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CERTAIN DIAGONAL EQUATIONS AND CONFLICT-AVOIDING CODES OF
PRIME LENGTHS
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ABSTRACT. We study the construction of optimal conflict-avoiding codes (CAC) from a
number theoretical point of view. The determination of the size of optimal CAC of prime
length p and weight 3 is formulated in terms of the solvability of certain twisted Fermat
equations of the form g2X‘+ gV + 1 = 0 over the finite field F p for some primitive root g
modulo p. We treat the problem of solving the twisted Fermat equations in a more general
situation by allowing the base field to be any finite extension field F, of IF,. We show that
for ¢ greater than a lower bound of the order of magnitude O(¢?) there exists a generator
g of Fj such that the equation in question is solvable over F,. Using our results we are
able to contribute new results to the construction of optimal CAC of prime lengths and
weight 3.
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1. INTRODUCTION

A binary protocol sequence set for transmitting data packets over a multiple-access col-
lision channel without feedback is called a conflict-avoiding code (CAC) in information
theory. It has been studied a few decades ago by [Mat90, NGM92, \GV93| [TR02, ILT0S,
LevO7]. A mathematical model for CACs of length n and (Hamming) weight w is as fol-
lows. Let Z/nZ be the additive group of the integer ring Z modulo n. For a w-subset
X = {x1,...,x,} of Z/nZ, let A(x) = {x; —x; | i # j}. A CAC of length n and weight
w is a collection € of w-subsets of Z/nZ such that A(x) NA(y) = @ for every distinct
X,y € €. Each w-subset x of % is called a codeword. A CAC ¥ is said to be optimal if
its size is maximal among all CACs of the same length and weight. In the case where the
weight is one or two, there is no difficulty to find the optimal size. However, for weights
more than 2, finding an optimal CAC and determining its size is still an open problem.
The first challenge is the case of weight 3. One of the purpose of this note is to treat the
problem of finding optimal CAC’s from a number theoretical point of view and contribute
new results to the construction of optimal CAC of weight 3. Thus, all CACs which we
are concerned with will be of weight 3.

In the case of even lengths and weight 3, the problem of constructing optimal CACs
has a complete answer by the work [CT03, JMJ™07, MFUQ9, [FLM10Q]. In contrast, it
is incomplete for odd lengths. Let 0,,(2) denote the multiplicative order of 2 modulo a
positive odd integer m. For a CAC of odd length n, we write n = njn; such that 0,(2) is

a multiple of 4 for all the prime divisors p of n; while 0,(2) is not divisible by 4 for all
1
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prime divisors p of ny. An optimal CAC are constructed in [LT0S, [Lev07] when ny = 1.
If np # 1, it is proved in [FLS14] that an optimal CAC of length n can be constructed
from an optimal CAC of length n,. It is also proved in [FLS14] that an optimal CAC of
a prime power length can be constructed if we know how to construct an optimal CAC of
prime length provided that the prime p in question is a non-Wieferich prime. For other
odd lengths or tight/equi-difference CACs, we refer to [MomO7, WFE13, LMSJ14, MM17,
HLS] for the constructions. It turns out that CACs of prime lengths are the fundamental
cases needed to be constructed. This naturally leads us to study CACs of prime lengths
and weight 3.

Let p be an odd prime and denote by F, = Z/ pZ a finite field of p elements. Recall that
a codeword of the form {0,a,2a} is said to be equi-difference. In the paper [LTO05]], the
authors show that there exists an optimal CAC consisting of pT_l equi-difference code-
words in the case where 4 | 0,(2). In contrast, if 4 { 0,(2) then a CAC consisting of
equi-difference codewords only is usually not optimal. By analyzing nonequi-difference
codewords, an upper bound of the size of optimal CAC of odd length is given in [FLS14].
Let us recall their results for the case of CAC with prime lengths. Put

2=Lif 0,(2) is odd,

20p(l2)

_ p— : _

O(p) = o) ifo,(2)=2 (mod 4),
0 if4]0,(2)

and M(p) to be the size of optimal CAC of length p. Then, by [FLS14, Lemma 3] one
has

—-1-20 —-1-20 %
0 p (p) <M(p)<? (p) ||
4 4 3
Note that in the case where &'(p) < 2, inequality (I)) already gives that M(p) = %M(m.

For &'(p) > 3 the authors provide an algorithm for constructing nonequi-difference CAC

and conjectured that the algorithm produces a CAC consists of %2@’(19)

equi-difference
codewords and {@J nonequi-difference codewords. In other words, the upper bound
in (1)) can be attained and hence the CAC obtained by their algorithm is actually an optimal
CAC. The key property needed for their algorithm to work is given as Conjecture[Albelow.
For our purpose, we rephrase their conjecture in terms of cosets of the subgroup generated

by —1 and 2 in the multiplicative group F; =T, \ {0} of F,.

Conjecture A ([FLS14), Conjecture 1]). Let p be a non-Wieferich prime. Then there are
3 {@J cosets AhBval’“'7A{MJ’B{MJ7C{MJ of the subgroup generated by —1
3 3 3

and 2in[F; such that foreachi=1,..., L@J there exists a triple (a;, b;,c;) € A; X Bi X C;
satisfying
a;+bi+c;=0 1in Fp.
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Throughout this article we denote by H = (—1,2) the subgroup generated by —1 and 2

in [ and set

by=[F, :H]
for the index of H in IF; . Notice that if 4{ 0, (2) then by definition we have that &'(p) = /.
Furthermore, Conjecture[Alis a non-empty statement if and only if &'(p) = ¢y > 3.

