma 2.2, we have G(x)G(X) = x(—1)¢ = ¢ and |G(x)| =
|G(X)| = \/q. We have the following three results for the Gauss sums of order
3.

Lemma 2.8. Let F, be the finite field of ¢ = p* elements with the prime
p = 1(mod3). If z is non-cubic in Iy, then there is a unique multiplicative
character x of order 3 over IF, such that

¢+ 3v/3di
2

¢+ 3v/3di
, GP)=q ———,

X(z)=w, JOux) = 5

—14++/3i
2

where w = , ¢ and d are uniquely determined by

4q = & + 27d*,c = 1(mod3), (¢, p) = 1,9d = c(2z%1 + 1)(modp).

Proof. Let g’ be a generator of the multiplicative group F;. Note that z is
non-cubic. So we have indyz = +1(mod3). If indyz = 1(mod3), we take
g=¢; Ifindyz = —1(mod3), we take g = (¢’)~'. Hence g also a generator
of the group IF; and ind,z = 1(mod3). Thus we have

g—1 1 —1. —1

3 = (gindgz)% = qullnng e qu (21)

indg ()
3

X(z) =e (mggz) =x(9) =e G) = w.

We take the multiplicative character x(-) = e ( > Obviously, we have




Since p = 1(mod3), then x?~! is trivial. By Lemma 2.4, the cubic mul-

tiplicative character x can be lifted by a cubic multiplicative character x’ of
1

. Tt is easy to see that Ng,/r,(g) = gr 1 is a generator of ¥ and
x(9) = X' (Ng,r,(9)) = w.
By Lemma 2.7, we have

31/ 3dpi
T ) = 2 2\/_—01,
where ¢y and dy are uniquely determined by
4p = 2 +27d%, ¢y = 1(mod3), 9dy = 00(2(]\7]Fq/lpp(g))pT_1 + 1)(modp).
By the Davenport-Hasse Theorem (Lemma 2.3) and Lemma 2.5, we have
TG x) = (D)1, X))
k
B (_1)k—1 <C[) + 3\/§d01> L c+ 3\/§d1

- 8 8 (2.2)

So we have 4q = 4p* = % + 27d? and
k
doi 3d "
c=2-(=1)""'Re (M) =2.(=1)*"'Re (COJFTO + SdOw)

do\ F
= (—1)* <CO +23 0) = ¢k = 1(mod3).

Let K = Q(w). Note that p = 1(mod3). By the prime ideal decomposi-
tion of cubic cyclotomic field K = Q(w), we have

i — 3v/3di
O — (M) O (%) Ok = PPy (23)

Thus in K = Q(w), we have the unique decomposition

[ c+3V3di c—3V3di\ [ co+3v3doi (o —3v3dot "
= 2 ' 2 -2 ) 2 )

9




Then c is uniquely determined by 4q = ¢* + 27d?, ¢ = 1(mod3), (¢, p) = 1.
Now we begin to determine the sign of d. Note that Ok /FP; is isomor-
phic to F, for j = 1,2 and Ng_/r,(g9) + P; is a generator of (Ox/F;)*.

p—1

(NFq/Fp (g))p3 + P; is a cubic root of unity in Og/P;. Then there is one
of the prime ideals P, and P, (rewrite it as P), satisfying

Thus we have
¢"7 = w(modP). (2.4)
Define the multiplicative character xp on (Og/P)* by

xp(Nr,r,(9) + P) = w.

Thus we view X’ as the character yp on the finite field O /P by identifying
the generator

X' (Ne,/,(9)) = xp(Nr,r,(9) + P) = w.
Then we have J(x',x') = J(xp,xp). By Theorem 2.1.14 of [1], we have
J(xp,xp) = 0(modP). Thus we have
J(X',X') = 0(mod P).

So by (12.2)), we have

c+3V3di ¢+ 3d(2w+1
JOx, x) = 5 = ( ) = 0(mod P)

Then 3d(2w + 1) = —c¢(mod P). Multiplying —(2w + 1), by ({2.4)), we have

[\]

9d = —3d(2w +1)* = c(2w + 1) = ¢(29"F + 1)(mod P).
Hence by and , we have
9d = c(ng%1 +1)= C(QZQ;SI + 1)(modp).
Since y is a multiplicative character of order 3, by Lemma 2.5, we have

G*(x) = J(x. \)G(X*)G(x) = J(x, x) GX)G(x) = ¢J (X, X)-

This completes the proof of Lemma 2.8. ]
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Lemma 2.9. Let x be a multiplicative character of order 3 of F,. Then for
any a € Fj, we have

S(a) =X(a)G(x) + x(a)G(X). (2.5)
Proof. Note that x be the multiplicative character of order 3. Then we have

—on | 3, if kis cubic;
1+ x(k) +X(k) = { 0, if k is non-cubic.

