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THE NUMBER OF RATIONAL POINTS OF A CLASS OF
SUPERELLIPTIC CURVES

JOSE ALVES OLIVEIRA, DANIELA OLIVEIRA, AND F. E. BROCHERO MART INEZ

ABSTRACT. In this paper, we study the number of Fy»-rational points on
the affine curve Xy 4 given by the equation
y = axTr(z) + b,

where Tr denote the trace function from Fg» to F, and d is a positive inte-
ger. In particular, we present bounds for the number of F,-rational points
on Xy 4 and, for the cases where d satisfies a natural condition, explicit
formulas for the number of rational points are obtained. Particularly, a
complete characterization is given for the case d = 2. As a consequence of
our results, we compute the number of elements « in Fg» such that o and
Tr(a) are quadratic residues in Fn.

1. INTRODUCTION

Let F,» be a finite field with ¢" elements, where ¢ = p® and p is an odd
prime. Throughout the paper, Tr(z) denotes the trace function from F,» into
F,. The study of the number and existence of special elements in finite fields
dates back to the 1980s. The famous Primitive Normal Basis Theorem was
firstly proved by Lenstra and Schoof [11] in 1987.

More recently, sophisticated techniques have been created and employed
in different problems regarding elements that satisfy special conditions (for
example, see [1, 2, 3, 9]). The condition of having a fixed trace often appears
in such articles because of its practical applications.

A problem that naturally arises is to find the number of elements o € Fyn
such that o and Tr(«) are both quadratic residues in F,». This problem is
easily solved in the case where n is even, since any element of F, is a quadratic
residue in Fy», so that, in particular, Tr(«) does so. The problem gets more
interesting for the case where n is odd. Heuristically, ¢"/4 elements in [F» must
satisfy these two conditions, but there is no result in the literature addressing
this problem. In both cases, such number of special elements is closely related
to the number of F «-rational points on the affine curve y* = zTr(z) (see the
proof of Theorem 2.6). In this paper, we study a broader class of affine curves
given by

Xaap : y* = axTr(z) + b,

where a,b € Fy» and d is a positive integer. The curve Xj;,; belongs to a
wide family of curves called superelliptic curves, whose points are given by the
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solutions of the equation
y' = f(2). (1)

There are few results in the literature regarding general superelliptic curves.
For example, in [3] the authors give the distribution of points on smooth su-
perelliptic curves over a finite field, when their degree goes to infinity. In [10]
the authors describe the fluctuation in the number of points on a hyperelliptic
curve, which is the especial class of superelliptic curves with d = 2.

In general, it is hard to compute the number of rational points on superellip-
tic curves, but this can be done in some cases, namely, for those that arise by
choosing a suitable polynomial f in (1). For example, if f(z) = —2™ + b, the
curve is the well-known Fermat curve, for which explicit formulas and bounds
for the number of points are known ([13, 16]). The curve defined by Equa-
tion (1) over Fyn with f(x) = 29 — 2 + b is known as Artin-Schreier curve.
These special superellipic curves have also been well studied [4, 5, 15].

While these particular cases are well studied, a study of the number of
rational points on Xy ,; has not been provided. Our goal in this paper is to
study the number of rational points on this curve, providing bounds for the
number of rational points and explicit formulas for cases where Xj,, satisfy
certain conditions.

In order to do that, we use the fact that the map = — zTr(z) is a qua-
dratic form over Fy». Along the paper, we employ some classical results on
quadratic forms over finite fields to provide an expression for the number of
rational points on X, in terms of Gauss sums (Proposition 4.5). Using this
expression, we employ results on Gauss sums in order to obtain bounds for the
number of rational points and, for suitable conditions on d, provide explicit
formulas for this number. As a consequence of our results, we compute the
number of elements « in F,» such that both a and Tr(«) are quadratic residues
in F;» (Theorem 2.6).

The paper is organized as follows. In Section 2, we present some remarks,
comments and statements of our main results. Section 3 provides preliminary
results on quadratic forms and Gauss sums that are used along the paper. In
Section 4, we provide an expression for the number of rational points on the
curve Xy,p in terms of Gauss sums. Bounds and explicit formulas for the
number of rational points are presented in Section 5. In Section 6, we focus
on the case Tr(b/a) # 0.

2. MAIN RESULTS

In this section, we present our main results, along with a few comments.
We observe that the curves Xy, p(Fgn) and Xyed(d,qn—1),a,6(Fg») have the same
number of F.-rational points. Therefore, we may assume without loss of
generality that d divides ¢" — 1.

