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MULTI-ORBIT CYCLIC SUBSPACE CODES AND LINEAR SETS

FERDINANDO ZULLO

To the beloved memory of my grandmother Elena.

ABSTRACT. Cyclic subspace codes gained a lot of attention especially because they may be used
in random network coding for correction of errors and erasures. Roth, Raviv and Tamo in 2018
established a connection between cyclic subspace codes (with certain parameters) and Sidon spaces.
These latter objects were introduced by Bachoc, Serra and Zémor in 2017 in relation with the lin-
ear analogue of Vosper’s Theorem. This connection allowed Roth, Raviv and Tamo to construct
large classes of cyclic subspace codes with one or more orbits. In this paper we will investigate
cyclic subspace codes associated to a set of Sidon spaces, that is cyclic subspace codes with more
than one orbit. Moreover, we will also use the geometry of linear sets to provide some bounds on
the parameters of a cyclic subspace code. Conversely, cyclic subspace codes are used to construct
families of linear sets which extend a class of linear sets recently introduced by Napolitano, San-
tonastaso, Polverino and the author. This yields large classes of linear sets with a special pattern
of intersection with the hyperplanes, defining rank metric and Hamming metric codes with only
three distinct weights.

1. INTRODUCTION

Let k be a non-negative integer with k& < n, the set of all k-dimensional F,-subspaces of Fyn,
viewed as an F-vector space, forms a Grassmannian space over Fy, which is denoted by G,(n, k).
A constant dimension subspace code is a subset C' of G,(n, k) endowed with the metric defined
as follows

d(U,V) = dimp,(U) + dimg, (V) — 2dimp, (U NV),
where U,V € G4(n,k). This metric is also known as subspace metric. Subspace codes have
been recently used for the error correction in random network coding, see [25]. The first class of
subspace codes studied was the one introduced in [16], which is known as cyclic subspace codes.
A subspace code C' C Gy(n, k) is said to be cyclic if for every a € Fy» and every V' € C then
aV eC.

Let V € Gy(n, k), the orbit of V is the set Cy = {aV : a € Fiu}, and its size is (¢" —1)/(¢" — 1),
for some ¢ which divides n. More precisely,

Theorem 1.1. [33, Theorem 1] Let U be a k-dimensional Fy-subspace of Fyn. Then Fa is the
q"—1
qd-1-

largest field such that U is also an Fa-subspace if and only if the orbit size of U is

In particular, every orbit of a subspace V' € G,(n,k) defines a cyclic subspace code of size
(" —1)/(¢" — 1), for some t | n. Assume k > 1. Clearly, a cyclic subspace code generated by an
orbit of a subspace V' with size (¢" —1)/(¢ — 1) has minimum distance at most 2k — 2 and in [41]
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Trautmann, Manganiello, Braun and Rosenthal conjectured the existence of a cyclic code of size
qu_ll in G,4(n, k) and minimum distance 2k — 2 for every positive integers n, k such that £ < n/2.
Ben-Sasson, Etzion, Gabizon and Raviv in [7] used subspace polynomials to generate cyclic

subspace codes with size q;__ll and minimum distance 2k — 2, proving that the conjecture is true

for any given k and infinitely many values of n. Such result was then improved in [33] (see also
[7,133,[38]). Finally, the conjecture was solved in [37] for most of the cases, by making use of Sidon
spaces. They were originally introduced in [3], as an important tool to prove the linear analogue of
Vosper’s Theorem, which analyzes the equality in the linear analouge of Kneser’s theorem proved
in [421].

An FFg-subspace U of Fyn is called a Sidon space if the product of any two elements of U has
a unique factorization over U, up to multiplying by some elements in F,. More precisely, U is a
Sidon space if for all nonzero a,b,c,d € U, if ab = cd, then

{an, qu} = {CFq, qu},

where if e € Fyn then e, = {eX: A € F,}. Sidon spaces may be seen as the g-analogue of Sidon
set, that is a subset A in a commutative group with the property that the sums of two elements
of A are all distinct except when they coincide because of commutativity. The name comes back
to Simon Szidon and was given by Erdés in [15]. Sidon sets have been then intensively studied in
several contexts, see e.g. [2[I0[11]. For a survey the reader is referred to [9].

The connection between Sidon spaces and cyclic subspace codes is the following.

Theorem 1.2. [37, Lemma 34] Let U be an Fy-subspace of Fyn of dimension k. Then Cy is a

cyclic subspace code of size qqu—_ll and minimum distance 2k — 2 if and only if U is a Sidon space.

In this paper we deal with cyclic subspace codes containing more than one orbit, which we will
refer to as multi-orbit cyclic subspace codes. More precisely, our aim is to study the following

codes. Let Uy, ..., U, be Fs-subspaces of dimension £ in Fy» and let
(1) C= |J Cu CGynk)
ie{l,...,r}
with minimum distance 2k — 2 and of size r%. These codes have the same minimum distance

of the codes associated with Sidon spaces but they are larger, and hence more interesting from a
coding theory point of view. See [17,32,134] for recent constructions.

The code C' is uniquely defined by the subspaces Uy, ..., U, and therefore we give the following
two definitions. The set {Uy,...,U,} of a cyclic subspace code as in (1) will said to be a set of
representatives of C', whereas if also its minimum distance is 2k — 2 we will call it a multi-Sidon
space, in connection with the correspondence between cyclic subspace codes with these parameters
with one orbit and Sidon spaces. Equivalently, the set {Uq,...,U,} is a multi-Sidon space if

dim]Fq(Ul- N OéUj) <1

for every o € Fyn and i,j € {1,...,r} with i # j and for every a € Fyn \ Fy if i = j.

Some of the results we will show do not require that all the subspaces have the same dimension
k. In this case, the associated code will be still cyclic but not a constant dimension code.

In this paper, we first investigate multi-orbit cyclic subspace codes by analyzing their properties
and providing characterizations, involving the Cartesian product of a set of representatives. Then
we derive a canonical form for multi-orbit cyclic codes in G4(n,n/2) (and hence of multi-Sidon
spaces), when n is even, through some linearized polynomials jointly with direct conditions that
can be checked to establish whether or not a set of subspaces is a multi-Sidon space. Then we
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used these conditions to find a family of multi-orbit cyclic subspace codes defined by linearized
monomials, extending the family presented by Roth, Raviv and Tamo in [37], and we can also
solve the equivalence issue among the codes belonging to this larger family. We gave a geometric
interpretation of the Sidon property in terms of linear sets. This connection yields some new
bounds on the parameters involved in a multi-Sidon space and hence on the associated subspace
code. With the aid of multi-orbit cyclic subspace codes, we study a special class of linear sets in
PG(r — 1,¢"™) which may be defined by r points in independent position, which naturally extends
those investigated in [29] with Napolitano, Santonastaso and Polverino. In particular, we provide
bounds on the rank of such linear sets and we then concentrate our attention on those that have
maximum rank. Constructions of such linear sets can be obtained by using multi-orbit cyclic
subspace codes and we then analyze the equivalence issue among those. Moreover, when such
linear sets have rank n they can be described by projection maps, as shown in the appendix. Some
of these properties are natural generalization of the results in [29], but unlike what happens in
the projective line, the duals of the above linear sets of maximum rank have a special pattern of
intersection with the hyperplanes. This means that such linear sets can be used to define linear
rank metric codes and linear Hamming metric codes with only three weights (yielding also to almost
MRD codes) and for which one can completely determine their weight distribution. We conclude
the paper by showing possible problems that could be of interest for the reader.

2. PRELIMINARIES

2.1. Linearized polynomials. Let s be a positive integer such that ged(s,n) = 1. A ¢*-linearized
polynomial (for short ¢°-polynomial) over Fyn is a polynomial of the form

l
f(x) = Zaixqis,
=0

where a; € Fy» and £ is a positive integer. Furthermore, if a, # 0 we say that ¢ is the ¢*-degree of
f(z). We will denote by L,, s the set of all g°-polynomials over Fy» with ¢°-degree less than n (or
L, if s =1). Together with the classical sum of polynomials, the composition modulo 29" — z and
the scalar multiplication by an element in F,, £, s forms an F,-algebra isomorphic to the algebra
of F,-linear endomorphisms of Fyn. For this reason, we shall identify the elements of £, , with
the endomorphisms of F,» they represent and hence we will also speak of kernel and rank of a
¢°-polynomial. Clearly, the kernel of f(x) € L, s coincides with the set of the roots of f(x) over
Fqn.