Thus for any a € Fy, we have
S(a) =Y d(ak®) =14 Y (1 + x(k) + X(k))¢(ak)
k‘EF; k‘E]Fj;

=14 ¢(ak) + Y x(k)b(ak) + Y X(k)(ak)

kEF; keF; keF;

=X(a) Y x(ak)p(ak) + x(a) Y x(ak)v(ak)

keF;: keF;:
= X(@)G(x) + x(a)G(X)-
O
Lemma 2.10. Let F, be the finite field of ¢ = p* elements with the prime
p = 1(mod3). If z is non-cubic in F}, then
S(1YS() + S(PS() + 5(225(1) = 2q(9d <),

where ¢ and d are uniquely determined by .

Proof. Since p = 1(mod3), the non-zero cubic elements form a multiplica-
tive subgroup H of order %(q —1) and index 3 which partitions F; into three
cosets H,zH and 22H. Then for any a € 2/ H, we have S(a) = S(27) and
S(az) = S(z7*1). Thus we have

Z S(a)*S(az) = Z S(a)*S(az) + Z S(a)*S(az) + Z S(a)*S(az)

- %(q — 1) (S(1)*S(z) + S(2)*S(%) + S(2*)*S(1)) . (2.6)

11



On the other hand, by Lemma 2.8, there is a unique multiplicative character
x of order 3 over F, such that

—1++/3i
2 b)

¢+ 3v/3di

G (x)=4¢ S

X(z) =

where ¢ and d are uniquely determined by (1.3]). By Lemmas 2.1 and 2.9, we
have

=) _(X(@)G(x) + x(a)G(X))*(X(az)G(x) + x(az)G(X))

=(¢—1) (X(2)G*(x) + x(2)G° (X))

=alg—1) _1_2\/51 . C+32\/§di n —1+2\/§i . c—32\/§di>
= %q(q— 1)(9d — ¢). 2

Then Lemma 2.10 immediately follows from . and .

3. Proofs of Theorems 1.4 and 1.5

In this section, we prove Theorem 1.4 and 1.5. First, we begin with the
proof of Theorem 1.5.

Proof of Theorem 1.5. By Remark 1.6, we only need to consider the case
¢ = 1(mod3) with p = 1(mod3). By Lemma 2.1, we have

Z > ¥ (a(@d+ -+ 2% + 223,)))

CLE]Fq (:171 x2, xn+1)€FS+l

=q¢"+ - Z ))"S(az).

aEF*

12



Then

> Bu(z)a" =) q"a"+ é > S(az) > (S(a))"a"
1 1 ‘1 S(az)
B 1—qx+5z 1—S(a)z

aEIF;

Since p = 1(mod3), the non-zero cubic elements form a multiplicative sub-
group H of order %(q — 1) and index 3. Then by the proof of Lemma 2.10,
we have

ZBn(z)x”
1 1 S(az) S(az) S(az)
C1l-gqx +a (anHl — S(a)x +G;I1—S(a)x +a;H1—S(a)x>

_ 1 q—1 < S(z) S(2?) S(1) >
1 —qx 3¢ \1-S(1)z 1-S(z)z 1-S8(:z*x
_ 1 +q—1_a—(a2—ﬁ)$+7x2
1—qx 3g 1—ax+ Bx2—0x3’
Where o = S(1) + S(z) + S(2?), 8 = S(1)S(2) + S(2)S(2?) + S(2?)S(1),

v = S5(1)25(2)+5(2)25(2%)+S(2?)?S(1) and 6§ = S(1)S(2)S(z?). By Lemmas
2.6 and 2.10, we have

3
a=0,0=-3¢q,7= §q(9d—c),5:qc.

Thus we have

= 1 —1 —3qx+ 2q(9d — c)x?
S Bu(e)an = 4 AL et 50— )
e 1—qx 3q 1 —3qz* — qcx

1 (q—l)x+%(q—1)(c—9d)x2.