In [11], the authors give an improvement of the Hasse-Weil bound for curves
with high genus. The curve X, ; does not satisfy the conditions imposed in
[14], but as a high genus curve, it is expected to it to be a curve whose number
of points is far from Hasse-Weil’s bound. Indeed, it turns out that Hasse-Weil
can be significantly improved for X;,;. In Theorem 2.2, we provide sharp
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bounds for the number of rational points on such curves. In order to present
this result, we introduce some notation. For a divisor d of ¢" — 1, x4 denotes a
multiplicative character of F}, with order d. As usual, Xaap(Fyn) denotes the
set of F n-rational points on Xy ,.

Definition 2.1. Let v = ged (d, qn—*l), D= % , B= Tr(g) and

qg—1
o I, ifp=1 (mod4);
li, ifp=3 (mod4).

Now we are able to present bounds for the number of [Fjn-rational points on
the curve Xy,

Theorem 2.2. The number of rational points on the curve Xy, satisfies the
following relations:

d—1
| Xias(Fgr)l = ¢+ (=1)°¢" > xa(b) = Naapn, (2)
=1
where
(4 —1)(g—1)g= ", if D is odd and B = 0;
|Naapnl << (¢— 1)(%an_1 + (% —1)g=7Y), if D is even and B = 0.
(d—1)(¢% +q"%) if B+#0.

We recall that the Hasse-Weil bound applied for &y, implies that
[ X (Fgn)| — ¢"| < 2gq%7

where the genus g can be computed via Riemann-Hurwitz’s formula [7] and
equals, at a minimum, the number

d-1)(¢" " =1)—d+1

Note that Theorem 2.2 implies that
_ n—=1 n_
| Xaap(Fgn)| = " < (d=1)¢" " + (¢ = 1)(dg = +(d—1)g=7"),

which represents a significant improvement of Hasse-Weil’s bound.

From now on, our main goal is to provide explicit formulas for the value N =
Ng,a,pn defined in Theorem 2.2. In particular, the results obtained here include
curves whose number of points attain the bounds provided in Theorem 2.2.
Our starting point is the case d = 2, for which we present a simple expression
for the number of affine rational points, that is given in the next theorem.

Theorem 2.3. The number of rational points on the curve X qp(Fyn) is
(1) If B=0

| X2,a,b<Fq"> |: q+ qn_1X2(b) + Nﬂ'“Xz(—CL)(q - 1)7

where

n—2

qz, if n is even;
N1 -

n—1

¢z , ifn is odd.
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(2) If B#0
| X2,a,b(Fqn) |: qn + qn71X2<b) — NQT”S,
where
N, — an_Q[XQ(—a)TQSq + x2(—aB)], if n is even;
2 — n—1 . .
q > T(x2(—a) + x2(—aB)),  if nis odd.

This result allows us to compute the number of rational points in specific

curves, as in the following examples.

Example 2.4. For the curve

it follows that B = 0. Therefore, Theorem 2.5 provides the number of rational

points for a pair (q,n):

Xy 10:y° = —aTr(x),

q | n=2| n=3 n=4 n=>5 n=6

A 33 87 225 711

51 29 | 145 645 3225 15725

71 43 | 385 2443 16513 117355
91 89 | 801 6633 59697 532089
11 111 | 1441 | 14751 | 159841 | 1770351
25| 049 | 16225 | 391225 | 9780625 | 254281250

Example 2.5. For the curve

Xy 101yt = —2Tr(z) + 1,
it follows that B = Tr(—1)

of rational points for a pair (q,n):

= —n. Therefore, Theorem 2.3 provides the number

qg | n=2| n=38 n=4 n=>5 n==6

3| 10 42 96 385 954

51 84 150 720 3850 18600

71 64 378 2688 19306 134162
91 80 | 882 7200 65448 591138
111 122 | 1452 | 15840 | 175692 1951402
251 625 | 16200 | 405600 | 10171250 253890000

One can check some values obtained in these two examples by using a com-
puter program such as SageMath. For instance, in the case ¢ = 25 and n =6
using a program in SageMath, spent 37h 34min. Nevertheless, the run time of
the algorithm grows as ¢" increases, making the computation unfeasible even
for small values of ¢" (such as ¢" > ).

Back to the problem presented at the introduction, Theorem 2.3 is a key
tool to compute the number of a special type of elements of Fyn, as we see in
the proof of the following result.
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Theorem 2.6. Let n be an odd positive integer. Then the number of elements
a € Fyn such that o and Tr(a) are both quadratic residues in Fyn is

"+ T (g 1)g"T +2

4
In order to compute N, we present the following important definition, that
is a generalization of a constant used by Wolfmann in [10] in the study of

diagonal equations.

Definition 2.7. For m a divisor of ¢" — 1, a € F}. and € € {1, -1}, we set

9m<a’ E) _ {m - ]-7 Zme(a) =€

-1, otherwise.

