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ON KUMMER EXTENSIONS WITH ONE PLACE AT INFINITY
ERIK A. R. MENDOZA

ABSTRACT. Let K be the algebraic closure of Fy,. We provide an explicit description
of the Weierstrass semigroup H(Q) at the only place at infinity Q of the curve X
defined by the Kummer extension with equation y™ = f(z), where f(z) € KJz] is a
polynomial satisfying gcd(m,degf) = 1. As a consequence, we determine the Frobenius
number and the multiplicity of H(Q ) in some cases, and we discuss sufficient conditions
for the Weierstrass semigroup H(Q) to be symmetric. Finally, we characterize certain
maximal Castle curves of type (X, Qoo)-

1. INTRODUCTION

Let K be the algebraic closure of the finite field F, with ¢ elements. Consider X a
nonsingular, projective, absolutely irreducible algebraic curve over K with genus g(X)
and denote by K (X) its function field. For a function z € K(&X'), we let (z), (2)x and
(z)o stand for the principal, pole and zero divisor of the function z in K (X) respectively.

Given a place @ in the set of places Py (x) of the function field K(X'), the Weierstrass
semigroup associated to the place @) is given by

H(Q):={s € Npy: (2)e = sQ for some z € K(X)},

the complementary set G(Q) := N\ H(Q) is called the gap set at @, and the Weierstrass
Gap Theorem [15, Theorem 1.6.8] states that if g(X) > 0, then there exist exactly g(X)
gaps at ()

GQ)={l=11 <ipg <+ <igx) < 29(X) —1}.

The smallest nonzero element of H(Q) is called the multiplicity of H(Q) and is denoted
by mu (), the largest element of G(@Q) is called the Frobenius number and is denoted by
Fr(q), and we say that the Weierstrass semigroup H(Q) is symmetric if Fiy(g) = 2g(X)—1.

The knowledge of the inner structure of the Weierstrass semigroup H(()) at one place in
the function field K'(X') has various applications in the area of algebraic curves over finite
fields. Among the most interesting ones we have the construction of algebraic geometry
codes with good parameters, see [I0]; the determination of the automorphism group of
an algebraic curve, see [§]; to decide if a place is Weierstrass, see [I], and obtain upper
bounds for the number of rational places (places of degree one) of a curve, such as the
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Lewittes bound [7] which establishes that the number #X(IF,) of F,-rational places of a
curve X defined over [F, is upper bounded by

(1) #X(Fy) < gmuq) + 1,

where ) is an F,-rational place of X. The best-known upper bound for the number of
F,-rational places is the Hasse-Weil bound

#X(F,) < q+1+29(X)\/q,

and a curve is called [F,-maximal if equality holds in the Hasse-Weil bound.

A pointed algebraic curve (X, Q) over F,, where () is an F-rational place of X', is called
a Castle curve if the semigroup H(Q)) is symmetric and equality holds in (II). Castle curves
were introduced in [12] and have been studied due to their interesting properties related
to the construction of algebraic geometry codes with good parameters and its duals,
see [11112].

Abdén, Borges, and Quoos [I] provided an arithmetical criterion to determine if a
positive integer is an element of the gap set of H(Q), where @ is a totally ramified place in
a Kummer extension defined by the equation y™ = f(z), f(z) € K[z]. As a consequence,
they explicitly described the semigroup H(Q) when f(x) is a separable polynomial. This
description was generalized by Castellanos, Masuda, and Quoos [3], where they study the
Kummer extension defined by y™ = f(z)*, where A € N and f(x) € K|x] is a separable
polynomial satisfying ged(m, Adegf) = 1.

For a general Kummer extension with one place at infinity
(2) X ym:H(:c—ozi)’\i, A €eN, and 1<)\ <m,

i=1
where m > 2 and r > 2 are integers such that ged(m, q) =1, aq,...,qa, € K are pairwise
distinet elements, A\ := Y ., A;, and ged(m, \g) = 1, the Weierstrass semigroup H(Q)
at the only place at infinity @), of X was explicitly described in the following particular
cases:

i) For \y = Ay = -+ = \,, see [3, Theorem 3.2].

ii) For any A\; and Ag = A\3 = --- = A\, = 1, see [16, Remark 2.8|.
This article aims to explicitly describe the Weierstrass semigroup H(Q ) in the general
case, that is, we determine the Weierstrass semigroup at the only place at infinity of
the curve X given in (2)). Moreover, we provide a system of generators for the semi-
group H(Q.) and, as a consequence, we obtain interesting results including the following
theorems:

Theorem A (see Theorem B4). Let Fyq..) be the Frobenius number of the semigroup
H(Qw). Then

Frg.) =m(r —1) = Xo and H(Qw) is symmetric & \;j | m for each j=1,... 7.

Theorem B (see Theorem 7). Suppose that gecd(m,\;) =1 for each j =1,...,r. Then
the following statements are equivalent:
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i) H(Qo) = (m, 7).
i) A=Ay == A,

If in addition r < m then all these statements are equivalent to the following one:

iii) H(Qwo) is symmetric.

Theorem C (see Theorem B.3). Suppose that X is defined over F2, ged(m, A;) =1 for
jg=1,...,7mandr <m. Then

(X, Q) is Fp2-mazimal Castle curve < X is Fp-mazimal, \y = --- = \,, and m = q+1.

This paper is organized as follows. In Section 2 we introduce the preliminaries and
notation that will be used throughout this paper. In Section 3 we present the main result of
this paper which gives the explicit description of the semigroup H (@) (see Theorem [3.2)).
In Section 4 we provide an explicit description of the gap set G(Q) (see Proposition [A.1]),
we study the Frobenius number and the multiplicity of the semigroup H((Q),) establishing
a relationship between them (see Proposition [.6]), and provide sufficient conditions for
the semigroup H(Qw) to be symmetric (see Theorems 4.4 and 7). In Section 5, we
characterize certain F-maximal Castle curves of type (X, Q) (see Theorem [5.3)).