The idea behind Conjecture [Al is the following. Suppose that Conjecture [Al holds,
then each triple (a;, b;,c;) in the conjecture corresponds to a nonequi-difference codeword
x;j = {0,a;,—c;} with difference set A(x;) = {£a;,£b;,+c;}. Hence, we have L@J
nonequi-difference codewords whose difference sets are disjoint. From the complement

of Ui=1A(x;j) in ', their algorithm then produces %Zﬁ(p)

equi-difference codewords
and hence gives a CAC of size matching the upper bound given in ().

As an illustration, we briefly discuss the case treated in [FLS14, Example 3] where the
length p = 31. Note that 03(2) =5 and hence &'(31) = 3. Then Conjecture [Al predicts
that there are 3 L@J = 3 cosets and one element in each coset such that their sum is
zero. One finds that the triple (2,3, —5) gives a solution and the corresponding codeword
is {0,2,5} whose difference set is just {42, +3,+5} while 2, 3 and —5 lie exactly in three
distinct cosets of H in ;. Moreover, there are six equi-difference codewords {0,4,8},
{0,6,12}, {0,7,14}, {0,9,18}, {0,10,20} and {0,15,30} produced by their algorithm.
In total, one concludes that the size of an optimal CAC of length 31 is M(31) = 7.

Independently, in [MZS14] the authors proposed a conjecture which provides solutions
to the existence of the triples (A;, B;,C;) in Conjecture [Al in terms of the group structure

of F/H.

Conjecture B ([MZS14, Conjecture]). Let p be an odd prime. If ¢y > 3, then there exist
b € gH and ¢ € g”H such that

l+b+c=0 inF,

for some generator g of .

Remark 1.1. We see that Conjecture Bl implies Conjecture [Al by setting A| = H, B} =
gH, C; = g’H, A, = ¢°H, B, = g*H, C, = ¢°H,...,A, = g**3H, B, = ¢g**?H and
C, = g 'H where ¢ = L%OJ . Moreover, Conjecture [Bldoes not assume that 4 { 0,,(2).

Note that the subgroup H = (—1,2) consists of all the {o-th power of elements of F .
It follows that the elements b and ¢ in Conjecture [Bl are of the forms gy’ and g2xfo
respectively for some x,y € IF; Observe that if /o > 3 then any [F-rational solutions
(x,y) to the the diagonal equation g>X* + g¥*0 41 = 0 must satisfy xy # 0 since —1 € H
and g is a generator of FJ. Thus, any F-rational solution gives a pair of elements b and

¢ in Conjecture Bl So Conjecture [Blis equivalent to the following statement.
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Conjecture C. Let p be an odd prime. If £y > 3, then there is a generator g of F; such
that the diagonal equation

2) X0 gy 41=0
is solvable over IF),.

The formulation in Conjecture [C| has the advantage that the number of IF,-rational
solutions to Equation (2)) can be computed in terms of certain character sums which have
been well studied in number theory. By establishing valid cases in Conjecture [C, we also
obtain the cases where Conjecture Bl as well as Conjecture [Al are true. Therefore, by
studying the solvability of Equation (2) over [F,, we are able to provide new results to the
construction of optimal CACs.

Motivated by Conjecture [C], instead of working on the diagonal equations as (2)) over
the prime field IF, and the specific exponent ¢y, we will look at general situations by taking
the base field to be a finite extension of I, and the exponent in the equation is allowed to
be more general than ¢y. Let g be a prime power and ¢ be a proper divisor of g — 1. We

consider the solvability of the following diagonal equation
(3) X' +g¥'+1=0

over a finite field F; of g elements, where g is a generator of the multiplicative group F;
of F,. In view of Conjecture [C| we’re interested in whether or not there exists a generator
g such that Equation (3) has a [F,-rational solution. However, the answer can be false for
divisors of ¢ — 1 other than ¢y. For example, in the case where (¢,¢) = (13,6),(23,11)
there does not exist any generator of F; such that (3) has a F,-rational solution. On
the other hand, as a consequence of our main result below, Equation (3) does have a IF,-
rational solution for some generator g of F;' provided that ¢ > 19 if £ = 6 and ¢ > 322 if
¢ =11. Our first main result is to give a lower bound for ¢ such that Equation (3) has a

[F4-rational solution for some generator g of F .

Theorem A (= Theorem 4.3). Let g be a prime power and let £ be a proper divisor of

q—1.1If
g> 200 -3-8)+2)%-2

where ®({) is the number of distinct prime divisors of { and

s_ [ 1 sl
10 otherwise,

then there is a generator g of IF; such that Equation (3) is solvable over F,.

