arXiv:2105.04257v2 [math.AG] 3 May 2023

RATIONAL POINTS OF LATTICE IDEALS ON A TORIC
VARIETY AND TORIC CODES

MESUT SAHIN

ABSTRACT. We show that the number of rational points of a subgroup inside
a toric variety over a finite field defined by a homogeneous lattice ideal can
be computed via Smith normal form of the matrix whose columns constitute
a basis of the lattice. This generalizes and yields a concise toric geometric
proof of the same fact proven purely algebraically by Lopez and Villarreal
for the case of a projective space and a standard homogeneous lattice ideal
of dimension one. We also prove a Nullstellensatz type theorem over a finite
field establishing a one to one correspondence between subgroups of the dense
split torus and certain homogeneous lattice ideals. As application, we compute
the main parameters of generalized toric codes on subgroups of the torus of
Hirzebruch surfaces, generalizing the existing literature.

1. INTRODUCTION

Let ¥ be a complete simplicial fan with rays generated by the lattice vectors
Vi,...,V, € Z"™. Each cone o € ¥ defines an affine toric variety U, over a field K
whose ring of regular functions is the semigroup ring K[5NZ"]. Gluing these affine
pieces in a standard way, we obtain the split toric variety X5 as an abstract variety
over K. The Cox ring S = K[z1,...,z,] of Xy is graded naturally by the group
Cl Xy, i.e. we have the decomposition S = @ S«, where S, is the K-vector

aeCl Xy
space spanned by the monomials of degree «.

By a celebrated result due to Cox in [6], K-rational points of a toric variety X :=
X, over an algebraic closure K of K, is identified with the orbits in the Geometric
Invariant Theory quotient [K \ V(B)]/G, see Section 2 for details. It follows that
the K-rational points X (K) of X can have representatives with coordinates in K.
Thus, we can study K-rational points of a subvariety of X cut out by a Cl Xx-graded
(or simply homogeneous) ideal J using this correspondence:

Vxx)(J) = {[P] € K"\ V(B)]/G : F(P) =0, for any homogeneous F' € J}.

Our main motivation comes from immediate applications to error-correcting
codes defined on toric varieties over a finite field K = F,. In this regard, we
assume that the class group Cl Xy is free throughout, which does not harm the
generality, as the codes on a singular toric variety survive when the singularity is
resolved and smooth complete toric varieties have a torsion-free class group, by [7,
Proposition 4.2.5].
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For any « and any subset Y = {[Pi],...,[Pn]} consisting of some Fy-rational
points of X, we have the following evaluation map for K = F:

(1.1) evy : So = KN, Fis (F(P),...,F(Py)).

The image Coy = evy(S,) is a linear code, called a generalized toric code. The
three basic parameters of C,,y are block-length which is IV, the dimension which
is K = dimp, (Co,y ), and the minimum distance § = §(Cq,y) which is the minimum
of the numbers of nonzero components of nonzero vectors in C,,y.

When Y = Tx(F,) is the F,-rational points of the maximal torus of X we get
the classical toric code examined for the first time by Hansen in [12] and studied
further in e.g. [16, 26, 3, 27, 18, 5] showcasing some champion codes. Although
the block-length of C, v equals N = (¢ —1)™ in this classical case, its computation
depends on the way Y is presented in the general case. For instance, if Y =Yg is
parameterised by the monomials whose power is a column of an integer matrix @,
then some algorithms are given for computing the length N = |Y|, see [25, 1]. The
vanishing ideal I(Y) C S of Y, which is generated by homogeneous polynomials
vanishing on Y, is relevant in the computation of the other parameters as well.
Namely, the kernel of evy is just the subspace I, (Y) := I(Y) N Sy, and hence the
dimension K = dimy,(Ca,y) is the value Hy (o) := dimp, S, — dimp, I (Y) of the
multigraded Hilbert function Hy of Y, see [29]. The minimum distance function
of I(Y) is introduced and is related to the minimum distance of C, y in [21] for
the case of the projective space X = P™. The ideal I(Yy) is a lattice ideal Iy, for a
unique lattice L C Z" of rank n as shown in [25, 8, 1]. Moreover, every subgroup
of Tx(IF,) is not only of the form Y but also is the common zeroes Vx(r,)({1) of
binomials generating a lattice ideal I, see [28, Section 3].

The present paper aims mainly to develop methods for computing parameters
of generalized toric codes C,,y from subgroups ¥ = VX(]Fq)(IL) of Tx. Before we
state our main results, we need to introduce a little more notation.

Let B be an r X n matrix whose columns constitute a basis for L; let A and C
be unimodular matrices of sizes r and n, respectively, so that

D= ABC = [d161| ce |dnen]

is the Smith-Normal form of B, where ey, ..., e, € Z". These d;’s are known as the
invariant factors having the property that d; divides d; 41 for each i € [n — 1] :=
{1,...,n — 1} and that the order of the torsion part T(Z"/L) of the group Z"/L
is dy -+ -d,, by the fundamental structure theorem for finitely generated abelian
groups, see [14, pp. 187—188].

We first observe in Proposition 3.3 that the common solutions V) (/1) of
polynomials in I, lie in the torus Tx, for any field K.

Then, we count characters to see the number of K-rational points is finite:
Vx®)(Iz)] < di---d,. Farthermore, it meets this upper bound if and only if
K has all the d;-th roots of unity, for every i € [n], see Theorem 3.7.

Let Y be a subgroup of Tx (Fy). Then, I(Y) = I, for a unique lattice L with
(g—1)Lg C L C Lg, see Lemma 4.2. Moreover, the number of F,-rational points
in Y is given in Theorem 4.4 by

Y| = Vi) (IL)| = |Ls/L| = dy -+ - dn.
Therefore, the length of the code Cyo(Y) will be dy - - - d,.



RATIONAL POINTS OF LATTICE IDEALS ON A TORIC VARIETY AND TORIC CODES 3

Furthermore, we observe that the set Vx g, ) (1) of Fy-rational points coincide
with the set of F -rational points Vx (I1,) := X(Fq)(IL) in Lemma 5.1 for lattices
with (¢ — 1)Lg € L C Lg. As a consequence, we also prove a Nullstellensatz
type result over the finite field Fy saying that I(Vx(I1)) = I, establishing a 1 —1
correspondence between the subgroups Vx(Ir) and the lattice ideals Iy, where
(g—1)Lg € L C Lg, see Theorem 5.2. This result will eliminate the need for an
algorithm to compute the vanishing ideal of the subgroup Vx (I1,), which will save
time in search of codes with good parameters. In literature, Nullstellensatz type
results over finite fields have been obtained (see [10] for a nice survey) and used
effectively for computing the basic parameters of evaluation codes on subvarieties
of affine and projective spaces, see [15, Theorems 3.12, 3.13] and [25, Corollary 4.4].

If I, is a homogeneous ideal of dimension d = r — n, then its degree is just
the constant Hilbert polynomial, which is computed to be deg(Ir) = |Lg/L| =
dy -+ dy, in Theorem 6.3, generalizing the nice result [19, Theorem 3.13]. This will
be nothing but the mixed volume of the Newton polytopes of binomials generating
I, by Corollary 6.5. It is worth to mention [24, Theorem 4.6] also generalizing [19,
Theorem 3.13] and giving a nice formula for the degree of I, when X is an affine
space and L is an arbitrary lattice, see also [30, Theorem 9.4.2].

Finally, we uncover the structure and give two descriptions for the points of the
subgroup cut out by the lattice ideal Ir,. More precisely, we have

Vx)(Ir) = ([P1]) x -+ x ([Pa]),

for the point [P;] = [p{* : --- : n"], where 7); is a primitive d;-th root of unity in
K, for each i € [n]. In addition,
Vi) UL) = Yo = {[t% : - t%]jt € ()"}

is parameterized by the columns of the matrix @ = [q1q2 - - - q,|, whose i-th row is
(¢ — 1)/d; times the i-th row of the matrix A, see Theorem 7.1.

As application, we compute the main parameters of generalized toric codes on
subgroups of the torus of Hirzebruch surfaces, generalizing the existing literature,
see Theorem 8.4. The parameterization above is especially useful in computing the
minimum distance.

2. PRELIMINARIES

In this section we fix our notation and recall standard facts from toric geometry
relying on the most recent wonderful book [7], although there are other well known
excellent books.

Let ¥ be a complete simplicial fan with rays generated by the lattice vectors
Vvi,...,V, € R" The fan gives the following short exact sequence:

(2.1) 0 zr 2 g P gl 0,

where ¢ denotes the matrix [vy ---v,]T and d = r —n is the rank of the class group
ClX of X := X5. Denote by Lg the key sublattice of Z" which is isomorphic to
Z" via ¢, whose basis is given by the columns uy,...,u, of ¢.

The homogeneous coordinate ring K[xz1,...,x,] of the toric variety X over K
is graded naturally by the columns of the matrix 8 via deg(z;) = f;, for each
j € [r]. A polynomial whose monomials z7* ---z% have the same degree o =
a181 + -+ + a. B, is called S-graded, Lg-homogeneous or just homogeneous when
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there is no harm of confusion. We are interested in sublattices L of Lg and the
L g-homogeneous lattice ideals they define in the Cox ring Kz, ..., z,] of X (K):

mt

I =™ —x™ |lm=m"-m" € L).

Applying Hom(—,K') functor to B we get the following dual short exact se-
quence since K" is divisible:

*

(2.2) Pl — G — (K — (K" 1,

where 7 : P — (x"1(P),...,x"(P)) is expressed using the notation
x*(P) =p{*---pi for P = (p1,...,pr) € (K*)" and for a = (a1,...,a,) € Z".

Notice also that the algebraic group G = ker () is the zero locus in (K')" of the
toric (prime lattice) ideal Iz ,:

) i={Pe () |x™ —x™ )(P)=0forallm e Lz}
={Pe (X)) |x™(P)=1forallm e Lg},

—%

V(ILB) N (K

+

where V' (J) denotes the usual affine subvariety of K cut out by the ideal J.

