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Abstract

We support some evidence that a long additive MDS code over a finite field must be equivalent to
a linear code. More precisely, let C be an Fq-linear (n, q

hk, n−k+1)qh MDS code over Fqh . If k = 3,

h ∈ {2, 3}, n > max
{

qh−1, hq − 1
}

+ 3, and C has three coordinates from which its projections are
equivalent to linear codes, we prove that C itself is equivalent to a linear code. If k > 3, n > q + k,
and there are two disjoint subsets of coordinates whose combined size is at most k − 2 from which
the projections of C are equivalent to linear codes, we prove that C is equivalent to a code which is
linear over a larger field than Fq.

1 Introduction

MDS codes, which are codes meeting the Singleton bound, are very useful in different applications of
coding theory and cryptography, such as error-correcting codes [Bal20, Chapter 6], secret sharing [PZ03],
and distributed storage [DBGW+10]. The classical examples are the Reed-Solomon codes. They are
constructed as follows. Take a finite field Fq and denote its elements as α1, . . . , αq. Choose an integer

k ≤ q and for any polynomial f(X) =
∑k−1

i=0 fiX
i ∈ Fq[X ] of degree smaller than k, define f(∞) = fk−1.

Then
{(f(α1), . . . , f(αq), f(∞)) || f ∈ Fq[X ], deg(f) < k}

is the k-dimensional Reed-Solomon code over Fq. This is an MDS code of length q + 1. If k ∈ {3, q − 1}
and q is even, this code can be extended to an MDS code of length q + 2.

It is generally believed that if C is an (n, qk, d)q MDS code with d ≥ 3 and k < q, then n ≤ q+1, with
a few known exceptions. This belief is referred to as the MDS conjecture. For linear MDS codes over Fq,
with q = ph and p prime, this conjecture is known to hold if one of the following conditions is met:

• q is prime,

• q is not prime and k ≤ Cp⌊
h+1

2
⌋, for some constant C that depends on the parity of q and on

whether q is a square.

For more details, we refer to the recent survey [BL19]. The MDS conjecture has been verified for non-
linear codes of alphabet size up to 8 [KKO15, KO16].

In this paper, we study additive MDS codes over finite fields. It was shown in [BGL22] that these codes
are equivalent to certain geometric objects, called pseudo-arcs. The general link between additive codes
over finite fields and certain geometric objects is explained in §3. Pseudo-arcs have been investigated
in the context of generalised quadrangles, and we revise the most relevant results for the study of MDS
codes in §4. In §5, we prove the following theorems.

Theorem 1.1. Let C be an Fq-linear (n, q3h, n − 2)qh MDS code over Fqh . Suppose that one of the
following holds.

1. h = 2, and n ≥ 2q + 3.

2. h = 3, and n ≥ q2 + 3 + δ2,q.

If C has at least three coordinates from which the projections are equivalent to linear codes, then C itself
is equivalent to a linear code.

∗The authors acknowledge the support of PID2020-113082GB-I00 financed by MCIN / AEI / 10.13039/501100011033,
the Spanish Ministry of Science and Innovation.
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Theorem 1.2. Let C be an Fq-linear (n, qhk, n− k+1)qh MDS code over Fqh , with k > 3. Suppose that
there exist two subsets A,B ⊂ [1, n] such that

• A ∩B = ∅,

• |A|+ |B| ≤ k − 2,

• the projections of C from A and B are equivalent to linear codes.

If n > q + k, then C is equivalent to an Fqs-linear code for some divisor s > 1 of h. Moreover, if
n > qe + k, with e the largest divisor of h, which is strictly smaller than h, then C is equivalent to a
linear code.

For a slightly stronger version of the latter theorem, see Theorem 5.7.

2 Preliminaries

We will start by revising the basics of coding theory. For a survey, see e.g. [Bal20]. Suppose that A is a
finite set of size q. A code of length n over the alphabet A is a subset C of An. The (Hamming) distance
between two vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) is given by

d(x,y) = | {i ∈ [1, n] || xi 6= yi} |.

The minimum distance of C is given by

d(C) = min {d(x,y) || x,y ∈ C, x 6= y} .

If |C| = M and d(C) = d, we call C an (n,M, d)q code.
Suppose that the alphabet A of C is an abelian group. Then we call C additive if C is closed under

addition, i.e.
(x1, . . . , xn), (y1, . . . , yn) ∈ C =⇒ (x1 + y1, . . . , xn + yn) ∈ C.

Moreover, suppose that the alphabet is a finite field Fqh . Then F
n
qh

is also an nh-dimensional vector space
over Fq. If C is an Fq-subspace of Fn

qh
we call C Fq-linear. An Fqh -linear code over the alphabet Fqh is

simply called linear. Note that if C is Fq-linear, it is also additive.
The weight of a codeword x in an additive code is the number of coordinate positions in which x has

a non-zero entry, and we denote it by wt(x). Note that d(x,y) = wt(x− y), which implies that

d(C) = min {wt(x) || x ∈ C \ {0}} .

Definition 2.1. Let C and D be two Fq-linear codes over Fqh . We call C and D Fq-equivalent (or simply
equivalent if Fq is clear from context) if one can be obtained from the other by

• permuting the coordinate positions,

• in each coordinate position, applying an Fq-linear automorphism of Fqh .

We are allowed to apply different Fq-linear automorphisms in the different coordinate positions.

Note that equivalent codes have the same size and minimum distance.
One of the most important bounds on the parameters of a code is the Singleton bound.

Theorem 2.2 (Singleton bound). Let C be an (n,M, d)q code. Then

M ≤ qn−d+1.

Codes attaining equality in the Singleton bound are called maximum distance separable codes, or
simply MDS codes. The characteristic property of an (n, qk, n − k + 1)q MDS code over alphabet A is
that if one chooses the entries of a vector of An in k positions, the vector can be completed in a unique
way to a codeword of C. One of the most central questions in the study of MDS codes is the following.

Question 2.3. Given positive integers q, k, what is the largest number n such that an MDS code with
parameters (n, qk, n− k + 1)q exists?

