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D(k,q) *
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Abstract: For integer £ > 2 and prime power ¢, the algebraic bipartite graph
D(k,q) proposed by Lazebnik and Ustimenko (1995) is meaningful not only in
extremal graph theory but also in coding theory and cryptography. This graph is
g-regular, edge-transitive and of girth at least k + 4. Its exact girth g = g(D(k, q))
was conjectured in 1995 to be k+5 for odd k and ¢ > 4. This conjecture was shown
to be valid in 2016 when %£3(,(¢ — 1), where p is the characteristic of F, and m|,n
means that m divides p"n for some nonnegative integer r. In this paper, for ¢t > 1
we prove that (a) g(D(4t + 2,q)) = g(D(4t + 1,q)); (b) g(D(4t + 3,q)) = 4t + 8
if g(D(2t,q)) = 2t +4; (c) g(D(8t,q)) = 8t + 4 if g(D(4t — 2,q)) = 4t + 2; (d)
g(D(252(2t — 1) —5,q)) = 25T2(2t — 1) if p > 3, (2t — 1)[,(¢ — 1) and 2%||(¢—1). A
simple upper bound for the girth of D(k, q) is proposed in the end of this paper.

Keywords: Bipartite graph; Edge-transitive; Backtrackless walk; Girth; Homoge-
neous polynomial;

1 Introduction

The graphs considered in this paper are undirected, without loops and mul-
tiple edges. A graph G is said to be edge-transitive provided, for any two
edges ey, ey of GG, that there exists an automorphism ¢ of G such that ¢
maps the ends of e; into those of ea. A backtrackless (or non-recurrent) walk
of length n means a sequence vy, v, . .., v, of vertices of G such that any two
consecutive vertices are adjacent in G and vj # vj4o for j =1,2,...,n — 2.
A backtrackless walk vy, vs,...,v, is called a backtrackless circuit of length
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n further if n is greater than 2 and vs, v4, . .., Uy, v1, 2 is still a backtrackless
walk. For any graph G which is not a tree, its girth, denoted by ¢(G), is
equal to the length of the shortest backtrackless circuits in G.

Graphs with large girth and a high degree of symmetry have been ap-
plied to variant problems in extremal graph theory, finite geometry, coding
theory, cryptography, communication networks and quantum computations
(c.f. [I]-[21]). In this paper, we concetrate on the algebraic bipartite graph
D(k, q), proposed by Lazebnik and Ustimenko in [3], which is edge-transitive
and of girth at least k 4 4, where k£ > 2 and ¢ = p™ is a power of prime
p. The graph D(k, q) has been investigated quite well in literature (c.f. [3]—
[20]). For the exact girth of D(k,q), the following conjecture was proposed
in [5]:

Conjecture 1. D(k,q) has girth k +5 for all odd k and all ¢ > 4.

This conjecture was shown to be valid in [5] for the case that (k + 5)/2 is
a factor of ¢ — 1, in [I9] for the case that (k + 5)/2 is a power of p, and in
[20] for the case that (k 4 5)/2 is a factor of ¢ — 1 multiplied by a power of
p, respectively. For a few small k’s, the girth cycles (namely, the shortest
backtrackless circuits) of D(k,q) are determined completely in [22].

In this paper, we will investigate the girth of D(k,q) further by means
of a compact expression of some backtrackless walks of the bipartite graph
Ay 4, which is defined as follows (c.f. [19], [20] and [22]). The left part
of vertices of Ay 4, denoted by Ly, is the set of (k 4 1)-dimensional vec-
tors [I] = (lo,l1,1l2,...,l;) over Fy with {1 = ls. The right part of vertices
of Ay, denoted by Ry, is the set of (k + 1)-dimensional vectors (r) =
(ro,r1,72,...,7%) over Fy with r; = 0. Two vertices (lo,l1,...,lx) € Ly and
(ro,71,...,r%) € Ry, are adjacent in Ay 4 if and only if, for 2 <i <k,

Lt = {Toli_g 1fz =2,3 mod 4, (1)
lori—o ifi=0,1 mod 4.

Since Ay 4 is isomorphic to D(k,q) [19], A4 is also edge-transitive and of
girth at least k+4. All the consequent arguments will be made on the graph
Ay, , instead of the original graph D(k, q).