2. PRELIMINARIES AND NOTATION

Throughout this article, we let ¢ be the power of a prime p, [F, the finite field with ¢
elements, and K the algebraic closure of F,. For a and b integers, we denote by (a,b) the
greatest common divisor of a and b, and by b mod a the smallest non-negative integer
congruent with b modulo a. For ¢ € R, we denote by |c|, [¢]| and {c} the floor, ceiling
and fractional part functions of ¢ respectively. Moreover, to differentiate standard sets
from multisets (that is, sets that can contain repeated occurrences of elements), we use
the usual symbol ‘{}’ for standard sets and the symbol ‘{ }’ for multisets. For a multiset
M, the set of distinct elements of M is called the support of M and is denoted by M*, the
number of occurrences of an element x € M* in the multiset M is called the multiplicity
of x and is denoted by my(x), and the cardinality of the multiset M is defined as the
sum of the multiplicities of all elements of M*. We say that two multisets M; and M; are
equal if M7 = MJ and myy, (x) = myy,(x) for each x in the support.

2.1. Numerical semigroups. A numerical semigroup is a subset H of Ny such that H
is closed under addition, H contains the zero, and the complement Ny \ H is finite. The
elements of G := Ny \ H are called the gaps of the numerical semigroup H and gy := #G
is its genus. The largest gap is called the Frobenius number of H and is denoted by
Fpy. The smallest nonzero element of H is called the multiplicity of the semigroup and
is denoted by mypy. The numerical semigroup H is called symmetric if Fg = 295 — 1.
Moreover, we say that the set {ay,..., a4} C H is a system of generators of the numerical
semigroup H if

H:<a'1a"'>ad> = {t1a1+"'+tdad:tl,..~,td€N0}-
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We say that a system of generators of H is a minimal system of generators if none of
its proper subsets generates the numerical semigroup H. The cardinality of a minimal
system of generators is called the embedding dimension of H and will be denoted by ey.

Let n be a nonzero element of the numerical semigroup H. The Apéry set of n in H is
defined by

Ap(H,n) :={s€e H:s—n¢ H}.

It is known that the cardinality of Ap(H,n) is n. Moreover, several important results are
associated with the Apéry set.

Proposition 2.1. [1], Proposition 2.12] Let H be a numerical semigroup and S C H
be a subset that consists of n elements that form a complete set of representatives for the
congruence classes of Z modulo n € H. Then

a

S =Ap(H,n) if and only if gy = Z{—J

n
a€esS

Proposition 2.2. [74, Proposition 4.10] Let H be a numerical semigroup and n be a
nonzero element of H. Let Ap(H,n) = {ag < a1 < -+ < a,_1} be the Apéry set of n in
H. Then H is symmetric if and only if

a; + ap_1_; = ap_1 for eachi=0,...,n— 1.

On the other hand, the following result characterizes the elements of a numerical semi-
group generated by two elements and will be useful in this paper.

Proposition 2.3. [15, Lemma 1] Let x € Z and let ny,ny > 2 be positive integers such
that (ny,n9) = 1. Then x & (nq,ng) if and only if x = nyny —any — bny for some a,b € N.

2.2. Function Fields. Let X be a nonsingular, projective, absolutely irreducible alge-
braic curve over K with genus g(X') and K (X) be the function field of X'. For each place
Q € Pk (x), the Weierstrass semigroup H((Q)) has the structure of a numerical semigroup.
Moreover, it is a well-known fact that for all but finitely many places ) € Px(x), the gap
set is always the same. This set is called the gap sequence of X'. The places for which the
gap set is not equal to the gap sequence of X are called Weierstrass places.

Several upper bounds for the number of rational places of algebraic curves are available
in the literature. The Hasse-Weil bound states that for a curve X defined over I,

#X(Fy) < q+1+429(X)\/q.

The curve X is called F,-maximal if equality holds in the Hasse-Weil bound. Among
other upper bounds for the number of rational places, we have the Lewittes bound [7].

Theorem 2.4 (Lewittes bound). Let X be a curve over F, and let Q be a rational place
of X. Then

#X(Fy) < gmug) + 1.

For more on numerical semigroups and function fields, we refer to the books [14] and [15]
respectively.
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3. THE SEMIGROUP H(Q.)

Consider the algebraic curve
X ym:H(x—ozi)Ai, NeEN, and 1<)\ <m,
i=1
where m > 2 and r > 2 are positive integers such that p{fm, aq,...,a, € K are pairwise
distinct elements, Ao := > _._; A;, and (m, \g) = 1. By [15, Proposition 3.7.3], this curve
has genus
(m—=1)(r—-1)+r—=>3"_,(mN\)
3) g(x) = Ll
In this section, as one of our main results, we provide an explicit description of the
Weierstrass semigroup H((Q) at the only place at infinity @, of X'. We start by recalling
the property described in [5l, p. 94], which states that, for m and A positive integers,

im m—1)(A—1 m,\) — 1
" 3| im| - A=t

To prove the main result of this section, we need the following technical lemma.

Lemma 3.1. Let r,m, Ao, A1, A2, ..., A, be positive integers such that \g = Y;_, A and
r<X. Forke{r,..., Ao — 1}, we define

T
. 5;m
Ne := Max {ps““’sr : ZSZ' = ]{Z, 1<s; < )\z} ) where Psi,esr = lrélilélr\‘ )\Z J

1=1

Then the sequence 1, < Ny < -+ < Myy—1 1S characterized by the following equality of
multisets

(5) {{nk:rgkng—l}}z{{Rﬂ:1§si<Ai,1§z‘§r}}.