Quite some effort has been invested in (partially) answering this question for linear MDS codes, as
was mentioned in the introduction. In this paper, we will investigate Fq-linear MDS codes over Fqh . On
one end of the spectrum, we have the case where q is prime, in which case a code is Fq-linear if and only
if it is additive. On the other end of the spectrum, we have the case where q = qh, in which case a code
is Fq-linear if and only if it is linear.
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3 The geometry behind additive codes

A linear (n, qk, d)q code can be linked to a point set in PG(k− 1, q) and vice versa. In [BGL22], this link
was generalised to additive codes over finite fields. In this section, we will explain this link and prove
some extra properties. First we note that an additive code over Fqh must be linear over some subfield,
which we fix to be Fq.

Consider an Fq-linear (n, qk, d)qh code C over Fqh . Let G ∈ Fk×n
qh

be a matrix whose rows form an

Fq-basis for C. We call G a generator matrix of C (over Fq). Choose an Fq-basis α1, . . . , αh for Fqh , and

write α =
(
α1 . . . αh

)t
. Then the jth column of G is of the form Gjα for some Gj ∈ Fk×h

q . Let πj

denote the subspace of PG(k− 1, q) corresponding to the column space of Gj . Note that the (projective)
dimension of πj is at most h− 1.

Remark 3.1. πj is independent of the choice of the Fq-basis α1, . . . , αh of Fqh . Indeed, take another Fq-

basis β1, . . . , βh of Fqh , and write β =
(
β1 . . . βh

)t
. Then β = Mα for some non-singular M ∈ Fh×h

q .
Therefore,

Gjα = (GjM
−1)β.

Since M−1 is non-singular, Gj and GjM
−1 have the same column space.

The non-zero codewords of C are the vectors aG, a ∈ Fkq \ {0}. Note that aG has a zero in position
j if and only if aGjα = 0. Since the entries of α are linearly independent over Fq, this is equivalent
to aGj = 0. This happens if and only if every column of Gj is orthogonal to a, or equivalently if πj is
contained in the hyperplane a1X1 + · · ·+ akXk = 0 of PG(k − 1, q). Therefore,

d = min
hyperplane Π
of PG(k−1,q)

| {j || πj 6⊆ Π} |.

Definition 3.2. A projective h− (n, k, d)q system is a multiset {π1, . . . , πn} of subspaces in PG(k− 1, q)
that have dimension at most h− 1, span the entire space, and such that

d = min
hyperplane Π
of PG(k−1,q)

| {j || πj 6⊆ Π} |.

We will also refer to it as a projective h-system.

As we just saw, an Fq-linear (n, q
k, d)q code over Fqh gives rise to a projective h− (n, k, d)q system.

In fact, it gives rise to several such systems, since we have freedom in choosing the generator matrix G.
If G is one generator matrix of C over Fq, the others are exactly the matrices MG, M ∈ GL(k, q). Thus,
the set of all projective h-systems corresponding to C forms an orbit under PGL(k, q).

Vice versa, given a projective h− (n, k, d)q-system, we can construct an Fq-linear (n, q
k, d)qh code by

doing the following.

• Order the elements of the projective h-system, and denote the elements in this ordering as π1, . . . , πn.

• For each πj , choose a k × h matrix Gj whose column space corresponds to πj .

• Choose an Fq-basis α1, . . . , αh of Fqh .

• Construct the matrix
G =

(
G1α . . . Gnα

)
.

• Let C be the row space of G over Fq.

We have freedom in choosing the ordering of the subspace, which corresponds to a coordinate permu-
tation in the code. We are also free to choose any matrix Gj whose column space corresponds to πj . A
different choice for Gj corresponds to applying an Fq-linear map in the jth coordinate of C.

Thus there is an equivalence between:

• Equivalence classes of Fq-linear codes over Fqh (where the notion of equivalence is taking from
Definition 2.1).

• Orbits of projective h-systems under PGL(k, q).
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For the case h = 1, this correspondence is well-known, see e.g. [TV91, §1.1.2]

Definition 3.3. A pseudo-arc of (h− 1)-spaces is a set of (h− 1)-spaces in PG(kh− 1, q) such that any
subset of size k spans the entire space. If h = 1, this is simply called an arc.

Recall that if G is a generator matrix of C, the codewords of C are of the form aG, and wt(aG) equals
the number of subspaces πj not contained in the hyperplane a1X1 + · · · + akXk = 0. This leads to the
following result.

Result 3.4 ([BGL22]). An Fq-linear code over Fqh is MDS if and only if its associated projective h-system
is a pseudo-arc.

We now describe a way to geometrically recognise Fq-linear codes which are Fq-equivalent to linear
codes.

Definition 3.5. An (h− 1)-spread of PG(kh− 1, q) is a set of (h− 1)-spaces in PG(kh− 1, q) such that
each point is contained in exactly one of these (h− 1)-spaces.

An (h− 1)-spread of PG(kh− 1, q) is equivalent to a set of h-dimensional subspaces of Fkhq such that
every non-zero vector is contained in exactly one of them. The classical way to construct such a set is by
considering Fk

qh
as a kh-dimensional Fq-vector space. The Fqh -subspaces of F

k
qh

of Fqh -dimension 1 have
Fq-dimension h, and every non-zero vector is contained in exactly one of them. This gives us a so-called
Desarguesian spread. In general, the Desarguesian spreads are the spreads which are PGL-equivalent to
this construction [VdV16, Corollary 3.8]. Desarguesian spreads can also be characterised by the fact that
the set of all subspaces spanned by some elements of the spread together with the natural incidence gives
us PG(k − 1, qh). For a survey on Desarguesian spreads, we refer the reader to [BL11].

The previous description can be translated into a more algebraic one. Fix a primitive element ω of
Fqh . Then 1, ω, . . . , ωh−1 is an Fq-basis for Fqh . For each element α ∈ Fqh , define the matrix M(α) as the
matrix representation of the Fq-linear map Fqh → Fqh : x 7→ αx with respect to the basis 1, ω, . . . , ωh−1.
Alternatively, if the minimal polynomial of ω over Fq is Xh − ah−1X

h−1 − . . .− a0, then

M(ω) =









0 a0

1
. . . a1
. . . 0

...
1 ah−1









,

M(ωj) = M(ω)j , and M(0) is the zero matrix. Given a vector v ∈ Fk
qh
,

〈v〉
F
qh

=
〈
v, ωv, . . . , ωh−1v

〉

Fq
.

If we replace each element of Fqh by its coordinate vector over Fq w.r.t. the basis 1, . . . , ωh−1, we see that






Col






M(x1)
...