We now recall an important result on linearized polynomials which will play a crucial role in the
construction of examples of cyclic subspace codes. This puts together [23] Lemma 3.2] and [20),
Theorem 10] (see also [19, Theorem 5]).

Theorem 2.1. Consider
f@)=apr +aa? + -+ a2 +apa? € Lon,s,
with k <n —1 and let ap, a1, ...,a; be elements of Fgn not all of them zero. Then
dimp, (ker(f(z))) < k.
Moreover, if dimg, (ker(f(x))) = k then Nyn 4(ao) = (—1)nqun/q(ak).
An important example of a linearized polynomial is given by the trace function, which can be
defined as

n—1

Trynjg(z) =2+ 27+ ... + 29
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For more details on linearized polynomials we refer to [27, Chapter 3, Section 4].

2.2. Linear sets. A point set L of A = PG(V,Fyn) = PG(r —1,¢") is said to be an F -linear set
of A of rank k if it is defined by the non-zero vectors of a k-dimensional F,-vector subspace U of

V,ie.
L=Ly:={{(up,:uelU)\{0}}.

q
We denote the rank of an Fy-linear set Ly by Rank(Ly). For any subspace S = PG(Z,Fgn) of A,
the weight of S in Ly is defined as wr,, (S) = dimg, (U N Z). If N; denotes the number of points
of A having weight i € {0,...,k} in Ly, the following relations hold:

k
q° —1
2 Ly| <
(2) |Ly| < P
(3) |Ly| = N1 +...+ Ny,
(4) Ni+No(g+ 1)+ o+ Ne(" g+ D) ="+ g+ L

We also recall that two linear sets Ly and Ly of PG(r — 1,¢") are said to be PT'L-equivalent
(or simply equivalent) if there is an element ¢ in PT'L(r, ¢") such that L}, = Ly. In general, it is
very hard to determine whether or not two linear sets are projective equivalent, see e.g. [8/[1213].

Another notion that we will need is that of the dual of a linear set. Let Ly be an Fy-linear
set of rank k in PG(V,Fyn) = PG(r — 1,¢"). Let 0: V x V — Fyn be a nondegenerate reflexive
sesquilinear form on the Fgn-vector space V' and consider o/ = Trn /q © 0, which is a nondegenerate
reflexive sesquilinear form on V' seen as an F,-vector space of dimension rn. Then we may consider
1 and 1’ as the orthogonal complement maps defined by o and o', respectively, and 7 and 7’ as
the polarities of PG(V,F4n) and PG(V,F,) defined by L and L', respectively. Then L, = L./ is
an Fy-linear set in PG(V,Fyn) of rank rn — k that is called the dual linear set of Ly with respect
to the polarity 7. As proved in [35, Proposition 2.5], this linear set does not depend on the polarity
7. Indeed, let 01: V x V — Fyn be a nondegenerate reflexive sesquilinear form on the F,n-vector
space V and let 7y the related polarity, then L], and Lj} are PI'L(2, ¢")-equivalent; see also [28].

Moreover, the following result relates the weights of the subspaces with respect to the linear set
and its dual.

Proposition 2.2. [35, Property 2.6] Let Ly be an Fy-linear set of rank k in PG(V,Fgn) = PG(r—
1,¢"). If S =PG(Z,Fy4n) is an s-dimensional projective subspace then

wrr (S7) —wr, (S) =rn—k — (s + 1)n.

For further details on linear sets see [26135].

3. STRUCTURE AND PROPERTIES OF MULTI-ORBIT CYCLIC SUBSPACE CODES

In this section we will analyze properties of multi-orbit cyclic subspace codes, paying special
attention to their algebraic description. Interesting results have been proved in this direction for
the case of Sidon spaces.

Let U and V be two F,-subspaces of Fyn. Denote by (U?) the Fy-span of {st: s,t € U},
Ul={ut:ucU\{0}}and U -V ={uwv: u e Uv € V}.

Bachoc, Serra and Zémor proved a lower bound on the dimension of a Sidon space in [3, Theorem
18] and hence the following holds.



MULTI-ORBIT CYCLIC SUBSPACE CODES AND LINEAR SETS 5

Theorem 3.1. If U is a Sidon space in Fyn of dimension k > 3, then

ok < dimg, ((U?)) < (k; 1).

Clearly, this result implies that if a cyclic subspace code Cy has minimum distance 2k — 2, where
k = dimg,(U), then 2k < n.

We can hence apply the above result to all the subspaces of a multi-Sidon space, obtaining the
following bounds.

Corollary 3.2. Let {Uy,...,U,} is a multi-Sidon space of Fgn. Let ki = dimp (U;) > 3 for any
ie{l,...,r}. Then

23" ks < dima, (U2) x ... x (U2) < 3 (k;1>

i=1 i=1
In particular, k; <n/2 for each i € {1,...,r}.

A multi-Sidon space {Ui,...,U,} of Fyn, with k; = dimp, (U;) for any i € {1,...,r}, is said
to be maximum if n is even and k; = n/2 for every ¢ € {1,...,r}. The interest for maximum
multi-Sidon spaces arise from the fact that the associated codes are those with the largest minimum
distance, that is n — 2.

In [37], it has been described the property of being a Sidon space with an algebraic flavour,
using the uniqueness of the factorization of the product of two elements which are in two distinct
subspaces.

Lemma 3.3. [37, Lemma 36] Let U,V be two distinct Fy-subspaces of dimension k of Fgn. Then
the following conditions are equivalent
(1) dimp, (UNaV) <1, for any a € Fgn;
(2) For any nonzero a,c € U and nonzero b,d € V, the equality ab = cd implies that alF, = cF,
and bF, = dF,.

Lemma [3.3] can be also applied to a set of subspaces U, extending the uniqueness of the factor-
ization of the product of two elements which are in two distinct subspaces in U.

Corollary 3.4. Let {Uy,...,U,} be a set of Fy-subspaces of Fgn. Then the following conditions
are equivalent
(1) dimg, (U; N aU;) < 1, for any o € Fyn and i,5 € {1,...,r} with i # j;
(2) For any nonzero a,c € U; and nonzero b,d € Uj, the equality ab = cd implies that aFq = cFy
and bFy = dFy, for any i,j € {1,...,r} with i # j.

The property of being a multi-Sidon space is inherited by the Cartesian product of such subspaces
as follows. To this aim, let e; € Fyn be the vector whose i-th component is 1 and all the others are
ZEro.

Theorem 3.5. Let {Ui,...,U,} be a set of Fy-subspaces of Fgn. Then the following are equivalent:
i) the Fy-subspace U = Uy X ... x U, of Fyn is such that dimg, (UN(V)F,.) < 1 for any v € Fyn
such that (V)F. ¢ {(€i)rn: i €{1,...,7}};
i) U;- U7 nU; - Uj_1 =T, for every i # j;
iii) dimp,(U; N aU;) <1, for every a € Fgn and i,j € {1,...,7} such that i # j.
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Proof. Consider a nonzero A € U; - U;l nU; - U;l for some 7,5 € {1,...,r} with i # j and assume
that i) holds. Then there exist z,z’ € U; and y,y’ € U; such that

z Y

Zz Y
If X\ were not in F,, then we would have a contradiction. Indeed, consider the vector u whose i-th
entry is x, j-th entry is y and all the other entries are zero and the vector u’ whose i-th entry
is 2/, j-th entry is ¢/ and all the other entries are zero, whereas x,y,z’,y’ are nonzero. By (H)
we obtain u = Au’/, a contradiction to a). Now, suppose that ii) holds. Let v € U such that
Vrn ¢ {(e))rn:i € {1,...,7}} and dimg, (U N (v)F,.) > 2. Then there exist i,j € {1,...,7}
such that v; # 0 and v; # 0 and p € Fyn \ Fy such that pv = u with u € U. In particular u;, u; are
non zero and