This paper is arranged as follows. In Section 2 we introduce a class of
homogeneous polynomials in several indeterminates and a compact expres-
sion for vertices over some backtrackless walks in Ay ,. An identity on such
polynomials is shown in Section 3. By using of this identity, in Section 3 we
show, for any ¢t > 1, that each backtrackless circuit in A1 4 implies a back-
trackless circuit in Aysq9, of the same length, and g(Asty2,4) = g(Aatt1,9)



is then deduced. In Section 4, we construct some backtrackless circuits in
Agty3,4 by using those in Ag 4, and show for n > 3 that g(Ay434) < 4n if
g(Aatq) < 2n. A few results on the exact girth of Ay, are also given in this
section. In Section 5, we deduce an upper bound for the girth of A, by
combining a known result from [20] and the new results shown in Section 4.
Some concluding remarks are given in Section 6.

2 Backtrackless Walks in A;,

At first, we introduce a class of homogeneous polynomials in several inde-
terminates which were defined in [19]. For indeterminates wy, ... ,w, whose
values are usually limited to the set [, let

po(Wiy .-, wn) = w1 wy

and, for 1 < s < [§], let ps(wy, ... ,w,) denote the homogeneous polynomial
of order n — 2s defined by

H?:l Wi
ps(wi, ..., wy) = Z

T wiry1wisg
1<is <aig<n—s LLj=1Wij+j—1%i+j

where each term in the summation is a product of the remaining elements
in the sequence wy,...,w, after deleting from it s disjoint pairs {w;, w;11}
of consecutive elements. If n < 2s or s < 0, ps(wy,...,w,) is defined as 0.
For the null sequence 7, we define p4(n) as

pali) = {1 if 5 =0,
Y lo ifs#0.
One can show easily (c.f. [19], [20] and [22])
Ps(Wiy .o wn) = ps—1(Wi, -« ywp—2) + wpps(Wiy .-, Wn—1), (2)
and, for 0 < j <mn,

J
Pr—j(Wi, ..., W) = Z H Was), —1W2ty, s (3)

1<s1<t1<82<t2 <+ <5<t <n k=1

n
Pr—j(wi, - .-, want1) = Zps—j(wh e W2 JW2s 41
5=]

J

= Z W2sp—1 H Woty Wasy, —1- (4)

1<s0<t1 <51 <ta<s2 <<t <s;<n+1 k=1



For a,b € Ty, let wh, | = awas—1 and wh, = bwoy, for s = 1,2,. .., then from
@) and (@) we see easily

pn—j(wi7 s 7wén) = ajbjpn—j(wly s 7w2n)7 (5)

g (Wi, why 1) = @ T ppj(wr, . wang ) (6)

Since the graph Ay, is edge-transitive, without loss of generality, we
will concentrate on the backtrackless walks which are leading by the two
vertices expressed by the all-zero vector. Let I' = [IM](+M)[1D](r@)y...
be such a given backtrackless walk of Ay, 4, where [I(V] = (0,0,...,0) and
(rMy = (0,0,...,0). For i > 1, let x; and y; denote the first entries (or
colors) of [ID] and (r(), respectively, and write

U = Tip1 — Ti, Vi = Yiy1 — Yi- (7)

Clearly, we have u; # 0 and v; # 0. As a refinement of a closed-form expres-
sion given in [I9] for the backtrackless walks leading by [I(V)] = (0,0,...,0),
the following lemma was shown in [22].

(i+1)

Lemma 1. For anyi>1 and 5 > 0, let lj

of [[U*tV]. Then, we have

denote the (j + 1)-th entries

l(i—l—l)

3 = Pimj—1(ur, 01, U1, VT, W), (8)

l(“‘l) . . .

4j+1 —Pz—g—2(’Ulau27---7%—17“1)7 (9)
i+1 i+1

lgfjtrg) = yi+ll$j+ )~ Pi—j—1(U1,V1, ..., Uj, V), (10)
i1 i1

lz(;]—:_:g) = yi+1lyjil) = pi—j—2(v1,u2 ., Vi1, Ui, V). (11)

This lemma shows a compact expression for the vertices on the walk T
For convenience, we say the walk IT" is of type (uy, vy, us,va,...). If the first
2i vertices in the walk I' form a circuit in Ay, , of length 2i, we also call it a
backtrackless circuit of type (uq,v1,...,u;, v;).