The following definition, that was introduced in the study of diagonal equa-
tions [13], will be useful in our results.

Definition 2.8. Let r be a positive integer. An integer d > 2 is (p,r)-
admissible if d | (p" + 1) and there exists no r' < r such that d | (p” + 1).

If d > 2 is (p,r)-admissible, then 2r is the multiplicative order of p module
d. Since d divides ¢" — 1 and ¢ = p®, the condition of (p, r)-admissibility on d
implies that 2r divides ns and, in particular, that ns is an even number.

Definition 2.9. If d is a divisor of ¢" — 1 and is (p,r)-admissible we define

ns r + 1
e= (-1 and u="? :
d
We present now one of our main results, which provides a formula for the
number of rational points on X, ; in the case where B = 0 and some suitable

conditions are required.

Theorem 2.10. Let d > 2 be an integer, a,b € Fyn such that B = 0 and
N = Nyapn defined as in Equation (2). The following holds:

(1) If v is (p,r)-admissible and D is odd, then
07 'lfU = 1,
N =" (-,  ifo=2
501}(_@75”)((] - 1)(]”7_27 va > 2.

(2) If 2v is (p,r)-admissible and D is even.
(a) If v =1 then

N = (=17 xa(a) (g — 1)
(b) If v =2 then
N = [(~1)*7°/ae" 2 (xa(—a) + Xa(a) + 7" xa(a)] (g — D).
(¢) If v > 2 then

N= 5[(—1)878\/§X2v(—a)6%[1 +0,(—a,1)] + 6,(—a, 1)] (¢g— gz .
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By employing this result, we can obtain a simple expression for the number
of rational points in the case where a, b and d satisfy some restrictions.

Corollary 2.11. If d > 2 is a (p,r)-admissible divisor of ©=> and ns/2r is

q—1
even, then
n—2
Na-10n=(d—=1)(¢—1)q 7.

Results similar to Theorem 2.10 can be obtained for the case B # 0, as we
will see in Section 6.

3. PRELIMINARY RESULTS

In this section, we provide some definitions and results that will be useful in
the paper. Along the text, 1) and 1) denote the canonicals additive characters
of F» and I, respectively, i.e.,

27 T T ~ e T T
Y(x) = exp (7%71/%( )) and Y(z) = exp <72 Treg/rp )> :

p p

We use x4n-1 to denote a fixed primitive multiplicative character of Fy, and,
for m a divisor of ¢" — 1, x,, denotes the multiplicative character of order m
defined by x,, = X((J?L:ll)/ ™. The restriction of x,, to F} is a multiplicative

character of F; of order M = et (anﬁl) yiem) and it will be denoted by n,,.

Definition 3.1. For multiplicative characters x of Fy. and n of ¥y, the Gauss
sum of x and n are the sums

Gu(x) = D X(@)(x) and  Gi(n) =Y n(x)i(x),

xe]an z€Fy
respectively.

We present now some techinical results that are used to compute the number
of rational points on X;,;. Most of them are well-known and can be easily
found in the literature.

Lemma 3.2 ([12, Theorem 5.4]). Let x be a multiplicative character of Fn.

Then
0, of X 1s nontrivial;
> wo-{0

e q”, if x s trivial.
Lemma 3.3. [12, Theorem 5.4] For u € Fyn, we have that
1 0, ifu#0;
— > W(uc) = L
" & 1, ifu=0.
Lemma 3.4 ([12, Equation 5.4, p. 189]). Let d be a divisor of ¢* — 1. If
c€Fyn, then
1, ifc=0;
Xfl(c) =qd, ifcis ad-power in F}.;
0, otherwise.
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Lemma 3.5. [12, Theorems 5.11 and 5.12] Let xo denote the trivial multi-
plicative character of .. If X # xo is a multiplicative character of Fy., then
(]) Gn(XO) = _1;
(2) |G ()| = ¢/
A Gauss sum is said to be pure if some positive integer power of it is real.

The following result present necessary and sufficient conditions for a Gauss
sum to be pure.

Theorem 3.6. [0, Theorem 1] Given a divisor d > 2 of ¢" — 1 and a multi-
plicative character xq of Fy. with order d, the following are equivalents:

e there exists v such that d | (p" + 1);
o G,(x)) is pure for all j € Z;
e there exists a positive integer v such that d | (p" + 1), 2r | ns and

Gn(le) _ _(_l)ns(uj+1)/2rqn/2

for all j 0 (mod d), where u = ’%.