up  Uj
p=—=—LeU; U7 "' nU;-U; ",
(% vy

and hence we get a contradiction since p ¢ F,. Therefore, we have proved that i) and ii) are
equivalent. We now conclude the proof by proving the equivalence between ii) and iii). Suppose
that U; - U; ' N U; - Uj_1 =, for every i,j € {1,...,r} with i # j. By contradiction, assume the
existence of a € Fy. such that dimg, (U; N aU;) > 2 for some i,5 € {1,...,7} with i # j. Let a;
and ag be two [Fy-linearly independent elements in U; N alU;. Moreover, since aq,a2 € alUj, there
exist b, by € U; \ {0} such that a; = aby and as = abs, so that

aray’ =bby' €U; - U NU; - U
and hence, by assumption, ajas Le F4, which is a contradiction. Now, assume that dimg, (U; N
alU;) < 1, for every a € Fyn and i,j € {1,...,7} such that i # j. Let A\ € U;-U; ' NU; - Uj_1 \ {0}.
Then there exist a,c € U; \ {0} and b,d € U;\ {0} such that A = ac™! = db~'. Then a,c € U;N BU;
where 8 = a/d = ¢/b. Since dimg, (U; N BU;) < 1, it follows that A = ac™! € F,. O

The above theorem give equivalent conditions to the property of being a multi-Sidon space when
we consider a set of Sidon spaces. This result will also be very important in studying the equivalence
among linear sets defined by r independent points as we will see later.

We can now describe a canonical form of cyclic subspace codes with minimum distance n — 2.

Theorem 3.6. Let n =2k > 4, suppose that U = {Uy,...,U,} is a set of Fy-subspaces in Fyn with
dimension k and let C = J,_, Cy,. Then there exists a set of representatives for C

{Wflvnl’ ttty Wf?"vnf‘}’
where f1(z),..., fr(r) € L, n1,...,nr € Fgn \Fr and
Wion =1z +nifi(x): v € Fi},
for every i € {1,...,r}. Let n; = Aijn; + Bij and 17 = a;n; + by with Ay j, Bij,ai,b; € Foe
for any i,5 € {1,...,r}. Moreover, the minimum distance of C is n — 2 if and only if for every
i,j €{1,...,7} and g, a1 € Fpe with (g, 1) # (0,0) the following linearized polynomial in Ly
Fij(@) = filaoz)+ filon Ajabi fi(2))+ filao By fj () —onz—aoAji fi(x) —on Ajia; fi(x) —an By i f5(x)
if i # j, and
Fii(2) = filaoz) + f(a1bifi(x)) — a1z — ao fi(z) — anaifi(x)
if i = j, is either the zero polynomial or it has at most q roots over F .
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Proof. Let my,...,n € Fgn \]Fqk. Clearly, {1,7;} is an F x-basis of Fyn for every i. For each
i €{1,...,r}, there exists \; € Fy» such that
Ui N quk = {0}

By contradiction assume that AU; N n;F e # {0} for each A € Fy.. Consider the Desarguesian
spread D = {(v)Fqn: v € Fpn x Fpn \ {0}} = {((1’£)>]Fqn & e Fgn} U{((O, 1)>Fqn} of Fgn X Fyn.
The Fy-subspace U; x n;F» = {(a,b): a € U;,b € n;F 1 } meets all the elements of D in at least one
non-zero vector. Indeed, by the hypothesis

{b/a:a € U\ {0},b € niFyp} = Fyn,
so that for every { € Fyn there exist a € U; \ {0} and b € n;F x such that § = b/a and so

(L, )rn N (Ui x miFgr) 2 ((a, b)), -
Clearly, ((0, 1)>Fqn N (Ui x ;¥ ) = U; and hence U; x n;F » meets all the elements of D in at least

one non-zero vector. Since dimp, (U; x 7;F ) = n this is a contradiction, see e.g. [35] (3) Proposition
2.2]. Therefore, there exists \; € Fy. such that

Ui N Uink = {0}

This implies that for every 7 € {1,...,r}, since {1,7;} is an F x-basis of Fn, there exist r linearized
polynomials f;(x) € Ly such that

AiUi = W, ;-
Now, let 4,5 € {1,...,r} with i # j and consider w € Wy, ,, N aWy, .., for some o € Fy.. Then
there exist u,v € F x such that

(6) w=u+n;fi(u) = a(v+n;fiv)).
Since {1,7;} is an F x-basis of Fn, n? = a;n; +b; and n; = A;n; + By, we get that o = ag + a1
for some ap,a; € Fx and (@) may be rewritten as

U = g + ()élAj7ibifj (U) + Oéijﬂ'fj(U),

filu) = arv + oA fj(v) + a1 Ajaaifi(v) + a1 Bjif(v),
from which we get

filagv) + filen A;ibi f5(v) + filawBjifi(v)) = onv + a0d;ifj(v) + a1 djaaifi(v) + a1 Bjif;(v).

The assertion then follows from the fact that the minimum distance of C is n — 2 and noting that
the above polynomial is the zero polynomial if and only if Wy, ;. = aWy, ., a contradiction to

the fact that ¢ # j. If i = j, the result can be obtained by repeating the previous argument (see
also [29, Corollary 4.7]) noting that the the condition (@) gives rise to the following system

{ u = agv + a1b; fi(v),
fi(w) = aq1v + ag fi(v) + a1a; fi(v).

Remark 3.7. Clearly, since
dimg, (W, 0 aWy, ;) = diqu(O‘_lwfi i VW)

for a € Fyn, we could just assume that in Theorem the condition on the polynomials F; j(x)
hold for every i,j with i < j.

In particular, the canonical form for a Sidon space in Fy» of dimension n/2 is the following.
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Corollary 3.8. Let n = 2k > 4 and let U be an Fy-subspace of Fyn with dimension k. Then U is
equivalent to Wy, = {x 4+ nf(z): x € Fu}, where f(z) € Ly and n € Fgn \ Fo. Let n* = an+b
with a,b € F k. Then, U is a Sidon space if and only if for every ap, a1 € Fyr with (ag, 1) # (0,0)
the following linearized polynomial in Ly
F(z) = f(aoz) + flaabf(z)) — oz — ao f(x) — cnaf(z)

is either the zero polynomial or it has at most q roots over F .

Now we show some examples of multi-orbit cyclic subspace codes with minimum distance n — 2,
making use of Theorem

Theorem 3.9. Let s be a positive integer coprime with k > 2 and n = 2k, let § € Fyn \Fqk
and let fi(x) = px? € Ly fori € {1,...,r} such that r < q — 1, Ngrjq(ti) # Nk (1) and

k . .
Nyt g (pipts€% 1) # 1 for every i # j. Then

C= U CWfivé
=1

. . . n_1 .. .
s a cyclic subspace code of size rqu and minimum distance n — 2.

Proof. Let 22 — az — b be the minimal polynomial of ¢ over Fgr. Clearly, b = —£qk+1. Let
i,j € {1,...,r}, then the polynomials Fj ;(x) of Theorem read as follows

s s s s s 2s s s
Fj(x) = piag 27 + piaf b pd 2T — a1z — agpa? — arapat,
since the 7;’s in Theorem are chosen to be equal to £ and hence A;; =1 and B;; = 0, for every
i and j. If F; j(x) is not the zero polynomial, then it can be seen as ¢*-polynomial with ¢*-degree
at most two. If the coefficient of z9°" is zero, then by Theorem ] dimp, (ker(F; ;(x))) < 1. If the
coefficient of 29 is non-zero and F; j(z) admits ¢? roots, Theorem 2.1 implies that
Nyt jq(micdf i b7) = Ngg g (=),
a contradiction to the fact that qu/q(,ui,ujﬁqkﬂ) = 1 for every i and j. So, by Theorem the
assertion follows. O
Remark 3.10. Note that in the above theorem r cannot reach q — 1 when q > 4. Indeed, suppose
that r = q— 1, then
{qu/q(:ui): ie{l,...,r}} = FZ’
and so when q > 4
{Ngkq(pipg) i, 5 € {1,...,r} i # j} = Fy.
Therefore,
{qu/q(ulllJ’])qu/q(é-q +1): (ZWAS {1, s ’T}al 7é J} = ]FZa
and hence there exist i,5 € {1,...,r} with i # j such that qu/q(,ui,uj)qu/q(équ) =1. If ¢ =3,
r = 2 can be reached. Indeed, it is enough to take pi,p2 € For and & € Fyn \Fqk such that
k
qu/q(,ul) = 1,qu/q(,u2) = —1 and qu/q(fq +1) =1.