We note that

pi—1(vi,uz .. v, U, v) = v+ F 0 =Yg =y1 =0 (12)

is always a necessary condition for Ay, to have a backtrackless circuit of
type (ulavlu s ,Ui,’l)z')-



3 Backtrackless Circuits in Ay o,

In this section we show an identity on the homogeneous polynomials intro-
duced in Section 2 at first. By using this identity, we show then that each
backtrackless circuit in Agi11 4 ensures the existence of a backtrackless cir-
cuit of the same type in Agry24 and deduce g(Aury2,4) = g(Aary1,4) for any
t > 1 in final.

Lemma 2. For any integers n,t with n > 1, let

911 =Pn—t(V1, U2, . .., Up—1, Up, Vp), (13)
91 =Pn—t(U1, V1, Un—1,Vn—1,Up), (14)
AL =pp—1—¢(v1, U2, ..., Vp—1, Up), (15)
V5 =pn—t(u1,v1, ..., Up, Uy). (16)
Then, for n > 1 we have
D (-1)°VIAL =0, forj> 1. (17)

S
Proof. From A} =V} =1, Al = v, VI =uy, Vi =uv, Al =V} =0 for
any s ¢ {0,1} and ¢ ¢ {0, 1,2}, it can be checked easily that (@) is valid
forn=1.
To show that (7)) is valid for n > 1, we note that for any integer ¢
according to (2] we have

91 =Pn—t—1(V1,U2, ..., Vp_2, Up—_1,Vp_1)
+ UnPr—t—1(V1, U2, . .., Up—2, Upn—1)
+'Ununpn t('Ulau27~ y Un— 27un—1yvn—1)
A2t 1t Un 2 + vnunAQt 31
vgt—l :pn—t—l(uh V1y...,Un—2,Un—2, un—l)
+ unpn t(U’ly VlyevyUn—1, 'Un—l)
=Viy,_ —l—uant 2
A, ZPn—z—t(’Ul, U,y Vp—2, Up—1)
+ Unpn 1-¢(v1,u2, ..o, V2, Up—1, V1)
=A5 —|—unA2t 1)
V5 ZPn—t—l(ul,Ul, ey Un—1,Vn—1),
+ UnPr—t—1(U1, V1, .+, Un—2, Vp—2, Up_1)
+ VnUnpPn—t (U1, V1, oy Un 1,vn_1)

_on—1 n—1



then we get

Z( ) vnAZJ s
S
= Z(Vgt_l + 0, Vi 4 v Vi 2)(A33 o+ unAy;- Cor1)
¢
1
Z(V% 1t un Vo 2)(A23 2t+1 T ”nAzg ot T UnunAy o )

_ n—1 n—1
- Z( A2] 2t v2t 1A2] 2t+1)
t

+UnZ(V Agj Cor1 — Vi 2A3] o)
_Z Vn 1A2J »

Therefore, one can show easily by induction that (I7)) is valid for any positive
integer n. ]

The following theorem is then a simple corollary of Lemmas [l and 2

Theorem 1. Fort > 1, Ay12,4 has a backtrackless circuit of type (ui,v1, .. .,
wi, v;) if and only if Agpy1,4 has a backtrackless circuit of the same type. In
particular, we have g(As2,4) = g(Aatt1,9) fort > 1.

Proof. Assume that there is a backtrackless circuit of type (uy,v1, ..., u;,v;)
in Agi41,4, that is,
v+t =ypn=u=0

and l(lﬂ) =0for 0 <k < 4t+ 1. According to Lemma, [I], by usmg the
notations defined in Lemma [ we have A}, , = 0 and A} = = 0 for
1 < k <2t + 1. Therefore, from A = 1 and Lemma [2] we see

2t+1
i+1 +1 ; i A
Uiy = gl = Vi = 3 (-1)'ViAY 5 =0,
s=0
and then A4si24 also has a backtrackless circuit of type (ug,v1,...,u;,v;).
On the other hand, we note that Ag 2, has a backtrackless circuit of type
(ur,v1,...,u4,v;) implies naturally that A4, has a backtrackless circuit

of the same type. The proof is complete. O



4 Backtrackless Circuits in A3,

All the arguments given in this section will be based on the existence of

backtrackless circuits of type (ug,v1,. .., g, Vo) With
V2j—1 = —U25 = 1, j = 1,2, Lo, N, (18)
in the graph A ,. To show the existence of such circuits, we deduce some
equalities on the homogeneous polynomials ps(-,...,-) at first.
Lemma 3. For any integer t and tuple (u1,v1,...,U2,,v2,) over Fy with
(18), we have
P2n—2t(U1, V1, - -, U2p—1,V2n—1, U2n)

