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Abstract

Let F, be a finite field with g elements, f € Fy[x1,. .., z,] a polynomial in n variables
and let us denote by N(f) the number of roots of f in . In this paper we consider
the family of fully triangular polynomials, i.e., polynomials of the form

di1 dio dag2 di d
fl@r,.o xn) = a1z + agey x4+t age)] " ay" — b,

where d; ; > 0 for all 1 <7 < j < n. For these polynomials, we obtain explicit formulas
for N(f) when the augmented degree matrix of f is row-equivalent to the augmented
degree matrix of a linear polynomial or a quadratic diagonal polynomial.

Keywords— triangular polynomials, degree matrix, augmented degree matrix, generalized
Markoff-Hurwitz equation

1 Introduction

The classical Markov equation is of the form 22 +y%+ 2% = 3xyz and it was studied by Markov in the
integer ring. In particular, he showed that the solutions of this equation satisfy a recursive relation,
such that the solutions can be ordered forming a binary tree. Hurwitz considered a generalization
of the form

x%—k---—i—x% = aT1T2 " Tn,

and he showed that this equation does not have non-trivial integer solutions when a > n > 3.
This equation can be further generalized in many ways such as changing the number of variables
and the exponents, considering the equation in other rings or fields, etc. Many authors have
considered generalizations where the equation is over finite fields.
One possible generalization is to consider equations of the form

a1zt + agxy? 4 -+ apzp™ = bxy - Ty, (1)
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where m; > 0, a; € Fy for all j =1,...,n and b € Fy, where F; is the finite field with ¢ elements.
These equations were studied by Carlitz and Baoulina [4, [5], which determined the number of
solutions in Fy under certain restrictions of the exponents.

The generalized Markoff-Hurwitz equation is an equation of the form

oty ot = bx’ilxél i (2)
where mj,t; > 0 for all j = 1,...,n and b € F;. The equation in the case when m; = my =
-=my, =nand t; = --- = t, = 1 defines a hypersurface known as Calabi-Yau’s hypersurface

and it has been intensively studied by some authors [0l [7]. Some results about the number of
solutions for the general equation (2]) can be found in the literature; for instance, the number of
solutions over F, was calculated by Carlitz in the case when ged(m > ;" t;/m; —m,q—1) =1,
where m = myma - - - my,. The case when ged(m 2?21 ti/m; —m,q—1) > 1 was considered by Cao,
Jiang and Gao [1} 2], assuming some arithmetic conditions.

Cao, Wen and Wang [3] have also determined the number of solutions in Fy for equations of
the form

alxih’l . xgl’" 4+t anajf”’l .. wg”" =0,

where d; ; > 0, i.e., all exponents are positive, assuming that the matrix (d; ;); ; is row equivalent
to a diagonal matrix D, when the elements in the diagonal of D are only 1’s and 2’s.

In this paper we will determine the number of solutions of equations

d d d d d
alxll’l + a2x11,2x22,2 4oy anlen g b,

where d; ; > 0 for all 1 <14 < j < n and the exponents d; ; satisfy some arithmetical conditions. In
fact, we show sufficient conditions in order to the equation to have, in (FZ)", the same number of
solutions of a more simple equation. In this case we say that the equations are x-equivalent. Next,
we use this equivalence in order to calculate the total number of solutions.

The remainder of the paper will be organized as follows. In Section 2, we will introduce some
preliminary results. In Section 3, we will describe triangular polynomials and relations among
them. The main results will be given in Section 4.

2 Preliminaries

Let p be a prime number, g a power of p and Fy[x1,...,x,] the polynomial ring over F, with n
variables. For each D = (dy,...,d,) € Z%, let us define the monomial X b= a:clll -.zdn. Given a
polynomial f € Fy[x1,...,x,] of the form
m
f(:nl,...,xn):ZanDj, (3)
j=1

where Dj = (dyj,...,dy;) € Z%, and a; # 0 for all j = 1,...,m, we define N(f) as the number
of roots of f(z1,..., z,) over Fy and N*(f) as the number of roots over (F;)". Let us define
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the degree matrix of f as Dy = (DT,...,DT) and the augmented degree matrix of f as Df =

(D)7, ..., (D)), where (D;)T = (1, D;).
It is well known that the group of multiplicative characters of a finite field is cyclic. Let w be a
multiplicative character over IF, with order ¢—1, and therefore w is a generator of the multiplicative

characters group, i.e., ﬁ% = {wk :k=0,1,...,9 — 2}. Let us define Tr as the trace function from
F, to IF, and ¢, be a primitive p-th complex root of unity. For each integer 0 < k < ¢ — 2, we define
the Gauss sum of w™* over IF, as follows:

G(k) =) wla) Fom®.

acky
The following result allows us to express N*(f) in terms of w and the Gauss sums.