The first construction of cyclic codes with these parameters was given in [37]. In the above result
we have extended it to the case s > 1. As we will see later, this yields to a much larger class of
new codes. Choosing the 7;’s as in the paper [37], we will extend [37, Lemma 38] as follows.
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Corollary 3.11. For a prime power q > 3 and a positive integer k > 2, let w be a primitive
element of F . and let s be a positive integer such that ged(s, k) = 1. Let b € F i be such that

the polynomial p(x) = x* + bx + w is irreducible over For (such b always exist). For n = 2k, let
Y0 € Fyn be a root of p(x). Fori € {0,1,...,7 — 1}, where 7 = | (¢ — 1)/2], let vi = w'vyy and let

Vi={u+uly:ue For}.
The set

Gns= |J OvCGynk)
i€{0,1,...,7—1}

is a subspace code of size 7+ (¢" —1)/(q¢ — 1) and minimum distance n — 2.

Proof. Let p; = w' for any i and 79 = £. Note that ngﬂ = £qk+1 =w. Let i,j € {0,...,7 — 1}.
Note that w® and w’ are such that Nk /q(wi) # Ny /q(wj ), since w is a primitive element and
li — j] < ¢ — 1. Moreover,

Nt g (i€ 1) = Ny g (w) 951,
which cannot be one, again since w is primitive and i + 7+ 1 < ¢ — 1. So, we can apply Theorem
B9 to get the assertion. O

Adding to the list of V;’s also the subfield F » extends the code G, s preserving the minimum
distance but keeping a large number of codewords.

Proposition 3.12. For a prime power q > 3 and a positive integer k > 2, let w be a primitive
element of Fr and let s be a positive integer such that ged(s, k) = 1. Let b € F i be such that

the polynomial p(x) = x* + bx + w is irreducible over For (such b always exist). For n = 2k, let
Yo € Fyn be a root of p(x). Forie {0,1,...,7 — 1}, where 7 = | (¢ — 1)/2], let v; = w'yy and let
Vi={u+uly:ue For}.
Then
dimg, (Fr NaV;) <1
for every i € {0,...,7 — 1}. In particular, the set

Gus= |J OwuCr, CGyn.k)
1€{0,1,...,7—1}

is a subspace code of size T - (q" —1)/(q — 1) + ¢* + 1 with minimum distance n — 2.

Proof. Clearly, C'is a cyclic code and its size is 7 - (¢" — 1)/(q — 1) + ¢* + 1 because of Theorem
LI and Corollary .11l Let o € Fyn. We now first show that

dimgp, (Fx NaV;) < 1.
Then there exist ag, a; € Fyx such that o = ag+ai170. Let v € Fx, we look for solutions in u € Fx
such that
v =a(u+ul ;).

Using that ’yg = avp + b, for some a,b € F x, and that a = ap + a1, the above relation reads as
follows A

agu + bou? w' = v,

au + apwiu? + wiajau? = 0.
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Since ged(s, k) = 1, aju + agw'ud” + w'ayau? can be seen as a non-zero g*-polynomial in u over
F,e of g°-degree at most one. Therefore, by Theorem 1] it follows that the number of u € F
which are solutions of the above system is at most ¢ and hence

dimp, (Fx NaV;) < 1.
Now, note that for any a ¢ F x we have
dimp, (Fx N alf ) = 0.
By Corollary B.11], we have that
dimg, (V; NaVj) <1,
for each 7,7 € {0,...,7 — 1}. So, the minimum distance of C' is n — 2. O

4. EQUIVALENCES OF MULTI-ORBIT CYCLIC SUBSPACE CODES

In [40] Horlemann-Trautmann initiated the study of the equivalence for subspace codes in a
very general setting. More recently in [I8] Gluesing-Luerssen and Lehmann investigate the case
of cyclic orbit codes, that is G-orbits of a subspace U of Fyn with G a Singer cycle of GL(n, q).
Therefore, motivated by [I8, Theorem 2.4] and according to [I8], Definition 3.5], we say that two
cyclic subspace codes Cyy and Cy are linearly equivalent if there exists ¢ € {0,...,n — 1} such
that

Cu =Cq,
where V¢ = {v9": v € V}. This happens if and only if U = aV?", for some o € Fon.

We can hence extend this definition to the case of cyclic subspace codes with r orbits.

Definition 4.1. Let C = U,cqy, , Cu, and O = Uieqr,...ry Ovis with U,... Uy and Vi,.... V;
Fq-subspaces in Gy(n, k). We say that C' and C' are linearly equivalent if there exists j €
{0,...,n — 1} such that

c= Cu-

€{l,...,r}

Equivalently, C' = J;¢ (1} Cy, and C" = |J;c (1} Cy, are linearly equivalent if there exist
a,...,0p €Frn, 0 €S, and j € {0,...,n — 1} such that
j
Ui = aiV(f(i),
for any i € {1,...,r}.
Clearly, if C' and C" are two linearly equivalent cyclic subspace codes, then |C| = |C’| and their
minimum distances coincide. Such properties are also satisfied if we weaken the definition as follows.

Definition 4.2. Let C = Ui€{17___7r} Cy, and C" = Uie{l’___ﬂ,} Cv,, with Uy,..., Uy and V4,...,V,

[F,-subspaces in Gy(n, k). We say that C' and C' are semilinearly equivalent if there exists
p € Aut(Fyn) such that

C — U CV,P.
ie{lv"'vr}
Equivalently, C' = J;c (1.} Cy, and C" = [J,¢ (1.} Cy, are semilinearly equivalent if there
exist aq,...,0p € Fyn, 0 € S, such that

. — . P
U, = O‘ZVo—(i)’

for any ¢ € {1,...,7}.
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Now, we will study the equivalence issue among the family of codes G, s, showing that such
a family contains a large number of inequivalent codes. To this aim, we start by recalling the
following technical lemma proved in [29].

Lemma 4.3. [29, Lemma 4.13] Let n = 2k be an even positive integer and k > 3. Let &,n €
Foor \Fu. Let s,s" be positive integers such that ged(s, k) = ged(s', k) = 1. Let p,fi € sz and
consider the F,-subspaces of F ok

Wipes ¢ = {u+ &pu?: u e For}

and )
={v+ngm? :ve For}.

e’

There exists \ € F:;n such that

(7) Wuxqs £ = )‘(W— ! )p

if and only if one of the following condition holds
-1
e s=s (mod k), B=0, = du= %, where ¢ € Fyx is such that Nk ,(c) = 1;
e s=—5 (mod k), £ = "pZA I
that Ngx j4(c) =1,
where €2 = af + b, n° = A€ + B with a,b, A, B € Fox and p € Aut(Fgn).

1 _ .
T A Ty and B = —Aa, where ¢ € Fqk is such

Using the above result, similarly to what has been done in [29, Theorem 4.14], we obtain the
following result.