M(xk)




 ||






x1

...
xk




 ∈ PG(k − 1, qh)







is a Desarguesian spread of (h− 1)-spaces in PG(kh− 1, q), where Col(M) denotes the column space of
a matrix M .

Lemma 3.6. An Fq-linear (n, qkh, d)qh code over Fqh is Fq-equivalent to a linear code if and only if its
associated projective h-system consists of (h− 1)-spaces is contained in a Desarguesian spread.

Proof. First suppose that C′ is an Fq-linear code over Fqh , equivalent to the linear code C. It suffices to
prove that we can construct a projective h-system from C contained in a Desarguesian spread. Take an
Fqh-basis g1, . . . , gk of C. Then

G′ =


















− g1 −
− ωg1 −

...
− ωh−1g1 −

...
− gk −

...
− ωh−1gk −
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is a generator matrix for C over Fq. Write gi =
(
gi1 . . . gin

)
for i ∈ [1, k], and define Gj =






M(g1j)
...

M(gkj).






Write ω =
(
1 ω . . . ωh−1

)t
. Then G =

(
G1ω . . . Gnω

)
is a generator matrix of C over Fq, and

Col(G1), . . . ,Col(Gn) is contained in a Desarguesian spread.
Vice versa, consider a projective h-system of (h− 1)-spaces {π1, . . . , πn} contained in a Desarguesian

spread. Then up to PGL-equivalence, there exist a matrix G = (gij) such that πj = Col






M(g1j)
...

M(gkj)




.

Reversing the above part of the proof, we see that the codes associated to this projective h-system are
the codes which are Fq-equivalent to the row space of G over Fqh .

Lastly, an important tool in this paper will be projections, both of projective h-systems and of codes.
We will give the definitions here, and prove their equivalence.

Definition 3.7. The projection of an additive (n,M, d)q code C from position i is the code

{(x1, . . . , xi−1, xi+1, . . . , xn) || (x1, . . . , xi−1, 0, xi+1, . . . , xn) ∈ C} .

Remark 3.8. The above process is sometimes also referred to as shortening.

Let π be an (m − 1)-space in PG(k − 1, q) and let U be the corresponding m-dimensional subspace
of V = Fkq . The cosets of U in Fkq form a (k − m)-dimensional vector space over Fq, which we denote
by V/U . For every subspace W of V , define its projection from U as the subspace W + U in V/U . In
the projective space PG(k − 1, q) = PG(V ), this yields a map from its subspaces to the subspaces of
PG(k −m− 1, q) = PG(V/U). We call this map the projection from π.

A more geometric way to describe this projection is as follows. Take a (k − m − 1)-space Σ in
PG(k − 1, q), disjoint to π. Map a subspace ρ of PG(k − 1, q) to the subspace 〈π, ρ〉 ∩ Σ. For any choice
of Σ, this map is PGL-equivalent to the projection from π as defined above.

Definition 3.9. Let A = {π1, . . . , πn} be a projective h-system in PG(k − 1, q). The projection of A
from πi equals the projective h-system consisting of the images of the elements of A \ {πi} under the
projection from πi.

Lemma 3.10. Let C be an Fq-linear (n, qk, d)qh over Fqh , and let A = {π1, . . . , πn} be an associated
projective h-system (where πj corresponds to position j in the codewords of C). Then the projective h-
systems associated to the projection of C from position i equal (up to PGL-equivalence) the projection of
A from πi.

Proof. We will use vector space notation instead of projective space notation for the projective h-systems.

Let G be a generator matrix for C. Fix an Fq-basis α1, . . . , αh of Fqh . Write α =
(
α1 . . . αh

)t
.

Suppose that
G =

(
G1α . . . Gnα

)
.

Denote the columns of Gj by G1
j , . . . , G

h
j , and denote the dual space of Fkq by (Fkq )

∗. Then

C =
{
aG || a ∈ Fkq

}
=

{((
f(G1

j ) . . . f(Gh
j )
)
α
)

j∈[1,n]
|| f ∈ (Fkq)

∗

}

.

Then the projection of C from position i equals

C′ =

{( (
f(G1

j) . . . f(Gh
j )
)
α
)

j∈[1,n]\{i}
|| f ∈ (Fkq )

∗, Col(Gi) ∈ ker f

}

=

{( (
f
(〈
G1

j ,Col(Gi)
〉)

. . . f
(〈
Gh

j ,Col(Gi)
〉))

α
)

j∈[1,n]\{i}
|| f ∈ (Fkq/Col(Gi))

∗

}

.

So the projective h-system associated to C′ in vector space notation equals

〈Col(G2),Col(G1)〉, . . . , 〈Col(Gn),Col(G1)〉

in the vector space Fkq/Col(G1). In projective terminology, this equals the projection of A from πi.

These ideas can be generalised. The projection of C from a subset of positions can be obtained by
consecutively projecting from each of the positions. Likewise, the projection of a projective h-system can
be obtained by consecutively projecting from the elements of this subset. The above lemma generalises
in an obvious way to these more general notions of projection.

5



4 Pseudo-arcs and translation generalised quadrangles

Definition 4.1. A generalised quadrangle of order (s, t) is a point-line incidence geometry such that

1. every line is incident with exactly s+ 1 points (s ≥ 1),

2. every point is incident with exactly t+ 1 lines (t ≥ 1),

3. given a point P and a line l not incident with P , P is collinear with a unique point of l.

An oval is an arc of size q+1 in PG(2, q). Tits described a way to construct a generalised quadrangle
T2(O) of order (q, q), from an oval. A pseudo-oval is a pseudo-arc of (h − 1)-spaces of size qh + 1 in
PG(3h− 1, q). As a generalisation of Tits’ construction, a generalised quadrangle of order (qh, qh) can be
constructed from a pseudo-oval. Generalised quadrangles arising from this construction are characterised
by certain properties of their automorphism group, and are called translation generalised quadrangles.
We refer to the monograph [TTVM06] for more information.

Suppose that a pseudo-oval is contained in a Desarguesian spread. We can interpret the elements
of the spread as points in PG(2, qh). Hence, the pseudo-oval corresponds to an oval in PG(2, qh). The
generalised quadrangle constructed from the pseudo-oval in PG(3h − 1, q) will be isomorphic to the
generalised quadrangle constructed from the oval in PG(2, qh). Therefore, people have been looking for
pseudo-ovals not contained in Desarguesian spreads, but none have been found so far. One could wonder
whether there even exist pseudo-ovals not contained in Desarguesian spreads. There is some evidence to
the contrary.