As proved by Cox in [6], when K is an algebraic closure of K, the toric variety
X over K, is isomorphic to the geometric quotient [K' \ V(B)]/G, where B is the
monomial ideal in K[z, ..., z,] generated by the monomials

X& = Hpi¢0'
Hence, K-rational points X (K) are orbits [P] := G- P, for P € K"\ V(B). By (2.2),
we have Ty = (K')"/G and since the toric variety is split we have T'x (K) = (K*)".

By resolving the singularity, if needed, we may assume without loss of generality
that there is at least one smooth cone o € 3. Hence, the first n rows of the matrix

x; corresponding to cones o € X.

¢ in (2.1) are vi = eq,...,V, = €,. Thus, the map 7 in (2.2) becomes
(@1, .y ) = (XM 7, L XU T,
Hence, given (ty,...,t,) € (K')™, solving z;x™ ~°» = ;, we get
xp = xS =ty gt for all i € [n).
As a result, the set m=1(t1,...,t,) consists of the points

(2.3) (A At AL A A )
for (A1,...,Ad) = (@ns1,...,2.) € (K'), yielding the parameterization:
G = {0 A A AT N M) s A e KL

When (t1,...,t,) € (K*)™, there is a point P = (t1,...,tp,1...,1) € (K*)"
with w(P) = (t1,...,tn). Therefore, points of Tx(K) = (K*)"/G have repre-
sentatives with components from K*. Furthermore, equivalence of two points
(1, 2, (2], ..., 2.) € (K*)" with respect to the action of G' and that of G(K)
are the same. This is because, when G - (z1,...,2,) = G - (2],...,z.), there is a
point (g1,...,9-) € G € (K" with z; = gy} for all i € [r]. In particular, we have
Tnti = iy, o forcing A = x4/, ; € K, for all i € [d].

For an Lg-graded ideal J, we introduce the subvariety of the toric variety X
defined by J as follows

Vx(J) ={[P] € X(K) : F(P)=0, for any homogeneous F € J}.
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Its K-rational points form the subset

Vx)(J) = {[P] € X(K) : F(P)=0, for any homogeneous F' € J}.
Therefore, any point [P] € Vx ) (J) is an equivalence class G- P of a point P from
V(J)\ V(B) CK"\ V(B), for the subgroup G ¢ (K )".

As the elements of the algebraic torus (K ) in 3* are already identified with the
characters p : Z" — K and Tx (K) = (K*)" /G, we take the approach to investigate
characters p : Z" — K* in order to compute the number of K-rational points of the
lattice ideal I1, on the toric variety X.

3. SUBGROUPS DEFINED BY LATTICE IDEALS OVER ANY FIELD

In this section, we study subgroups of the torus T'x defined by lattice ideals I,
inside K[z1, ..., z,], which is an Lg-graded ring via deg(z;) = B;, where f; is the
i-th column of the matrix § in (2.1) and L is a sublattice of Lg.

First of all, rank Lg = n since Lg is isomorphic to Z™ via the map ¢ in the
sequence P in (2.1). On the other hand, it is well-known that dim J = r—height(.J),
where dim J is the Krull dimension of the quotient ring K[z1,...,2.]/J. So, we
have

rank L = n = height(I,) < dimIp =d=r —n.

As the vanishing ideals of subgroups of the torus T'x are Lg-homogeneous lattice
ideals of Krull-dimension d by [28, Proposition 2.6], and I, is Lg-homogeneous if
and only if L C Lg by [28, Proposition 2.3], we focus on lattices L satisfying L C Lg
and rank L = n.

Lemma 3.1. Let L C Lg andrank L = n. Then, £Lg C L for the order { = |Lg/L|.

Proof. Since Lg/L is a finite group of order ¢, we have /(m + L) = L, for every
m € Lg. This means that fm € L for all m € Lg. O

Lemma 3.2. L C L' if and only if I, C Ip..

Proof. (=:) If L C L/, then every m € L lies in L’. Therefore, every binomial
generator xmt _xmT of Iy, lies in Iy,. So, Iy, C Iy.

(«:) Assume that I;, C I, and m € L. Then, the binomial x™ — x™ of T; lies
in Iy, It follows from [19, Lemma 3.2] that m € L'. O

Proposition 3.3. Let L C Lg and rank L = n. Then, Vxx)(IL) is a subgroup of
Tx(K).

Proof. By Lemma 3.1, we have {Lg C L C Lg for the order £ = |Lg/L|. As
smaller lattices correspond to smaller lattice ideals by Lemma 3.2, it follows that
Iy, €I, C Ip,. Thus, we have the inclusions below:

{1} = Vxw)ULs) € Vxwy(IL) € Vxw)Tery),
where [1] denotes the orbit of the point (1,...,1) € K"\ V(B). So as to prove that
Vxx)(I1) is a subset of the torus Tx (K), it suffices to reveal that Vx x)(ler,) C
Tx(K). Given any point [P] € Vx(k)(l¢r,), we have P € V(Ii,) \ V(B). By
definition, P € V (I;1,) exactly when xm"(P) = x'™ (P)forallm=m"—m~ €
Lg. Since x™" (P) = x™ (P) is equivalent to x™ ' (P) = x™ (P'), it follows that
P € V(Iyz,) if and only if P* € V(I1,). As B is a monomial ideal, P ¢ V(B) if and
only if P* ¢ V(B). Thus, P € V(I;1,)\V(B) implies that P* € V(I1,)\V(B) = G.
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As G lies in the torus (K')", we have P € (K*)" yielding [P] € Tx(K). Hence,
Vx (L) € Tx (K).
If [P, [Q] € Vx(x)(IL), then we have the following:

X(P-Q7H =x™ (P)x™(Q) T =X (P)X™ (Q) T =X (P-Q 7).
Thus, [P] - [Q] " lies in Vx(k) (/1) demonstrating that it is indeed a subgroup. [

+

Remark 3.4. [t is easy to see that Vx (I)NTx is a subgroup of Tx, when we only
have L C Lg, see also [28, Corollary 2.4]. But, if rank L < n, then Vx(IL) need
not lie inside the torus Tx, see [28, Example 3.6].

For any m = m* — m~ € L, the binomial xm —xm ¢ I1,, hence we have
x™"(P) = x™ (P) for a point [P] € Vx®)(IL). If we further assume that L C Lg
and rank L = n, then x™(P) = 1 as Vxx)(IL) € Tx(K). Therefore, a point
[P] € Vx&)(IL), defines a character xp : Lg/L — K* via

xp(m+ L) = x%(P) = pi" - -p,

for all m = (my,...,m,) € L under these circumstances.
Lemma 3.5. Let L C Lg and rankL = n. Then the groups Vxx(IL) and
Hom(Lg/L,K*) are isomorphic.
Proof. Let v : Vx)(Ir) — Hom(Lg/L,K*) be defined by [P] — xp.

e The map ¢ is well-defined, for if g € G = V(I1,) N (K')", then xgp = xp,

since for all m € Lg, we have
X (gP) = g™x™(P) = x™(P).

e 1 is a homomorphism, since xp.pr = xp - xXp’-
e It is injective, as xp(m + L) = x™(P) = 1, for all m € Lg, implies that
P € G that is [P] = [1].

e It is surjective, as we prove now. Let {uj,...,u,} be the Z-basis for the
lattice Lg. For a given x : Lg/L — K*, let ¢t; = x(u; + L) for each ¢ € [n].
Since P* is exact and we can choose (A1, .., \,) € (K*)? in (2.3), there is

a point P € (K*)" such that n(P) = (x"'(P),...,x"(P)) = (t1,...,tn).
Every element m € Lg is written as m = cju; + -+ + ¢cpu, for some
(c1y...,¢n) € Z™. Thus, we have
x(m+ L) =ty -t = (x*(P))7 -+ (x™ (P))*™ = xp(m + L).
If m € L, then it follows that x™(P) = x(m+ L) = 1 for all m € L and so
[P] € Vx(I). Hence, we have xy = xp.

These complete the proof. (I

Lemma 3.6. Let L C Lg and rank L = n. If d; is an invariant factor of the
group Lg/L and C; := {c € K* : ¢% =1} is the group of d;-th roots of unity lying
inside K, for each i € [n], then the groups Hom(Lg/L,K*) and Cy x --- x Cy, are
isomorphic.
Proof. Let {mji,...,m,} be a Z-basis for the lattice Lg such that

{dlml, ey dnmn}
is a Z-basis of L.
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We regard elements in Hom(Lg/L,K*) as (partial) characters p : Lg — K*
whose restriction to L is the identity 15. So, we have p(m;)% = p(d;m;) = 1,
for each i € [n]. Since p is determined by the values p(m;),..., p(m,), the map
© : Hom(Lg/L,K*) — C1 x --- x Cy, defined by O(p) = (p(my),...,p(m,)) is
well-defined.

e O is a homomorphism as O(p - p') = O(p) - O(p’).
e It is injective, since O(p) = (p(my),...,p(m,)) = (1,...,1) = p=1L,.
e O is surjective as we demonstrate below.

Every choice of (¢1,...,¢,) € C1 X -+ X ), determines an element

p:Lg— K" via p(klml—l—---—i—knmn):clfl ol

n

Furthermore, if m = kymq + --- + k,m,, € L then d; divides k; for all i
and thus p(m) =1, as ¢§* = ... = ¢¥» = 1. Hence, p € Hom(Lg/L,K*).

Thus, O is the required isomorphism, completing the proof. O

Theorem 3.7. Let L C Lg and rankL = n. If d; is an invariant factor of
the group Lg/L and C; := {c € K* : ¢% = 1} is the group of d;-th roots of
unity lying inside K, for each i € [n], then Vxx)(Ir) = C1 x -+ x Cy, and thus
the number of K-rational points |Vxy(Ir)| is [C1|---|Cpn| < dy---dp. Moreover,
Vx®)(IL)| = dy---d, <= K has all the d;-th roots of unity, for every i € [n].