In particular, we have

P m— Do =) —r+ S (mA)
Zﬁk 9

Proof. First of all, note that, from the definition of 7, we have that n, < m for each k.

Furthermore, if 1, = pu,,.0, = || for some j, where Y7 u; =k and r <k < Ao —2,
J

then u; < A; and

Nk = Puq,...,ur < Putyeoui+1,.ur < Ne+1-

This proves that n, < 7,41 < -+ < My-1 < m is a non-decreasing sequence. Let
Sl ::{nk:rgkg)\o—l}and52 :{{lem/)\lj1§32<)\l,1§1§r}}
Now we are going to prove that S; = S5. From the definition of 7, we have that

St C S5. Furthermore, since the multisets S; and Sy have the same cardinality, to
prove that S; = Sy it is sufficient to show that mg, (nx) < mg,(nx) for each k, that is, if
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ms, (k) = n > 1 then there exist distinct elements j, ja, ..., j, € {1,...,7} and elements
513 Siay -5 85, with 1 < < X;, — 1 such that

_ |8 | S
nk_LAle {AMJ'

If n = 1, there is nothing to prove, so we can assume that n > 1. Without loss of
generality, suppose that

(6) Me—1 < Mg = M1 = *** = Mhn—1,

where ng_; := 0 if & = r. From the inclusion S} C S5, there exist j; € {1,...,7} and

sy, € {1,...,Aj — 1} such that n, = L%J Now, for each i € {1,...,7} we define the
1

set

i

Fi::{SEN:nkSF)?\nJ andlgsg)\l}.

Next, we prove that I'; # ) for each i. Since s; < A;, for i # j; we have that

Sjl)\i S5, Sjl)\i m Sjl)\i m
1< \s = = — | < 1) —
L Aja J FhsA and L Aja J K Aj ) )\iJ - K{ Aj J i ) Az’J’

which implies that Lsf\l—/\lj +1 eI fori# j; and s;, € I';,. Let ¢; be the smallest element
J1

of I';. From definition of the set I';,, we have that ¢;, <s;,. If t;, <s;, then

oM VﬁmJ <y L(Sjl — 1)mJ B rhmJ < S rhmJ’
Ain T A Aji Aji Aji Aji Aji Aji

a contradiction, therefore t;, = s;,. Also, from definition of the sets I';, we have that
Ai
Note that & = >"._ t;. In fact, let ¥’ := > ', ¢;. By definition of n, we have that

)

M = Pry...t, < M, and from (@), we deduce that & < &’. On the other hand, suppose that
(u1,...,u,) is an r-tuple such that ng = puy, us Doy Wi = k, and 1 < u; < X;. If there
exists j € {1,...,r} such that u; < t;, then
i || < || o (t; — 1)m -
= Puy,...ur — 1 > B ;
nk p 1yeeeyUr 1<i<r )\Z )\] )\] nk

a contradiction. Therefore ¢; < u; for each ¢ = 1,...,r, and this implies that & < k.
Thus, we conclude that k =k =5"_, ¢,.
Now, we show that there exist distinct elements jo, ..., 7, € {1,...,7} \ {j1} such that

= {MJ - V_ﬂ
)\jl )\jn
tym

Suppose that 7, < L)\—JJ for each j € {1,...,7} \ {Ji}, then mx < pyy _4; +1..00 < Mt
since » ., t; = k. This is a contradiction to (Gl). Therefore there exists jo € {1,...,r}\

J <Mk = Pyy,..p, fori=1,...,7
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{j1} satisfying
t:m t.m
s Rl el IR

where the strict inequality t;, < Aj, follows from the fact that n, <m. If 7, < Vf\—zﬂj for
each j € {1,...,7}\ {Jj1, Ja}, then mx < pyy _4; 41, .ty +1..tr < Mh+2, again a contradiction

to ([@). Therefore there exists js € {1,...,7}\ {J1,72} such that

t; t; t;
Nk = i\lmJ = \‘ j)\sz = \\ ];mJ and tjg < >\j3’

L M1 J2 J3

By continuing this process, we obtain distinct elements jy, jo, ..., J, such that
ti,m ti.m
nk:{]l— :---:{]”—J and t;, < Aj, foreach¢=1,...,n.
)\jl J )\]n

Finally, from (4), we conclude that

Ao—1 r Ai—1 S1T " (m =1 A — 1) — 14 (m, )\
ST 5) SIE0 I ST EEVETRITES

i=1 s=1 i=1
(m—1DAo—7) —r+ 35, (m A
2

O

Theorem 3.2. Let m > 2 and r > 2 be integers such that pt m. Let X be the algebraic
curve defined by the affine equation

T

(7) X ym:H(a:—ai)Ai, NEN, and 1<\ <m,
i=1
where oy, . .., a, are pairwise distinct elements of K. Define Ao := >_;_; \; and suppose

that (m, Xo) = 1. Then the Weierstrass semigroup at the only place at infinity Qo € Pr(x)
s given by the disjoint union

Ao—1

H(Qu) = (m, Ao) U U By,

k=r

where By, = {mk — k' o : k' = 1,...,nx} and n are defined as in Lemma[31. In partic-
ular,

(8) H(QOO):<m7>\07mk_)‘0nk:k:,rw"v)\o_l)‘

Proof. Clearly the result holds if » = )\, therefore we can assume that r < A\g. We start by
computing some principal divisors in K(X'). Let P,, € Pk be the place corresponding
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toa; € K. For k€ {r,...,\g—1}, let sq,..., s, be positive integers such that 1 < s; < \;
and >0, s; = k. Then

(55 - Oéi)K(X) = (mﬁl)\i) Z Q — mQw, (y)K(X) = Z (m, )\Z Z Q — M@,

Q|Pa,
QEPK (x) QEPK (x)

and

Ht—l(l’ — Oéi)si) ! S;m — >\2ps .8
= = S Q_(mk_A Psi,..., ST)row
() ooy % :