=(=1)" " pn—i(ur, ... uzn) + (= 1) pn—i—1(uz, . . ., u2n—1), (19)
p2n+1—2t(u17 V1., U2n—1,V2n—1, U2n)

:(_1)t_1pn—t(u27 s 7u2n) + (_1)t_1pn—t(u17 s 7u2n—1)7 (20)
pon—1-2t(V1, U2, ..., Van—1,Uzn) = (1) p—i—1(ug, ..., uzn—1),  (21)
Pon—2t(V1,u2, . .. Va1, u2) = (= 1) pp_y(ua, ..., uzn), (22)
Pon—2t (U1, V1, Uz, V2n) = (= 1) pr—g(ur, ..., uzn), (23)
Pon1—2(UL, V1,5« o oy U, V2n) = (—1) pu_y(ua, ..., uop), (24)
P2n—2t(V1, U2, - ., Van—1, U, V2n) = (—1) pr_y(ua, . .. uan), (25)
Pont+1—2t(V1, U2, . .., V2p—1, U2, Vo) = 0. (26)

Proof. We give a proof only for the equality (I9). The others can be proved
similarly.
It is obvious that ([I9) is valid if ¢ < 0 or ¢ > n. Since for 1 < s < n we



have yo5—1 = 0 and y95 = 1, according to @) and (), for 1 < ¢ < n, we have

p2n—2t(u17 U1y.-.,U2n—1,V2n—1, u2n)
2t—1
= Z Ujy H Vjas Ujas i1
1<51<ja<gs < <jar—2<jar—1<2n s=1
2t—1
= E Uy H Ujost1 § Ujias
1<j1<j3<+-<jat—1<2n s=1 J2s—1<1<j2s+1
2t—1

- E : sy H Ujo 1 (Yjser1 = Yjos—1)

1<ji<js<—<ju-1<2n  s=1

t
=(-1)*! > T w2ie s 1020,

1<y <ip<ig<ig<-+-<iop—1<iz<n s=1

t
+ (—=1)* Z H U2igs—1 U2izs—1

1<y <ig<ig<ig <---<idop—1 <igr<n s=1

=(—=1)" " pp—i(ur, ... uzn) + (1) pn_t—1(ug, ..., u2n—1),
ie. () is valid for 1 <t < n. O

The following lemma shows that, from any backtrackless circuit of length
2n in Aoy 4, one can construct a backtrackless circuit of length 4n in Aygy3 g,
for any s > 1 and n > 3.

Lemma 4. Assume that s > 1 and n > 3. The graph Aysy34 has a back-
trackless circuit of type (u1,vi, ..., U, Vo) with (I8) if and only if Ass g
has a backtrackless circuit of length 2n.

Proof. Assume that vy,...,vq, € F; satisfy (I8). According to Lemma [I

the graph Ays43 4 has a backtrackless circuit of type (u1,v1,. .., ugp, v2y) if
and only if
Pan—j—2(V1, Uz, - . ., Van_1, U, V2n) = 0,
_i—1(ug,v1, ..., ugp, v =0 .
P2n—j 1( 1, V1, s U2ny 2n) ; fOI‘OSj <. (27)
p2n—j—2('U1, U2y - -+, V2n—1, u2n) = 07
p2n—j—1(u17 VL. e e, Udn—1, V21, U2n) = 0,

If s = 2w is even, according to Lemma [3] we see that (27)) is equivalent



t0 pp—1(u1, ..., u2pn—1) = ppn—1(ug, ..., uzy) =0 and
pn—j—1(u1, ..., usp—1) =0,
—i—1(ug, ..., uzy) =0, .
Pr—j=1(t2 2n) for 1 <j <w, (28)
pn—j(u17 AR 7u2n) = 07
pn—j—1(t2, ..., usp—1) =0,

that is, the graph Ay, 4 has a backtrackless circuit of type (uq,...,u2,) on
account to Lemma [Tl
If s = 2w—1 is odd, according to Lemma Bl we see that (27)) is equivalent

to
pn_j(u17 s ,'LLQn) = 0’
i yeey - :07 1
Pn—j 1(U2 U2n, 1) for1 < 7 < w. (29)
Ion—j(ub e ,UQn—l) =0,
,On_j(UQ, cee ,UQn) = 0’

that is, the graph A4,_2, has a backtrackless circuit of type (u1, ..., u2,)
on account to Lemma [Tl O