Proof. Tt follows from Lemma 3.5 that Vx ) (/1) = Hom(Lg/L,K*). We also have
Hom(Lg/L,K*) = Cy x ---x Cy, by Lemma 3.6, whence Vx ) (/) = Cy x - - x Cy,.
Since |C;| < d; in general, we have |Vx (I)| = |C1| -+ |Cn| < dy -+ - d.

The second part follows, since |C;| = d; <= K has all the d;-th roots of unity,
for every i € [n]. O

4. SUBGROUPS DEFINED BY LATTICE IDEALS OVER A FINITE FIELD

In this section, we compute the number of F,-rational points of a subgroup of
the algebraic group T'x, where X is a toric variety over the finite field F,. By the
virtue of Theorem 3.7, this amounts to computing the order of the cyclic subgroup
C; of d;-th roots of unity lying inside the cyclic group F} of order ¢ — 1.

Theorem 4.1. If L C Lg and rank L = n, then the number of Fy-rational points
is given by |Vxw,)(IL)| = (d1,q — 1)+ (dn,q — 1), where (d;, g — 1) is the greatest
common divisor of ¢ — 1 with the invariant factor d;.

Proof. Fix i € [n]. Recall that C; = {¢c € K* : ¢ = 1} is a cyclic subgroup of F};
of order |C;|, and so |C;| divides ¢ — 1. The order |C;| of a generator of C; divides
d;, as well. Hence, |C;| divides (d;, ¢ —1). On the other hand, as (d;,q — 1) divides
q—1, there is a cyclic subgroup of F; of order (d;, q — 1), which is clearly contained
in C;, since (d;, ¢ — 1) divides d;. Therefore, |C;| = (d;,q — 1).

The proof now follows directly from Theorem 3.7. O

Before going further, let us single out lattices corresponding to subgroups of T'x.

Lemma 4.2. IfY is o subgroup of Tx(Fy) then I(Y) = I, for a unique lattice
L with (¢ —1)Lg € L C Lg. Therefore, subgroups of Tx(F,) are of the form
Vx ¥, L) for lattices with (¢ —1)Lg C L C Lg.
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Proof. By [28, Theorem 2.9] I(Y) = I, for a unique lattice L with L C Lg. Since
Y C Tx(F,) implies I(Tx (F,)) C I(Y) and we have I(Tx (Fy)) = Iy_1y1, by [28,
Corollary 4.14 (ii)], the first claim follows from Lemma 3.2.

If Y is a subgroup of T'x (Fy), then Y = Vx g )(1(Y)) by [28, Lemma 2.8] which is
nothing but Vi ) (1) by above for a unique lattice L with (¢—1)Lg C L C Lg. O

Therefore, in order the compute the order of a subgroup of the torus T'x (F,) of
X, it is enough to focus on lattices with (¢ —1)Lg C L C Lg.

Lemma 4.3. Let L C Lg and rank L = n. Then, (¢ —1)Lg C L if and only if
exp(Lg/L) = d,, divides ¢ — 1. Recall that the exponent exp(H) of a finite group H
is the least common multiple of the orders of all elements in H.

Proof. Recall that Lg has a basis {my,...,m,} such that {dim,,...,d,m,} is a
basis of L, where d;’s are the invariant factors of Lg/L. By the structure theorem
for finite abelian groups Lg/L and Zq, & - - - & Zgq,, are isomorphic. Since d; divides
diy1 for each ¢ € [n — 1], the exponent of Lg/L is d,.

Therefore, if (3 —1)Lg C L, then (¢ — 1)m; € L. Since {dimy,...,d,m,} is
a basis of L, it follows immediately that d; divides ¢ — 1, for every ¢ € [n]. Thus,
exp(Lg/L) divides ¢ — 1. Conversely, if the exponent divides ¢ — 1, then each d;
divides ¢ — 1, and hence (¢ — 1)m; € L yielding to the inclusion (¢ —1)Lg C L. O

We are now ready to prove the main result of the section yielding to an efficient
method to count the number of F,-rational points of the subgroup Vx (I1) of Tx
using a basis of L.

Theorem 4.4. If (4 — 1)Lg C L C Lg, then the number of Fy-rational points is
given by |VX(]Fq)(IL)| =|Lg/Ll=dy---dy.

Proof. By Lemma 4.3, it follows that d; divides ¢ — 1, and hence (d;,q — 1) = d;,
for every i € [n]. Therefore, |Vx,)(IL)| = d1---dn, by Theorem 4.1. O

Remark 4.5. Theorem 4.4 follows also from Lemma 3.5 together with a more
general fact which is communicated in private to us by Laurence Barker: given a
finite group A and a finite field F,, Hom(A,F}) is isomorphic to A if and only if
exp(A) divides ¢ — 1. The proof provided by Barker is as follows.

The usual dual of A, sometimes called the Pontryagin dual, is defined to be
A* = Hom(A,Q/Z). The group Q/Z, is isomorphic to the torsion subgroup of C*.
So A* can be identified with the group of irreducible complex characters of A.

The standard result that A is non-canonically isomorphic to A* is plain when A
is cyclic. It is easy to see that (A1 x Ag)* = A x A%. So the general case follows
by decomposing A as a direct product of cyclic groups.

Viewing finite cyclic groups as embedded in each other wherever possible, then
Q/Z is the union of all those groups, in other words, the colimit of the diagram
of embeddings. In particular, A* can be identified with Hom(A, C) for any cyclic
group C' that is sufficiently large in the sense where C' < C provided |C'| divides
|C|. The ezact criterion for C to be sufficiently large is that every homomorphism
A — Q/Z has image contained in the subgroup isomorphic to C. That is equivalent
to saying that the exponent of A divides |C|. Taking C = F; completes the proof.

Corollary 4.6. If (¢ —1)Lg C L C Lg, then |Vx,)(IL)| = | det ML|, where ML is
the matriz with entries b;; € Z such that the j-th basis element of L is written as
bijus + - -+ + bpjuy, in terms of the basis {ui,...,u,} of Lg.
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Proof. By Theorem 4.4, we have |Vx,)(IL)| = [Lg/L|. Recall that the map ¢ of
(2.1) is an isomorphism between Z"™ and Lg. If A is the sublattice of Z™ which is
isomorphic to L under ¢, then the order |Lg/L| = |Z™/A|. Let ML := {b1,..., by}
be a subset of Z™ constituting a Z-basis for the lattice A. By abusing the notation,
let us denote by ML the matrix whose columns are the elements of the set ML.

It is known that the volume of the fundamental domain IT(ML) of ML is | det ML,
where

(ML) := {i/\ibi 0< N < 1}.
=1

It is also known that | det ML| is the number |TI(ML) N Z"| of lattice points inside
TI(ML) as well as the index [Z"™ : A] = |Z"/A].
Altogether, we have |Vxr,)(IL)| = [Lg/L| = |Z"/A| = | det ML|. O

Corollary 4.7. If {ciuy,...,cou,} constitute a basis for L, for positive integers
¢; dividing q — 1, then [Vx@,)(IL)| =c1---cn.

Proof. Since {ui,...,u,} C Z" form a basis of Lz and ¢(e;) = u;, we observe that
o(cie;) = ¢y, for all @ € [n]. So, ML = {cje1,...,cpe,} is a basis for the lattice
A that appeared in the proof of Corollary 4.6 and | det(ML)| = ¢; - - - ¢,. Therefore,
it follows that £ = [Lg/L| = c1 --- ¢, and that Vx(g,)(I1) has c; - - - ¢, elements by
Corollary 4.6. O

If (¢ —1)Lg € L C Lg, then obviously ¢ = |Lg/L]| is coprime to p = char(FF,).
On the other hand, whenever ¢ = |Lg/L| is not divisible by a prime p, there are
finite fields of characteristic p verifying this condition as we demonstrate next.

Proposition 4.8. Let L C Lg and rank L = n. If { = |Lg/L| is not divisible by
a prime p, then there is a finite field F, of characteristic p such that exp(Lg/L)
divides ¢ — 1. Thus, we have (¢ —1)Lg C L C Lg in this case.

Proof. Let F, be the splitting field of zf — 1 over Fp. As p does not divide ¢, zt—1
and its derivative £z/~1 have no roots in common. So, roots of z‘ — 1 are all distinct.
It is easy to see that they form a cyclic subgroup of Fy of order ¢. Thus, ¢ divides
g — 1 whence so does exp(Lg/L).

The second part follows from Lemma 4.3. O

We close the section with an interesting example illustrating the results.

Example 4.9. Consider the Hirzebruch surface X = Hs whose fan in R? have
rays generated by

vi =(1,0),va = (0,1),v3 = (-1,2), and v4 = (0,—1).
The ezxact sequence in (2.1) becomes:

[ B

Z4

LB:0 7?

T
10 -1 0 1 -2 1 0
¢_[01 2 —1} and ﬂ_{o 1 01}
Thus, the class group is A = Z* grading the Cox ring S = Fy[x1,xo, 23, x4] of X
via

7? 0,

where

dega(1) = degy(z3) = (1,0), deg 4 (22) = (=2, 1), deg 4(x4) = (0,1).
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Y

FIGURE 1. The fan for the Hirzebruch surface.

Clearly, a Z-basis of Lg is given by uy = (1,0,—1,0) and uz = (0,1,2,—1).

Consider the lattice L spanned over Z by 3uy and buy. Since B = {3e1,5es}
is a basis for the lattice A that appeared in the proof of Corollary 4.6 we have
¢ =|Lg/L| = det B = 15 and so 156Lg C L C Lg by Lemma 3.1. Hence, if 15
divides g — 1, which is the case for instance when q = 16 or ¢ = 31, then the
subgroup Vx(r,)(IL) has 15 members of Tx over the finite field F.

5. FINITE NULLSTELLENSATZ FOR LATTICE IDEALS

In this section, we prove a Nullstellensatz type result over I, establishing a one-
to-one correspondence between the subgroups Vx ) (I1) and lattice ideals Iy, such
that (q — 1)ng CLCLg.

Lemma 5.1. If (¢— 1)L C L C Lg, then the subgroups Vx (k) (Ir) and Vxk, )(IL)
are the same, for any field K which is an extension of F.