LetA be a pseudo-arc of (h−1)-spaces in PG(kh−1, q), of size n. One easily verifies that the projection
of A from any of its elements is a pseudo-arc of (h− 1)-spaces of size n− 1 in PG((k − 1)h− 1, q). The
projection of a Desarguesian spread from any of its elements is again a Desarguesian spread. Hence, if
a pseudo-arc is contained in a Desarguesian spread, then so are all its projections. Conversely, can we
infer that a pseudo-arc is contained in a Desarguesian spread if some of its projections are?

The following result proved by Penttila and Van de Voorde [PVdV13] strengthens a result by Casse,
Thas, and Wild [CTW85]. A conic in a projective plane PG(2, q) is a set of points satisfying an irreducible
homogeneous quadratic equation. All conics are projectively equivalent, and Segre [Seg55] proved that
the largest arcs in PG(2, q), q odd, are exactly the conics, which have q + 1 points.

Result 4.2 ([PVdV13]). Consider a pseudo-arc A of (h− 1)-spaces in PG(3h− 1, q), q odd, whose size
is at least the size of the largest arc in PG(2, qh) which isn’t contained in a conic. If the projection of A
from at least one of its elements is contained in a Desarguesian spread, then A itself is contained in a
Desarguesian spread.

The case where q is even is much more difficult.

Result 4.3 ([RVdV15, Tha19]). Consider a pseudo-oval A in PG(3h−1, q), with q > 2 even, and h prime.
If all projections of A are contained in a Desarguesian spread, then A is contained in a Desarguesian
spread.

The previous results were motivated by their link to translation generalised quadrangles. The next
result arose in the study of additive MDS codes.

Result 4.4 ([BGL22]). Let A be a pseudo-arc of lines in PG(2k − 1, q) of size at least q + k. If there is
a subset S of A of size k + 1 with the property that the projection of A from any (k − 2)-subset of S is
contained in a Desarguesian spread, then A itself is contained in a Desarguesian spread.

Using Lemma 3.10, we can interpret these results respectively as follows.

Result 4.5. Let C be an Fq-linear (n, q
3h, n−2)qh MDS code over Fqh . Suppose that one of the following

properties hold:

1. [PVdV13] q is odd, n is at least the size of the largest arc in PG(2, qh) not contained in a conic,
and C has a projection which is equivalent to a linear code;

2. [RVdV15, Tha19] q > 2 is even, h is prime, n = qh + 1, and all projections of C are equivalent to
linear codes.

Then C is equivalent to a linear code.

Result 4.6 ([BGL22]). Let C be an Fq-linear (n, q2k, n − k + 1)q2 MDS code over Fq2 with n ≥ q + k.
Suppose that there exist k+1 positions such that the projection of C from any k− 2 of these positions is
equivalent to a linear code. Then C is equivalent to a linear code.

Oberve that Result 4.6 can be recovered from Theorem 1.1 substituting h = 2 in case n ≥ 2q + 3.
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5 Proof of the main theorem

The characteristic property of an (n, qk, n − k + 1)q MDS code C over an alphabet A is that if you fix
the entries of a vector in An in any k positions, there is a unique way to choose the n − k remaining
entries from A which gives you a codeword of C. Thus, an Fq-linear (n, q

kh, n − k + 1)qh MDS code C

over Fqh is of the form C =
{

(x, f(x)) || x ∈ Fk
qh

}

, for some function f : Fk
qh

→ Fn−k
qh

. Take x,y ∈ Fk
qh

and α, β ∈ Fq. Since C is Fq-linear, the codeword

α(x, f(x)) + β(y, f(y)) = (αx + βy, αf(x) + βf(y))

is also in C. Hence,
(αx + βy, αf(x) + βf(y)) = (αx + βy, f(αx + βy)).

This implies that f is Fq-linear. In other words, f is of the form

f : (x1, . . . , xk) 7→ (fk+1,1(x1) + . . .+ fk+1,k(xk), . . . , fn,1(x1) + . . .+ fn,k(xk)),

where each fi,j : Fqh → Fqh is a linearised polynomial, i.e. it is of the form

fi,j(X) =

h−1∑

l=0

alX
ql ,

for some coefficients al ∈ Fqh . We will use the notation fi,j in this way throughout this section, with
(i, j) ∈ [k + 1, n]× [1, k]. The fact that C is MDS implies that every fi,j is invertible.

The next result applies to a larger class of Fq-linear codes than only the MDS codes.

Definition 5.1. Let C be an Fq-linear (n, q
hk, d)qh code over Fqh . We say that C is in standard form if

C =
{

(x, f(x)) || x ∈ Fk
qh

}

for some Fq-linear map f : Fk
qh

→ Fn−k
qh

satisfying

• fk+1,j(xj) = xj for all j ∈ [1, k],

• fi,1(x1) = x1 for all i ∈ [k + 1, n].

Lemma 5.2. Assume that C =
{

(x, f(x)) || x ∈ Fk
qh

}

is an Fq-linear (n, qhk, d)qh -code over Fqh in

standard form. C is equivalent to a linear code if and only if there exist an invertible linearised polynomial
g, such that

fi,j(xj) = g(ai,jg
−1(xj))

for all (i, j) ∈ [k + 2, n]× [2, k], with all ai,j ∈ Fqh constants.

Proof. Let D be an Fqh -linear code equivalent to C. We may suppose without loss of generality that
we do not need to permute the coordinate positions of D, since such a permutation does not affect the
linearity of D. The first k+1 positions of C are a [k+1, k, 2]qh MDS code. Therefore, the same holds for
the first k + 1 positions of D. Consider a generator matrix (M z N) of D over Fqh , where M is square,
and z a column vector. Then M must have full rank due to the MDS property. Therefore, (Ik z′ N ′),
with z′ = M−1z and N ′ = M−1N is also a generator matrix for D. Furthermore, z′ cannot have any
entries equal to zero, for this would violate the MDS property.

Let 1 denote the all-one vector, and let ∆ denote the diagonal matrix with the entries of z′ on the
diagonal. Consider the Fqh-linear code E with generator matrix

G = (Ik 1 ∆−1N ′) = ∆−1(∆ z′ N ′).