By the definition of 7y, we have that 0 < mk — Aomp € H(Qw) for r < k < A and
therefore
Ao—1
(9) (m, o) U | Br € H(Qw)
k=r
Now, we prove that the union given in (@) is disjoint. For k& € {r,..., g — 1} and
k'€ {1,...,m:}, an element of By can be written as
mk — ]{7/>\0 = m)\o — ()\0 — k)m — ]{?/>\0.
Therefore, from Proposition 23] By N (m, \g) = . On the other hand, we have that
Bk1 N BkQ = (Z) for ]{71 % ]{52. In fact, if mk1 - >\0]€£ = m]fg - >\0]€é for r S ]{31,]{32 < )\0,
1 <K <y, and 1 < Ky < ny,, then m(ky — ko) = Ao(k] — k5). Since (m, \g) = 1 and
2— X < ki — ky < Ao — 2, we conclude that ki = k.
Finally, we prove that equality holds in ([@). Since
m—1)(r—=1)+r—=>3"(m A\
FPUES S v RS
from Lemma [3.1] we obtain that

#(L-]Bk) an— = Do =) = r b 2 A oy (7@ i, Mob)

(m—1)(A—1)
5 :

and Iimre) =

2
and the result follows. O

In general, we have that a minimal system of generators of a numerical semigroup H
has cardinality at most the multiplicity of the semigroup, that is, ey < mpy, see [14]
Proposition 2.10]. Since m € H(Qw), €r(g.) < Mug.) < m. However, in general, it is
difficult to obtain a minimal system of generators to H(() ) from the system of generators
given in ().

For example, for the curve y®> = z(z — 1)? defined over F, with 5 t ¢, the system
of generators for the semigroup H(Q.,) provided by Theorem is given by H(Q) =
(3,4,5) and therefore is a minimal system of generators. However, this does not happen in
general. In fact, if n, = 741 for some k, then we can remove the element m(k+1)—\gng11
of the system of generators given in (8) since m(k + 1) — Aonpr1 = mk — Aonp + m. More
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generally, define A := max;<;<, A;. If A = 1 then H(Qw) = (m, \o) and egg. ) = 2. If
A > 1, then fori € {{m/\|,...,m—[m/X\]} define k; := 0 if thereisno k € {r,..., A\o—1}
such that n, =4, and k; := min{k : » < k < Ao, nx = i} otherwise. Thus, for each i such
that k; # 0 and k such that n, = ¢, we can write mk — A\onp = mk; — Aong, + m(k — k;).
Therefore, by removing the element mk — Agny from the system of generators given in (&)
we obtain that

H(Q.) = <m,)\0,mki—)\0nki Li= {%Jm— [%] and k; 7é0>

and epgn) <m—[R] =[] +3<m.

Example 3.3 (Plane model of the GGS curve). The GGS curve is the first generaliza-
tion of the GK curve, which is the first ezample of a mazimal curve not covered by the
Hermitian curve, see [{]. The GGS curve is an Fpea-mazimal curve for n > 3 an odd
integer, and it is described by the following plane model:

q

y" = (29 + 2)h(z)™, where h(z) = (—1)Taf0Y,

=0
This curve only has one place at infinity Q. In order to calculate the Weierstrass
semigroup H(Qw), note that h(x) is a separable polynomial of degree q(q — 1). Using
our standard notation as in Theorem [2.3, we have that m = ¢" + 1, r = ¢*, Ao = ¢°,
M ==X =1 and \gy1 = -+ = A2 = ¢+ 1. From the characterization of the
multiset S = {nx : r < k < Ao — 1} given in Lemma[31, we have that

(B+1)(¢"+1)
S* = 0<p<qg—1¢.
{ q+1 sp=d
Furthermore, since \y = -+ = XA; =1 and A\jy1 = -+ = A\ = ¢+ 1, we have mg(a) =

q? — q for each a € S*. Thus, since n, < 41 < -+ < Mr,—1 15 a non-decreasing sequence,
we obtain that

N = Mr+1 = ... = Nr+¢2—q—1 = q;:?
_ _ _ _ 2(q"+1)
nr-i-qz—q - 77r+q2—q+1 - - 77r+2(q2—q)—1 — q+1

B+1)(g"+1
r+8(?-a) = "hr+B@-9+1 = - = Thr+@+D(@@-9-1 = ((3(+)

M@~ = Thr+-D@-g+1 = - = Thrigl?-9-1 = q(3+1 :

Therefore,
(g™ +1
Mr4B(q%—q)+i = (B+ D" +1) for0<pf<qg—1and0<i<q¢g*—q—1.

q+1
Moreover, since

m(r+ B(¢" — q)) — ANoTr48(g2—g) = (4 — 5)@

0<B<qg-—1
p for0< B <q—1,
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it follows from Theorem [3.2 that

_ [/ n 5 9(¢"+1)

As expected, this description of H(Qw) matches the result given in [6, Corollary 8.5].