Proof. Since F;; C K*, we have the inclusion Vx (1) € Vxx)(Ir). By Theorem
4.4, |Vxw,)(IL)| = di - dpn, and so F; has all the d;-th roots of unity. Thus, K* has
all the d;-th roots of unity and hence |Vx (/1) = di---d, as well, by Theorem

3.7. Having the same orders, Vy ) () = Vx(,)(Iz) for any field K which is an
extension of F,. O

It is now time to demonstrate that the necessary condition suggested by the
Lemma 4.2 for a lattice to correspond to a vanishing ideal of a subgroup is indeed
sufficient.

Theorem 5.2. If (¢ —1)Lg € L C Lg, then I(Vxx(IL)) = I, for any field K
which is an extension of F,.

Proof. By the same reason in the proof of [28, Theorem 5.1(iii)], we have the
following minimal primary decomposition for the vanishing ideal of Vxk)(Iz) in
S =F,lz1,...,2]:
I(Vx@)(IL)) = N I([P)).
[P1eVx®)(IL)

Suppose now that p C S is a minimal prime of the radical ideal I, € I(Vx x)(IL)).
Then, as p 2 I, we have Vi (p) C Vi, (IL). As Vi, (p) cannot be
empty over the algebraically closed field F,, it has a point [P] € VX(FQ)(I L)



RATIONAL POINTS OF LATTICE IDEALS ON A TORIC VARIETY AND TORIC CODES 11

Since VX(FQ)(IL) = VX(K)(IL) = VX(]Fq)(IL)a by Lemma 5.1, [P] € VX(K)(IL) as
well. Therefore, [P] € Vxk)(p) so that p C I(Vxxk(p)) € I([P]) € S. So,
height(p) < height(I([P])) = n. Since we also have p DO I, it follows that
height(p) > height(I1) = n. Thus, height(p) = height(I([P])) = n and these primes
must coincide: p = I([P]). Therefore, the two ideals I, C I(Vx x)(Ir)) having the
same minimal primary decomposition must coincide: I, = I(Vx x)(IL)). O

Recall that subgroups of T'x (F,) are of the form Yo = {[t9* : --- : t"]|t € (F})*}
for a matrix @ = [q1Qz2 - qr] € Msxr(Z) by [28, Theorem 3.2 and Corollary 3.7].
In [2], a handier description of the lattice of the ideal I(Yy) is given, in terms of
Q@ and f, under a condition on the lattice £L = QLg = {@m|m € Lg}. Before
stating this result, let us remind that £: (¢ — 1) = {m € Z°|(¢ — 1)m € L} and
that the lattice Lo C Z" is the kernel of the multiplication map defined by @, i.e.
Lo={z€Z" : Qz=0}.

Theorem 5.3 ([2]). Let L = (Lo N Lg) + (¢ — 1)Lg. Then I, C I(Yg). The
equality holds if and only if L= L: (¢ —1).

If L € Lg, then Iy, is an Lg-homogeneous toric ideal whose zero locus inside
the torus is denoted Vg := Vx(r,)(IL,)NTx . The following consequence of Theorem
5.3 ensures that Vg coincides with the subgroup Yq if the condition £ = L: (¢—1)
holds, following [25, Proposition 4.3] and [25, Corollary 4.4].

Theorem 5.4 ([2]). If Lo C Lg and L = Lgo+(q—1)Lga, then we have the following
(1) Vo = VxE,) L),
(2) Vo =Yq, if the condition L= L: (¢ —1) holds,
(3) I(Vx(w,)(Ur)) = IL, if the condition L = L : (¢ — 1) holds.

Using Theorem 5.2, we are now able to prove that Vg coincides with the subgroup
Y if and only if the condition £ = £ : (¢ — 1) holds.

Corollary 5.5. If L = (Lqg N Lg) + (¢ —1)Lg, then Yo = Vx,(IL) if and only
ifL:(g—1)=L.

Proof. If L : (¢ — 1) = L then by Theorem 5.3 we have I(Yg) = I, implying that
Yo = Vxr,)(I(Yq)) = Vx@,) (I). For the converse it suffices to note that the
lattice L = (Lg N Lg) + (¢ — 1)L satisfies the condition (¢ — 1)Lg € L C Lg of
Theorem 5.2, and hence I(Yg) = I(Vx,)(IL)) = I1. Applying Theorem 5.3 again,
weget L:(¢g—1)=L. O

We close this section by sharing a procedure for computing the vanishing ideal
of Vx,)(IL) N Tx for lattices L C Lg not satisfying the condition (¢ —1)Lg C L.

Corollary 5.6. If L C Lg, then the vanishing ideal of Vx y(IL) N Tx is I, for
the lattice L' = L + (q — 1)Lg. Moreover, the order of Vx,)(IL) NTx is |Lg/L|.

Proof. If L' = L+ (q—1)Lg, then I, = I, + I(4_1)r,- Since I(Tx(Fy)) = [(q—1)L,
it follows that we have
VxE,) () = Vxe,)UL) N VxeE,) Tg-1L,) = VxE,) L) N Tx.

As (¢ —1)Lg C L' C Lg, Theorem 5.2 implies that I/ = I(Vx,)(Ir/)). Hence,
the B-saturated ideal corresponding to Y = Vxr,)(Ir) N Tx is I(Y) = Irs. The
second claim follows directly from Theorem 4.4. (I
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6. DEGREE OF A LATTICE IDEAL

In this section, we assume that the n-dimensional toric variety X is smooth
and projective. Let S be the Cox ring of X and M an S-graded module. Denote
by Hps(«) the multigraded Hilbert function of M, that is, Hy(«) = dimg(My).
Maclagan and Smith proved in [20, Proposition 2.10] that there is a polynomial
Pu(ty, ... tq) € Q[ty,...,tq] called the multigraded Hilbert polynomial of M such
that Pys(a) = Hpr(a) for a non-empty subset of N3. They also showed that for a
multigraded ideal I, the Hilbert polynomials of S/I and that of S/(I : B*>) are the
same, where (I : B*) is the B-saturation of I, see [20, Lemma 2.13]. Therefore,
if I is the B-saturated ideal corresponding to a finite set of points then its Hilbert
polynomial is constant and equal to the cardinality of Vx(I), see [20, Example
4.12]. Inspired from these, we make the following

Definition 6.1. Let I be the B-saturated homogeneous ideal corresponding to a
finite set of points. The degree of I is the constant Hilbert polynomial Ps;.

Lemma 6.2. If I, is an Lg—homogeneous ideal, then its (multigraded) Hilbert
function defined by Hy, (o) := dimg (S, /IL) is independent of the field K.

Proof. Recall that the vector space S, is spanned by the monomials
r
x? =z{' -zt with deg(x?®) = Z a;fB; = a.
j=1

By [22, Theorem 7.3], the quotient ring S/I, is isomorphic to the semigroup ring
of the semigroup N"/ ~p, where a; ~; as <= a; —as € L. Since Iy, is
Ls—homogeneous, we have L C Lg. Therefore, a; —as € L implies a; —ay € Lg,
ie. if x* 4+ I, = x®2 + I, in S/I;, then deg(x?*') = deg(x®?) meaning that
x?t + [ = x®2 + I, in S, /1. Hence, Hy, (o) = dimg (S, /1) is the number of
equivalence classes x* 4 I, of monomials x* of degree a € Ng, which is also the
number of equivalence classes of vectors a € N” with respect to the equivalence
relation ~p, such that Z;:1 a;jf; = o. This number is independent of the field,
completing the proof. O

Theorem 6.3. If It is an Lg—homogeneous ideal of dimension d = r —n, then
its degree is deg(Ir) = |Lg/L| = dy - - -dp, where d;’s are the invariant factors of
Ls/L.

Proof. By Lemma 6.2, the multigraded Hilbert polynomial of I, is independent of
the field. Under the hypothesis rank L = n and L C Lg, so by Proposition 4.8
there is a finite field F, such that (¢ — 1)Lg € L C Lg. Thus, the number of
F,-rational points is |Vx (I1)(F,4)| = d1 - - dy, by Theorem 4.4. On the other hand,
the B-saturated ideal corresponding to Vx (I1) is I(Vx (I1)) = I, by Theorem 5.2.
Thus, the Hilbert polynomial of I, will be d; - - - d,,, which is the degree of I,. O

The following reveals that Theorem 6.3 generalizes the main result of the nice
paper [19] by Lopez and Villarreal. X is the projective space P™ in this case. The
matrix § = [1---1], Lg = Z{e1 — er,...,e,—1 — e, } and hence an ideal is Lg—
homogeneous with respect to the standard grading: deg(x;) = 1, for each i € [r],
where r =n + 1.
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Corollary 6.4. [19, Theorem 3.13] If I, is an Lg— homogeneous ideal of dimension
1, then its degree is deg(Ir) = |T'(Z"/L)|, where T(Z" /L) is the torsion part of the
group 7" /L.

Proof. 1t is well known from the fundamental structure theorem for finitely gener-
ated abelian groups that the order of the torsion part T'(Z"/L) of the group Z"/L
is dy - - - dy,, where d;’s are the invariant factors of the matrix whose columns span
the lattice L, see [14, pp. 187—188]. So, Theorem 6.3 completes the proof. ([l

If anideal I = (Fy,..., F},) is a complete intersection generated in semi-ample de-
grees aq, . . ., @y, then its Hilbert Polynomial is the Bernstein—Kushnirenko bound,
which is the mixed volume n!V (P,,, ..., P,, ) of the Newton polytopes P, , ..., P,
by the proof of [29, Theorem 3.16]. The following reveals the same is true in the
special case that I = I, is a lattice ideal, without the assumption that the degrees
ai, ..., 0, are semi-ample.

Corollary 6.5. Assume that {dimy,...,d,m,} is a basis of the lattice L such
that {mji,...,my,} is a basis of Lg. If P; is the Newton polytope of the bino-
mial F; = xdim{ _ x¥™m; - for i € [n], then the degree of Iy is the mized volume

n\V(Py,...,P,).