Lemma 1. Let f be a polynomial of the form (3), then

_1\n _ 1\n+l-m m
R ) ) | (ALY
j=1

where the sum is taken over all vectors v = (U1, Um) with 0 < wv; < q—2 fori=1,...,m such
that DypvT =0 (mod g — 1).

Proof. See Lemma 2.4 in [1]. O

Definition 2. Two polynomials f = > " an]D and g = > anD3' are said to be x-equivalent if
they have the same coefficient vector (ay,...,am) and the congruences vaT =0 (mod ¢—1) and

D" =0 (mod g — 1) have the same set of solutions.

It follows from Lemma [I] that if f and g are *-equivalent polynomials, then N*(f) = N*(g),
i.e., they have the same number of roots over (IF;)".

It is easy to check that the coefficient vectors of two polynomials are equal, but we’d like to
know when the linear systems [)fvT = 0 and DgUT = 0 have the same set of solutions. It can
be verified that two matrices D and E with coefficients in Zj* | such that DvT =0 (mod g — 1)
and Ev’ = 0 (mod ¢ — 1) have the same set of solutions if there is an invertible matrix M over
Zg—1 such that M D = F, and in this case, we say that D and E are row-equivalent. Hence, if two
polynomials f and g have the same coefficient vector and there is an invertible matrix M over Z,_
such that M Df = Dg, then f and g are x-equivalent.

In particular, the elementary row operations are

(i) swapping two rows;
(74) adding a multiple of a row to another;

(¢47) multiplying a row by an element in Ly_q;



which can be represented by multiplying invertible matrices, so if we can apply these operations
in Df to obtain Dg, the congruence systems have the same solutions. We will use this sufficient
criterion to prove x-equivalency when needed.
It is worth noting that even though N*(f) = N*(g) for two x-equivalent polynomials f and
g, that doesn’t mean they have the same set of roots. For instance, the polynomials f(x,y) =
23 4 xy? and g(x,y) = vy + 23y? in Fslx,y] are *-equivalent, but it can be verified that they have
distinct sets of roots over (F%)2.

3 Triangular polynomials

Let f be a polynomial in Fy[z1,..., 2], and let us define fi, € Fylx1, ..., zx] as

felz1, ... zp) = f(z1,...,2k,0,...,0).

We say that f and g are totally x-equivalent if fj is x-equivalent to g for all 1 < k& < n. In general,
it is not true that f being x-equivalent to g implies that fi is x-equivalent to g; for all k.

Let us introduce a class of polynomials for which a sufficient criterion for total x-equivalence
can be determined. We say that f € Fy[z,...,2,] is a triangular polynomial if it is of the form

flze,... xp) :ZanDf =b ai,...,a, €F, beT,, (4)

where D; = (dyj,...,d;;,0,...,0), dj; >0foralll1 <j<nandd;; >0forall<i<yj If
we additionally have that d; ; > 0 for all 1 <7 < j < n, we refer to this polynomial as a fully
triangular polynomial.

Lemma 3. Let f,g € Fylz1,...,2,] be two x- equwalent triangular polynomials, M the invertible
(n+1) x (n+1) matriz over Z,_1 such that MDy = D, and My, the submatriz obtained from M by
picking the first k + 1 rows and columns. If My, is mvertz’ble, then fi and gi are also *-equivalent.