Let n > 3 be an odd integer, m be a divisor of ¢" 4+ 1, and d be a divisor of ¢ + 1 such
that (m,d(¢g — 1)) = 1. In [9, Theorem 3.1], the authors study the F n-maximal curve
defined by the affine equation

a’:d(q_l) J— ]_ q+1
zd—1 ’

Vim: y"=a%z'—1) (

This curve is a subcover of the second generalization of the GK curve given by Beelen
and Montanucci [2] and has only one place at infinity Qo. In the following result, using
Theorem [B.2] we compute the Weierstrass semigroup H(Qo)-

Proposition 3.4. Let n > 3 be an odd integer, m be a divisor of ¢"+1, and d be a divisor
of ¢ + 1 such that (m,d(q — 1)) = 1. Consider the curve
xd(q_l) — 1 q+1

zd —1 ) '

Vim: y"=a%(z'-1) <

Then the Weierstrass semigroup at the only place at infinity Qo is given by

H(Qoo):<m,)\0,m]€5—)\0\‘(ﬁq_l_f1])_rnJ ZBIO,...,Q—1>,

where N = dq(q — 1) and kg = d(g = 1)(8+ 1) + 1+ | 24| - Bd.

q+1

Proof. Using our standard notation, we have that r = d(¢—1)+1, \g = dq(q¢—1), \; = d,
Ao == XAgp1 = 1, and A\gp2 = -+ = Agg—1)41 = ¢ + 1. From the characterization of
S={nr:r <k <)X— 1} given in Lemma B we obtain that

N

qg+1
Now, define dg := [(ifl)d—‘ — Vifl)dj for1 < B <q—1.Since \y =d, Ay =---= A1 = 1,
and Agp2 = -+ = Agg—1)+1 = ¢ + 1, we have

(ﬁ—l—l)m . d(q—Q), if (55 = 1,
M\ 1T 1 |) T dlg=2)+1, ifés =0,
or, equivalently,

(10) ms (| 254" |) = da -2+ 100

qg+1
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In order to calculate the semigroup H(Q«), let kg, :==r+ B(d(qg—2) + 1) — Z?:_Ol 0; +1
for0< g <g—1land 0<i<d(q—2)—0dg. From (I0) and since 7, < np—y < -+ < M1
is a non-decreasing sequence, we obtain that

_ _ _ _ m

Nr - Mr+1 - - = Mr4-d(qg—2)—do - g1

_ o - _ 2m

Nrtd(g—2)+1-60 — Thr+d(g—2)+2-00 — -+ = Thr42(d(g—2)+1)—1-60—61 — 1
_ _ _ —_ | B+h)m

Mg 0 Mg 1 = - = MTks,aa—2)-5 - L g1

— — — — qm
Mkq—1,0 - Mkeg—11 _ e = 77kq71,d<q72>75q,1 - Lq-{-lJ :

g+l
[B.2] we conclude that

H(Qw):<ma>\07mkﬁ,0_>\0\‘(ﬁq_‘_+])j)nJ BZO,,(]—1>

Therefore 7, , = L(ﬁﬂ)mJ for 0 < <g—1and 0 <i<d(q—2)— s From Theorem

Now the proposition follows from the fact that 5 — Zf:_ol 0; = {%J for0<pg<qg—1. O

4. THE FROBENIUS NUMBER [ (g,) AND THE MULTIPLICITY Mg(Q..)

With the explicit description of the Weierstrass semigroup H () given in Theorem
3.2 in this section we study the Frobenius number Fy(q..), the multiplicity mg(q..), and
the relationship between them.

Henceforth, to simplify the notation, we define

0, ifo<s<r,
(11) s _{ m—1, if \g < s,
Thus, from Theorem B.2] we obtain that
(12) H(QOO):<€k+)\0:k:1ar>"'>)\0>'

We start by noticing that not all the elements €, 1, ..., €,,-1 defined in (Il are neces-
sarily positive, however the following result states that the largest of them is equal to the
Frobenius number Fp(q..). Moreover, we explicitly describe the gap set G(Qx)-

and €, :=mk — \o(nr + 1) for k € Ny.

Proposition 4.1. Using the same notation as in Theorem[3.2, we have that
Fro.) = max{e_1,...,€x-1}

and

G(QOO):{ma—b)\ozlgang—l,na+1§b§ B—m”

0



12 ERIK A. R. MENDOZA

Proof. From Theorem [B.2] we have that

G(Qoo) = ( m, Ag) Ul Bk) (N (m, Ao)) (Ul Bk) :

where By = {mAo— (Ao — k)m — k'\g : k' = 1,...,n}. Moreover, from Proposition 2.3
we know that the elements of N\ (m, \g) are of the form mAy — am — b\, where a and b
are positive integers. Therefore,

G(Qu) = {mAg —am —b\g : (a,b) € A} NN,
where A = {(a,b) € N*: ), + 1 < b}, and

Fr.) = ((:grlljgiexA{m)\o —am — b)o}.

By the definition of the set A, max(,pea{mAo — am — bA¢} is attained at a point in
A of the form (k,m\,_r + 1) for some k € {1,..., g — r + 1}, see Figure [l Thus,
Frg.) = max{e_1,...,€x-1}. Moreover,
G(Qx) ={mIy—am —bX\y: (a,b) € A} NN
:{m(ko—a)—bkoilgag)\o—l, T]Ao_a+1§b}ﬁN

{ma—b)\o 1<a<Xd-11n+1<b< B—mJ}
0

A
71A0,1+1 F—-¢ . . .
| . . .
I
| . . .
| . . .
) . .
'q>\072+ [ ¢
’OAO_3+1 7777,7_>J‘>77* . .
| | . .
| ! |
I e e ¢ : :
| ! | | . .
| ! | ! . .
| ! | |
————\———‘L———\ ——————— Fo— - . .
I ‘ | ! | .
I ‘ | ! I
| | | | | .
| | | : | .
| |
| ! | | : .
nr+1 ———4———IL———. 7777777 IP 777777 i Y .
| | | | .
| : I ! | |
[ | | ! | | °
L i H e b ---9
! | ! : ! | | »
Ll
1 2 3 Ag—T Ag—r+1

Figure 1. Description of the set A
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Now, we provide sufficient conditions to determine whether the semigroup H (@) is
symmetric. For this, we need a remark and a lemma.