Corollary 4.4. Let s,s' be two positive integers coprime with k > 3 and let n = 2k, let £,n €

Fogn \F e and let fi(x) = pa? € Ly and g;(x) = mz? € Ly, fori € {1,...,r} such that r < q—1,
_ _ k gk

Nk q(hi) # Nk jq(py), N k/q(ﬂi) # Nk jq (77)5 Nog g (g€ 1) # 1 and Nox o (Fiim® ) # 1 for

every i # j. Then C = U C’Wf e and C = U Cw,,, are semilinearly equivalent if and only if

=1 i=1
there exist a permutation o € S, and p € Aut(Fyn) such that, for every i € {1,...,r}, one of the

following occur
-1

e s=s' (mod k), B 5: % and fig(;y = i ,C, where ¢ € Fyx is such that N q(c) = 1;

— ! n°+Aa _ 1
e s=—s (mod k), { = 7572, ,ua(i) = T i and B = —Aa, where ¢ € Fx is such
that Ngx j4(c) =1,
where €2 = a& +b and n° = AE + B with a,b, A, B € Fok.
Proof. Suppose that C and C are semilinearly equivalent, that is there exist a permutation o € S,
Aty A € Frnand p € Aut(IFyn) such that
Wye= )\i(Wgo(i)vn)p
for every i € {1,...,r}. By Lemma 43 then s = +5’ (mod k). Moreover, if s = s’ (mod k) then
=0,{="% 7 and 7 Lo(i) = “p _1 , where ¢ € Fx such that Ny /,(c) = 1; whereas if s = —s" (mod k)
then & = +Aa, Ho(i) = c L and B = —Aa, where ¢ € Fyx such that Ny /,(c) = 1, for

7sp71A ,lb 1

every i € {1,...,r}. The converse follows by Lemma [A.3] O
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In particular, we can give the following bound on the number of inequivalent codes of type G, ;.

Corollary 4.5. The number of semilinearly inequivalent codes of Corollary[311is at least o(k)/2,
where ¢ is the Fuler totient function.

To prove the above corollary, we did not use the complete characterization of the equivalence
given by Corollary .4l This means that the family of the codes of form G, s could be even larger.

5. A GEOMETRIC INTERPRETATION OF CYCLIC SUBSPACE CODES

In this section we present a geometric interpretation of the Sidon property via linear sets that
will give a bound on the number of orbits of a multi-orbit cyclic subspace code.
The Sidon property in terms of linear sets reads as follows.

Theorem 5.1. Let U be a k-dimensional F,-subspace of Fgn. Then U is a Sidon space if and only
if the only points of Lyxy € PG(1,¢") = PG(Fgn X Fgn,Fyn) of weight greater than one are those
in PG(F, x Fy,F,). Furthermore, the weight of such points is k.
In particular, if U is a Sidon space then the size of Lyxu s
¢" -1
qg—1
Proof. Let a € Fyn. Let ((1,a))r,n € Luxy. Then there exists some p € Fy. such that

(" —q)+q+1.

p(l,a) e U x U,

that is p € U N a~'U. Therefore, if U is a Sidon space by Theorem it follows that dimp, (U N
a'U) < 1if a ¢ Fy and dimg, (UNa™'U) =k if a € Fy. So wr,, ., (((1,a))F,.) = 1 if and only if
a ¢ Fyand if wr,,, (((1,0))F,.) > 2 then o € Fy and wy,; ., (((1,@))F,» ) = k. Suppose now that
the only points of Ly« € PG(1, ¢™) of weight greater than one are those in Ly gy NPG(F, xFy, F,).
Then if a ¢ F, we have dimg, (U N~ 'U) < 1 and so by Theorem [[.2] the subspace U turns out to
be a Sidon space. The last part follows by (B]) and (). O

The above result can be extended to the case of multi-Sidon spaces and, when they all have
dimension n /2, to those cyclic subspace codes with minimum distance n — 2.

Theorem 5.2. Let {Uy,...,U;} be a set of Fy-subspaces in Fyn and let k; = dimg, (U;) > 2 for
every i € {1,...,r}. Then {Uy,...,U,} is a multi-Sidon space if and only if
e the only points of Ly,xu, € PG(1,q") = PG(Fgn X Fgn,Fgn) of weight greater than one are
those in PG(Fy x Fy,Fy), for every i € {1,...,r};
o Ly,xu; N Ly,xv; = PG(Fy x Fy, Fy), for everyi,j € {1,...,r} withi# j.

Proof. Let a € Fyn. Let ((1,a))r,. € Lu,xu; N Lu;xu;, with @ # j. In particular, there exists
p € Fyn such that

p(l, ) = (u, 1),
for some u,w € U;. Hence, @ = p~'u = W/u. Similarly, o = o/v, for some v,7 € U;. So that
aeclU- Ui_1 nUj - Uj_l. The assertion now follows by Theorem and by Theorem .11 O

We can hence derive some bounds that involve the number and the dimensions of the subspaces
of a multi-Sidon space, the degree of the field extension and q.
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Theorem 5.3. Let {Uy,...,U,} be a multi-Sidon space and let k; = dimg, (U;) > 2 for every
ie{l,...,r}. Then

T k;
A
C(@ -0 <d"—q
-1 17
If {Uy,...,U,} is a mazimum multi-Sidon space then
(" —q)(g—1)

(=) (g7 -1)

g—1 ifn>4,
rs )
q if n = 4.

In particular,

Proof. By Theorem 5.2} the Ly, «y,’s pairwise intersect each other only in PG(FF, x Fy,F,), so that

T r kl _ 1 |
‘ <U LUiXUi) \PG(Fy x Fy, )| = Z qq 1 (¢" —q).
i=1

i=1
Since (U;_; Lu,xv;) \ PG(F, x F,,F,) € PG(1,q™) \ PG(F, x F,,F,), the assertion follows. O

Combining Theorem [5.3] with the definition of multi-Sidon space we obtain the following bound
on the number of orbits of a cyclic subspace code (whose subspaces have dimension n/2).

Corollary 5.4. Let n =2k > 4 and let Uy, ...,U, be Fy-subspaces of dimension k in Fgn and let
C= |J Cu CGynk)

ie{ly--wr}

be a subspace code. If the minimum distance of C' is n — 2, then

g—1 ifn >4,
r <
“|q ifn=4.

Remark 5.5. Corollary implies that when n = 2k > 4 and Uy,...,U, are Fy-subspaces of
dimension k in Fgn and
c= | Cu cGnk),
€{l,...,r}
with C' of minimum distance n — 2, then |C| < ¢"™ — 1. This bound cannot be derived directly from
the sphere-packaging bound for subspace codes, but we note that they coincide asymptotically.

6. LINEAR SETS WITH ONLY 7 POINTS OF WEIGHT GREATER THAN ONE

In this section we will make use of cyclic subspace codes to construct a special type of linear sets
in PG(r — 1,¢") with exactly r points of weight greater than one. More precisely, our purpose is
to investigate linear sets Ly in PG(r — 1,¢") of rank k < (r — 1)n containing r independent points
P, ..., P, such that

wLU(Pl) 4+ ...+ wLU(Pr) = k.
We will characterize these linear sets, we will provide bounds on their rank and constructions,
using multi-orbit cyclic subspace codes via their representatives. Then we will give a polynomial
representation of those linear sets having rank n. Then we will study the dual of these linear sets,
which have few intersection numbers with hyperplanes, yielding linear rank metric codes with few
weights.
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Linear sets of this form in PG(1, ¢") have been already studied in [29] (see also [24,[30]), where
the authors study linear sets on the projective line containing two points whose sum of their weights
equals the rank of the linear set.

We start our investigation by proving that, up to equivalence, one can write the linear sets as
the one defined by the Cartesian product of r F,-subspaces of Fy», as shown in the next result.

Proposition 6.1. Let Ly be an Fy-linear set in PG(r —1,¢") of rank k containing r independent
points P; = <V1>]Fqn7 o, P= (Vr>]Fqn such that
Wry (P1) + ... +wp, (Pr) =k < (r—1)n.

Then Ly is PGL(r, ¢")-equivalent to Ly where U = Uy x ... x Uy, for some Fq-subspaces Uy, ..., U,
of Fgn such that dimg, (U;) = wr,, (P;) for every i € {1,...,r}. Moreover, if k < n then Uy, ..., U,
can be chosen in such a way that Uy + ...+ U, is a direct sum.