Proof. By Proposition 4.8, there is a finite field K = F, containing all the d;-th
roots of unity, for each i € [n]. We know that Vx(I)(K) lies inside the torus
Tx (K) by Proposition 3.3. So, localizing to the torus does not change the order of
Vx (I1)(K). This amounts to passing to the Laurent polynomial ring

KxF] = K21, .. s Tpley ooz, = Koy, .oz, 2yt 2 b

»r

By [9, Theorem 2.1], the ideal K[xT]- I, is a local complete intersection generated
by the Laurent polynomials x“™1 — 1, ... x%™» _ 1 forming a regular sequence,
even if Iy, is not the (global) complete intersection ideal

+ —_ —
<Xd1m1 _ Xdlm1 .. dnmi _ xdnmn >

X

Letting t; := x™: be the local variables for the torus Tx (K) & (K*)", we get the
system tfl = ... = t;’lln = 1 having d; - - - d,, solutions as K has all the d;-th roots
of unity, for each i € [n]. Thus, |Vx(IL)(K)| meets the Bernstein-—Kushnirenko
bound n!V(P,,,...,Py,) = di---d, by [13] as P; are just line segments, see also
[4, 17]. Hence, Theorem 6.3 completes the proof. O

Example 6.6. We revisit Example 4.9. Consider the fan in R? with rays generated
by vi = (1,0), vo = (0,1), vs = (—1,2), and vy = (0, —1). Then the corresponding
toric variety is the Hirzebruch surface X = Ha. Recall that a Z-basis of Lg is given
by u; = (1,0,—1,0) and uy = (0,1,2,—1). Consider the lattice L spanned over Z
by 3u; and 5up. Then, clearly 15Lg C L C Lg. So, the degree of Iy is just the
order |Lg/L| = 15.

If p is a prime number other than 3 or 5, then by Proposition 4.8 there is a
finite field F, whose characteristic is p for which (¢ —1)Lg C L C Lg is satisfied
and thus I, = I(Vx,)(IL)) is the B-saturated ideal of Vx,)(IL), by Theorem
5.2 over the field F,, where B = (x1x2,T2x3, T34, Tax1). This is the case for
instance with p = 2, and thus, Vx,)(IL) has 15 = deg(I) members of Tx over
Fi6. Similarly, Iy, is the B-saturated ideal of Vx,)(IL) over the finite field Fy of
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characteristic p = 11, with ¢ = 112 = 121 elements, as 15 divides 120. Vxr,) L)
has 15 = deg(IL,) members of Tx over F1a;.

However, if ¢ = p = 11 then Iy, is not the B-saturated ideal of Vx y(IL) as 15
does not divide 10. Over the field F11, we have to replace L by L' = L+ (q—1)Lg so
as to obtain the correct lattice whose ideal Iy is the B-saturated vanishing ideal of
Vx ¥, (IL), by Corollary 5.6. A basis for the lattice L' is given by uy and 5ug, since
w = —3(3uwy) + 10wy € L. The Smith-normal form of the matriz with columns
u; and 5uy is [e1|5es], where e; is a standard basis vector of Z*. Thus, Vxr,) L)
has 5 = deg(I) members of Tx over the finite field Fy;.

7. PARAMETERIZATION OF THE SUBGROUP CUT OUT BY A LATTICE IDEAL

In this section, we describe the points of the subgroup Vx)(Ir) of the torus
T'x defined by the lattice ideal Iy,.

Let B be an r x n matrix whose columns constitute a basis for L C Lg; let A
and C be unimodular matrices of sizes r and n, respectively, so that

D =ABC = [d181| ce |dnen]
is the Smith-Normal form of B, where eq,...,e, € Z". Recall that d; divides d;;1,

for alli € [n —1]. If A~! = [m4|--- |m,] is the inverse of 4, then its columns span
Z". Thus, the columns {dimy,...,d,m,} of A='D = BC provide us with another
basis of the lattice L such that {m;,...,m,} is a basis of Lg. Since rank L = n,

we have Vy ) (/) € Tx by Proposition 3.3.

Theorem 7.1. Let L C Lg be a lattice of rank n. Then, the following hold:
(1) If [B]) = [nf™ « -+ 1 mi""], where n; is a generator for the cyclic subgroup of

K3
d;-th roots of unity in K, for alli € [n], and a;;’s are the entries of A, then

Vx (IL)(K) = ([Pr]) x -+ x ([Pa]).

(i) If d; divides ¢ — 1, for all i € [n], and Q is the matriz whose i-th row is
[ai1(g—1)/d;|. .. |ai(g—1)/d;] which is (g—1)/d; times the i-th row of the
matriz A, then Vx (I)(F,) = Yo.

Proof. The algebraic isomorphism induced by the change of basis map Z" — Z"

defined via multiplication by the matrix A = [a1]---|a,] is as follows:

(7.1) D4 (K = (K", Palyr,..hyr) = (¥, ..., y*).

with the following inverse isomorphism:

(7.2) o (K — (K", @4 (@1,...2p) = (™, ..., x™).

Recall that G is the subgroup V(Ir,) N (K*)" and thus (z1,...,2,) € G if and
only if x™ = ... = x™» = 1. Therefore, if (y1,...,y,) = fI);ll(:z:l, ..., @), then it

follows that (z1,...,2,) € G if and only if y; = --- = y, = 1. Thus, the group
G’ := ®,'(G) is described by

G/: {(17"'517yn+17"'5y7”):yi € (K*)T}

On the other hand, since a basis for L is given by the set {dim;,...,d,m,}, we
similarly have the following:

(z1,...,2,) € V(L) N (K" = xBm — ... = xdomn — 1
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Finally, as the elements [z : --- : z,] € Tx(K) are orbits G - (x1, ..., z,), it follows
that

[#1: 2] €Tx(K) < [y1:--:yp:1:---:1 € (K" /G
Thus, ® " induces an isomorphism between T'x (K) and the torus (K*)"/G’ identi-
fying the subgroup Vx (I)(K) of Tx (K) with the following subgroup:
Gr = Ay 1 1] € (VG i = o=yl = 1),
IfC; ={y; e K*: yfi = 1}, for all ¢ € [n], then, Gy, is isomorphic to Cy x - - - x Cy,,
via
[y iyn:l:o 1] = (Y1, Yn)-

If C; is the cyclic subgroup of K* generated by 7;, then the elements of G;, are
of the form

yr:ooiyp il = o opbe 101,
which bijectively correspond to the n-tuples (ki,...,k,) with 0 < k; < |C;| — 1.
Let [P] = [z1:---: @] be a point with x; = y® = y** ---y2i. Then, we have

[P] € Vx(I1)(K) < ®,'(P) € Gy.

Therefore, [P] € Vx(I1)(K) <= there is an n-tuple (k1,...,k,) with 0 < k; <
|C;| — 1 such that

(7.3) [P} = [ginh ookt paneka ]
= [77?11 . . n?w]lﬂ . [nznl c nznr]kn — [Pl]kl o [Pn]k"

This proves the first part (i):
Vx (Ip)(K) = ([P]) x - - < {[Pn]).

When K =F; and d; divides ¢ — 1, C; becomes the cyclic subgroup of F; = (1)
of order d;, generated by n; = 79~/ for all i € [n]. Letting t; = * for all i € [n],
we observe that the point in (7.3) becomes

P] = [naukl(q*l)/dl ... nanlkn(qfl)/dn ca nalrkl(qfl)/dl .. anrkn(qfl)/dn]

N
[ttlln(qfl)/dl . tznl(qfl)/dn C ttlllr(qfl)/dl . tznr(qfl)/dn]-

If @ is the matrix whose i-th row is [a;1 (¢ — 1)/d;] . . . |air (¢ — 1)/d;], then it follows
that [P] € Vx(I1)(F,) implies [P] € Yg.

In order to prove the converse inclusion, take [P] € Yq. Then, there are ¢; € F}
such that

[P] = [t‘l“l(qfl)/dl Cogemaa D) dn t‘lllr(‘lfl)/dl o gonr(a=1)/dn]

Since F} = (1), we have £; between 0 and ¢ — 2 for which ¢; = 5, for all i € [n].
Then, there is a unique k; between 0 and d; — 1 such that ¢; = k; modulo d;. Thus,
D/ — pli(a=1)/di = pki(a=1/di | vielding [P] € Vi (I1)(F,). O

Corollary 7.2. If Vx(Ip)(Fy) is a cyclic subgroup, then Vx(I1)(Fq) = Yg for a
row matriz Q@ = [an1(q — 1)/dyn|. .. |an-(q — 1)/dy,] which is (¢ — 1)/d,, times the
n-th row of the matriz A.
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Proof. By Theorem 4.4, Vx(Ir)(F,) has di---d, elements. Since it is cyclic,
di =+ =dy-1 = 1and |Vx(Ip)(Fq)| = dn. By Theorem 7.1, it follows that
Vx(IL)(Fq) = YY), where Q" is the matrix whose i-th row is (¢ — 1)/d; times the
i-th row of the matrix 4. When d; = 1, the following point

[P] = [ttllu(q—l)/dl o tflnl(q_l)/d" C ttlhT(q—l)/dl - .tzm(q_l)/dn]

of Yé becomes

[P] — [t‘rllnl(q_l)/dn Ceea tznr(q_l)/dn]

due to the fact that t?”(q_l)/di =1, foralli € [n—1] and j € [r]. Thus, [P]is a
point of Y. As the converse is also true, the claim follows. (|

Remark 7.3. Although a parameterization Yq of the subgroup VX(]Fq)(IL) NTx is
given in [28, Proposition 3.4], the size of the matriz Q for which Vx g, )(IL)NTx =
Yo was always v x r, even if the subgroup is cyclic. This is in contrast with the
matrices provided in Theorem 7.1 and Corollary 7.2 that are more natural and
succinct.

We illustrate the main result of this section working with K =R and K = C.