- 1—qx 1 —3gx? — gea3

This completes the proof of the Theorem 1.5.
Proof of Theorem 1.4. By the proof of Theorem 1.3 in [5], it is easy to
see that

Bn(z) = A,(0) + (¢ — 1) An(2).

13



Thus we have )

H(Bn(z) — An(0)).

If z is non-cubic, then by Theorems 1.1 and 1.5, we have

> a2 = ! 3 (Z Bu(2)a" =3 An(O)x")

1 < 1 (g—1)x+ (g — 1)(c — 9d)z*
(g—1) \1—qx 1 — 3qx? — gea®
1 ( z (q — 1)(2—|—cx)9§2)

(g—1) \1—qzr 1-—3qz?— gcz3
T T+ (4 +c—9d)z* + ca®
:l—qx_ 1 — 3qx? — gca’ '

An(2) =

- Bo(z))

If z is cubic, we have B,(z) = A,11(0). By Theorem 1.1, we have
[e.e] 1 [e.e] [e.e]
D An(z)a" = D A (0)z" =Y A (0)z"
n=1 (q - 1) n=1 n=1
L (I a0 - a0 - Y 00
= — 2(0)2" — - 2(0)x

s (o)

o 2z + (¢ — 2)z* — ca®
1 —gqx 1 —3qz? — qex®

This completes the proof of the Theorem 1.4.

4. Proofs of Theorems 1.9 and 1.10 and an example

In this section, we prove Theorem 1.9 and 1.10. First, we begin with the

proof of Theorem 1.9.
Proof of Theorem 1.9.

14



By Lemma 2.1, we have

M (ay, as, as) Z Z W (maat + asay + azr3))

mGIFq (x1,22,23)EF3

=q¢+= Z S(aym)S(azm)S(asm).

mE]F*

Then by Lemma 2.9, for any multiplicative character x of order 3, we
have

3

Mi(ay, az, a3) = ¢* + — Z [ (x(ma,)G(x0) + x(ma;)G(x))

mGIF Jj=1

= q + = Z (araza3)G (X) + X(M%%)GBW)}

mGIF

+G()(x(ar " a5 az) + x(ay " azaz ") + x(ara5 " az ")) > x(m)

mely

+G(X)(x(a7 ' azas) + x(ara; 'as) + x(arazaz ")) Y x(m)
=q¢*+ % [(X(a1a2a3)G?(x) + x(ar1a2a3)G*(X)] -

If ayasag is cubic, thus we have y(ajasas) = Y(ajagaz) = 1. then by Lemma
2.8, we have

My (a1, az,a3) = ¢ "’ 7 (G3( )+ G (X))

c+3vV3di ¢ — 3V/3di
2 + 2

=¢+ (-1

=q¢ +c(qg—1).

If ajasas is non-cubic, then by Lemma 2.8, we can take multiplicative char-
acter x of order 3 satisfying

—1+4 /31
2 M

¢+ 3v/3di

G*(x) =q 5

X(@102a3) =

15



where ¢ and d are uniquely determined by (1.4). Thus we have

—1—3i ¢+3V3di —1++31 c¢—3V3di
2 ' 9 T ' 2

My(ar,az,a3) = ¢ + (¢—1) (

=q¢" + %(q —1)(9d — ¢).

This completes the proof of the Theorem 1.9.
Proof of Theorem 1.10. We have

Mk(alya2aa3) = Z 1

(x1,29,23)EFS
ay aczi’+a2 x§+a3m§:0

= ) 1+ > 1

(w1,22)€EFZ, w3 EFY (z1,22)€F2
alz?+agz%+a3zg:0 alz?+a2z%:0
= g 1+ E 1+1
(x1,22)€EFZ w3 €FY z1€F§,x0€Fg
a1(7111371)34»(12(7121371)3:&3 ”‘1121;7"“21%:0
=(¢—1) E 1+ (g—1) E 1+1
(w1,w)€F2 z€fq
3 3_ z3=—aja; !
ajxytagry=ag 19
= (¢ — 1)Ni(ay,az,a3) +1+ (¢ —1) E 1.
z€Fqg
13:7a1a271

3

If aja; ! is cubic, the number of solutions of the equation 2° = —ajay* is

exactly 3. Thus we have

My(ay, a9, a3) = (¢g—1)Ni(aq, az, az)+1+43(¢—1) = (¢—1)Nx(a1, az, a3)+3q—2.