Proof. Consider a collineation ¢ € PGL(r, ¢") such that

o(B;) = () n,
e; € Fin is the vector whose i-th component is 1 and all the others are zero. Denote by f the
associated linear isomorphism of Fy. and let U = f(WW). Since

W=Wn(vi)r,) ®... 0 (WN(vr)Fn)

then
U=Un(e)rm)®...0UNe)r,n)

Therefore, U N (e;)r,» is equal to {(0,...,0,%,0,...,0): u € U;} for any i € {1,...,r} and for a
subspace U; of Fyn. So we obtain the first part of the assertion. Now suppose that £ < n. Our aim is
to prove that there exists (A1,...,Ar) € (Fyn)" such that \;U; N (\;U;: j € {1,...,7}\{i})r, = {0}
for any ¢ € {1,...,r}. We proceed by finite induction proving that there exist \; € Fgn such that
(8) )\Z’Uiﬂ<)\jUj:j € {1,...,i—1}>1§‘q = {0},

for every i € {2,...,r}. This is enough to show the last part of the assertion. The case i = 2 has
been proved in [29, Proposition 3.2]. Now, let ¢ € {1,...,r} and suppose that (&) holds for every
j <. Then, using (&) recursively we get

dimg, ((\;U;: j € {1,...,i})r,) = dimp, (N U;) + dimp, ((N\;U;: 5 € {1,...,i = 1})F,)
—dimp, (NU; N (\U;: 5 € {1,...,i—1})r,) = dimp, (Uy) + ... 4 dimg, (U;).
Let h € {1,...,i}, then
dimp, (MU, N (AU g € {1,... i} \ {h})r,) = dimp, (Up)
+dimp, ((N;U;: j € {1,...,i} \ {h})r,) — dimg, ((\;U;: j € {1,...,i})R,).

The last two equations imply dimg, (AyUp N (N;U;: 5 € {1,...,i} \ {h})r,) = 0.
We now prove (8). Suppose now that

AU N <)\jUj: jed{l,...,i— 1}>Fq = {0}.
Suppose that for each A € Fyn
(9) )\UH_lﬂ()\jUj:j € {1,...,i}>]pq =+ {O}
Denote by U = (\;U;: j € {1,...,i})r,. By @) it follows that the Fg-linear set Ly, «p of rank

less than or equal to n contains at least ¢" + 1 points, a contradiction to (2)). So, there exists
Ait1 € an such that \; 1 U1 NU = {0} O
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In terms of linear sets, Theorem reads as a characterization of linear sets with only r points
of weight greater than one (in independent position).

Theorem 6.2. Let Uy, ..., U, be r Fy-subspaces of Fgn such that Y, dimp, (U;) =k < (r — 1)n.
Let k; = dimp (U;) > 2, for any i € {1,...,r} and U = Uy x ... x U,. Then, the following are
equivalent
i) all the points of Ly different from P; = (€;)F . withi € {1,...,r} have weight one in Ly;
i) U;- U7 nU; - Uj_1 =T, for any i,5 € {1,...,r} with i # j;
iii) dimp, (U; N aU;) <1, for every a € Fpn and i,5 € {1,...,7} with i # j.
Now, we will prove a bound on the rank of these linear sets. This bound relies on the following
result from [29].

Theorem 6.3. [29, Theorem 4.4] Let L be an Fq-linear set of PG(1,¢™) with exactly two points
P and Q of weight greater than one, then

wr(P) < g and wr,(Q) <

|3

The next result extends [29, Theorem 4.4] to linear sets in PG(r — 1,¢").

Theorem 6.4. Let Ly be an Fy-linear set in PG(r — 1,¢") of rank k containing r independent
points Py = <V1>Fqn, o, P= <VT>]Fqn such that

Wry (P1) + ... +wr, (P) =k <(r—1)n.
Suppose that wr,,, (Q) <1 for every Q@ € PG(r —1,¢") \ {P1,...,P}. Then

(10) wry (P) < 3

for every i € {1,...,r}. Moreover,
e Rank(Lw) < &
o if Rank(Lw) = 5, then wr,, (P;) = § for every i € {1,...,r}.

Proof. By Proposition Ly is PGL(r, ¢")-equivalent to Ly where U = Uy X ... x U,, for some
IF4-subspaces Uy, ..., U, of Fgn such that dimg, (U;) = wr,, (F;) for every i € {1,...,r}. So, the
only points with weight greater than one in Ly are Q; = (e;)r,, for every i € {1,...,r} and
Wry (P;) = wr, (Q;) for every i € {1,...,r}. Let 4,5 € {1,...,r} with ¢ # j and consider the line
¢ =PG((e;, ej)r,n,Fqn) = (Qi, Qj). We first observe that for each @ € £ then wr;,(Q) = wr,ne(Q)
and hence the only points of weight greater than one in Ly N/ are @; and @;. By Theorem we
have that

n n
wryne(Qi) = wry (@) < 5 and wiyne(@g) = wiy(Q)) < 3,
and the first part of the assertion then follows. The second part is a consequence of (I0]). O

Remark 6.5. Let Ly be an Fy-linear set in PG(r — 1,q") of rank 7 containing r independent
points P; = <V1>1qu .., P.= <Vr>Fqn such that wr,, (P;) = § for everyi € {1,...,r}. By @) and
M), recalling that N; is the number of points in Ly having weight i, we obtain that

qrn -1
q" —1

Ni=qz 4. 4q2—(r—=1D(g2 " +...+1), Nn =17 and No = — N — Ne.

In particular
Lwl=q2 '+, . 4+q¢2 —(r—1(q> " +...+q) + 1L
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We can now construct linear sets in PG(r — 1, ¢") with exactly r points of weight greater than
one and in particular we will see constructions when then rank is maximum, that is 5*. Multi-Sidon
spaces can be used to this aim.

Proposition 6.6. Let Uy,...,U, be r Fy-subspaces of Fyn of dimensions ki, ..., k., respectively.
Let U = Uy x ... x Up. If {Uy,...,U,} is a multi-Sidon space, then Ly is an Fg-linear set of
rank k1 + ... + k. in PG(r — 1,q™) such that the only points of weight greater than one are the
Py = (e)r,n s withie {1,...,r}.

Proof. Since {Uq,...,U,} is a multi-Sidon space, we have that

diqu(Ui N OéUj) <1,
for every a € Fgn and 4,5 € {1,...,r} with ¢ # j. The assertion then follows directly by Theorem
0.2) O

In particular, when considering maximum multi-Sidon spaces, we can get examples of linear sets
whose rank satisfy the equality in Theorem

Corollary 6.7. Let n = 2k and Uy,...,U, be r Fy-subspaces of Fyn of dimension k. Let U =
Up x...xU. If{U,...,U.} is a multi-Sidon space, then Ly is an Fy-linear set of rank rk in
PG(r — 1,¢") such that the only points of weight greater than one are the P; = (€;)p s with
ie{l,...,r}.

The multi-cyclic subspace codes found in Proposition B.9 can be used to get constructions of
such linear sets via Corollary
Corollary 6.8. Let s be a positive integer coprime with k > 2 and n = 2k, let £ € Fgn \ F
and let fi(x) = px? € Ly fori € {1,...,r} such that r < q — 1, Ngrjq(1i) # Nk q(115) and
qu/q(,uiuquk*l) # 1 for every i # j. Denote by Uy = Wy, ¢ for every i € {1,...,r}. Let U =
Up X ... x Uy, then Ly is an Fy-linear sets of rank vk in PG(r —1,¢") such that the only points of
weight greater than one are the P; = (e;)r,, s with i € {1,...,7}.

Another construction may be obtained by extending a multi-Sidon space with subfield F « of
Fyn.
Corollary 6.9. Let s be a positive integer coprime with k > 2 and n = 2k, let £ € Fgn \Fqk
and let fi(x) = px® € Ly fori € {1,...,7 — 1} such that r < q — 1, Ngrjq(1i) # Nk sq(115) and
qu/q(,uiuquk*l) # 1 for every i # j. Denote by Uy = Wy, ¢ for every i € {1,...,7 — 1} and by
Ur=Fyp. Let U=Uy x ... xU,, then Ly is an Fy-linear set of rank rk in PG(r —1,¢") such that
the only points of weight greater than one are the P; = (e;)r,, s with i € {1,...,7}.
Proof. By Theorem and by Proposition 3.9] it is enough to show that

diqu(Fqk N OCUZ‘) <1,

for every i € {1,...,7 — 1} for any a € F}.. Let a € Fy.. Then there exist ag,a; € Fgx such that
a=ag+ ai§. Let v € Fx, we look for solutions in u € Fx such that

v = olu+ u? €).