Example 7.4. We revisit the example 4.9 by considering the Hirzebruch surface
X = Hy over K =R or K = C this time. Consider the lattice L spanned by the
columns of the matriz B = [2u;  3us]. Then the Smith-Normal form D of B is
given by

001112 o 10
003 4/| 0 3/t -3]_1o0 6
P=ABC=15 1 0 1] |-2 6[1 —2}_00
1012 |0 -3 0 0

The cyclic subgroup C1 of the 1-st roots of unity is trivial over R or C. But, the
cyclic subgroup Cy of the 6-th roots of unity are as follows respectively over R or C.

Cy = {ceR*:f=1}={-1,1},
Cy = {ceC : P =1}=(p)=(1+iV3)/2)
= {1,(14iV3)/2,(-14+iV3)/2,-1, (-1 —iV3)/2, (1 — iV3)/2}.

It follows from Theorem 3.7 that |Vx ) (IL)| = |C1| - |Ca| which is 2 and 6 over R
and C respectively. Indeed,

V@) (In) = {[z1 22t 33 1 24] € X(K) @ 2f = 23 and 2} = (z223)%}.

Since G = {[A1 : A2 : A1 : M Xa] 1 A1, A2 € C*}, we have

Vxwy(IL) = {lz1:22:m x3xo], [Ty wo : —x1 : 220] ¢ w3, 74 € RYY,
= {[1:1:1:1],[1:1:—-1:1]} and
Vxy(Ir) = {[1:1:41:1),[1:1:£1:n93],[1:1:£1: 5]}

Notice that Vx c)(IL) = ([P1]) x ([P2]), where [Pi] = [ :nf :mp cpf] =[1:1:1:1]
and [Py) = 09 :n9 :n3 :m3] = [1:1:—1:n3], as stated in Theorem 7.1. The
isomorphism between the groups Vx ) (I1) and Cy x Cy is not clear at this stage.
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By following the steps in the proof of Theorem 7.1, we shall now make this more
precise. It is easy to see that

2 -1 0 1

_ 3 -1 1 0
A1'=m; my; mz myl = 4 -1 0 0
-3 1 0 0

Therefore, the map &, : (K*)* = (K*)* is given by

(74) @Zl($1,$27$3,z4) = (I%‘nggzzsa171_1I2_1333_1517473327331) = (y15y25y37y4)'

Hence, we have
5 (Vi (Ip)) = Gr(K) = {[y1 192 : 1: 1] € X(K) : y; =1 and y§ =1},
which is canonically isomorphic to Cy x Cy. Clearly,
O (1,1, +1,m0) = (1,403, 1,1), for all j = 0,2,4.
Thus, we have

P (Vxoy(IL) =Gr(C) = {[l:£1:1:1],[1:4ns:1:1],,[L:£n5:1:1]}

Similarly, we have ® ;" (Vx®) (1)) = Gr(R) ={[1:1:1:1],[1: =1:1:1]}.

8. EVALUATION CODES ON SUBGROUPS OF THE TORUS T'x (FF,)

In this section, we apply the main results of the paper to compute basic parame-
ters of toric codes on subgroups Y = Vx(r,)(I1) of the torus T'x (F,), where a basis
for L is given by {c1uy, ..., cyu,} for positive integers ¢; dividing ¢ — 1.

We first recall the evaluation code defined on a subset Y = {[Py],...,[Pn]} of
Tx(F,). Let NG be the subsemigroup of N generated (not necessarily minimally)

by Bi,.. ., By Recall that the Cox ring S = @) Sa of X is multigraded by Nj via
a€eNS

deg(z;) = B; for i = 1,...,r. For any multidegree o« € N3, we have the following

evaluation map

(8.1) evy : So = FY, F— (F(P),...,F(Py)).

The image C,,y = evy (S,) is a linear code, called the generalized toric code. The
three basic parameters of C, y are block-length which is N, the dimension which
is K = dimp,(Cqs,y ), and the minimum distance § = §(Cq,y) which is the minimum
of the numbers of nonzero components of nonzero vectors in Cqy.

It is clear that the kernel of the linear map evy equals the homogeneous piece
I(Y), of the vanishing ideal I(Y") in degree . Therefore, the code C,,y is isomor-
phic to the K-vector space So/I(Y)s. Thus, the dimension of C, y is the multi-
graded Hilbert function Hy () := dimp, Sq—dimp, I(Y)q of I(Y). AsC,,y is asub-
space of Fév, we have Hy (o) < N. When we have the equality K = Hy (a) = N, the
code becomes trivial, i.e. § = 0(Cq,y) = 1, by the Singleton bound § < N +1— K.
A related algebraic notion useful to eliminate these trivial codes is the so-called
multigraded regularity defined by

reg(Y):={ae€NB : Hy(a)=|Y]} CN%
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The values of the Hilbert function Hy («) can also be used to detect (monomially)
equivalent codes. Indeed, by [29, Proposition 4.3], the codes Cq,y and Coy are
equivalent if Hy (o)) = Hy (¢/) and o — o/ € Ng.

The first application of our results is that the length of the code Cq y is given
by N =|Y|=ci---¢cy, due to Corollary 4.7, where Y = Vx (g, )(I1) for the lattice
L with a basis given by {ciuy,...,cpu,} for positive integers ¢; dividing ¢ — 1.

In order to compute the dimension and minimum distance of the code Cy )y, we
need to determine a minimal generating set for the vanishing ideal I(Y'). We apply
our Theorem 5.2 together with a characterization of complete intersection lattice
ideals given by Morales and Thoma [23] using the following concept.

Definition 8.1. Let A be a matriz whose entries are all integers. A is called mized
if there is a positive and a negative entry in every column. If no square submatriz
of A is mized, it is called dominating.

Theorem 8.2. [23, Theorem 3.9] Let L C Z" be a lattice with the property that

LNN" =0. Then, I, is complete intersection <= L has a basis my, ..., my such
that the matriz [my - --my] is mized dominating. In the affirmative case, we have
IL:<wm1+—mmf,...,wmz—:cm;). O

Applying our Theorem 5.2 to Y = Vi (r ) (I1) we immediately obtain the equality
of the ideals I(Y') = Ir,. Using then Theorem 8.2, one can confirm when I(Y) = I,
is a complete intersection by looking at a basis of the lattice L. The rest of the
section discusses an instance where everything works very well.

Let X = H, be the Hirzebruch surface whose fan have primitive ray generators
given by vi = (1,0), vo = (0,1), vg = (—1,¢), and v4 = (0, —1), for any positive
integer £. The exact sequence in (2.1) becomes

¢ oa B

LB:0 7?2 Cl(H;) —— 0,

for ¢ = [u; ug] with w3 = (1,0,—1,0), uz = (0,1,¢,—1) and S = [

with Lg = (uy,us). The dual sequence in (2.2) over K = F, becomes

Pl —— G — (K*)* —s (K*)2 1
where 7 : t = (tit3 ", tatst, ) and
G = Ker(w) = {(tl,tg,tl,ttitz) | t1,t2 € K*} = (K*)Q
Hence, K-rational points of the torus is Tx (K) = (K*)? = (K*)*/G whereas F,-
rational points is Tx (Fy) = (F;)? = (F;)*/G.
The Cox ring S = F[z1, 2, 23, 4] is Z*-graded via
deg(z1) = deg(xs) = (1,0), deg(zz) = (0,1), deg(zs) = (£,1).

Proposition 8.3. Let X be the Hirzebruch surface Hy. If {ci1u1, cous} constitute
a basis for L, and Y = Vxx y(IL) then I(Y) is a complete intersection generated
minimally by x5' — 25" and x5 — x5 . Purthermore, (c1 4 c2l, c2) +N? C reg(Y).
Proof. By Theorem 5.2, we get I(Y) = Ir. Since the columns of ML constitute a

basis of L, where

C1 0 —C1 0 r

ML = [clul 0211,2] = 0 co €c2 —cy
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and ML is mixed dominating, it follows from Theorem 8.2 that
I(Y) = (o —af',af — 25°25).

There is a geometrically significant subsemigroup K contained in the semigroup
NB = N2 whose elements are semiample degrees corresponding to the classes of
numerically effective line bundles on X, which is given by

K = () No = N(1,0) + N(¢, 1),
oeEX
where N& is the semigroup generated by f3; corresponding to rays p; ¢ o, for details

see [7, Theorem 6.3.12]. Thus, the degrees ¢1(1,0) and c3(¢,1) of the generators
are semiample. Therefore, (¢ + c2f, co) + N? C reg(Y) by [29, Theorem 3.16]. O

It is now time to the compute the other main parameters of the toric code
Ca)y, where a = (¢,d) € NS. Hansen computed these parameters for the case
Y =Tx(Fy), c < ¢—1 and d = b, where b is to be defined below, see [12]. More
recently, the conditions ¢ < ¢ — 1 and d = b is relaxed in [1] again for the torus
Y =Tx(F,).

Theorem 8.4. Let {ciuy, cous} be a basis for L with ¢y and co dividing ¢ — 1, and
Y = Vxw,) (IL) be the subgroup of the torus Tx of the Hirzebruch surface X =H,
over K = F, satisfying c1 < lea. If o= (¢,d) € NB = N2, then the dimension K of
the toric code Cq,y is given by

b+ Dc+1-0bl/2], ifc<cr andb<cy—1
cole+1—(ca—1)¢/2] ifc<ci andca—1<b
al+D)+b=0)c+1—-L0b+b+1)/2], ifc>cr andt/ <b<cy—1
a+1)+(co—1=b)c+1—Lllca+V)/2], ifc>ciandl <cg—1<b
cica, ifc>c1 and b > co — 1,

and the minimum distance equals

coler — ], ife<ecr andb<cy—1

coler — ], ife<ecrandea—1<b
dCay)=1co =0, ifc>cpandb <b<cy—1

co — U, ife>crandb <co—1<b
1 ifc>c1 and b > co — 1.

)

where b is the greatest non-negative integer with ¢ —bf > 0 and d—b > 0, and when
c>c1, U is the greatest non-negative integer with c — b’ > c1 — 1 andd — V' > 0.