3

If aja;"' is non-cubic, the equation 2® = —aja;' has no solution. Thus

we have
My(ay, as,a3) = (p — 1)Ny(a1, az, as) + 1.

Hence Theorem 1.10 immediately follows from Theorem 1.9.

Example 4.1. We take F72 := Fr[u]/(u* + 1). One can check that u + 1
is non-cubic in F7[u]/(u? + 1) and (u+ 1)"5 = 4. If the integers ¢ and
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d satisfying that 4 - 7> = ¢* + 27d% ¢ = 1(mod3), (¢,p) = 1,9d = ¢(2(u +
1)*s + 1)(modp), then ¢ = 13,d = —1. Thus we have

1
No(1,1,u+1)=7*-2+ 5(—9 —13) =36
and ]
My(1,1,u+1) = 49% + 5(—9 —13) = 1873.
We list the solutions of equation 27+ 23 = u+1 over Fr[u]/(u®+1) as belove:

(1,3u); (1, 5u); (1, 6u); (2, 3u); (2, 5u); (2, 6u); (4, 3u); (4, bu); (4, 6u);
(u+4,3u+6);(u+4,5u+3); (u+4,6u+5); (2u+ 1,3u+ 6); (2u + 1, 5u + 3);
(2u+ 1,6u +5); (4u + 2,3u + 6); (4u + 2, 5u + 3); (du + 2, 6u + 5),

and one can get the remaining 18 solutions by exchanging coordinates.

Acknowledgments

The authors are partially supported by the National Natural Science
Foundation of China (Grant No. 11871193, 12071132) and the Natural Sci-
ence Foundation of Henan Province (No. 202300410031).

References

References

[1] B. C. Berndt, R. J. Evans and K. S. Williams, Gauss and Jacobi Sums,
Canad. Math. Soc. Ser. Monogr. Adv. Texts, John Wiley & Sons, New
York, 1998.

2] S. Chowla, J. Cowles and M. Cowles, On the number of zeros of diagonal
cubic forms, J. Number Theory 9 (1977), no. 4, 502-506.

[3] S. Chowla, J. Cowles and M. Cowles, The number of zeroes of x+y3+cz3
in certain finite fields, J. Reine Angew. Math. 299(300) (1978), 406-410.

[4] C. F. Gauss, Disquisitiones Arithmeticae, Yale University, New Haven,
1966.

17



[5] S. F. Hong and C. X. Zhu, On the number of zeros of diagonal cubic
forms over finite fields, Forum Mathematicum 33 (2021), 697-708.

6] J. R. Joly, Equations et variétés algébriques sur un corps fini, Enseign.

Math. (2) 19 (1973), 1-117.

[7] R. Lidl and H. Niederreiter, Finite Fields, 2nd ed., Encyclopedia Math.
Appl. 20, Cambridge University, Cambridge, 1997.

[8] B. Morlaye, Equations diagonales non homogenes sur un corps fini, C. R.
Acad. Sci. Paris Ser. A 272 (1971), 1545-1548.

9] G. Myerson, On the numbers of zeros of diagonal cubic forms, J. Number
Theory 11 (1979), no. 1, 95-99.

[10] G. Myerson, Period polynomials and Gauss sums for finite fields, Acta
Arith. 39 (1981), no. 3, 251-264.

[11] D. Q. Wan, Zeros of diagonal equations over finite fields, Proc. Amer.
Math. Soc. 103 (1988), no. 4, 1049-1052.

[12] A. Weil, Numbers of solutions of equations in finite fields, Bull. Amer.
Math. Soc. 55 (1949), 497-508.

[13] J. Wolfmann, The number of solutions of certain diagonal equations over
finite fields, J. Number Theory 42 (1992), no. 3, 247-257.

[14] J. Wolfmann, New results on diagonal equations over finite fields
from cyclic codes, in: Finite fields: Theory, Applications, and Algo-
rithms, Contemp. Math. 168, American Mathematical Society, Provi-
dence (1994), 387-395.

18



	1 Introduction
	2 Auxiliary Lemmas
	3 Proofs of Theorems 1.4 and 1.5
	4 Proofs of Theorems 1.9 and 1.10 and an example