Theorem 3.7. [12, Theorem 5.15] Let x> be the quadratic character of Fr..
Then
Gn(XQ) _ _(_1)sn7_ann/2'

Corollary 3.8. Let x3 be the quadratic character of Fy.. If ns is even, then

Gn(XQ) _ _(_l)ns(u+1)/2qn/2’

ptl

where u = R

3.1. Quadratic forms. In order to determine the number of rational points
on Xy ,.p we associate this curve to the quadratic form Tr(zTr(x)). From this
quadratic form, we provide its associate matrix and the dimension of its radical.
In order to do that, we recall the following definitions.

Definition 3.9. For a quadratic form ® : Fyn — F,, the symmetric bilinear
form ¢ : Fgn x Fon — F, associated to ® is

Pl ) = 2 (@0 + §) - B(a) - 9(9)).
The radical of the symmetric bilinear form ® : Fn — F, is the set
rad(®) ={a € Fpn : (e, B) =0 for all f € Fpn}.
If rad(®) = {0}, then ® is said to be non-degenerate.
Let B = {v1,...,v} be a basis of F» over F,. The n x n matrix A = (a;;)

defined by
B(v). ifi =
Qij = o )
T 5@ ) = Bu) — (vy), ifi A
is the associated matriz of the quadratic form ® in the basis B. In particular,
the dimension of rad(®) is equal to n — rank(A).
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Let @ : IF;” — F, and ¥ : IFZ — IF, be quadratic forms where m > n. Let
U and V be associated matrix of ® and V¥, respectively. We say that ® is
equivalent to W if there exists M € GL,,(F,) such that

MTUM = (%%) € M, (F,),

where GL,,(F,) denotes the set of m x m invertible matrices over F, and
M,,(F,) denotes the set of m x m matrices over [F,. Furthermore, ¥ is called
a reduced form of ® if rad(V) = {0}.

The following theorem, which associate quadratic forms and characters sums,
will be useful for our results and can be obtained from Theorems 6.26 and 6.27
of [12] by a straightforward computation.

Lemma 3.10. Let U be an n x n non null symmetric matriz over F, and
| = rank(U). Then there exists M € GL,(F,) such that V.= MUM?" is a
diagonal matriz, i.e. V = diag(ay,ay, ..., a;0,...,0) where a; € F; for all
t=1,...,1. For the quadratic form

F:F!—F, FX)=XUX" X=(z,...
it follows that

,Tn) € FY,

S° O(F(X) = (~1) e Db (@)1,

XeFn
where d = a; - - qy.

We note that 79(d) independs of the system of coordinates chosen.

4. THE NUMBER OF RATIONAL POINTS ON THE CURVE &y,

For a € F}.,b € Fyn we compute the number of Fy--rational points on the
curve Xy, by using well-known properties of character sums. For that, we
have the following lemma.

Lemma 4.1. Let a € F,.,b € Fyn and d an integer that divides ¢" — 1. The
number of affine rational poz’nts on the curve Xy qp over Fyn s

| Xiap(Fgn) |=q" —i——ZG’ x4 chb Xa' (— Z Y (cazTr(z)).

CE]F !L'GFqn

Proof. 1t follows from Lemma 3.3 that

| Xiap(F Z Z clazTr(x)+b—y ))

c€Fyn z,y€lFyn
(3)
=q" —i——zwcb Z ca:cTr Zw —cy?)
CE]F* z€Fn yEFyn

Now, let y? = z and using Lemma 3.4 we obtain

| Xaap(Fyn) |=q +— Z (cb) Z Y (cazTr(z Z (—cz) xS H2)]

CEF :BE]Fqn ZE]Fqn



THE NUMBER OF RATIONAL POINTS OF A CLASS OF SUPERELLIPTIC CURVES 9

Making the change of variable w = —cz and using Lemma 3.3 we have that
| Xaap(Fqn) |=q" +— ZZ@Z) cb)xa' ( Z (cazTr(x Z (w
cEIF z€F gn weF n
Therefore
=
| Xaap(Fn) |= 0"+ — > Gulxd) Y d(eb)xa’(—¢) Y ¢(carTr(x)). (4)
= cEF%, z€F n
O

In order to compute the value of the right-hand side sum of Equation (4),
we will use the fact that Tr(cazTr(z)) defines a quadratic form from F,» into
F,. For now on, let Q.(xz) be a quadratic form of F,» over F, defined by
Qc(z) = Tr(cxTr(z)) and let B.(z,y) be the bilinear symmetric form associated

to Q..
Proposition 4.2. For c € Fj., we have that

LifceFy;

dimp, (md(QC)) - {n —2ifceFpn \F,.