Then (∆ z′ N ′) is also a generator matrix for E, which shows that E is an equivalent code to D, without
permutation of the coordinate positions. Thus, C can be constructed from E by applying an Fq-linear
permutation gi of Fqh to each coordinate i. Hence,

C =









g1(x1), . . . , gk(xk),
k∑

j=1

gk+1(xj), ...,
k∑

j=1

gi(ai,jxj), . . .



 || (x1, . . . , xk) ∈ F
k
qh






(1)

=









y1, . . . , yk, y1 + · · ·+ yk, . . . , y1 +

k∑

j=2

fi,j(yj), . . .



 || (y1, . . . , yk) ∈ F
k
qh






, (2)
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with (ai,j)(i,j)∈[k+2,n]×[1,k] = ∆−1N ′.

Let ej denote the vector in Fk
qh

with a 1 in position j, and zeros everywhere else. Since C contains

the codeword (e1, f(e1)) = (e1,1), this has to equal the codeword

(g1(x1), 0, . . . , 0, gk+1(x1), . . . , gj(ai,1x1), . . . ),

for some x1 ∈ Fqh Hence, none of the ai,1 are zero. We can replace E by an equivalent linear code by
rescaling the last columns of G in such a way that each ai,1 = 1.

Now choose j ∈ [1, k]. Consider the codewords (βej , f(βej)) of C for all β ∈ Fk
qh
. These correspond

to the codewords of C in (1) with (x1, . . . , xk) = xjej. Looking in positions j and k + 1, we see that
gj(xj) = gk+1(xj) for each xj . Write g = gk+1.

Now choose j > k + 1 and look at the codeword (βe1, f(βe1)) in positions 1 and j. Then we
see that g1(x1) = gj(x1) for all x1. Thus gi = g for all i. In (1), we can replace (x1, . . . , xk) by
(g−1(x1), . . . , g

−1(xk)), since the latter also runs through all elements of Fk
qh

if we vary (x1, . . . , xk).
Therefore,

C =









x1, . . . , xk, x1 + · · ·+ xk, . . . , x1 +

k∑

j=2

g(ai,jg
−1(xj)), . . .



 || (x1, . . . , xk) ∈ F
k
qh






,

as claimed.
Now, conversely, suppose that C is in standard form and that fi,j(xj) = g(ai,jg

−1(xj)) for all (i, j) ∈
[k+2, n]× [2, k]. Let D be the code equivalent to C obtained by applying the linearised polynomial g−1

in every position, i.e.

D =









g−1(x1), . . . , g
−1(xk), . . . , g

−1(x1) +
k∑

j=2

ai,jg
−1(xj), . . .



 || (x1, . . . , xk) ∈ F
k
qh







=









y1, . . . , yk, . . . , y1 +
k∑

j=2

ai,jyj , . . .



 || (y1, . . . , yk) ∈ F
k
qh






.

Then D is clearly linear.

Notation 5.3. From now on, let f and g denote invertible Fq-linearised polynomials over Fqh . Denote

f(X) =

h−1∑

i=0

fiX
qi , f−1(X) =

h−1∑

i=0

f iX
qi , g(X) =

h−1∑

i=0

giX
qi , g−1(X) =

h−1∑

i=0

giX
qi .

Remark 5.4. Consider the function f(X) ≡ g(ag−1(X)), for some non-zero constant a. Consider an

Fq-linear field automorphism ϕ : X 7→ Xqe . Then f(X) ≡ (g ◦ϕ)(aϕ
−1

(g ◦ϕ)−1(X)). So we can suppose
w.l.o.g. that g0 6= 0.

5.1 The case k ≥ 4

Definition 5.5. Let nq(k) denote the maximum length of a k-dimensional linear MDS code over Fq.

For bounds on nq(k), we refer the reader to [BL19]. The most elementary bounds are q+1 ≤ nq(k) ≤
q + k − 1 if 2 ≤ k ≤ q − 1, and nq(k) = k + 1 if k ≥ q. Moreover, an Fq-matrix generates an MDS code
over Fq if and only if it generates an MDS code over Fqe for any integer e ≥ 1. Hence, nq(k) ≤ nqe(k).

Lemma 5.6. Let f be an invertible Fq-linearised polynomial over Fqh , and take a ∈ Fqh . Then
f(af−1(X)) is linear if and only if f is Fq(a)-semi-linear.

Proof. First suppose that f is Fq(a)-semi-linear, thus there exists a field automorphism σ of Fqh such
that f(αX) = ασf(X) for each α ∈ Fq(a). Note that since f = g ◦σ for some Fq(a)-linearised polynomial

g, f−1 = σ−1 ◦ g−1, which implies that f−1(αX) = ασ−1

f−1(X) for all α ∈ Fq(a). Then

f(af−1(X)) = f(f−1(aσX)) = aσX,
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is linear. Vice versa, suppose that f(af−1(X)) ≡ bX for some b ∈ Fqh . Then af−1(X) = f−1(bX). This
implies that

h∑

i=0

af iX
qi =

h∑

i=0

bq
i

f iX
qi .

Hence, for every i, either f i = 0 or a = bq
i

. Since f−1 6≡ 0, there exists some i with a = bq
i

. Fix
the smallest non-negative such i. If Fq(a) = Fqs , then i < s and f j 6= 0 =⇒ j ≡ i (mod s). Thus

f−1(αX) = αqif−1(X) for each α ∈ Fqs , which implies that f−1, and hence also f , is Fq(a)-semi-
linear.

Theorem 5.7. Let C be an Fq-linear (n, qhk, n− k+1)qh MDS code over Fqh , with k > 3. Suppose that
there exist two subsets A,B ⊂ [1, n] such that

• A ∩B = ∅,

• |A|+ |B| ≤ k − 2,

• the projections of C from A and B are equivalent to linear codes.

If
n > |A ∪B|+ nq(k − |A ∪B|), (3)

then C is equivalent to an Fqs-linear code for some divisor s > 1 of h. In particular, if

n > |A ∪B|+ nqe(k − |A ∪B|), (4)

with e the largest divisor of h smaller than h, then C is equivalent to a linear code.