Based on the existence of backtrackless circuits of type (u1,v1, . .., U2y, Va,)
with (I8]), on the girth of Ay, one can show the following theorem by using
Lemmas [ 3] and [l

Theorem 2. Assumen > 3 and s,w > 1.
1. If g(A2s,q) < 2n, then g(Assi3q) < 4n.
2. If g(Aop—a4) = 2n, then g(Aun—s54) = 4n.
3. If g(Asy—24) = 4w + 2, then g(Agy q) = 8w + 4.
4. If q is a power of 2 and g(Aay,q) < 2n, then g(Agwia,q) < 4n.

Proof. The first statement follows simply from Lemma 4l Furthermore, the
second statement follows immediately on account to g(A4p—54) > 4n.

To show the third statement, we set n = 2w + 1 and assume that the
graph Ay,—24 has a backtrackless circuit of type (ui,...,u2,). Then, ac-
cording to Lemma [l we have (29)). If p,,—y—1(u2, ..., u2,) =0, then Agy_1 4
has a backtrackless circuit of type (ui,...,us,), contradicts g(Aay—1,4) >
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dw+4 > 2n. If pp_y—1(u1,...,u2m—1) = 0, then Agy_1 4 has a backtrack-

less circuit of type (u2p, ..., u1), contradicts g(Agw—1,4) > 4w +4 > 2n too.
Hence, we have pn—y—1(u2, ..., U2n)pn—w—1(u1, ..., u2n—1) # 0. Let
a=—pp—w-1(uz, ..., u2)/pr—w-1(t1,. .., U2p_1).

We multiply the entries with odd indices in the tuple (ui,...,us,) by «,
and denote the resulting tuple by the same notation. Then, according to (&)
and ([B) one can check easily that the modified tuple (uq,...,us,) satisfies

[9) and
Pr—w—1(U2, ..., U2m) + pp—w—1(Ui,. .., uzp—1) = 0.

Hence, according to Lemma [B] we have

Pon—2w—1(U1, V1, ..., U2p—1,V2p—1,U2pn) = 0

and (27) with s = 2w —1, where the tuple (v, ..., vs,) satisfies (I8]). There-
fore, according to Lemma [I] we see Ag, , has a backtrackless circuit of type
(u1,v1,...,U2n, v2,) and thus we have g(Agy,q) < 4n = 8w +4. Hence, from
9(Agw,q) > 8w + 4 we see g(Agy,q) = 8w + 4.

To show the last statement, we assume that ¢ is a power of 2 and that
the graph Ay, has a backtrackless circuit of type (ui,...,u2,). Then,
according to Lemma [I] we have

Pr—1(ut, ..., uzp—1) = pp—1(u2,...,u2,) =0

and (28), that is, Vi = AP = 0 holds for 1 < ¢ < 2w + 1 when we modify
accordingly the definition of the notations Vi, A}. Therefore, according to
Lemma [2l and that the characteristic of F, is 2, we see

Pr—w—2(U2, ..., U2n—1) — Pr—w—1(U1, ..., U2p)
_ n n
=A%12 = Vo
2w—+1

:2A§w+2 + Z (_1)SVZA5LUJ+2—S =0.
s=1

Hence, according to Lemma Bl we have

P2n—2w—2(U1,V1, ..., Up—1,Van—1,U2p) =0

and (27) with s = 2w, where the tuple (v1, ..., va,) satisfies (I8)). Therefore,
according to Lemma [Il we see Agy44,4 has a backtrackless circuit of type
(u1,v1,. .., U2, Vo) and thus we have g(Agy44,4) < 4n. O
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Example 1. e For k > 2, the girth of Ap2 has been determined [19]:
9(Ar2) = 2°, where s is the integer with 257 4 < k<254,

e Suppose ¢ > 3. According to Theorem [3, from g(Asg4) = 6 [19] we

see g(A7q) = g(Asgq) = 12, g(Aigy) < g(A1gq) = 24, g(Asgy) <
9(Azg,q) <48, g(A7s,q) < g(A79,4) <96 and g(Ais9,4) < 192.

e Suppose q > 3. According to Theorem[3, from g(Asq) = 8 [22] we see
g(A11,4) = 16. According to Theorem [, from g(As4) = 10 [22] we see
9(Aeq) = 10 and then, according to Theorem [2, we have g(A154) =
9(A16,9) =20 and g(Ass 4) = 40.