Remark 4.2. Due to the characterization of the sequence 1, < My < -+ < Myy—1 given
in Lemmal3.1], we can see that, for s € Ny, ns+Mrirg—1—5s = M 07 s+ Npyrg—1-s = M — 1.
In fact, if 0 < s < r—1 or \g < s the assertion is clear. Let k € {r,..., g — 1} and
n € N be such that

Me—1 <Mk = Mk+1 = = = Mktn—-1 < Nktn-
From Lemmal31, there exist exactly n distinct elements ji, ..., 5, € {1,...,r} and posi-
twe integers sj,, ..., s, such that 1 <s; < \;, and

. Sjlm _ szm _
nk_LAj1J LAsz

. Sjnm
Y
Without loss of generality, we can assume that

)\Jl >\.]2 )\jn
tlnd ﬂlt?? (3’07 €

{(Ajn ;jsjn)mJ < {(/\jnl)\— Sjnl)mJ

< {(Ajl ;jj‘jl)mJ.

n jnfl

This leads to

o \‘()\jzﬁrl B Sji+1)m
Nrxo—1—(k+i) =

3 JforizO,...,n—l

Jit1
and, consequently,

Sjip M ()\ji+1 - Sji+1)m ST Sjip T
Mieti T Mrddo—1—(k+i) = {7J + { =m — —
’ >\ji+1 )‘ji+1 A A

Jit1 Jit1

fori=0,...,n—1. In particular, if (m, \;) = 1 for each j, we obtain that ns+n,4r,—1-s =
m — 1 for s € Ny, and if \; divides m for each j, we obtain that ns + Ny4ry—1-s = m for
8:7’,...,>\0—1.

Lemma 4.3. For k € Ny, the following statements hold:

i) If Nk 4 Mrgrg—1—k = M, then € + €, 4xg—1-k = €,—1 — Ao and €,_1 > €.
i) If M + Mryrg—1-k = m — 1, then €y + €,4x,—1-k = €-—1, and €,_1 > € if and only if
0 < érgrg—1-k-

i11) €. < 0 if and only if np = B—?J
Proof. i) It is enough to note that
€rtro—1-k = M(r+ Ao — 1= k) = XAo(Dryno-1-% + 1)
=m(r+X—1—k)—X(m—n+1)
=m(r—1) — Ao — mk + Ao

€r_1 — € — >\0.
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Therefore, €,_1 — €, = €,4x9—1-k + Ao > 0.

i7) Similar to item 7).

i11) Since mk = A\ong + (mk — Xonx) and 0 < mk — A\onx, we conclude that n, = [km/A¢]
if and only if mk — A\gnr < Ao. U

Theorem 4.4. With the same notation as in Theorem[3.2,
Fr.) = €-1 and H(Qw) is symmetric & \;j | m for each j=1,... 7.

Proof. Suppose that H(Qs) is symmetric and Fgq.) = €—1. From (B]) we obtain that

T

Frigey =m(r —1) = Ao =m(r—1) = > _(m, \)).

J=1

This implies that A; divides m for each j =1,...,r.

Conversely, assume that A; divides m for each j =1,...,r. From Remark we have
that 9 +mra—1-k = mfor k =r,..., \g—1, and from item ¢) of Lemma L3 €. ; > ¢ for
k= ..., Ao — 1. Therefore, from Proposition &1l Fiyq. ) = max{e,_1,...,€x—1} = €1

and
T

29(X) —L=m(r—1) =Y (m,N\) =m(r—1) — Ao = _1 = Frq..).
=]

0

Example 4.5. From Ezample[3.3, we know that the Weierstrass semigroup at the only
place at infinity of the GGS curve is given by H(Qs) = (¢" +1,¢%, q(¢" + 1)/(q + 1)).
Therefore, we can determine if H(Qs) is symmetric and we can calculate the Frobenius
number Frq..). However, due to Theorem [{.4, it is possible to know this without com-
puting the semigroup H(Qo) explicitly. In fact, since ¢ + 1 divides ¢" + 1, H(Qs) 18
symmetric and

Frounw ="+ -1)-¢=¢"-¢"-¢+¢ -1

Next, we improve Proposition .1l to compute the Frobenius number Fy (g, ) and estab-
lish a relationship between Fp(q..) and the multiplicity myq..)-

Proposition 4.6. Using the same notation as in Theorem[3.3, the following statements
hold:

i) FrQ.) = €r—1 if and only if ny < [sm/Xo] for each s € {r,... ,X\o — 1} such that
Ns + Mrarg—1-s = m — L.
i) FrQ.) = MaX,_1<k<r, {Ek S = LWJ }
i) If (m, \;) =1 for each j =1,...,r, then myo.) = min{m, m(r — 1) — Fuq.)}-
w) If \; dividesm for eachj =1,...,7, thenmp .y = min {m, Ao, €,_1 — MaX,<k<r, €k }-

Proof. i) It follows from Lemma [A.3] and the fact that ns < |sm/)g] for all s € Ny.
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i1) It is enough to note that, from Lemma [1.3] we can rewrite the Frobenius number
Fr(Qw) 85

Fro.) = max {_1, € : €prg—1-k < 0, N + Npirg—1—k = m — 1}

r<k<Mo
(r+X—1—Fk)m

= max {67«—1, €k Mrtdo—1—k = L J, Mk + Drgrg—1—k = M — 1}

r<k<MAo )\0
(k+1—r)m
= max < €_1,6 M= |—————
r<k<M\o L €k Tk )\0

B | (E+1=r)m
- r—rlrg}ﬁ}i)\o s e = )\0 .

i17) From (I2) and Lemma (3] we obtain that

m = min< m, Ag, A min €
H(Qw) { y N0 O+T’§k<)\o k}

= min $ m, Ao, Ao + min {€,_1 — €10g—1-k}
<k<Xo

T

= min { m, Ao, Ao + €,—1 — MaAX €4 r—1—k
r<k<Mo

= min {m, Ao, Ao + €,_1 — max ek}
r<k<M\o
= min {m,m(r — 1) — Fyo..)} -
iv) Similar to the proof of item 7). O

Next, we observe that for the curve X’ defined in (7)), the elements of the set {e + Ao :
kE=0,...,0 — 1} € H(Qs) form a complete set of representatives for the congruence

classes of Z modulo \g and
Xo—1
€+ A
> | — ),
0

k=0
Therefore, from Proposition 2] the Apéry set of \g in the Weierstrass semigroup H (Q)
is given by

Ap(H(Qoo)a)‘O) = {€k+>\0 : k:07"'7>\0_ 1}
We use this description of the Apéry set Ap(H(Q«), Ao) to characterize the symmetric
Weierstrass semigroups H(Qs) when (m,\;) =1 foreach j=1,...,7.