Remark 1.2. It follows from the Hasse-Weil bound (see Theorem [I)) that the number of
IF,-rational solutions to Equation (3) is bounded below by g+ 1 —2g,,/q where g, = (£ —
1)(¢—2)/2 is the genus of the curve defined by (3) over IF,,. As a result, Equation (3] has
a [F-rational solution for any g € F;* provided that g > (£ — 1)2(¢—2)2. It is reasonable

to expect that this lower bound can be improved under the weaker condition given in
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Conjecture [Cl What we have shown in Theorem [Alis that the improved lower bound has
the order of magnitude O(¢?).

Theorem [A] gives a sufficient condition for the truth of Conjecture [C] (and so are Con-
jecture [Al and [B]) in the case where ¢ = p a prime number and ¢ = £y. Thus, under the
given sufficient condition an optimal CAC of length p with 4 {0, (2) and weight 3 has the

desired size.

Corollary B. Let p be an odd prime such that 41 0,(2), let {o = [F; : H] and let 0({y), 6
be as in Theorem Alwith respect to £y. If p > (2°0) (0g—3 — 8) +2)? —2, then an optimal
conflict-avoiding code of length p and weight 3 has the size

p—1-=20 bo
P2,

Applying Corollary [Bl we can establish the truth of Conjecture [C] unconditionally for
primes with small values of £. For instance, if 1 < £y < 6 then Conjecture [Cis true (see,
Corollary 2.3] 4.4l and [4.3). Combining the results computed in [MZS14], Theorem [Al
confirms the validity of Conjecture [C] for a large range of /(. For instance, if ¢ is prime
power satisfying ¢p < 16411 or if it has two distinct prime divisors such that ¢y < 8197
then Conjecture [Cl is true for prime numbers p with ¢ satisfying properties just stated
(see Theorem and Theorem for more cases).

The organization of this note is as follows. In Section 2] we fix some notations and dis-
cuss some well-known facts related to Equation (3)). In particular, by applying Hasse-Weil
bound, we give a proof of the facts that Equation (3) is solvable over I, in the case where
1 < ¢ < 4 (Corollary 2.3). Then, we collect and prove necessary results that are needed
in the proof of the main result in Section 3l One of the key ingredients is Ramanujan’s
sum which we recall in Lemma Section 4] is devoted to the proof of Theorem [Al
By appropriately organizing the character sum in the expression for the number of solu-
tions to Equation (3)), we are able to obtain the desired bound given in Theorem [Al for the
number of solutions. In the final section, we apply our main result to the problem of the
size of optimal CAC and deduce a large range of ¢y such that Conjecture [C] (as well as
Conjecture Bl and [A)) hold.

2. PRELIMINARIES

In this section, we fix notations and present some facts that are related to the question
of solvability of Equation (3). Let I, be a finite field of g elements where ¢ is a power of
the prime p. Fix a generator g of IF and a proper divisor £ of g — 1. Let L be the subgroup
of all /-th power of elements of IF;. We have that IF; /L is generated by the coset gL and
£ is the order of the cyclic group F /L.

Recall that we’re concerned with the solvability of Equation (3)

X 4g¥'+1=0
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over [F,. Let €, be the affine plane curve defined by this equation. Note that €, is non-
singular and irreducible over IE‘Tq, an algebraic closure of [F,. Denote the set of IF,-rational
points of ¢, by

C,(F,) = {(x,y) €F2 | & + gy +1= o}

and let N, = |, (F,)| be its cardinality. Furthermore, let % be the (Zariski) closure of €,

in the projective plane defined by the homogeneous equation
4) Xl gyt +zl =0.

Note that %Zg is also non-singular. We let ]T{; denote the cardinality of %g(lﬁ‘q). Having
Conjecture[Bland Conjecture [Clin mind, we are especially concerned with whether or not
a point (x,y) € €,(F,) satistying xy # 0. The following lemma shows that this is always
true except for very limited special cases.

Lemma 2.1. Equation (@) has a nontrivial solution (x,y,z) with xyz = 0 if and only if one
of the following situations holds:

1) £=1or2;
(i) =4 and —1 & L.

Moreover, if { > 2, then xz # 0.

Proof. Suppose that (x,y,z) is a nontrivial solution to Equation () with xyz = 0. Then
only one of x,y,z is zero. Observe that if x = 0 or z =0, then —g € L and gL is either of
order 1 or 2in F; /L; if y = 0, then —g? € L and gL is of order 4 in F; /L. In particular,
we have xz # 0 provided that £ # 2. In the case where ¢ = 4, we see that —L = g?L # L.
It follows that —1 ¢ L.

Conversely, if £ =1 then it’s clear that Equation () has a nontrivial solution (x,y,z)
with xyz = 0. Suppose that / =2, then F; /L = {L,gL}. If —1 ¢ L, then —L = gL. In this
case, g = —a’> € Lfor some a € . Then, we clearly have solutions (x,y,z) = (1,a,0) and
(0,1,a). Suppose —1 € L, then —g? = b? € L for some b € [F7 and we have the solution
(x,y,z) = (1,0,D) in this case.