Proof. The dimension of the radical of the quadratic form ). is given by the
dimension of the radical of the bilinear form B.(z,y), i.e., the dimension of
the subspace generated by the elements x € Fy» such that B.(z,y) = 0 for all
y € Fgn. We observe that
B.(z,y) = Te(e(@ + y)Tr(z +y)) — Te(c@Te(z)) — Tr(eyTe(y))
= Tr(caTr(y) + cyTr(x))
= Tr(y)Tr(cz) + Tr(z)Tr(cy)
= Tr(y(Tr(cz) + cTr(x))).
Then, B.(z,y) = 0 for all y € Fy» if and only if Tr(cz)+cTr(x) = 0. Therefore,
are interested in computing the dimension of

V ={x € Fpn : Tr(cz) + cTr(x) = 0}.
We split the proof into two cases:
e For c € F}, Tr(cx) + cTr(z) = cTr(z) + cTr(z) = 2¢Tr(x), that implies

V] =Nz € Fgn: Te(x) = 0} = ¢"*

and then dim(V) =n — 1.
e For ¢ € Fju \ F,, if x € Fn is such that Tr(z) # 0, then =<2 ¢ F, and

Tr(x)
TT&;«((CE)) # —c. Therefore for any element z € V we have that Tr(x) = 0. It

follows that Tr(cz) = —cTr(z) = 0, then V = Vi NVa, where V} = {x €
Fpo | Tr(z) =0} and Vo = {z € Fyn | Tr(cz) = 0}. Since c € Fpn \ F,
and Vj # V4, it is direct of the fact dim(V;) = dim(V3) = n—1 to verify
that dim(V) =n — 2.

()
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This completes the proof of our assertion.
O

Proposition 4.3. Let H be the symmetric matriz associated to Q. and let §
be as defined in Lemma 3.10 for some basis of Fgn over F,. Then

) ma(o), if c € Fy;
m(0) = {m(—l), if c € Fyn \ F,.

Proof. Since 15(0) does not depend on the basis, we set a basis ag, aq, ..., a1
of Fn over IF, such that

e g =n"'and Tr(oy) =0 for all 1 <i <n—1if ged(n,q) = 1;
o Tr(ay) =1, a9 =1 and Tr(apey) = Tr(a;) =0 forall 2 <i<n-—1in
the case when ged(q,n) # 1.

For 0 <i <n-—1, let z;,y; € F,such that y = E?;Ol yjo and © = Z;‘L;ol T
and let us denote X = (zg,...,2,-1) and Y = (yo,...,yn_1). We recall that
Q.(z) = XHXT and

BX,)Y)=X+Y)HX+Y) - XHX" - YHY"
= XHY" +YHX"
=YH'XT +yHX"
=Y(2H)X".
Therefore, we can determine ¢ from B.(x,y) by computing the determinant

of the reduced matrix associated to 2H. In order to do this, we observe that
Tr(z) = xo and

ToCo + Z xiCifBi ifptn
Tr(cz) = Isijsn—l
zo(c1 + cofoo) + cor1 + Z zic;Bij, ifpln,
9<i,j<n—1

where 3; ; = Tr(oy;). We obtain expressions for Tr(y) and Tr(cy) by a similar
process. Therefore, it follows from (5) that

B.(z,y) = Tr(y)Tr(cx) + Tr(cy)Tr(x)

2x0Yoco + Z ¢jBi,j(Yori + ToYi), if ptm;

1<i,j<n—1

2<i,j<n—1

2z0y0(c1 + coBoo) + coryo + coroyr + > ¢;Bi(yomi + zowi), i p|n.
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We obtain
n—1 n—1
2¢o DB Y Bamrge
=1 =1
n—1
> Buic 0 o 0
L : :
Z Bn-1,5¢5 0 e 0
j=1

in the case when p 1 n and

n—1 n—1
2(c1 + coBoo) o Z Bajcj - Z Bn-1,4¢;
= =2
‘o 0 0 . 0
n—1
oH=| P O 0 0
=2
n—1 .
> Bt 0 0 0
j=1

in the case when p | n.
In order to compute the reduced form of 2H, we observe that

e In the case when ¢ € F, then ¢cg = candc; =co =+ =¢,-1 =0 if
pfnand ¢y =cand ¢g =cy =+ =c¢,_1 = 0 if p | n. Therefore the
associated reduced matrix is (2¢).

e In the case when ¢ € F,n \ F,, then Proposition 4.2 implies that either

there exists k € {1,...,n — 1} such that Z;:ll Brc; # 0if p t n and
co # 0 or there exists k € {2,...,n — 1} such that Z;:QI Br,ic; # 0
if p | n. Then straightforward manipulations of the lines and columns
shows that 2H reduces to a matrix of the form

u v
v 0)7
where v # 0.

In sum, we have that the quadratic character of the determinant & of the
reduced matrix of H is given by

c), if c € F?;
m(e) =P Teek
ne(—1), ifcelFpn\F,.