Theorem 4.7. Suppose that (m, \j) =1 for j=1,...,r. Then the followings statements
are equivalent:

i) H(Qx) = (m, 7).

i) My =X =+ =\
If in addition r < m, then all these statements are equivalent to the following:
iii) H(Qwo) is symmetric.
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Proof. Clearly the result holds if r = \y. Suppose that r < A.

i) = 1) : We start by proving that r divides \g. In fact, since Ao, mr — \g € H(Qs) =
(m,r), there exist o, o/, 7, 7" € Ny, where 7,7 < m—1 and 7 # 0, such that A\ = am+7r
and mr — \g = &'m + 7'r. Therefore m(r — o — ') = r(7 + 7). Since H(Qw) = (m, 1),
(m,r) =1 and therefore m divides 7 + 7/, where 1 < 7+ 7/ < 2m — 2. This implies that

7+ 7 =mand a = —a/. It follows that « = o’ =0 and A\g = 77
Now, let A := max;<;<, A; and note that 7r = Ao = 22:1 Ai < Ar, therefore 7 < A. In
the following, we prove that 7 = A, which implies that \; = XAy =--- = A,..

For pe{l,...,7—1} and i € {0,...,r — 1} we have that
€grri + Ao =mr — (r—i)m — (Tnp4i — mP)r € H(Qw) = (m, 7).
Therefore, from Proposition 2.3], it follows that
(13) mgﬂ-g{ﬁ—meorlgﬁgT—landOSigr—l.
T
For 8 =1 in (I3)) we obtain that

\\@J :nrgnr—l—zg \‘TJ for OSZST_L
A T

and for f=7—1andi=7r—1in ([3),
m (A=1)m (t—1)m m
M=ix | =7 | T ot T =141 < — | =" |

Since (m,\) = (m,7) =1, then | 2| = | 2| and therefore n,; = |%| for 0 <i <r —1.
Thus, from the characterization of the sequence 7, < 1,11 < -+ < my,—1 given in (), we

have that
m m m
(A=1D)m

and therefore 1, = LszJ Moreover, from Remark 4.2 ny,—1_; =m—1—1n,4,; = L 5 J

for 0 <i <r—1 and hence ny,_,—1 = L@J
For f =2 in (I3) we have that
2 2
H"J = oy < Mrgi < {—mJ for 0<i<r—1,
T

and for =7 —2and i =r — 1 in ([3),
2m (A=2)m (1 =2)m
m — T = f = Mo—r—1 = Mhr(7-2)+r—1 < .

Similarly to the previous case, we deduce that L J

| 222 | for 0 < i < — 1. This implies that s,
By continuing this process, we obtain that

= 2], vy = | B] and g1 =
LTmJ and 1y —2,—1 = L%J

nrgﬂ-zngmJ fori1<pg<rtr—land0<i:<r—1.
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In particular, for 5 =7 —1 and + = r — 1 we have that

(t—1)m A=1)m
{fJ = Mr(r=1)+r—1 = Thrr—1 = Mo—1 = LfJ
This implies that 7 = A.
i1) = i) : Suppose that Ay = Ay = --- = X\,.. Then \g = r\, and ng,4+; = Lﬁ/\—TJ for
1<p <A\ —1and 0 <i<r—1. On the other hand, from Theorem [3.2]

H(Qoo):<m,7’)\r,r(ﬁm Ar Vi\mJ) :5:1,...,)\r—1>
:<m,rAr,r)\r{i—T}:ﬁ— >
B'm
A

Since (m, A,) = 1, there exists 5’ € {1,.. — 1} such that { } = % and therefore
H(Qoo) = (m, 7).

Now, suppose that r < m.

i) = i) : It is clear.

i) = 1) : We are going to prove that (m,r) = 1. We start by noting two important
facts. First, note that

(14) (et +X) =0 modm ifandonlyif 0<k<r—1.

Second, since r < m and (m, A;) = 1 for each j, then H(Q)) is symmetric if and only if
mpQ.) = 7. In fact, for this case we have that g(X) = (m — 1)(r — 1)/2. Furthermore,
from item 4ii) of Proposition B6, mpy(g.) = min{m,m(r — 1) — Fyo.)}. If H(Qx) is
symmetric, then Fyg.) = 29(X) —1=m(r —1) —r and

M@y = min{m, m(r — 1) — Fyg.)} = min{m,r} =r.

Conversely, if mu ..y = r then m(r —1) — Fy(g..) = r and therefore Fyqg_ ) = 2g9(X)—1.
This implies that H((Q.,) is symmetric.
Let o be the permutation of the set {0,..., A\ — 1} such that

Ap(H(Qw), No) = {0 = €5(0) T Ao < €5(1) + Ao < - < €g(rg—1) T Ao}

Since (m, ;) = 1 for j =1,...,r and H(Qw) is symmetric, then Fyo. ) = €r0-1) =
m(r — 1) — r. Thus, from Proposition 2.2, we have that

(15) €o(i) T €a(No—1—1) :m(r— 1) —X—1r fori=0,..., A — 1.
On the other hand, from Proposition 4.3, we know that
(16) €o (i) + Er+Xo—1—0(i) — m(r - 1) - )\0 for i = 0, ey )\0 —1.