Finally, suppose that £ = 4 and —1 ¢ L. Then both g?L and —L are of order 2 in the
cyclic group F7/L. Thus, —L = g’L and this gives a solution (x,y,z) = (1,0,b) where
—g?=b*clL O

Following [Wei48], the number N, of solutions to Equation (3) can be expressed as
a character sum which we now recall. As usual, by a multiplicative character of F, we
mean a character of the group F, i.e. a group homomorphism from Fj to C*. As we
only deal with multiplicative characters of F,, we’ll simply call them characters. The
trivial character will be denoted by & such that €(a) = 1 for all a € F;. We extend the
domain of a character ) such that x(0) =1 if y = € and x(0) = 0 otherwise. We call

the extension of ) an extended character and still denote the extension by x if there is no
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danger of confusion. We fix a character ) of order . Then we have
5) Ne=g+ Y 2= )" (=g 0 xh)
1<jk<l-1

where

=Y x(a)x(1-a)

ackF,

is a Jacobi sum with respect to y/ and y*. The following properties of Jacobi sums are

useful.

Lemma 2.2 ([LN97, Theorem 5.19, 5.21, 5.22]). Let A,y be two extended characters of
F,.

M) J(A,w) =J(y,1);
(i) J(e,€) = g3
(iii) J(A,€) =0if AL #¢;
() JAA ) = —A(-1) if A # &
) [J(A,w)| = \/q if A,y and Ay are all nontrivial.

Note that |y(a)| =1 foralla € ;. By (iv) and (v) of Lemma[2.2] one has the following
estimate of N, from (5))
[Ny —q| < Mo+Mi.\/q
where My (resp. M) is the number of pairs (j,k) with x/x* = € (resp. x/x* # e).
Observe that My = ¢ — 1 and M| = (¢ —1)(¢ —2). Thus, if

(6) g>{—1)+(—-1)(t-2)\/,

then N, > 0. Consequently, for g large enough (for example g > (¢ — 1)%), one has Ng >0
forany g € F.
For the numbers of rational solutions to equations over finite fields, the Hasse-Weil

bound [Wei48] provides more precise information than the crude estimate given above.

Theorem 1 (Hasse-Weil bound). Let € be a non-singular, absolutely irreducible pro-
Jjective curve over Fy and let Ny = |6 (F,)| be the number of F,-rational points of €.
Then,

INg —(g+1)| <2gv/q
where g is the genus of € .

Applying the Hasse-Weil bound to %Zg, we see that

Ne—(g+1)| < (€=1)(¢~2) g

since the genus of Egg is gg = ({—1)(¢{—2)/2 by the degree-genus formula [Har77].
Consequently, Nvg > 0 for any generator g of F; provided that g+ 1 > (£ —1)(¢£ —2),/q
and therefore %(Fq) is non-empty if ¢ > (£ —1)(¢ —2)2.
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With this lower bound, one can easily verify the truth of Conjecture [(] (and Conjec-
ture B)) for small values of £. The following results are direct consequences of Theorem Il

For the reader’s convenience, we give a proof.

Corollary 2.3. For 1 </{ <4, we have N, > 0 for every generator g of F;. Moreover,
there exists a point (x,y) € €4(F,) such that xy # 0 and hence ConjectureQ holds for the
case where by = [F : H| < 4.

Proof. As it’s easy to deduce the conclusion if £ = 1, we leave the verification of this case
to the reader. Let’s first consider the case where ¢ = 2. Notice that in this case p > 2 and
g¢ = 0. Therefore, ],va = g+ 1 by Theorem[I] It’s not hard to verify that

N, ifg=1 (mod4
Ng: g q ( ).

N,—2 ifg=3 (mod 4)

Therefore, Ny =g+ 1ifg=1 (mod 4) and Ny =g —1if g =3 (mod 4). In either case,
we clearly have N, > 0. It remains to show that there exists a point (x,y) € %,(FF,) such
that xy # 0. Observe that there are at most four points in €, (F,) with eitherx=0o0ry =0.
In the case where ¢ = 1 (mod 4) we have N, = g+ 1 > 6. It remains to look at the case
where ¢ =3 (mod 4). Since ¢ = 2 is a proper divisor of g — 1 by assumption, we see that
g > 7 and we also have N, = g — 1 > 6. Now, it’s clear that there’s a point (x,y) € €,(F,)
such that xy # 0 since Ny > 4 in both cases.

Next, we consider the cases where £ = 3 and 4. Since ¢ > 2, we have that N, = ]Tl; by
Lemma Suppose that ¢ = 3. In this case %g is of genus one. Then the Hasse-Weil
bound gives that

Ne>(g+1)=2v/g=(/g—1)>>0.
Therefore, Ny > 0 for any generator g of IF; in this case. Suppose that there exists a
solution (x,y) to Equation (3)) such that either x = 0 or y = 0 for £ = 3. Then we get that
either g or g” is a cube in IF7 . This implies that the order of gL in the group F7 /L divides
2 which is absurd since |F; /L[| = 3. Therefore, any (x,y) € 6;(FF;) must satisfy xy # 0 as
desired.