This completes the proof. O

Combining Lemma 3.10 and Proposition 4.2 and 4.3, we have the following
result.
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Theorem 4.4. For c € F}., we have

_ D) ()R, i e € Ty
Z Y(caTr(x)) = {q"‘l, if c€Fpu\F,

:BE]Fqn

Theorem 4.4 allows us to express the number of rational points in terms of
Gauss sums.

Proposition 4.5. Let v, D and B be as in Definition 2.1. Then

| X p(Fon) |[= " +Zx

where N = Ny qpn 15 given below.
(1) If D is odd and B = 0, then

(2) If D is odd and B # 0, then

ZG { 1" xa(—aB)xa(B)7°/aGi (5, *) = xa(—aB)G1(ny)' )]

(8) If D is even and B = 0, then

v—1
=91 ( 1)+t S\/ZG IPEEAPTE (—a) ZGnuif’)xéD(a)) :

q j=1

(4) If D is even and B # 0, then

ZG () (-1 (aB)a(B)r* VaGa (1) ~ Xil-aB)G ()]

Proof. By Lemma 4.1 and Theorem 4.4, we have that |X;,,(F,n)| is equal to

d—1
qn+1ZGn<x§>{ > )X (=) + Y wleb)xa (—o)((-1)° 1nz<ac>7w>]-

q =1 ca€F n\Fy ca€Fy

That can be reewritten as

d—1
g+ > Galxd) { > b(eb)xa(—e) + Y dleb)xa (—e) ((—=1)* na(ac)r® /g — 1)] :

q /=1 caeF;n caE]F*
(7)
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d—1
Let T = ZGn(Xf;) Z Y(cb)xa'(—c). By Lemma 3.3, if b = 0, then
= caGF;n
T = 0. Otherwise, Lemma 3.5 entails that

T = 3 DG (G = 3 ) ®)

Now, we compute Sy = Z V(BN (22) (1) me(z) /g — 1).
z€F}
Assume that D is odd. We recall that np is the restriction of x4 to F; and
that 7n,p is such that 'r]%D = np. Using this notation,

Se = (=1 "N(—a)T* Vg Y (22 ny*( —a) > (L) A (2)
ZEF* zeF*

= (=" "Xi(—a)T* /g Y =By —a) > (=B, (2)
zEF* zEF*

We split the proof into two cases.
e If B =0, then it follows from Lemma 3.3 that

5 _ 0, if D1t/
T Ai(a)g—1), D]

o If B # 0, then

Se = (=1)*"""Yi(—a)m Vansp > (B G (nap ™) — X4(—a)nsp (B™H G (nyp)
= (—1)*"'xa(—=aB)x2(B)T* 4G (ny5 *) — xa(—aB)G1(n35")

Our statement follows from the values of S, found and Equations (7) and (8).
The case where D is even is obtained similarly.
U

5. BOUNDS AND EXPLICT FORMULAS FOR THE NUMBER OF RATIONAL
POINTS ON Xy,

5.1. Proof of Theorem 2.2. The result follows by a direct employment of
Proposition 4.5 and Lemma 3.5. Let us consider the case when D is odd.

e If B =0, by Proposition 4.5 we have

1 .
|Nd7abn| == (q - 1) Gn(XfiD)Xd (_a)
q —
v—1
qg—1 j
< U=U§ 6, 007)
¢ =
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o If B # 0, then
Nagpnl = - Z D" (—aB)xa (B aGi (155 2) — X(~aB)G1 ()

< - | G (xa)l [ValG1 (m *)] + |G (my5) ]

( )( n/2+q(n—1)/2).

Those inequalities along with Proposition 4.5 assures us the result in the cases
when D is odd. The case where D is even is obtained similarly. O

5.2. Proof of Theorem 2.3. We have that

2 J1, ifnis even;
2, if n is odd.

To compute | Xy, | we need to determine N in Proposition 4.5. In the case
when n is even we have D = 1, therefore

(1) If B =0, then
N = 3 (—(q — DGpx2)x2(—a))

T (g — 1)(— 1)y (—a)
(g — D)7 x2(—a).

=dq

3
| N
[ V]

=q
(2) If B # 0:
N = é (Gn<X2) [(_1)SHX2(_QB)X2(B)TS\@Gl (772) — X2(—aB)G, (nS)D
_ (_1)ns+17_nsq"%2 |:(—1>S+IX2(—Q)T2S(—1>S+IQ i XQ(—aB)]
|

In the case when n odd, we have that D is even, then

(1) If B = 0:
N = % (=17 /GG (x2)xa(—0))
- %<—1>S+175<—1>m—17"8q"7“><2<—a>

n—1

= 7005 (g — 1)xa(—a)g = .
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(2) If B # 0:
1
N = Galo) [(-1) xa(=aB)xa(B)r* ViGh (1) — xo(~aB)Ga ()
= (1) T (1) ()T VA1) = xe(—aB)(=1) 7V

— g [xa(—a) + xa(—aB)|.