Let A > 0 and 0 <7’ < r be integers such that A\ = Ar + 7/, and i; € {0,...,\g — 1} be
such that o(A\g — 1 —iy) = r — 1. Then, from (I3,

€o(i) =M(r —1) = Ao =7 — €s0rg—1—i1) = M(r = 1) = Ao =7 — €, = —7.

If (€5(i,) + Xo) = 0 mod m, then m divides Ao — 7 and therefore \y = ms + r for some
integer s. Since (m,\g) = 1, we conclude that 1 = (m,\g) = (m,ms + 1) = (m,r).
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Otherwise, from (I4)), o(i1) > r and therefore there exists iy € {0,...,\g — 1} such that
oM —1—iy) =r+ X —1—0(i1). From (I5) and (Id), we have that

€o(iz) = M(r—1) =X =T —€5(ng—1-ix) = M(T—1) = Ao =7 — €4 x—1—0(i1) = €o(i) =T = —27"

If (€5(i5) + Ao) =0 mod m, then m divides Ay — 2r and therefore (m,r) = 1. Otherwise,
o(i3) > r and therefore there exists i3 € {0,..., g — 1} such that o(A\g — 1 — i3) =
r4+ X — 1 —o0(iz) and

€o(iz) = m<r_ 1) - )‘0 —T =€ (N—1—i3) — m(r— 1) - )\(] =T =€t rg—1—0(iz) = €oliy) —T = —3r.
By continuing this process, we have that (m,r) = 1 or we obtain a sequence iy, ...,y
such that

o(ij) >r and €)= —jr for1<j <A
If the latter happens, then 0 < €,4,) + Ao = Ao — Ar = 7’ < r, a contradiction because
M Q.) = . Therefore, (m,r) = 1. Finally, since (m,r) C H(Q) and g(X) = (m —
1)(r —1)/2, we conclude that H(Q.) = (m,r). O

5. MAXIMAL CASTLE CURVES

In this section, as an application of the results obtained, we characterize certain classes
of F2-maximal Castle curves of type (X, Qo) (that is, F2-maximal curves X such that
#X(Fp2) = ¢*my(g.)+ 1 and H(Q) is symmetric), where X is the curve defined by the
equation y™ = f(z), f(x) € Fp[z] and (m, degf) = 1, and Q is the only place at infinity
of the curve X. Some examples of F-maximal Castle curves of this type are presented
below:

e The Hermitian curve
Yy =27 4 2.
e The curve over F . defined by the affine equation
yIth = g NP 4 2P P o),
where p = Char(F,) and a € Fp is such that a? +a =0 and a # 0.

Note that, in all cases, the places corresponding to the roots of the polynomial f(x) are
totally ramified in the extension Fp(x,y)/F2(x), the multiplicities of the roots of f(z)
are equal and m = ¢ + 1. We will show that, under certain conditions, all F2-maximal
Castle curves of type (X, Q) have these characteristics.

Lemma 5.1. Let X be the algebraic curve given in Theorem [3.2 and let Q4 be its only
place at infinity. Suppose that X is defined over F2, (m,\;) =1 fori=1,...,r, (X, Q)
is a Castle curve, and r < m. Then

X is Fp2-mazimal if and only if m = q + 1.

Proof. From the assumptions, we obtain that g(X) = (m —1)(r —1)/2. Since (X, Q) is
a Castle curve, H(Qs) is symmetric and therefore Fyg. ) = 29(X) =1 =mr —m —r.
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Moreover, from #ii) of Proposition B.Gl mpy .y = min{m,r} = r. Therefore, X is Fp-
maximal if and only if

#XFpe)=¢r+1=¢+1+qm—1)(r—1).
Thus, the result follows. O
Lemma 5.2. Let X be the algebraic curve given in Theorem [3.2 and let Q4 be its only

place at infinity. Suppose that X is defined over F2, m =q+1,r <q+1, (¢+1,\) =1
fori=1,...,r, and X is Fpe-mazimal. The following statements are equivalent:

i) H(Qx) is symmetric.
i) #X(F2) = ¢*mugu) + 1.
Qi) M == A
Proof. Note that from the hypotheses we have that g(X) = ¢(r — 1)/2 and therefore
#X(Fp2) = ¢° +14+29(X)g = ¢*r + 1.
i) < 1) : It is enough to note that

H(Q) is symmetric < Fyg. )y =qr—q—1

& MEQu) =T (from Proposition [1.6))
54 #X(qu) = q2mH(Qoo) + 1.
i) < i) : This follows directly from Theorem 7] O

We summarize these results in the following theorem.

Theorem 5.3. Let X be the algebraic curve defined in Theorem [32 and let Q. be its
only place at infinity. Suppose that X is defined over Fp, (m,\;)) =1 fori=1,...,r,
and r < m. Then the following statements are equivalent:

i) (X, Q) is a Fpz-mazimal Castle curve.

it) (X, Q) is a Castle curve and m = q+ 1.

iii) X is Fe-mazimal, H(Q) is symmetric, and m = q + 1.

w) X is Fpe-mazimal, #X(Fp2) = ¢*mu.) +1, and m = g+ 1.

v) X is Fpe-mazimal, \y =--- =\, and m = q+ 1.

Finally, we note that for the case when \; divides m for each i = 1, ..., r, the Weierstrass
semigroup H(Q) is symmetric, see Theorem B4l Therefore, by assuming that & is IF -
maximal, we conclude that

(X, Qw) is F-maximal Castle curve if and only if #X (Fp2) = ¢*mpuq.) + 1.
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