Assume that £ = 4. A direct computation shows that for g > 49, we have that N, > 8.
Since there are at most eight solutions to Equation (3)) such that either x = 0 or y = 0 for
¢ =4, we see that for g > 49 there exists (x,y) € 65(IF,) such that xy # 0 as asserted.
It remains to check prime power numbers g satisfying g < 49 such that 4 is a proper
divisor of g — 1. Hence, we are left with eight cases where ¢ =9,13,17,25,29,37,41,49
to verify. Note that if (x,y) € 6, (F,) with xy # 0 then (x~!,x~1y) € Cy-1(Fy). It follows
that 6,(F,) contains a point whose coordinates are nonzero if and only if €, (F,) has
this property as well. Also, for any generator g’ of F* we have ¢'L € {gL, g 'L} in the
case where |F;/L| = 4. It follows that €, (F,) contains a point whose coordinates are
nonzero if and only if % (IF,) has this property as well. Hence, it suffices to show that
%, (F,) containing a point with nonzero coordinates for just one generator g of Fy. We
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give the following table for each case.

g|9[13|17]25|29|37|41| 49
gl a 3/ B|2|5]|]6]| vy
xloa| 4|6 |1 ][42]3]2
yloa| 1|2 |B?>] 42|32y

where & = 1++/—1inFg =F3(v/—1), B =1+2v2inFps =F5(v/2) and y=4++/—1
in Fyo = F7(v/—1).

This completes the verifications of all cases in which N, > 0. Moreover, we’ve exhib-
ited all solutions (x,y) such that xy # 0 and thus finish the proof. O

We would like to point out that it’s possible to prove Corollary 2.3/ by using the bound ()
without applying the Hasse-Weil bound.
In view of Conjecture [Cl we only need to find a generator g of ' such that €, () is
non-empty. Instead of computing N, our goal is to show that the following sum
N(gt)= Y Ny= Y Ny
F; =& gcld%ttjzail

is a positive integer under appropriate conditions.

3. KEY INGREDIENTS

In this section, we gather tools and results that are needed for the proof of Theorem [Al
To simplify the notation, we’ll put (a;,as) = ged(ay, az), the greatest common divisor of
integers a; and ap. The following lemma is an elementary fact in algebra which we will
use repeatedly. As one can easily find a proof in any algebra text book, we skip the proof

here.

Lemma 3.1. Let n € N and let d be a divisor of n. Then the canonical group homomor-
phism
n:(Z/nZ)* — (Z)dZ)*

induced by

Z/nZ — Z/dZ

k+nZ — k+dZ
is surjective. Furthermore, this homomorphism splits. Namely, there exists a subgroup
M of (Z/nZ)* which is isomorphic to (Z/dZ)* under ® and (Z/nZ)* = M -N where
N = ker(7).

For n € N and m € Z, the Ramanujan’s sum c,(m) ([Ram18] or [HSWOO0, pp. 179-
199]) is defined by

Cn(m): Z Cr’zm

1<t<n,
(t,n)=1
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where , is a primitive n-th root of 1 in C. Studying on cyclotomic polynomials, O.
Holder [H6136] showed that the sum ¢, (m) has a nice closed form in terms of the Euler
and Mobius functions. Denote ¢ the Euler’s totient function and y the Mobius function.
We present it in the following lemma where the right-hand side is also called von Sterneck
function [Ste03]. A proof is given below to the readers for convenience. For different
proofs, one refers to [AAS3], [Mol52] and [HWOS|, Theorem 272].

Lemma 3.2. Letn € Nandm € Z. Then

cn(m) = ((nqu)) ¢ g%) |

Proof. First of all, suppose that m = 1. Recall an elementary formula that

ifr=1;

1
k) = ’
kz;'“() {0 if r >0,

for r € N (|[Burll, Theorem 6.6]). Then

YO Y u)=Yuw ¥ g= Zu Y (g

=1 k|(t,n) k|n 1<t<n, 1<r'<?}

k| (z,n)
where ' = t . Since {Fisa primitive 7-th root of 1, the last sum gives 1 if k = n and 0 if
k <n. Hence, cn(1) = u(n).
For general m € Z, we rewrite ¢, (m) as

cn(m) = Z 7

te(Z/nZ)*

where z = {". Letd = Recall that (Z/nZ)* = M - N where M and N are given in

ok
Lemmal[3.1] Note that z = " is a primitive d-th root of 1 since (d ) ﬁ) = 1. Hence,
=Y Y &=} INE"=INlea(D).

1 eM l‘zGN 1 M

Now, the result follows from |N| = o d% and c4(1) = u(d) by the first paragraph. O

Note that (n,m) = (n, (n,m)). Thus, we have the following immediate consequence.
Corollary 3.3. Let n € N and m € Z. Then c,(m) = ¢, ((n,m)).

As a consequence, we note that if m’ is an integer such that m' = m (mod n), then we
conclude from Corollary 3.3 that ¢, (m’) = c,(m).

The following decomposition of a Cartesian product is useful for counting pairs of
integers. Roughly speaking, the product below is partitioned by parallel lines on Z x Z.

Lemma 34. Letn € NandletI = {1,2,...,n—1}. For every a,b € 7, we have

IxI=H W {(x,y)elIxI|ax+by=td (modn)}.
din 1<t<%]
(r,3)=1
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Proof. Let a,b € 7 be two fixed integers and let
S(d,t)={(x,y) eI xI|ax+by=td (mod n)}.