When the characteristic of F, is 2, one can deduce further the following
corollary easily.

Corollary 1. Assume g(Ags ) = 2s+4, where q is a power of 2 and s > 1.
Then, for any t > 1 we have

Q(Azt(s+2)—4,q) = 9(A2t(s+2)—5,q) = 2t(3 +2),
where A1 4 is defined as a graph isomorphic to Ay 4 for convenience.

Proof. From g(Ag,4) > k+4 and Theorem[2], we see easily that g(A2t(S+2 _4q)
= 2'(s +2) is valid for any ¢ > 1. Furthermore, g(Agt(s19)-54) = 2(s +2)
follows from 2¢(s + 2) < g(A2t(S+2) 5.q) < g(A2t(8+2) 4q)

O
Example 2. Assume that ¢ > 4 is a power of 2. According to Corollary [,
we have the following three statements.

o From g(Aag) =6, we see g(Aatg_yq) = g(Aatg_5,) = 2'3 fort > 1.
o From g(Asq) =8, we see g(Agev2_y,) = g(Agera_5,) =212 fort > 1.
o From g(Agq) =10, we see g(Agts_yq) = g(Aats_5,) = 25 for t > 1.

For prime p, we write m|yn if m|(np”) for some r > 0. The following
lemma is from [20].

Lemma 5. For ¢ =p°® andt > 1 with (t+2)|,(¢ — 1),
9(Aat-1,4) = g(Aarg) = 2t + 4. (30)

The following theorem follows simply from Theorem 2] and Lemma Bl
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Theorem 3. Assume that q is a power of odd prime p and s,t are positive
integers with (2t — 1)|,(¢ — 1) and 2°||(¢ — 1). Then, Conjecture 1 is valid
when k = 2572(2t — 1) — 5, i.e.

9(Ngsiaip_1)-5,4) = 2°72(2t — 1). (31)
Proof. Clearly, we have 2°(2t — 1)|,(q — 1). Hence, from Lemma [5] we see
9(Aost1(20-1)=5,4) = g(Aast1(20—1)—4,q) = 2t (2t — 1),
therefore, from Theorem [2] we see (31]). O

We note that the result shown in this theorem is not included by Lemmal[5l
At the end of this section, we investigate the girth of Ay 3 for small k.

Example 3. e The positive integer t’s satisfying (t + 2)|3(3 — 1) are
1,4,7,16,25,52,79,160,.... Then, according to Lemma [A we have
g(A23) = 6, g(A73) = g(As3) = 12, g(A133) = g(Aw3) = 18,
g(Az13) = g(A323) = 36, g(Aag3) = g(As03) = 54, g(A1033) =
9(A104,3) = 108, g(A157,3) = g(A1ss3) = 162, g(Az19.3) = 9(As20,3) =
324, ...

e From g(Asz3) = 36, according to Theorem[2 we see g(Ags,3) < g(Ae7,3)
=72, g(A134,3) < g(Ai3s5,3) < 144 and g(Ag73) < 288.

e From g(Ajoa,3) = 108, according to Theorem[3 we see g(A211,3) = 216.

The known results on the girth of Ay 3 for 2 < k < 320 are summarized
in the following table.

Table 1: Girth of Ay 3 for 2 < £k < 320.
2 3 4 5 6 7 8 13 | 14 19*
6 8 12 12 12 12 12 18 18 24
31 | 32 39* 49 50 67* | 79* | 103 | 104 | 135*
36 | 36 | <48 54 54 72 | <96 | 108 | 108 | <144

157 | 158 | 159* | 211* | 271* | 319 | 320
162 | 162 | <192 | 216 | <288 | 324 | 324

In this table, the mark * indicates the exact values or upper bounds of
g(Ag,3) are obtained by the methods proposed in this paper. We note that
the girth cycles of Ay 3 were determined in [22] for 3 < k < 8. In particular,
the results g(Az3) = 8 and g(Ay 3) = 12 for 4 < k < 8 can be found therein.
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5 Upper Bound of g(Ay,)

In this section, we manage to deduce an upper bound for the girth of Ay,
for ¢ > 3.

Assume that ¢ > 3 is a given prime power and the number of positive
factors of ¢ — 1 is n. Let ky, ko, ... be the odd integers in ascending order
with k"—;‘f’\p(q — 1), where p is the characteristic of ;. Let iy be the integer
with k;, = 2q — 5.