Using that €2 = a€ + b, for some a,b € Fgx, and that a = agp + ai1§, the above relation reads as
follows .

aou + baqu? p; = v,

a1u + ao,uiuqs + ,ul-ozlauqs =0.
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Since ged(s, k) = 1, aqu + agpu?” + piorau? can be seen as a non-zero g*-polynomial over Fx of
q°-degree at most one. Therefore, by Theorem R.I]it follows that the number of u € F x which are
solutions of the above system is at most ¢ and hence

ding, (F e N al;) < 1.
O

In the next subsection we will prove that the two IF,-subspaces defined in the above corollaries
are I'L(r, ¢")-inequivalent.

6.1. T'L(r, ¢")-equivalence. We now provide a useful tool that can be used to study the I'L(r, ¢")-
equivalence of the subspaces representing linear sets with only r points of weight greater than one,
which extends |29, Lemma 3.3].

Theorem 6.10. Let Uy,...,U, and Wy,..., W, be F,-subspaces of Fgn such that
dimg, (Ur) + ... +dimg, (U;) =k < (r = 1)n
and
dimg, (W1) + ... + dimp, (W;) =k < (r — 1)n.
Let U=U; x...x U, and W =Wy x ... x W, and suppose that P; = <ei>]pqn are the only points

of weight greater than one in Ly and in Ly . Then U and W are I'L(r, ¢")-equivalent if and only
if there exist a permutation 0 € Sy, A1,..., A\ € Fyn and p € Aut(Fyn) such that

Wi = U? (i)’
for every i € {1,...,r}. In particular, dimp, (W;) = dimg, (Uy(;), for everyi € {1,...,r}.

Proof. The “if” part is trivial. So, suppose that U and W are I'L(r, ¢")-equivalent via ¢ € I'L(r, ¢")
defined by the matrix A € GL(r,¢") and the automorphism p € Aut(F;). Let dimp, (U;) = k; and
dimp, (W;) = kj, for any i € {1,...,7}.
By Theorem B.5l we have that
a) dimp, (U N(v)F,) <1 for any v € Fn such that (v)r . & {(ei)rn: 1€ {1,...,7}};
b) dimp, (U N (€;)r,n) = ki for any i € {1,...,r},

and the same properties hold for W. As a consequence, there exists o € S, such that ¢({e;)r ) =

<ea(i)>]pqn. In particular, this means that A is the product of a permutation matrix (the one induced
by o) and a diagonal matrix (whose diagonal elements are A1, ..., A, € Fyn). So,
_ P
W; = )\Z-Ua(i),
for every i € {1,...,r} and {k1,... k. } = {K},...,k.}. O

As an easy consequence we obtain that the dimensions of the subspaces are not in one-to-one
correspondence, then the two subspaces are inequivalent.

Corollary 6.11. Let Uy,...,U, and Wh,..., W, be F,-subspaces of Fgn of dimension ki,..., k,
and ki,..., k., respectively. Let U = Uy X ... X U, and W = Wy x ... x W, and suppose that
P; = (ei)r are the only points of weight greater than one in Ly and in Ly . If (k1,...,k;) cannot
be obtained from (ki,...,k.) by permuting their entries, then Uy X ... x U, and Wy X ... x W, are

I'L(r, ¢")-inequivalent.

The I'L(r, ¢")-equivalence of the examples in Proposition 3.9 has been already studied in Corol-
lary 4l Whereas, as shown in the next result, the examples of Corollaries and cannot be
I'L(r, ¢")-equivalent.
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Proposition 6.12. Let s,s" be two positive integers coprime with k > 2 and let n = 2k, let £,n €
Fgn \F . and let fi(z) = piz? € Ly, and go(x) = pz? € Ly fori € {1,...,r} and € {1,...,r—1}
— — k
such that r < ¢ — 1, qu/q(lul) # qu/q(/‘j)f qu/q(luz) # qu/q(/‘j)f qu/q(:uilu’jéq +1) # 1 and
qu/q(ﬁiﬁjnqkﬂ) # 1 for every i # j. Then U = W e x ... x Wy e and W = Wy, X ... X
Wy, 1 X F i are TL(r, ¢")-inequivalent.
Proof. By Proposition [6.10] if U and W are I'L(r, ¢")-equivalent then there exist i € {1,...,r},
A € Fy and p € Aut(Fyn) such that
Foe = AWy, )’
This cannot happen since the F -subspace W, ¢ has the property that
dimg, (W, e N oWy ¢) <1,

for every a € Fyn\IF;. This property is preserved also by A(Wy, ¢)?, but clearly dimg, (F rNaF +) = k
if o € Fqk \Fq. O

Moreover, arguing as before, the I'L(r, ¢")-equivalence between two examples in Corollary is
determined in the next result.

Proposition 6.13. Let s,s’ be two positive integers coprime with k and let n = 2k, let £,n €

Fogn\F i and let fi(x) = piz? € Ly, and gi(x) = mz? € Ly, fori € {1,...,r—1} such thatr < q—1,
_ _ k gk

qu/q(:u'i) # qu/q(,uj), qu/q(:u'z) # qu/q(:u’j)7 qu/q(ui:u'qu +1) # 1 and qu/q(ﬂz‘ﬂjﬁq +1) # 1 for

everyi# j. ThenU = Wy ex... x Wy | e XF and W =Wy, <. x Wy xF i are TL(r, ¢")-

equivalent if and only if there exist a permutation o € S,_1, A1,..., A1 € Fyn and p € Aut(Fyn)

such that, for everyi € {1,...,r — 1}, one of the following occurs
-1

e s=3 (mod k), B=0, = 777? and T ;) = %, where ¢ € F i is such that Ny q(c) = 1;

e s=—5 (mod k), £ = "pJ;‘A“, Ao(i) = cu;fspfllAP*IbP*I and B = —Aa, where c € F i is such
that Ngx j4(c) = 1,
where €2 = a& +b and n° = AE + B with a,b, A, B € Fow.
6.2. Dual linear sets. Interestingly, the linear sets Ly of this section by duality give examples

of sets with only three weights with respect to the hyperplanes and for each of these values there
exists at least one hyperplane having this weight with respect to L.

Theorem 6.14. Let Ly be an Fy-linear set in PG(r — 1,q") of rank 5 containing r independent
points Py = (v1>]pqn, ., P= (vr>Fqn such that

rn
wLU(Pl) 4+ ...+ wLU(PT) = 7
Then for every hyperplane H in PG(r —1,¢")
wrz (H) € {%—n,%—n—i—l,%—n—i—r}.

More precisely,
o wrr (H) =5 —n+r if and only if H = P for somei € {1,...,r};
e wry (H) =5 —n+1ifand only if H = P" for some P € Ly \{P,...,P.};
o wrr (H) =" —nif and only if H = P" for some P € PG(r —1,¢") \ Ly.
Moreover,
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e the number of hyperplanes H such that ng(H) =S —n+risr;

e the number of hyperplanes H such that wry (H) = 5t —n +1 is gz '+ . +qz— (r —
D2t +...+1);

e the number of hyperplanes H such that wry (H)="%—nis qqn:ll —qz - g2+ (r—

Dz ' +...+¢) —1.

Proof. By Theorem [6.4] it follows that all the point P; have the same weight, that is, wr, (F) = §
for every i. By applying Proposition choosing H to be a hyperplane, we obtain
n
U/LTU(H) =wr, (H") + 5 = (s+ 1)n.
The assertion then follows by Remark O

The interest for these linear sets with few possible values for the weight of the hyperplanes is
especially due to their coding theoretical counterparts that now we will briefly describe.