Proof. Since C is an MDS code, we can permute the coordinates of C ad libidum and then put it
into standard form without any more coordinate permutations. Thus, C is equivalent to a code C′ =
{

(x, f(x)) || x ∈ Fk
qh

}

in standard form, such that its projections from A′, B′ ⊆ [3, k], with A′ ∩B′ = ∅,

are equivalent to linear codes. Lemma 5.2 implies that there exist invertible Fq-linearised polynomials g1

and g2 and constants (aij)
i∈[k+1,n]
j∈[2,k]\A′

and (bij)
i∈[k+1,n]
j∈[2,k]\B′

such that

1. ak+1,j = 1 and bk+1,j = 1,

2. fi,j(xj) = g1(ai,jg
−1
1 (xj)) for all j ∈ [2, k] \A′,

3. fi,j(xj) = g2(bi,jg
−1
2 (xj)) for all j ∈ [2, k] \B′.

Now consider the code D equivalent to C obtained by applying g−1
1 in every coordinate. Writing yj =

g−1
1 (xj), we obtain that D =

{

(y, f ′(y)) || y ∈ Fk
qh

}

in standard form satisfying:

1. f ′
i,j(yj) = ai,jyj for all j ∈ [2, k] \A′,

2. f ′
i,j(yj) = g(bi,jg

−1(yj)) for all j ∈ [2, k] \B′,

with g = g−1
1 ◦ g2.

Now consider the projection of D from A′ ∪B′. It equals the Fqh -linear code generated by the matrix

(

1 0 1 . . . 1

0 Ik−1−|A∪B| (aj,i)
j∈[2,k]\(A′∪B′)
i∈[k+1,n]

)

.

Note that it is at least 2-dimensional. If all of the entries of this matrix were in Fq, it would generate a
(k−|A∪B|)-dimensional linear MDS code over Fq of length n−|A∪B| > nq(k−|A∪B|), a contradiction.
Thus, there exists some ai,j /∈ Fq. Fix these coordinates (i, j). Since j /∈ B′, g(bi,jg

−1(X)) ≡ ai,jX.
Denote Fq(ai,j) by Fqs . Then by Lemma 5.6, g is Fqs-semi-linear. By Remark 5.4, we may suppose that
g0 6= 0, from which it follows that g is Fqs -linear. This implies that every function g(bi,jg

−1(yj)) is also
Fqs-linear. Therefore, every f ′

i,j is Fqh -linear if j /∈ A′ and Fqs-linear if j ∈ A′. This implies that D is an
Fqs-linear code.

The last part of the theorem follows from inductively applying the first part, relying on the fact that
nqs(k) is increasing in s.
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To make the statement of the proof a bit less technical, one can replace the right-hand sides of the
bounds in (3) and (4) respectively by q + k and qe + k, as was done in Theorem 1.2.

One could wonder how tight the bound on n is in the above theorem. Let us illustrate this with an
example where k = 4, q ≥ 5, and |A| = |B| = 1. Write n = nq(4). Note that nq(4) ≥ 6 since q ≥ 5. Take
a linear [n, 4, n− 3] MDS code over Fq, and choose a generator matrix G of this code in standard form.
Write

G =







1 1 1 . . . 1
1 1 a6,2 . . . an,2

1 1 a6,3 . . . an,3
1 1 a6,4 . . . an,4







Consider the linear code C generated by G over Fqh . This code is still MDS. We want to make a
slight modification so that the code still has two postions from which its projection is equivalent to a
linear code, but so that the code itself is no longer equivalent to a linear code.

Choose α, β ∈ Fqh \ Fq with Fq  Fq(α) ∩ Fq(β). Note that if we replace an,3 by α, G still generates
an MDS code over Fqh . We make one more modification. Choose an invertible Fq-linearised polynomial
g ∈ Fqh [X ] that is not semi-linear over Fq(α)∩Fq(β). Now consider the code C consisting of the codewords

(

x1, x2, x3, x4, x1 + x2 + x3 + x4, . . . , x1 +

4∑

j=2

ai,jxj . . .

︸ ︷︷ ︸

i=6,...,n−1

, x1 + an,2x2 + αx3 + g(βg−1(x4))
)

where (x1, x2, x3, x4) runs over F
4
qh
.

Lemma 5.8. The projections of C from the third and from the fourth coordinate are equivalent to linear
codes, but C is not equivalent to a linear code.

Proof. The projection from the fourth coordinate being linear is obvious. Now project from the third
coordinate. Apply g−1 in every coordinate position, and write yj = g−1(xj). Then the obtained code is

(

y1, y2, y4, y1 + y2 + y4, . . . , y1 +
∑

j=2,4

ai,jyj . . . , y1 + an,2y2 + βy4

)

which is clearly linear.
Now suppose that C is equivalent to a linear code. By Lemma 5.2, there exists an invertible Fq-

linearised polynomial f such that

1. f(γf−1(X)) ≡ αX , for some γ ∈ Fqh . This implies that f−1(αf(X)) ≡ γX . Hence, f is Fq(α)-
semi-linear.

2. f(δf−1(X)) ≡ g(βg−1(X)) for some δ ∈ Fqh . This implies that (f−1 ◦ g)(β(f−1 ◦ g)(X)) ≡ δX .
Hence, f−1 ◦ g is Fq(β)-semi-linear.

This implies that g ≡ f ◦ (f−1 ◦ g) is semi-linear over Fq(α) ∩ Fq(β), which contradicts the way we chose
g.

The question remains how we must choose α, β, and g such that C is an MDS code. It must hold
that if we choose 4 coordinate positions of C, and we want the entries of the positions to be zero, this is
only possible if all xj = 0. Since C is a slight modification of an MDS code, the only thing we need to
check is the following. Choose 4 coordinate positions of C, including the last one. Write down the linear
system that says we have zeros in these positions.

{∑4
j=1 ai,jxi,j = 0 i = i1, i2, i3

x1 + an,2x2 + αx3 + g(βg−1(x4)) = 0

We only need to prove that if we eliminate the variables x1, x2, x3 from these equations, we are left with
an equation that implies that x4 = 0. Then x1 = x2 = x3 = 0 by the MDS property of our original code.
After elimination, the remaining equation is of the form

g(βg−1(x4)) = (λ1α+ λ2)x4

for some λ1, λ2 ∈ Fq. In other words, if no non-zero x4 satisfies g(βg−1(x4)) ∈ 〈1, α〉
Fq
, then C is an

MDS code.
Although it is not evident to find a general construction for α, β, and g, for small values of q, we

found examples by computer.
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5.2 The case k = 3

The case k = 3 is more difficult, since then there is not enough “overlap” between the different projections.