Proof. We start by giving a parameterization which will be crucial especially in
computing the minimum distance below. So, we first see that

C[(@=1/a 0 0 0
@=1"0"" 0 0 e

parameterizes the subgroup Y = Vxr,)(I). Let n1 = nla=D/er and 5y = pla—1)/e
where 7 is a generator for the cyclic group K*. Then, Y consists of the following



20 MESUT SAHIN

c1cg points Pij = [ : 1:1:1)] € Tx, for i € [e1] and j € [ca]. Since these points
satisfy the equations:

C1 Cc1 __ C2 ECQ
it — a5t =0 and 22 — 252252 =0

it follows that they belong to Y, yielding Yo C Y. By Corollary 4.7, |Y| = cico
forcing the equality Yo =Y.

Let us find a K—basis B, := {x* | deg(x®) = fa = a} for the vector space S,
for any o = (¢,d) € N = N2. Since b is the greatest non-negative integer with
a = (¢,d) = b(l,1) + (a,a’) for some non-negative integers a = ¢ — b¢ > 0 and
a'=d—>b2>0, wehave 0 < ag <D if deg(x?) = fa = a. For a fixed 0 < ag < b,
and fixed 0 < a7 < ¢ — fay the powers ao = d — a4 and a3 = ¢ — fag — a1 in

x® = ot x5? x5 xy* are fixed too. So,

B, = {aftad gt taammd4 | 0 < ay <band 0 < a; < ¢ — Lag}.
Let us define the following two key numbers:

w1 :=min{c,c; — 1} and po := min{b, co — 1}.

Since z7' = azgl and 52 = 25225 in the ring S/I(Y), a basis for Sa/I,(Y) is
= {a{radm g8 | 0 < ay < pg and 0 < ay < min{c — fag, g1 }}.

It is clear that S(Qd) = azg_bS(c)b). Since w2 = 1 on Y, the images evy (S(,q)) and
evy (S(cp)) of the evaluation maps defined on S, 4y and S(. ) are the same code
C(ep),y when d > b. Hence, if [c/¢] < d, we have b = min{[c/¢],d} = |c¢//], and
thus the codes C(.q),y and C(.p),y are the same whose dimensions are

dimp,Co,y = Hy (@) = | B(cp)|, for a = (c¢,d) with b = min{|c/¢],d} = |c/¢].
Therefore, it suffices to study codes Cq y, where a = (¢,d) with d < |¢/¢]. Thus,
we assume from now on that
(8.2) d < |e/t] so that b = min{|c/¢|,d} = d.

The dimension.
Case I: Let ¢ = a+ bl < ¢;. Then, p1 = ¢ and thus we have
M2

(8.3)dimg,Cay = [Bal= Y (c—las+1)

as=0
= (p2+1)(c+1)—pa(pe +1)€/2 = (u2 + Dfc+ 1 — pat/2].
If b < ¢y — 1, then po = b and thus, we have
dimp, Coyy = (b+1)[c+ 1 —0b0/2].
It is worth to notice that this dimension is the number of monomials in

—{:101 xg g tas—a 24t 0<ag <band 0 <a; <c—{las}

or equivalently the number of lattice points inside the polygon depicted in Figure
2 which is defined by the inequalities 0 < ay < b and 0 < a; < ¢ — lay.
If co — 1 < b, then po = co — 1 and hence, we have

dimp, Cay = c2[c+1 — (c2 — 1)€/2].
As before, this dimension is the number of monomials in

B, = {x‘flazg_“‘*azg_m“_“lxi“ |0<ays<cag—1land 0<a; <c—/lay}
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co-1 T
c/l | c/l
a1+ las = ¢ ! a1 +flas = c
b:d 1 b:d =T
5 R e S, ‘.
0 c—¥0b c -1 0 c—10b c c1-1
FIGURE 2. Case I with Ficure 3. Case I with
b<ecy—1 b>co—1

or equivalently the number of lattice points inside the polygon depicted in Figure
3 which is defined by the inequalities 0 < ay < cs —1and 0 < ay < ¢ — flay.

Case II: Let ¢ > ¢;. Then 3 = ¢;—1. Recall that b’ is the greatest non-negative
integer with the property c—b¢ > c¢; —1 and d—b" > 0. In fact, if a > ¢; — 1, then
c—tb=a>c; — 1, and thus ¥’ = b. Otherwise,

V=|(c—ca+1)/t]=b—[(c1 —1—a)/l].
Case II(i): b/ > ¢y — 1.

a1 +lag =c

0 c1-1 c-0b ¢
FIGURE 4. Case II (i)

If b > ¢y — 1, then o = co — 1 as b > V. So, for every choice of a4 satisfying
0<as<cy—1<V wehavec—"Lay > c; — 1, and hence 0 < a; < ¢; — 1. Thus,
we have

(8.4) dimp, Coy = |Bo| = c1c2 = N,
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which is also the number of lattice points in the rectangle depicted in Figure 4 and
described by the inequalities 0 < a3 < ¢; — 1 and 0 < a4 < ¢2 — 1. Since the
dimension reaches its maximum value, the code C, y is trivial, that is, 6(Co,y) = 1.
Case II(ii): ¥’ <co— 1.
By the definition of &', we have the following two cases

61—1 if O§a4§b’
c—rlay if UV <ay<ps.

min{c — lag,c; — 1} = {

So,if 0 <ay <V then 0 < a; < c¢;—1butifas > b’ then 0 < ay < ¢— Lay, yielding
the description of B, to be the disjoint union of the following two sets

(8.5)Bo(1) = {afrai ®gite g8 0<ay <b and 0<a; <e¢; — 1} and
(8.6)B,(2) = {x‘flxg_a“xg_é““_ale‘ | o +1<a4<pzand 0 <ay <c—Llay}.

Notice that |B,(1)| is the number of lattice points in the rectangle in Figure 5 and
| B4 (2)] is the number of lattice points in the trapezoid in Figure 5. Therefore, we
have
M2
87)  dimgCay = [Bal=a(+1)+ Y (c—Las+1)
as=b'+1
(b + 1)+ (u2 = b)c+1— (u2 +0 +1)¢/2).

62—1 ———————————————————
e/t
H2

b +1

a1 +las = c

b/

0 ci-1 c-0b ¢

FIGURE 5. Case II (ii)

If b<co—1,then g =c¢; — 1 and pe = b in (8.7), yielding the formula
dimp, Cay = c1(b' + 1)+ (b—=b)[c+1— (b4 +1)¢/2].
If o) <ca—1<b, then g =c¢; —1 and pz = co — 1 in (8.7), yielding the formula
dimp, Coy = c1 (b + 1)+ (c2 =1 =b)[c+1— (ca +')/2].

The minimum distance.
Let us compute the minimum distance now. Recall that Y = Vx(x,)(IL) consists

of the following points P; j = [} : 1:1:1j] € Tx, for i € [¢;] and j € [ca).
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For a given F € S, we set J = {j € [co] : x4 — 1xoxb divides F}. Then, we

first prove that the number of zeroes of F' in Y satisfies
(8.8) Vx(F)NY| < ci|lJ| + (c2 — |J]) deg,, F.

It is clear that F'(F;,;) = 0 whenever j € J and there are ¢1|.J| many such points in
Y. Moreover, the polynomial f(z1) := F(z1,1,1,n3) € K[x1] \ {0} if j ¢ J. Thus,
it can have at most deg,, I := deg(f) many zeroes for each j ¢ J. So, we can have
at most (cz — |J]) deg,, F' many such roots. Therefore, altogether F' can have at
most ¢;1].J| + (ca — |J]) deg,, F' zeroes in Y.
Case I: Let ¢ < ¢;.

Since deg, F' < c— £|J] in this case, it follows from (8.8) that

Vx(F)NY] < alJ|+ (2 —[J)(c—£€]])

< cac+ |J|(c1 — beg — e+ 4] J]).

Since 0 < |J] < |¢/¢] and ¢; < Ley , we have

(89) |Vx(F)ﬁY| < C20+|J|(Cl —£02—0+€|J|) SCQC.

Therefore, F' can have at most coc many zeroes in Y. On the other hand, the
following polynomial

F = a:gH(:El —nixs) € Sy
i=1

vanishes exactly at the coc points P; ; = [77{ :1:1: 77%] €Y, where 1 <i<cand
1 < j < ¢g. Thus, there is a codeword ev,,y (F) with weight ¢1c2 — coc. Hence,

5(Ca,Y) = C1C2 — C2C = cz(cl — c).

Case II: Let ¢ > ¢;. Then, we elaborate more on the upper bound given in
(8.8) depending on whether |J| < ¥ or |J]| > ¥'.
Suppose that 0 < [J| < b'. Since deg,, F' < ¢; — 1, it follows from (8.8) that
|Vx(F) n Y| < 01|J| + (02 - |J|)(Cl - 1) = 02(01 - 1) + |J|
Since 0 < |J] < ¥/, we have
(810) |VX (F) n Y| < 62(01 - 1) +b.

Suppose now that |J| > b’. In this case, we write |J| = V' + k for some positive
integer k. Then, ¢ — £(b/ +1) < ¢1 — 1 or equivalently ¢ — £(b' + 1) < ¢1 — 2, by
definition of &', which will be crucial below. Hence,

c—lJ|=c—Ld +1)—L(|J] =V —1)<ec1 —2—L(k—1).
Since deg, F' <c—/{|J] <c1 —2—{(k—1), it follows from (8.8) that

Ve(F)NY| < eild]+ (o — [T)(c—€J] —cr +1 41— 1)
< cea—cot(ca—|I)(e—=LlJ|—c1+ 1)+ |J|
< el = 1)+ (ea — [J)(=1 = £(k = 1)) + | J].