Then the union of S(d,t) for all such d and ¢ is a subset of I x I. This union indeed
contains all elements of 7 x I. To see this, let (x,y) € I x I and let d = (ax+ by,n). Pick
1 <t <% such that r = a‘xj;by (mod %). Then (¢,%) =1 and ax+ by = td (mod n).
Thus, (x,y) € S(d,t). Finally, if S(d,) N S(d’,t") # &, then choose one pair (x,y) in this
intersection. We obtain d = (ax-+by,n) = d’. Furthermore, td =t'd (mod n) implies that
t=1" (mod 5). Since 1 <1,t' <%, wehaver =1'. O

4. PROOF OF THE MAIN RESULT

Recall that we aim at showing the following sum

N((],Z) = Z Ngt
1§f§(I*17
(t,g—1)=1

is not equal to zero where g is a fixed generator of qu . It’s not hard to see that if g’ L = g°L
then Ny = Ngs. We have the following reduction for N(q, /).

Proposition 4.1. Let g be generator of F; and l| g—1. Then

¢(g—1)
N(g,0)=1"1 2 N,.
(q ) (p<€) lstz‘é& 8
(1,0)=1

Proof. By the definition of N(g,¢), it is a sum indexed by all elements of (Z/(q—1)Z)*.
Recall that (Z/(q—1)Z)* =M - N where M and N are given in Lemma[3.Jlforn = ¢ — 1
and d = ¢. Note that if #; € N, then #{ = 1 (mod /) and g" L = gL. It follows that N1, =
Ny, for any integer #,. Hence,

N(g,t) = Y Ne=Y Y Ny =IN| Y Ng.

te(Z/(g—1)Z)* tHeN neM heM
The result follows since |[N| = % and M ~ (Z/(Z)*. O
Recall from () that
Ne=g+ Y 2/(=¢ )" (—g "I, x"
1<jk<t—1

where x is a nontrivial character of I, of order £. We can rewrite N as follows.

Lemma 4.2. For 1 <t</{and (t,{)=1,

Ng=q+1+ Y x(=1) (g7, 2%).
kA
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Proof. If j+k =, then J(x/, x*) = —x(—1)/ by (iv) of Lemma[Z2] It follows that
-1
Y (=D ) = = Y a7
jk=¢
Note that the kernel of y is L. If —g™" € L, then g~'L = —L. This gives { = |F/L| <2
since gL also generates F /L as 1 <t </ and (¢,£) = 1. This is not our case and thus
x(—g™") # 1. Hence, ):ﬁ.;} x(—g~ ")/ = —1 and the result follows. O

Now, we are ready to prove our main theorem.

Theorem 4.3. Let g be a power of a prime and let { be a proper divisor of g — 1. If
qg> 2% —-3-8)+2)>-2

where ®({) is the number of distinct prime divisors of { and

5:{1 4L,

0 otherwise,

then there is a generator g of F ;' such that Ng > 0.

Proof. By Proposition[4.1] it is enough to consider the subsum

N= Y Ny
1<t</t,
(z,0)=1

where g is a fixed generator of Fy. Lemma.2] gives that
N=o)(g+1)+ Y  x2(=1)"" (/) x")z(j,k)  where

k£

2 k)=Y x(ghEH,

1<t
(r,0)=1
Note that y(g~!) = ¢, is a primitive /-th root of 1. Therefore,
: 2j+k :
W)=Y, ¢ =c2j+h),
1<e<d,
(1,0)=1
is a Ramanujan’s sum and
N=o0)g+D)+ Y 20" 0 2e2j+k).
kA
Let I = {1,2,...,£— 1} and for positive integer d | ¢ and integer t with 1 <t < {¢/d
such that (¢,d/0) = 1, we set

S'(d,t)={(j,k)€IxI|2j+k=td (mod¥)and j+k+#/}.
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By omitting pairs (j,k) of I x I satisfying j -+ k = ¢, Lemma[3.4] gives that

N-—o)(g+1)=Y Y Y x0TI o2+ k).
dit 1<i<t. (jk)esS'(dr)

(1.9)=1
For (j,k) € S'(d,t), one has (2j+ k,¢) = d and then ¢;(2j + k) = ¢y(d) by Corollary 3.3l
Thus,

<t
=d

N — )(g+1) ZCg
d|t
where
fld)= Yo x0TI ).
1<t<t, (jk)es'(d1)

We need to estimate | f(d)].
By definition, every pair (j, k) of §'(d, ) satisfies j+k #0 (mod ¢) and thus |J(x/, x*)| =
v/q by (v) of Lemma[2.2] Since |y (—1)| = 1, it follows that

A LT 180

Now, we compute |S'(d,t)|. Observe that every pair (j,k) in §'(d,t) is determined by
J € I with the proviso that j+k # ¢. Thus, for (j,k) € I x I satisfying the congruence
2j+k =td (mod ¢) we have to exclude the pair (j,k) with j =td (mod ¢). Note that
td < ¢ while j < ¢— 1, this congruence can occur only when d < ¢ and j = td. Moreover,
as k # 0, we also need to exclude the case where 2j =td (mod /¢). This depends on the
parity of /. We discuss in the next paragraph to steer clear of confusing.

Suppose that £ is odd. Let s € I be such that 2s =1 (mod /). Then, we need to exclude
J € I'such that j = std (mod {). If d = £, then there is no such j because j Z0 (mod /).
When d < 4, there is exactly one jy € I satisfying jo = std (mod /). Remember that we
also have to exclude the case where j =td. As a consequence, if £ is odd, then

1 ifd=~/¢:
S =4 1 ifd=E
1] -2 ifd 0.