Combined with Proposition 4.5, the theorem follows. O

5.3. Proof of Theorem 2.6. Let M be the number of elements o € Fyn
such that both o and Tr(«) are quadratic residues in Fyn. Let Ay be the set
of quadratic residues in F}, and A = F;.\Ay. We recall that, for z € Fyn,
X2(x) = 1 if and only if x € A;. Then we have that

0, if either x € A or Tr(z) € A;
, ifx=0;

, if z € Ay and Tr(z) = 0;

, ifz € Ay and Tr(z) € As.

1+ x2(z)] [1 + x2(Tr(2))] =

N R

Therefore, Schur’s orthogonality relations (Lemmas 3.3 and 3.4) imply that

=141 3" [1e@] [+x(M@)] + £ Y [1+x@)] Y d(T@)

z€F 4n z€F 4n c€lFy

(9)

We note that Lemma 3.2 implies that
D [T+ xe@] 1+ xa(Tr(@)] = D> [1+ xa(Tr(2)) + x2(«Tr(x))]. (10)

Since n is odd, 2 is also the multiplicative character of order 2 over IF,. Since
Tr(z) is a linear transformation over F,» whose image is F,, each element in
FF, has ¢"~! elements in its preimage. Therefore,

> xa(Tr(@) =" > xaly (11)
:BE]Fqn y€lFy

We note that

[XonoFer)l = D [L+xel@Tr(@)] = " + Y xo(aTr(x)). (12)

:BE]Fqn :BE]Fqn
From (10), (11) and (12), it follows that
Y [Lrxe@)] [+ x(Tr(@)] = [Xoro(Fqn)l. (13)
:BE]Fqn

For the last sum in (9), Lemma 3.3 implies that

Z 1+ xo(z Z@Z) cTr(x q+z Z Yo(@)h(cTr(z)). (14)

z€Fn celF, c€Fq z€F 4n
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The map x — Tr(z)) is a linear map over I, so that ¢Tr(z) = Tr(cz) for all
¢ € F, and then ¢(cTr(z) = ¢ (Tr(cz)) = ¢(cx). Therefore, by setting z = cz,
we obtain that

37D xa(@)d(eTr(z) = > xale) D xa(2)0()

c€Fq z€F 4n c€lq 2€Fn
= Gulx2) Y xa(0) (15)
c€lFy
— ()’

where the last equality follows by Lemma 3.2. In sum, Equations (9), (13),
(14) and (15) imply that

| Xo10Fgn)| +q" " +2
. .

M =

Now our result follows by Theorem 2.3. OJ

5.4. Proof of Theorem 2.10.

(1) Assume that v is (p, r)-admissible and D is odd. Proposition 4.5 states
that

1
::—-—7;——253(;n d d ——a)

We recall that x? has order % =wv. Ifv=1,then N =0. If v =2,

then Theorem 3.7 entails that
N=—(¢—1)(-7"¢"T xa(—1)x2(a))
n—2
=(¢—1)7"q 2 xa(a),

since xa(—1) = 72" = 1. If v > 2, then Theorem 3.6 implies that

(2) Let us assume that 2v is (p, r)-admissible and D is even. By Proposi-
tion 4.5 we have

vt <<_1)S+ITS@ZGH(X;D+ YDt ZGn a)) .

q 7=0 j=1
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If v=1,d= D and it follows that
N_q_1 s+ls % %
=—((-1) VaGn(x3)xg(—a)

q

= L L 1) GG (x) ol —a)

q
=l s(n

= (=1)"* (g — 1)g 2 7" yy(a)

— (=1)*(g = 1)g"7 7" xy(a).

If v =2, we have d = 2D. By hypotheses, 4 is (p,r)-admissible, and
u=Et =2 H . Then

d 4-D
N-1— (( 1D GGl (—a) + Galx M)x?(—a))—Gn(xg)xg(—a))
B % ((=1)*"'7°\/q(Gn(xa) xa(—a) + Gn(Xa)Xa(—a)) — Gn(x2)x2(—0a))
- % (117 a8 g xa(=a) + xa(~1) (-3 13 )Ta(~a) + (<) "7 xal(~a))

=g (g 1) (<—1>878¢as“%“<><4<—a> + X (@) + ¥ (a) )

If v > 2, then Theorem 3.6 implies that

q

1 @ v—1 n .
N=1"- (( 1"y (—a) (=) Y (M vul(—a)) — 3 (—2) (&““DXU(G))J)
7=0

—1 n u 5
= T (7 T ) 4 (- ]+ get(-a 1)

= (0= 1)a"% [ (=17 Vaxan(~a)e [ + u(—a, 1] + b (~a, 1)].