Definition 5.9. Let f and g be invertible Fq-linearised polynomials over Fqh . We say that (f, g) satisfies
property (Propm) if there exist triples (aj , bj , cj) ∈ (F∗

qh
)3, 1 ≤ j ≤ m, such that

ajf(bjf
−1(X)) ≡ g(cjg

−1(X))

and for every i 6= j, it holds that ai 6= aj , bi 6= bj , and ci 6= cj .

We will always suppose that a1 = b1 = c1 = 1.

Lemma 5.10. Suppose that for a given value of m, the only pairs of Fq-linearised polynomials of Fqh
satisfying property (Propm) are monomials. Then every Fq-linear (n, q

3h, n−2)qh code C, with n ≥ 3+m
which has at least three projections that are equivalent to linear codes, is itself equivalent to a linear code.

Proof. Suppose the hypothesis from the lemma holds. As in the previous proof, we may suppose that C
is in standard form, and the projections from the first three coordinates are equivalent to linear codes.
Since the projections from the second and third coordinate are equivalent to linear codes, Lemma 5.2
implies that C is of the form

{

(x, y, z, . . . , x+ g1(ajg
−1
1 (y)) + g2(bjg

−1
2 (z)), . . . ) || (x, y, z) ∈ F3qh

}

,

with g1 and g2 invertible Fq-linearised polynomials, and aj , bj constants. This code is equivalent to

C′ =
{
(g−1

1 (x), g−1
1 (y), g−1

1 (z), . . . , g−1
1 [x+ g1(ajg

−1
1 (y)) + g2(bjg

−1
2 (z))], . . . )

}

=
{
(x, y, z, . . . , x+ ajy + g−1

1 ◦ g2(bj(g
−1
1 ◦ g2)

−1(z)), . . . )
}
.

Now write g = g−1
1 ◦ g2. The fact that the projection from the first coordinate is equivalent to a linear

code implies that there exists an invertible Fq-linearised polynomial f such that

a−1
j g(bjg

−1(z)) = f(cjf
−1(z))

for some constants cj . The fact that C is an MDS code implies that ai 6= aj , bi 6= bj, and ci 6= cj if i 6= j.
Thus, (f, g) satisfies property (Propm). Therefore, they are monomials, which implies that g(bjg

−1(X))
is a linear function for every value bj . Hence, C

′ is linear.

Definition 5.11. The Dickson matrix of an Fq-linearised polynomial F (X) =
∑

i FiX
qi over Fqh is the

matrix

MF =








F0 F1 . . . Fh−1

F q
h−1 F q

0 F q
h−2

. . .

F qh−1

1 F qh−1

2 . . . F qh−1

0








=
(

F qi

j−i

)

i,j∈[0,h−1]
,

where we take the indices of Fj−i modulo h.

For more on Dickson matrices, see e.g. [WL13]. An important property is that MF◦G = MFMG and
hence MF−1 = M−1

F .

Lemma 5.12. Suppose that m > max{qh−1, hq − 1}. If (f, g) satisfies property (Propm), then

| {i || fi = 0} | = | {i || gi = 0} | ≥ 1.

Proof. By Remark 5.4, we may suppose w.l.o.g. that f0 6= 0 and g0 6= 0. Let (aj , bj , cj) be as in Definition

5.9. Write Bi,j = bq
i

j − bj for i = 1, . . . , h− 1. Then

f(bjf
−1(X)) ≡

h−1∑

i=0

fi

(

bj

h−1∑

l=0

f lX
ql

)qi

≡

h−1∑

i=0

bq
i

j fi

h−1∑

l=0

f
qi

l−iX
ql ≡ bjF (X) +

h−1∑

i=1

Bijfi

h−1∑

l=0

f
qi

l−iX
ql

for some Fq-linearised polynomial F , where we take the indices of f i modulo h. Since b1 = 1, it holds
that f(b1f

−1(X)) ≡ X and all Bi,1 = 0, thus F (X) = X .
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Likewise define Cij = cq
i

j − cj . Then for every j,

aj

(

bjX +

h−1∑

l=0

(
h−1∑

i=1

Bi,jfif
qi

l−i

)

Xql

)

≡ cjX +

h−1∑

l=0

(
h−1∑

i=1

Ci,jgig
qi

l−i

)

Xql . (5)

Consider the Dickson matrices Mf−1 and Mf of f−1 and f . Since MfMf−1 = I,

(
f0 · · · fh−1

)
Mf−1 =

(
1 0 · · · 0

)

Let M̂f denote the submatrix of M t
f−1 obtained by deleting the top row and first column. By Cramer’s

rule, f0 =
det M̂f

detMf−1

. Since we assumed f0 6= 0, this implies that det M̂f 6= 0. Define the diagonal matrix

Df =






f1
. . .

fh−1






Analogously define M̂g and Dg. Write Bj =






B1,j

...
Bh−1,j




 and Cj =






C1,j

...
Ch−1,j




. Looking in (5) at the

coefficients of Xq, . . . , Xqh−1

, we see that for any j,

ajM̂fDfBj = M̂gDgCj . (6)

Take a vector u in the left-kernel of M̂fDf . Then for any j, uM̂gDgCj = 0. Since all entries of Cj are
polynomial in cj of degree at most qh−1, we find a polynomial equation in cj of degree at most qh−1.
Since (f, g) satisfies (Propqh−1+1), this equation has at least qh−1 + 1 roots, and therefore identically

equals the zero polynomial. This implies that uM̂gDg = 0. We can repeat this argument with the roles

of f and g reversed. It follows that M̂fDf and M̂gDg have the same left kernel. Since M̂f and M̂g have
full rank, this implies that Df and Dg have the same rank. Note that the rank defect of Df and Dg

equal respectively | {i || fi = 0} | and | {i || gi = 0} |.
What is left to prove, is that Df and Dg do not have full rank. So suppose the contrary. Consider

the field automorphism ϕ : x 7→ xq. For a matrix A, we let Aϕ denote the matrix obtained by applying
ϕ to all its entries. Note that

Bq
i,j = bq+1

j − bqj =

{

Bi+1,j −B1,j if i < h− 1,

−B1,j if i = h− 1.

Define the matrix

L =








−1 1
...

. . .

−1 1
−1








Then Bϕ
j = LBj and it is easy to check that L has full rank. If we apply ϕ to (6), this yields

aqjM̂
ϕ
f D

ϕ
f LBj = M̂ϕ

g D
ϕ
g LCj

This implies that
Cj = ajD

−1
g M̂−1

g M̂fDfBj = aqjL
−1D−ϕ

g M̂−ϕ
g M̂ϕ

f D
ϕ
f LBj .