Now we assume that £ is even. There are three cases to consider: (i) td is odd, (ii) td
is even and d < ¢ and (iii) t = 1,d = . For case (i), since ¢d is odd, there is no j such
that 2j = td (mod ¢). Only the case where j = td has to be excluded. For (ii) and (iii),
we have that 7d is even and then there is some j; € [ such that 2 j1 =td (mod ¢). In fact,
we have j| = @ (mod ) If d S ¢, then either j; = < or j; = —i—% and in particular,
Jj1 #td in this case. If d =/, thent =1 and j, = % We conclude that

-1 ifd=¢;
IS'(d,t)| =< |I|—1 ifd+#¢andtd isodd;

|I| =3 otherwise.
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Combining these two situations of ¢, we have an expression for |S'(d, )| as follows.

1S'(d,t)| = [I| —2+2 FJ — (=)L =|I|—-2+2 FJ — (=19

14 1
where A = 1(1+4 (—1)") and note that td = d (mod 2) when £ is even as (t,g) =1.In
particular, |S'(d, )| is independent on 7. Therefore,

i< (5) (-2+2]¢]--n) va

and

IN=o(0)(g+ 1) <Y le(d) f(d)]

dfl

<Y el (5) (n-2+2|| - 1) va

dft

By Lemmal[3.2] we have Cg(d)(p(g) = /.L(g)(p(ﬁ). By dividing ¢(¢), we obtain

0| <Zfu(5)| (n-2+2]§] - vi) va

dJe
Note that | /.L(ﬁ)\ =1if 5 is square-free and | /.L(ﬁ)\ = 0 otherwise. Observe that the
number of divisors d in which g is square-free is 22(), Moreover,

Y (-1 =2%Us.

d|t,
u(g)#0
It follows that
N o(0)
FIGRIE (2 (1] —2—5)+2> N

As a consequence, if g+ 1 > (220 (|I| -2 —8) + 2),/q, then we can conclude that
N > 0. By dividing ,/q and taking square on both sides, the last inequality is equivalent
to

q+2—l—é S (2201 =2 — 8) +2)2 = (290 (¢ — 3 — §) +2)2.

All terms except é on both sides are integers and é < 1. The result follows. U

Corollary 4.4. If g is congruent to 1 modulo 5, then g*X> +gY> +1 = 0 is solvable in IFy,

for some primitive root g of F,.

Proof. By Theorem [4.3] the result holds for ¢ > 34. For ¢ < 34 and g =1 (mod 5), one
has ¢ = 11,16,31. For ¢ = 11, one has g =7 and 7> - (—1)°> +7-(—1)>+1 = 0. For
g = 16, one has Fig = Fo(a) with a* = 1+« and F} = (o). Moreover, o - (at?)° + ot -
(0?)>+1=0. Forg=31,onehas g=3and 32-(-3)°+3-3°+1=0. O

Corollary 4.5. If q is congruent to 1 modulo 6, then g>X°® +g¥%+1 = 0 is solvable in IFy,
for some primitive root g of ¥, if and only if g > 13.
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Proof. By Theorem [4.3] the result holds for ¢ > 194. For ¢ < 194 and ¢ =1 (mod 6),
we first look at ¢ =7 and ¢ = 13. When ¢ = 7, one has x® = 1 for all x € F>. But
g%+ g+ 1 # 0 for any primitive root g of F7. So it is not solvable in this case. For ¢ = 13,
=41 forallx € 5. It is easy to check that g>X°% +g¥® 41 = 0 is not solvable for all
primitive roots g =2,6,7,11 of [F13. For the rest of cases that 13 < g < 194, the following

table gives a solution for some primitive root g:

1925|3137 43|49 |61|67|73|79|97|103
2o |32 |3 |B|2|2]|5|3|5]|5
Lled|19] 2|1 |B>|24/4|1]6|5]|5
2 | o |27 1 |28|B3| 4 |43[59| 6 |29 32

~ o |

g | 109 | 121 [ 127 | 139|151 | 157 | 163 | 169 | 181 | 193
gl 6| vy | 3|2|6|5|2|xk|2]S5
X167y |8 | 2|1 2] 8|18 1
Y| 26|y | 3 [103]132| 82 | 1 | x* |148]127

where o0 = 34 +/2 in Fps = F5(v/2), B =4+ +/—1in Fy9 = F7(v/—1), y=2++/2in
Fiog :Fll(\/i> and Kk = 7+2\/§ in Fig :Flg(\/i). ]

5. APPLICATION: CONFLICT-AVOIDING CODES OF WEIGHT 3

In this section, we apply our main result to the construction of CAC. We consider the
special case where ¢ = p and ¢ = {y the index of H in F . Let’s start with a proof of
Corollary [Bl