6. THE CASE Tr(b/a) # 0
Definition 6.1. If D is (p,ro)-admissible, we define

pro+1 ; ; .
. s> U D is odd,
and Uy =

fo = (=)™, pro+1
D Y

if D is even.

Theorem 6.2. Let a,b € Fyn such that B # 0. If d is (p,r)-admissible, D is
odd and (p,ro)-admissible, then

N = Nig® + Nog"? + N3q'2

where
o N| = (—l)s“eeHuoD *X2(B)04(—aB, ");
o Ny =ceqg(—04(—aB, e )+9v(—aB,5“));
o N3 = —cb,(—aB,c");
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Proof. By hypotheses d is (p, r)-admissible and D is odd. By Proposition 4.5,

d—1

>~ Gal) [ (1 N (—aB)xa(B)T G (nfy ™) —xa(—aB)Gh (na)

(=1

N =

Since D is (p,rp)-admissible and p™ + 1 is even, it follows that 2D divides
p"® + 1. Therefore, Theorem 3.6 and Corollary 3.8 imply that

d—1
—¢"T Y ING(—aB) (1) T a(B) T g 4 3 g + R

d-1
— —an_lEE()((—l)STSXz( )egeP V/a + )Z (xa(—aB)e“e2) + R
=

1
= ="+ ez ((—1) 7" xa(B)ey G + 1) 0a(—aB,=") + R,

where R is the sum of the terms in the case when the multiplicative caracter
is trivial, i.e.,

d/D—1

R: ﬂ Z gu]D—f—l jD )|:_1+\/—€2u0]D+1]
d/D—1
= —"e 3 [(PxD(=aB)) — eo(e"P PN (~aB)) Vil
j=1

= q%g(—l + €0y Q)0 (—aB, ).
Rearranging the terms, we obtain the expression
N = Nig% + Nog™® + Nyg™2
proving the statement. 0

Theorem 6.3. Assume that B # 0 andd > 2. We denote oy = 04(—aB,e%e;°)
and ag = 0,(—aB,1). If d is (p, r)-admissible, D is even and (p,ro)-admissible,
then

N = Nig? + Nog™7 + Nag'7,
where

Q D
o Ny = (—1)%ceor XQ(B)[—egO o1 + "2 xou(—aB) (1 + ag)],

o Ny =eeg(ar — o) — (—1)%e"2 +175X2U( aB)x2(B)(1 + ag),
o N3 = —cay,

Proof. By hypotheses d is (p, r)-admissible and D is even. By Proposition 4.5,

d—1

N = -3 Gali) (-1 b —eB)a(B)r*VaGi(ng ) — Xe(—aB)Ga ().

q /=1
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Therefore, since D is (p, 7o) admissible

= —q 2 Zg“”l 5 CLB |: ( 1)s+17_sX (B)ggo(“‘ )+1q+8u02+1\/§} —|—R

—1

= "7 eeo((-1) T B i+ 1) Y (l—aB)'e) + R,

1

&

~
Il

n— n D
= =" ceo (-1 T xa(B)ey T v/ + 1) ba(—aB,2"el) + R,
where R = Ry + R»,

d/D—1 D
n—2 w22 = (2541 s 2j+1)+2
Ri=—q'T Y O E I )B4 Bl T
j=0
1 d/D—1 ‘ '
= (—1)%q 2 e“2+17' Xov(—aB)x2(B) Z (€uDXv(—aB))j(—1—{—\/aegoD]Jr“ODJrl)
]:
1 d/D—1 ‘
~ T aBpa(B) 3 [ (Px(-aB) + (OB
j=0
n—1
= (~1)°¢ 2 "o xa,(—aB)xa(B)[ — (1 + 0u(—aB,e"P)) + (1 + 0,(—aB,e*PeyoP))eto P+ /q]
n—1 uD
= (-1)°¢"7 e F o, (—aB)xa(B) (1 + b, (—aB, 1))(5,? v/ — 1)
and
/D1
Z cuiD+Ly jD aB)[l_\/C—jggojDH]
d/D—l

T Y [P ul-aB) ol —aB)) V]

= —q%e [00(—(13, 1) — eoby(—aB, 1)\/‘_1}

— —¢"7 e0,(—aB, 1)(1 — £0/)-
Altogether, we have shown that
N = Nig? + Nog' = > +N3g' T o )

proving the statement. 0
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