Let U be an F,-subspace of Fym such that (U)r,, = Fym. Let G be a matrix in IFZ:L whose
columns form an FFy-basis of U. Let denote by C be the Fym-span of the rows of G' and equip it
with the rank metric, which is defined as follows

n
2

d(u,v) = w(u — v) = dimg, ((u1 — v1,..., U —V)F,),

for any u = (u1,...,u;),v = (v1,...,v:) € Fgm. So, C is a rank metric code in Fy» and w(u)
is said the rank weight of u; see [22/[39] for more details on rank metric codes. Noting that any
element of C may be seen as xG for some x € Fym, then in [36] (see also [1]) it was shown that

w(xG) = % — dimg, (U N x1),

where x* is the hyperplane whose equation is defined by the entries of x.

As a consequence of Theorem and the above described connection, the rank metric codes C
have exactly three nonzero weights, which are n — r,n — 1,n. In particular, they are examples of
(r —1)-almost MRD codes, see [14], which means that the rank defect in the Singleton bound
for rank metric codes is r — 1. Furthermore, we can also derive their weight distribution, indeed
except for the zero vector we have

e (¢" — 1)r elements in C having rank weight n — 7;
e (¢"—-1) (q%_l + .. 4+q7 — (r— 1)((1%_1 + ...+ 1)) elements in C having rank weight n—1;

rm_q

(¢"-1) <qm*1 —gr e+ (=D ) — 1) elements in C having rank

qn—1
weight n;
Moreover, using [I, Theorem 4.8|, from Ly we can also construct linear Hamming metric codes
with only three weights and for which we can completely establish their weight distribution, as
already done for some classes of linear sets (see also [311142]).

7. CONCLUSIONS

We conclude the paper with some problems that we think could be of interest for the reader.

Problem 7.1. In Theorem [3.8, we find a canonical form and explicit conditions for multi-orbit
subspace codes with large minimum distance. Can this be used to provide new constructions and/or
classification results?
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Problem 7.2. In Corollary[4.5, we provide a lower bound on the number of semilinearly inequiv-
alent codes of the form G, s. Determine the precise number of inequivalent codes of the form Gy, ;.

Moreover, a multi-Sidon space U still preserves the uniqueness (up to some scalars in Fy) of the
factorization of the product of any two elements contained in U.

Proposition 7.3. Let {Uy,...,U,} be a multi-Sidon space. Let k; = dimg, (U;) > 2 for any
ie{l,...,r}. Then for any i,j € {1,...,7} ifa,c € U; and b,d € U; are such that ab = cd then

{aFy,0F;} = {cFy,dF,}.

Proof. By Corollary 3.4], when i # j the Fy-subspaces U; and U; satisfy the property that for any
nonzero a,c € U; and nonzero b,d € U; the equality ab = cd implies that alF, = cIF, and blF, = dIF,.
The condition dimg, (U; Nal;) < 1 for every a € Fyn \Fy and i € {1,...,7} is equivalent to the fact
that U; is a Sidon space for every i because of Theorem Therefore the assertion follows. O

So, a possible generalization of Sidon spaces could be the following one.

Consider Uy, ...,U, be r distinct Fy-subspaces of Fgn. We say that {Uj,...,U,} is a weak
multi-Sidon space of F» if the product of any two nonzero elements from U;’s may be uniquely
factorized, up to a scalar factor from F,. More precisely, for any 4,5 € {1,...,r} if a,c € U; and
b,d € U; are such that ab = cd then

{aF,,bF,} = {cF,, dF,}.

This latter definition generalizes the property of being multi-Sidon space, as proved in Proposition
[73l However, we still do not know whether or not there exists examples of weakly multi-Sidon
spaces which are not multi-Sidon spaces. So, we propose the following problem.

Problem 7.4. Are the properties of being multi-Sidon space and weaker multi-Sidon space equiva-
lent? If not, construct counterexamples.
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APPENDIX A. POLYNOMIAL REPRESENTATION OF LINEAR SETS IN PG(r — 1,¢") DETERMINED
BY 7 POINTS

One of the most studied research topic on polynomials over finite fields regards the construction
of polynomials or functions for which their value sets over a fixed finite field has some interesting
properties, such as being small, large or with other preassigned conditions. Clearly, the problem
becomes more and more difficult when considering ¢-tuple of polynomials. In this appendix, we
will show examples of ¢-tuples of linearized polynomials such that the size of the value set

(A2, Y (50 ) )

is determined, see [51[6]. The key idea is to use the linear sets investigated in Section 6.
Let Uy, ...,U; be Fg-subspaces of Fyn seen as an n-dimensional IF -vector space such that

U®.. U =F
Every vector v € Fy» can be written uniquely as
V=V]+...4+Vy,

where v; € U; for every i € {1,...,t}. The vector v; will be called the i-th component of v (with
respect to Uy, ..., U;) and the map p;: Fgn — U; such that p;(v) = v; is called the i-th projection
map.

We also recall the definition of dual bases. Two ordered Fy-bases B = (&, ...,&n—1) and B* =
(&, .-, &;_q) of Fyn are said to be dual bases if Trqn/q(fifj) = d;j, for i,j € {0,...,n— 1}, where
d;; is the Kronecker symbol. It is well known that for any Fy-basis B = (§o, . ..,&n—1) there exists
a unique dual basis B* = (§;,...,&_) of B, see e.g. [27), Definition 2.30].

Lemma A.1. Let Uy,...,U; be Fy-subspaces of Fyn seen as an n-dimensional IFy-vector space such
that

Ul D...D Ut =F
Denote by k; the dimension of U; and let B; = (&0,...,& k,—1) an ordered Fy-basis of U; for
every i € {1,...,t}. Let B* = (o 7§>1k7k1—17 ST ,§zkt_1) be the dual basis of B =
(5170, e ,517]“_1, e ,ét,o, e agt,kt—l)' Then

. ne1 [k
Z §ii Trgnyq(&i 5 Z Z 52,15 27
/=0 7=0

Proof. Since Uy ® ... ® Uy = Fyn, every o € Fyn can be uniquely written as
T =21+ ...+ Ty,

with x; € U; for every i € {1,...,t}. Let i € {1,...,t} and let

k;—1
plx) = Z & Trgn 1(&52).
j=0

Then it is easy to see that
ki—

fém ZSZJTY "/q(gzjgfm) =

7=0

{ Eom (=1,

0 otherwise,
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for any (¢,m) such that £ € {1,...,t} and m € {0,...,k — 1}. This means that p(x) coincides

with the i-th projection map. O
For linear sets Ly in PG(r — 1,¢™) of rank n containing r independent points P,..., P, such
that

wr, (P1) + ... +wr, (P) =n,
we can determine r linearized polynomials representing it.

Theorem A.2. Let Ly be an Fy-linear set in PG(r — 1,¢") of rank n containing r independent
points P, = <V1>]Fqn7 o, P= (Vr>]Fqn such that

wry, (P1) + ... +wr,, (P) =n.
Then Ly is PGL(r, q")-equivalent to
Ly = {{(z,p2(2), ..., pr(2)))F,n - @ € Fin},
where p;(x) is the i-th projection map with respect to r Fy-subspaces Uy, ..., U, of Fgn such that
Uh@...0U0, =Fp

Moreover, if k; is the dimension of U; and B; = (&0, -.,& k—1) s an ordered Fy-basis of U; for
every i € {1,...,t}, then

i—1 n—1 [k;—1

0
Zéﬂr MGEOED B DB EL
7=0 =0 7=0

for every i € {2,...,7}, where B* = (§J g, & 15+ &0s -+ > &1 k,—1) 18 the dual basis of B =
(51707 cee 751,]?1*17 cee 7515,07 cee 7§t,kt*1)'

Proof. By Proposition[6.1] Ly is PGL(r, ¢")-equivalent to Ly where U = Uy x... x Uy, for some F-
subspaces Uy, ..., U, of Fgn such that U;N (U;: j € {1,...,r}\{i})r, = {0} forany i € {1,...,r}.
Let f be the Fyn-linear isomorphism of F¢» determined by the matrix

11 -~ 11
01 --- 00
0 0 01

then
fU) ={(z,p2(2),...,pr(z)): v € Fygn},

and the assertion then follows by Lemma [A ] O
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