If bj /∈ Fq, then this implies that the non-zero vector Bj is in the kernel of

ajD
−1
g M̂−1

g M̂fDf − aqjL
−1D−ϕ

g M̂−ϕ
g M̂ϕ

f D
ϕ
f L.

The determinant of this matrix is a polynomial in aj of degree at most (h − 1)q. Since it has at least
m− (q − 1) > (h− 1)q zeros, it must be identically zero. Looking at the coefficient of ah−1

j , this implies

that det(D−1
g M̂−1

g M̂fDf ) = 0. But by our assumption, this was a product of full-rank matrices, which
yields a contradiction.
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Lemma 5.13. If (f, g) satisfies property (Propm), then so do (f−1, f−1 ◦ g) and (g−1, g−1 ◦ f).

Proof.

ajf(bjf
−1(X)) ≡ g(cjg

−1(X))

⇐⇒ f(b−1
j f−1(a−1

j X)) ≡ [ajf(bjf
−1(X))]−1 ≡ [g(cjg

−1(X))]−1 ≡ g(c−1
j g−1(X))

⇐⇒ b−1
j f−1(a−1

j f(Y )) ≡ f−1 ◦ g(c−1
j g−1 ◦ f(Y ))

The last equality follows from the substitution X = f(Y ). Since (f−1 ◦ g)−1 = g−1 ◦ f , it follows that
(f−1, f−1 ◦ g) satisfies property (Propm). The proof for (g−1, g−1 ◦ f) is completely analogous.

Lemma 5.14. Suppose that f has exactly two non-zero coefficients, and that f is not semi-linear over
some subfield Fqs ⊃ Fq of Fqh . Then all coefficients of f−1 are non-zero.

Proof. We can again compose f with a monomial to make f0 one of the non-zero coefficients. Then the
other non-zero coefficient is fj where j is coprime with h.

Let M be the transposition of the Dickson matrix of f , that is

M = M t
f =




















f0 f qh−j

j

f q
0

. . .

f qh−1

j

. . .

fj
f q
j

. . .

f qh−j−1

j f qh−1

0




















Then MM t
f−1 = Ih. Looking at the first column, this implies that

M








f0

f1
...

fh−1








=








1
0
...
0








.

Thus, by Cramer’s rule, we need to prove that if we remove the top row of M , then any (h− 1)× (h− 1)
submatrix of has non-zero determinant. We do this using the following expression for the determinant of
a n× n-matrix A = (ail).

det(A) =
∑

σ∈Sn

sgn(σ)

n∏

i=1

aσ(i) i,

where Sn denotes the symmetric group on n elements and sgn(σ) denotes the sign of the permutation σ.
We will prove for every (h− 1)× (h− 1)-submatrix described above that when expressing its determinant
in this way, the sum has exactly one non-zero term, hence is not zero.

So remove column k and the top row from M , and index the rows and columns in the corresponding
matrix by [1, h− 1]× [0, h− 1] \ {k}. We will denote the indices modulo h. We need to prove that there
is a unique bijection σ : [0, h− 1] \ {k} → [1, h− 1] such that Mσ(i),i 6= 0 for all i. Equivalently, for every
i, σ(i) ∈ {i, i+ j} \ {0}. Suppose that σ(i) = i. If i − j 6= k, then σ(i − j) = i − j, since σ(i − j) = i
would violate the injectivity of σ. Likewise if σ(i) = i+ j and i+ j 6= k, then σ(i + j) = i+ 2j.

Now write i ≺ l if i ≡ aj (mod h) and l ≡ bj (mod h) for some 0 ≤ a < b < h. In other words,
i ≺ l if given the residue classes of ij−1 and lj−1 modulo h, the former has the smallest representative in
[0, h− 1]. Note that this ordering is well-defined because j is coprime with h.

Consider a column i.

• If i ≺ k, we can walk from column 0 to column i with step size j without encountering column k.
Since σ(0) must equal j, this means that σ(i) must equal i+ j.

• If i ≻ k, we can walk from column −j to column i with step size −j. Since σ(−j) must equal −j,
this implies that σ(i) must equal i.
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Hence, the only possible way to construct σ is as follows.

σ(i) =

{

i+ j if i ≺ k,

i if i ≻ k.

One can easily check that this gives indeed the desired bijection.

Theorem 5.15. Let C be an Fq-linear (n, q3h, n − 2)qh MDS code over Fqh . Suppose that one of the
following holds.

1. h = 2, and n ≥ 2q + 3.

2. h = 3, and n ≥ q2 + 3 + δ2,q.

If C has at least three coordinates from which the projections are equivalent to linear codes, then C itself
is equivalent to a linear code.

Proof. By Lemma 5.10, it suffices to prove that if (f, g) satisfies property (Propn−3), then f and g are
monomials. By Lemma 5.12 and 5.13, we know that f and f−1 have at least one coefficient equal to
zero. For h = 2, this proves that f is a monomial. Now suppose that h = 3. If f would have exactly one
coefficient equal to zero, then f−1 would have no coefficients equal to zero by Lemma 5.14. Thus, f has
at least two coefficients equal to zero, which implies that f is a monomial. Likewise for g.
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Birkhäuser/Springer, Cham, 2020.

[BGL22] S. Ball, G. Gamboa, and M. Lavrauw. On additive MDS codes over small fields. Adv. Math.
Commun., 2022. to appear.

[BL11] L. Bader and G. Lunardon. Desarguesian spreads. Ric. Mat., 60(1):15–37, 2011.

[BL19] S. Ball and M. Lavrauw. Arcs in finite projective spaces. EMS Surv. Math. Sci., 6(1-2):133–
172, 2019.

[CTW85] L. R. A. Casse, J. A. Thas, and P. R. Wild. (qn + 1)-sets of PG(3n − 1, q), generalized
quadrangles and Laguerre planes. Simon Stevin, 59(1):21–42, 1985.

[DBGW+10] A. G. Dimakis, P. Brighten Godfrey, Y. Wu, M. J Wainwright, and K. Ramchandran.
Network coding for distributed storage systems. IEEE transactions on information theory,
56(9):4539–4551, 2010.

[KKO15] J. I. Kokkala, D. S. Krotov, and P. R. J. Österg̊ard. Classification of MDS codes over small
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