Proof. Since f and g are triangular matrices, we can partition their degree matrices and the matrix

M into blocks
~ Dy, D ~ D, E M, N
! [ 0 Dg]’ g [ 0 EJ’ [NQ Ns|’
such that Dy, and Dy, are (k4 1) x k blocks, M, is a (k + 1) x (k + 1) block and the blocks

Dy, D5, Fy, E5, N1, No, N3 have appropriate dimensions. From the x-equivalency between f and g
we know that

D, Ei] ~ .. =
[ . EJ = Dy = MDy
Ny Ng 0 Dy
_ [MyDyj,  MDy+ NiD;
NoMj,  NoDq+ N3Do



where considering the equality of the upper left block gives us Mkf)fk

gi. are *-equivalent because M}, is invertible.

Dy, , implying that fj and

O

Hence, if f, g are two *-equivalent triangular polynomials, with M D = D~g and the submatrices

M), are invertible for every 1 < k < n — 1, then f and g are totally x-equivalent.

We now

present a specific set of operations which always results in transformation matrices that satisfy

these conditions.

Lemma 4. Let f € Fylry,..

rows in Dy and consider the following invertible row operations:

(i) ri<cor, 2<i<n+1l,c€Z,.

(i) rj—rj+c-1,2<j<i,c€Ly.

., Tp] be a triangular polynomial. Let us denote by rq, ..

.y Tnt1 the

Any x-equivalency obtained using only these row operations is totally *-equivalent.

Proof. Any matrix M obtained from those operations is of the form

1 0 0 0 0

0 mi1 mio min—1 min
0 0 mop maon—1 man

0 0 0 Mp—1n—-1 Mnp-1n
_0 0 0 0 Mpn |

where m; ; € Zg—1 and the elements in the diagonal are invertible. For every 1 < k < n —1
the determinant of My is Hle m; ;, which is invertible over Z,_; and thus every M;, is invertible,
making the x-equivalency total.

O

Although one could believe that all complete equivalences between triangular matrices can be
attained using those two operations, this assumption is not correct. For instance, f = z1 +xi{’$g, g=
a;%—kx‘lla:g € F7[x1, 2] are totally *-equivalent polynomials, i.e., M Dy = D, where M is the invertible
matrix

100
M=11 1 0],
00 5

but from a straightforward calculation it can be proved that there is no invertible upper triangular
matrix /N that satisfies ND; = D,. The following result tells us when a triangular polynomial is
totally #-equivalent to a diagonal polynomial through the two operations given in Lemma @]
Theorem 5. Let f be a triangular polynomial of the form (J]) and

g(x1, ... xn) = ezt + -+ apayt — b,

be a diagonal polynomial where eq, . .
two conditions are true:

.yen € Zsg. Then f is totally x-equivalent to g if the following



(i) for all 1 < j <mn there is a m;; € Z;_; such that d;; = mj je;,
(i1) for all1l <i < j <n we have ged(d;;,q—1) | d; ;.

Proof. The augmented degree matrices of f and g are

1 1 1 - 1 1 1 1 1 1 1 1,1
dii dip diz - dip—1 diyn '0 egr 0 O 0 01'0
0 dyo dos -+ dyp_y  dom |0 0 e O 0 0,0
Df — 0 0 d373 d37n_1 d37n : 0 , Dg _ 10 0 e3 0 0 : 0 ,
. . : . . : [ . [
0 0 0 - dytmot du1m0 0 0 0 - ey 0,0
0o 0 0 - 0 dpy 0] (0 0 0 - 0 e,!0

where the last columns are present only if b # 0.

Let us suppose that conditions (i) and (i) are true. Since (7) implies that there is an element
mjj € Zy_, such that d; j = m; je;, condition (i) becomes ged(ejm; j,q—1) | di ;. As ged(my j,q—
1) = 1, that implies condition (i7) is equivalent to (ej,q¢ — 1) | d; j, which is in turn equivalent to
the existence of m; ; € Zy—1 such that d; ; = m; je; over Z,_1. We can then use these values of m; ;
to construct an invertible matrix M of the form (Bl), such that when we multiply M by [)g gives us

1 1 1 1 1 1
|

mi €1 Mi2e2 Mi3€3 -+ Mlp-_1€n-1 minen 0

0 Mooy M23€3 **+  M2p_1€n_1 Manen | 0

MDg = 0 0 m3sesz - m3mn—1€n—1 m3n€n 0 ,

. . . |

[
|

0 0 0 ot Mp—1n—1€n—1 Mn—1n€n 0

| 0 0 0 0 Mpnen ' 0]

that is equal to Dy. O

For the specific cases where the diagonal polynomials are linear or quadratic this criterion is
simpler.