Since b’ — |J| = =k, ca — |J| > 1 and £ > 1 the difference
O = (171 + (c2 = [T)(=1 = L(k = 1))] = (U = |T]) + (c2 = [J)(L + £(k = 1)) = 0
and thus we have that

(8.11) Vx(F)NY| < (c1 — Ve + V.
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Then, by (8.10) and (8.11), F' can have at most (¢; — 1)cg + b’ many zeroes in
Y. On the other hand, the following polynomial

01—1 b/
F= gcg*lb 7(6171):10%4’ H (x1 — njz3) H(x4 — yxaxt)
i=1 j=1
vanishes exactly at c1b' + (c2 — V')(c1 — 1) = ca(c1 — 1) + ¥/, and thus there is a
codeword with weight co — b’. This shows that §(Coy) = c2 — U'. O

Remark 8.5. Let (¢,d) = (a+¢b,a’ +b). Ifa>c1 —1, thenc—Llb=a>c; — 1.
So, b' = b. Since b =b < cg — 1, then by (8.7) above Hy(a) = |By| = c1(b+ 1).
It follows that the codes Cory with a > ¢ — 1 are all equivalent to the code Coy
with a = ¢1 — 1, by [29, Proposition 4.3]. Furthermore, as the codes with a’ > 0 are
equivalent to those with ' = 0 by the explanations above (8.2), and the codes with
b > ca—1 are trivial, it suffices to consider codes corresponding to (¢, d) = (a+£b,b)
wherea<cy —1 and b’ < cy — 1.

The following makes the points of Remark 8.5 more precise as the extra condition
£ > ¢1 bounds b by co — 1 and reduces the number of non-equivalent codes to c¢;cs.

Corollary 8.6. Let {ciui,cous} be a basis for L, and Y = Vx(I1)(F,) be the
subgroup of the torus Tx of the Hirzebruch surface He over K = Fy for which c;
and co divides ¢ — 1. If a = (¢,d) = (a + £b,d) and { > c1, then the parameters of
the toric code Coy are N = cica,

K = a+1 and § = co(c1—a), ife<c
K = cb+14+a and § = co—-b+1, ifa<c-—-1<c
K = «ab+1) and 6 = c¢o—b, fa=c —1<ec.

Furthermore, (c1 — 1+ £(ca —1),co — 1) + N2 = reg(Y).

Proof. Let £ > ¢;. We may suppose that a < ¢; — 1 by the virtue of Remark 8.5.
Since a < ¢;—1, it follows that ¥ =bifa =ci—land b =b—1ifa=c—¥tb<c;—1
asc—Ll(b—1)=c—4tb+L€>cy—1. So, if b > cq, then b’ > ¢o — 1 and thus the code
is trivial by (8.4). Thus, non-equivalent codes occur only for o = a(1,0) + b(¢,1)
where 0 <a<c¢i—land 0<b<ecy — 1.

Case I: If c = a+¢b < ¢; < ¢, then 0 < a < ¢(1 — b) implying that b = 0.
Hence, dimg Co,y = Hy(a,0) = a+ 1 and §(Ca,y) = c2(c1 — a) by Theorem 8.4,
since ¢ = a.

Case II: Let ¢ > ¢;. We appeal to Theorem 8.4 again.

Ifa=c; — 1, then ¥ = b and dimg Coy = Hy («) = ¢1(b+ 1). Furthermore, we
have §(Cp,y) =ca — b = co —b.

Ifa < ¢1—1, thend’ = b—1and dimg Co,y = Hy (o) = c1b+c+1—0b = c1b+1+a.
Moreover, we have 6(Co,y) =c2 — b =ca — b+ 1.

The final claim follows easily, since the there values a+1,c1b+1+a and ¢1(b+1)
of K above are strictly smaller than c¢;co whenever 0 < a <c;—1and 0 <b < cp—1,
and K = Hy((c1 =1+ 4(ca—1),ca—1))=cicgasa=c; —landb=cy—1. O

We finish the paper with a toy example illustrating the theory we developed.

Example 8.7. Let X = Hsz over F7. Let ¢y = 3, co = 3. Then the parameters
of the code are given in Table 1. According to Markus Grassl’s Code Tables [11] a
best-possible code with N =9 has K +6 =9 or K +6 = 10 (MDS codes). This
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example provides us with a best possible code whose parameters are [9,7,2] together

with an MDS code [9,8,2].
Table 1: Parameters of Toric Codes on X = Hs.

(a,b) o [N, K, 0]
(0,0) | (0,0) | [9,1,9]
(1,0) | (1,0) | [9,2,6
(2,0) | (2,0) | [9,3,3
(0,1) | (3,1) | [9,4,3
(L,1) | 4,1)] [9,5,3
(2,1) | (5,1) | [9,6,2]
(0,2) | (6,2) | 19,7,2]
(1,2) | (7,2) | 19,8,2]
(2,2) | (8,2) | 19,9,1]
ACKNOWLEDGEMENT

The author thanks Laurence Barker for his contribution explained in Remark 4.5
and Ivan Soprunov for his useful comments on the manuscript. He also expresses
his gratitude to an anonymous referee who reads the paper carefully and helped
improve the presentation considerably.

REFERENCES

(1] Esma Baran and Mesut Sahin. On parameterised toric codes. Appl. Algebra Engrg. Comm.
Comput., 2021.

[2] Esma Baran Ozkan. Vanishing ideals of parameterized subgroups in a toric variety. Turkish
J. Math., 46(6):2141-2150, 2022.

[3] Peter Beelen and Diego Ruano. The order bound for toric codes. In Applied algebra, algebraic
algorithms, and error-correcting codes, volume 5527 of Lecture Notes in Comput. Sci., pages
1-10. Springer, Berlin, 2009.

[4] D. N. Bernstein. The number of roots of a system of equations. Funkcional. Anal. i PriloZen.,
9(3):1-4, 1975.

[5] Gavin Brown and Alexander M. Kasprzyk. Seven new champion linear codes. LMS J. Comput.
Math., 16:109-117, 2013.

[6] David A. Cox. The homogeneous coordinate ring of a toric variety. J. Algebraic Geom.,
4(1):17-50, 1995.

[7] David A. Cox, John B. Little, and Henry K. Schenck. Toric varieties, volume 124 of Graduate
Studies in Mathematics. American Mathematical Society, Providence, RI, 2011.

[8] Eduardo Dias and Jorge Neves. Codes over a weighted torus. Finite Fields Appl., 33:66-79,
2015.

[9] David Eisenbud and Bernd Sturmfels. Binomial ideals. Duke Math. J., 84(1):1-45, 1996.

[10] Sudhir R. Ghorpade. A note on Nullstellensatz over finite fields. In Contributions in algebra
and algebraic geometry, volume 738 of Contemp. Math., pages 23-32. Amer. Math. Soc.,
[Providence], RI, [2019] (©2019.

[11] Markus Grassl. Bounds on the minimum distance of linear codes and quantum codes. Online
available at http://www.codetables.de, 2007. Accessed on 2023-01-17.

[12] Johan P. Hansen. Toric varieties Hirzebruch surfaces and error-correcting codes. Appl. Algebra
Engrg. Comm. Comput., 13(4):289-300, 2002.

[13] Birkett Huber and Bernd Sturmfels. A polyhedral method for solving sparse polynomial
systems. Mathematics of Computation, 64(212):1541-1555, 1995.

[14] Nathan Jacobson. Basic algebra. I. W. H. Freeman and Company, New York, second edition,
1985.



26

MESUT SAHIN

[15] Delio Jaramillo, Maria Vaz Pinto, and Rafael H. Villarreal. Evaluation codes and their basic

parameters. Des. Codes Cryptogr., 89(2):269-300, 2021.

[16] David Joyner. Toric codes over finite fields. Appl. Algebra Engrg. Comm. Comput., 15(1):63—

79, 2004.

[17] A. G. Kusnirenko. Newton polyhedra and Bezout’s theorem. Funkcional. Anal. i PriloZen.,

10(3):82-83, 1976.

[18] John B. Little. Remarks on generalized toric codes. Finite Fields Appl., 24:1-14, 2013.
[19] Hiram H. Lépez and Rafael H. Villarreal. Computing the degree of a lattice ideal of dimension

one. J. Symbolic Comput., 65:15-28, 2014.

[20] Diane Maclagan and Gregory G. Smith. Uniform bounds on multigraded regularity. J. Alge-

braic Geom., 14(1):137-164, 2005.

[21] José Martinez-Bernal, Yuriko Pitones, and Rafael H. Villarreal. Minimum distance functions

of graded ideals and Reed-Muller-type codes. J. Pure Appl. Algebra, 221(2):251-275, 2017.

[22] Ezra Miller and Bernd Sturmfels. Combinatorial Commutative Algebra. Cambridge Studies

in Advanced Mathematics. Springer-Verlag New York, 2005.

[23] Marcel Morales and Apostolos Thoma. Complete intersection lattice ideals. J. Algebra,

284(2):755-770, 2005.

[24] Liam O’Carroll, Francesc Planas-Vilanova, and Rafael H. Villarreal. Degree and algebraic

properties of lattice and matrix ideals. SIAM J. Discrete Math., 28(1):394-427, 2014.

[25] Carlos Renterfa-Marquez, Aron Simis, and Rafael H. Villarreal. Algebraic methods for pa-

rameterized codes and invariants of vanishing ideals over finite fields. Finite Fields Appl.,
17(1):81-104, 2011.

[26] Diego Ruano. On the structure of generalized toric codes. J. Symbolic Comput., 44(5):499—

506, 2009.

[27] Ivan Soprunov. Toric complete intersection codes. J. Symbolic Comput., 50:374-385, 2013.
[28] Mesut Sahin. Toric codes and lattice ideals. Finite Fields Appl., 52:243-260, 2018.
[29] Mesut Sahin and Ivan Soprunov. Multigraded Hilbert functions and toric complete intersec-

tion codes. J. Algebra, 459:446-467, 2016.

[30] Rafael H. Villarreal. Monomial algebras. Monographs and Research Notes in Mathematics.

CRC Press, Boca Raton, FL, second edition, 2015.

DEPARTMENT OF MATHEMATICS, HACETTEPE UNIVERSITY, ANKARA, TURKEY
Email address: mesut.sahin@hacettepe.edu.tr