Lemma 6. For any t > 19
ki+n = pki + 5p — 5. (32)

Proof. Suppose ¢ = p™. For 0 < j < m —1, let dj1,...,d;jt; denote the
different factors of ¢ — 1 with p? < d;; < pPrlfort=1,... ,tj. Then, we
have Z;n:_ol t; =n and for any s > 0 from (p,d;;) = 1 we see

{Bigrantil0 <i<n}= ) {2dp™" 7 —5]1 <t <t)},

0<j<m
which implies (32]). O
Let
kiy1+5
T, = max 4L T2
&

From Lemma [6] we see that T, can also be given by

kix1+5
T, = —_. 4
L N . 34
Clearly, 1 < T, < p, and for any 7 > iy we have w <7 ki;‘r’, ie.
ki1 < qui + 5Tq — 5. (35)

Example 4. If g = 52, then the positive factors of 52 —1 = 24 are 1,2, 3,4, 6,
8,12,24 and the positive integers t with t|524 are

1,2,3,4,5,6,8, 10,12, 15, 20, 24, 25, 30, 40, 50, 60, 75, 100, 120, 125, . ...

Hence, T, = max{6/5,8/6,10/8,12/10,15/12,20/15,24/20, 25/24} = 4/3.
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From Lemma [Bl we see g(Ag,—1,4) < g(Ag, 4) = ki + 5, hence from Theo-
rem 2] we see

9(Aog,—1)42,¢) < 9(Ao(k,—1)43,¢) < 2(ki +5)
and by induction we have
I(Aas (ki 1)-2,9) < 9(Aos(ry41)-1,¢) < 2°(ki +5), for any s > 0. (36)
Theorem 4. Let g be a prime power.
1. If T, < 2, then for k > q we have
9(Arg) < Ty(k + 4. (37)

2. If T, > 2 and k > max{q, 8Tq2 — 10T}, — 3}, then we have

9(Agq) < 2k + 4T, + 1. (38)

Proof. Without loss of generality, we assume k; < k < k;y1 for some ¢ > ig.
If T, < 2, then from (35]) and Lemma [b] we see

g(Ak,Q) < g(AkHl,q) = ki-f-l +5< TQ(ki + 5) < TQ(k + 4)7

ie. (37) is valid.
Now we assume T, > 2 and k > 8172 — 10T, — 3.
If % < k < k41, then from Lemma [§l we have

g(Ak,q) < g(Aki+1,q) =kit1+5<2k+4. (39)

Ifk, <k< 1“2* L for the integer s with
25(ki +1) <k < 25T (k; 4+ 1) (40)

from (B0]) we see

2°(k;+1) <k <

hign =1 _ Tyki + 5T, — 6
2 - 2 ’
and then from ([B6) and (#0) we have

9(Ak,q) <g(Agstr(41)-1,4)
§25+1(k,i + 5)
<2k + 25%3

16T, — 24

<2k + 4T,
e ki +1

(41)
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From (B5) and k > 877 — 10T, — 3 we see also
Tyki + 5Ty — 5 > kiyq > 2k + 1> 16T, — 20T, — 5

and thus we have (167}, — 24)/(k; + 1) < 1. Therefore, from T, > 1, ([39)
and ({I]) we see that (B8] is valid. O

6 Concluding Remarks

Conjecture 1 was shown to be valid in [5] for the case £55|(g — 1) based
on the existence of a special automorphism of D(k,q), in [19] for the case
% is a power of p based on the existence of backtrackless circuit of type
(1,1,...,1,1), and in [19] for the case k—42'5|p(q — 1) based on the existence
of backtrackless circuit of type (1,1,b,b,...,b",b"), respectively, where p
is the characteristic of F,. A few new results on the girth of D(k,q) are
obtained in the present paper based on the existence of backtrackless circuit
of type (u1,v1,...,up,vo,) with (I8). For example, Conjecture 1 is shown
to be valid in Theorem [ for a new class of infinite pairs (k,q): p > 3, k =
2572(2t — 1) — 5 for positive integers s,t with 2°||(¢—1) and (2t —1)|,(¢ —1).
Almost the recent progresses made on the study of the girth of D(k,q) rely
heavily on the computation of the homogeneous polynomial pg(w1, ..., wy).
It is then of great interest to investigate the properties of these polynomials
further in future.
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