Corollary 6. Let f be a triangular polynomial of the form ({4)) and
g(z1,...,2n) = ar12] + - - - + apx;, — b,
be a diagonal polynomial, where e € Z~y.
a) Ife=1 and ged(d;j;,q—1) =1 for all 1 < j <n, then f is totally x-equivalent to g.

b) If e =2, q is odd, that there exists a m;; € Zy_q such that dj j = 2m; ; for all1 < j <n and
that 2| d; ; for all 1 <i < j <n, then f is x-equivalent to g.

Proof. The statements in each item imply the conditions given in Theorem Bl In fact,



a) If ged(djj,¢ — 1) = 1, then condition (i7) is always verified and d;; is invertible, verifying
condition (7).

b) The statement that there is an invertible m; ; in Z,_; such that d;; = 2m; j forall1 < j <n
is, in this case, equivalent to condition (7). Since m; ; is invertible, we have ged(m; ;,q—1) =
1, which implies that ged(2,q — 1) = ged(2m;;,¢ — 1) = ged(d; ;,q — 1). Considering ¢ odd,
we have ged(2,¢ — 1) = 2, and the statement 2 | d; ; for all 1 < i < j < n is equivalent to
condition (7).

O

We remark that two polynomials being *-equivalent does not mean that they have the same
number of roots in . For instance, the polynomials f(z,y, z) = 11213 + 5221y + 122293217 and
g(x,y,z) = 11z + by + 12z are x-equivalent in Fs[z,y, 2], thus N*(f) = 870 = N*(g). However, it
can be verified that N(f) = 1861 # 961 = N(g).

Let f be a fully triangular polynomial. For any root (ci,cg,...,cn) of f, if ¢; = 0 and j
is the smallest index that satisfies this condition, then f(ci,...,¢j—1,0, C;H, ..., c) = 0 for any
c;- PR , ¢}, € F,. This is due to the fact that the terms involving the variables 241, ..., 2, vanish,
thereby not impacting the value of the polynomial. Thus, by adding over the indices of the first
coordinates that are equal to 0 among the roots, we derive the following identity:

N+ SR NE (g if b £ 0,

M= {Q"‘l + N*(f) + S N*(fe)g™ 7Y, ifb=0. (6)

Now, let f be totally *-equivalent to a polynomial g. From Lemma [[lwe have that N*(fx) = N*(gx)
for all 1 < k <n. Thus,

N(f) = {N*(Q) + 3 RTE N (gk)g if b £ 0,

_ N i o e (7)
L+ N*(g) + S5 N (ge)g™ %L, it b=0.

Therefore, if we know that f is totally x-equivalent to a polynomial g, and N*(g;) is known for any
k, we can substitute these values into (7]) to compute N(f).

For instance, let us consider the polynomials f,g € Figoor[z,y] given by f(z,y,2) = !9 +
220013001 4 4001,,5001 ,6001 1 7001 and g(z,y,2) = x+y+ 2+ 7001. By straightforward calculation,
we can verify that f is totally *-equivalent to g, so

N(f)=N*(x+y+ 2z+7001) + N*(x +y + 7001) + g N*(z + 7001)
= 100110031 + 10005 + 10007 - 1
= 100130043.

3.1 Roots with non-zero coordinates for diagonal polynomials

Let g be the linear polynomial given by

g(x1,...,2p) = a1x1 + -+ apey — b, (8)
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where ay,...,a, € F; and b € F,. In this case the exact value of N*(gy) is known, which can be
substituted in ([7) to compute N(f) for any f polynomial x-equivalent to g.

Lemma 7. For a linear polynomial g of the form (8), the number of roots in (IF:;)’c of g 18

(¢=1* (=1 ifb#0
N* = a 7.’ ’ 9
Proof. See Lemma 2 in [2]. O

In the case when f is totally s-equivalent to a quadratic diagonal polynomial
g(x1,. .. @) = ar23 + - + apx: — b, (10)

where ai,...,a, € Fy and b € F;, we will need a way to compute the number of roots of g,
1<k<nin FZ. The following result about quadratic forms is classic.