Proof. Let p be a prime such that the multiplicative order 0,(2) of 2 is not a multiple of
4. Suppose that p satisfies the condition

p> (290 (1 —3-8)+2)> -2

where 6 = 1 if 4 | {p and 6 = 0 otherwise. It follows from Theorem [Al that there exists a
generator g of IF; such that Equation (@) is solvable over IF,. By Corollary[2.3[for 1 < ¢y <
4 and Lemmal[2.Tlfor ¢y > 5, we see that there exists a solution (x,y) € IF,% to Equation (2))
satisfying xy # 0. Thus, Conjecture [Cland hence Conjecture [Blholds for prime numbers p
satisfying the inequality given above. As it is explained in Section[Il Conjecture[Alis also
true for these prime numbers. Combining the algorithm given in [FLS14]], we conclude
that an optimal CAC of length p and weight 3 has the size

p—1=26 |4
N

as desired. ]

M(p,ty) =

Our strategy for studying the size of optimal CAC of prime lengths is through inves-
tigating Conjecture [B] (equivalently, Conjecture [C)). In the paper [MZS14] the authors



16 LIANG-CHUNG HSIA, HUA-CHIEH LI, AND WEI-LIANG SUN

announce that Conjecture [Blhas been verified to hold for prime p < 23°. Applying Corol-
lary Bl we are able to extend the range of prime numbers p such that Conjecture Bl holds.
For / € N, let
b(0) = (20 —-3-8)+2)*-2
be the lower bound appearing in Theorem [Al Suppose that p is a prime number such that
the index £y of H in F satisfying b({p) < 239 then either p < 239 or p > 239 > b(4p).
It follows that Conjecture IC| holds for this prime number p. This leads to the question
about the integer ¢ such that b(¢) < 2%°. The answer depends on the number of distinct
prime divisors of £. For () < 4, one can check that b(¢) < 2°° if one of the following

conditions holds:
¢ < 16411 with o(¢) =1,

¢ < 8197 with w(¢) = 2,
¢ < 4100 with o(¢) = 3.

Moreover, one also has b(¢) < 230 whenever ¢ < 2070. As a consequence, we have the

following result.

Theorem 5.1. Conjecture [C| holds for primes p with £y satisfying one of the following

conditions
Uy < 16411 with w(4y) =1,

lo < 8197 with 60(50) 2,
Lo < 4100 with 60(5()) 3
ly < 2070.

For an integer ¢ such that b(¢) > 2%, we consider the set of prime numbers between
239 and b(¢). Let

P(¢) = {primes p > 2% | [F : (—1,2)] = Land p < b({)}.

For prime numbers in P(¢), we verify Conjecture [Cl by the aid of computer for the com-
putations. For instance, we obtain that P(2070) = & and hence Conjecture [Cl holds for
prime numbers p with ¢y = 2070. By computer search, there are 423 primes in the union
of P(¢) for 2070 < ¢ < 3000. The largest prime number in the union is 7324065841 with
¢ = 2730. We have checked that Conjecture [Cl holds for these prime numbers.

Theorem 5.2. Conjecture(Clholds for primes p such that [F; : (—1,2)] < 3000.
For the solvability of Equation (3]), we have the following simple observation.

Proposition 5.3. Let ¢ be a proper divisor of g — 1 and ' | £. Suppose that Equation (3))
is solvable over F for exponent { then it is also solvable for exponent {'.

Proposition [5.3] leads to the following consideration for ¢ = p, a prime number, and
= %] in Equation (). In this case, L = {£1} and it suffices to consider the four
possibilities +-g? + g + 1 = 0 where g € N is a primitive root modulo p (i.e. g is a gen-

erator of F). Clearly, g+ g+ 1 =0 if and only if ¢g* = +1, and then p —1 = 3,6.
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This holds for p = 7 and g = 3. The remaining two cases —g> =g+ 1 = 0 are equiv-
alent because —g?>+ g+ 1 =0 if and only if —g=2> —g~! 4+ 1 =0. In other words,
we only need to consider the equality g = g+ 1 over F,. Such a primitive root g is
called a Fibonacci primitive root modulo p, as the golden ratio Qg satisfying (pé%, =
Qg+ 1. The primes p such that I, has a Fibonacci primitive root is the sequence
A003147: 5,11,19,31,41,59,61,71,79,109,... on OEIS/ [Slo]. Consequently, we have

N(p,(p—1)/2) > 0 if and only if F, has a Fibonacci primitive root. On the other hand,

p—1
H|

must divide ”2;]. By Proposition [5.3] we see that Equation (2) is solvable over ), if ),

the order |H| of the subgroup H = (—1,2) is an even integer. It follows that ¢y =

has a Fibonacci primitive root. In this case, there exists a solution (x,y) € IF?, such that
xy # 0 and thus Conjecture [Clholds.

Proposition 5.4. IfF ), has a Fibonacci primitive root, then Conjecture [Cl holds for this p.

On a related issue, for the valid cases in Conjecture [C]established above we would like
to know how many prime numbers p are there such that the subgroup H generated by
—1 and 2 has the given index £ in ;. This question can be viewed as a generalization
of the Artin’s primitive root conjecture. It is shown in [Mur91, Theorem 1] that there
are infinitely many primes p such that the index [IE‘; : H] = £y under the Generalized
Riemann Hypothesis (GRH). Assuming GRH, we conclude from Corollary [Bl that there
are infinitely many prime numbers p with ¢, satisfying conditions in Theorem and
therefore, the size of optimal CACs of prime lengths is equal to M(p,¥¢y) for infinitely
many primes p.
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