Theorem 8. Let F, be a finite field, where q is odd, and g a polynomial as in {I0). The number
of roots of g(x1,...,x,) in Fy is

¢t = n((=1)"%ay - an)g™ /2, if n even and b # 0,
n1 (1Y) 2y . g (=12 -
" +n((-1 ba an)q , if n odd and b # 0,
N(g) =9 . ( )n/2 1 n/)2 (n—2)/2 , (11)
q +n((=1)"=a1 -+ an)(q"* — ¢ ), if n even and b =0,
¢, if n odd and b =0,

where 1 is the quadratic multiplicative character in IFy.
Proof. See Theorem 10.5.1 in [§]. O

We notice from this result that the number of roots only depends on the values of 7(a;) for
1 <j < nand n(b).

We also remark that Theorem [I] let us calculate N(gi) for any k. We will need the following
definitions and results in order to calculate N*(g) for any k.

Definition 9. Let n be the quadratic character in F,. For a coefficient vector (ay,as,...,a,) €
(F)™ let us define the following functions:

r(k) =#{1<j<k:nla;) =1}, sk)=#{1<j<k:n(e)=-1}, 1<k<n
For simplicity, let us denote r = r(n), s = s(n).

Let us partition the set of roots of gy in classes A;; fixing the number i (respectively j) of
non-zero coordinates of the roots whose corresponding coefficients are squares (respectively non-
squares). For any root in A;j, let {u1,...,u;4;} be the indices of the i + j non-zero coordinates.
Then the non-zero coordinates, arranged in the same order, form a root in (FZ)”j of the polynomial

_ 2 2
Gui iy = Quy Ty + 0+ Qo ; Ty, — b.

8



Let gy, ot be any other polynomial of the same form with the same numbers ¢ and j of square

and non-square coefficients. It is easy to construct a bijection between the roots of gy, ... and

Uit j

Gul ol in IE‘ZH, and also in (IE‘Z)”? Thus, N(gus,...,u;+,;) and N*(gu,,....u;,,;) depend only on i and
j. Since the number of roots is the only information that matters to us, we will denote any such

polynomial simply by g¢; ; and the quantities as N(g; ;) and N*(g; ;). Thus, the number of roots in
each class A, ; is (T(Z.k)) (s(f))N*(gm), and the total number of roots of g, is

N(groy,se) = Nlgr) = > <T(.k)> <S(JE)>N*(9@]’)- (12)

1
0<i<r(k)
0<j<s(k)

The following Binomial Inversion Lemma will allow us to obtain an expression of N*(gx) in
terms of N(g; ;).

Lemma 10. Let G be an abelian group and f : Z>o — G a function. Let F' be the function defined
by F(r)=Y1_ (5) f(i), then f can be written in terms of F as

)

Proof. See Section 5.3 in [11]. O
Using Lemma [T0 twice in (I2)), it follows that

r(k) s(k)

* - * . r(k)+s(k)+i+j T(k) S(k) .
N (o) = V' (a0) = 331 ()W) s
From Theorem [8 and the fact that n(—1) = (—1)©@ /2 we obtain that
gt — (=1)7 (=1)la- D)/ 4145 =2)/2 if i + j even and b # 0,
Nl ) — ¢ (=1)7 (=1) @ DO+ =D/ 4y (b g+ =1)/2 ifi+joddandb#0,
(gZ’J) - qi+j_1 + (_1)](_1)(‘1_1)(7'+.7)/4(q(2+])/2 — q(i+j_2)/2)’ lf 7 +] even and b — 07 ( )
giti—1, if i+ j odd and b= 0.

By expressing N*(gx) in terms of N(g;;), we can use (I4) to get an explicit value for N*(gy),
which can be used in () to determine N(f).

Theorem 11. Let IF, be a finite field with ¢ an odd number, g a quadratic diagonal polynomial as
in (I0), and r(k), s(k) be as in Definition[d Let us define the complex constants

(= (q(-1) A2 1 G = —(g(-1)@ D)2 1,

We have that



a) if b#0, then

1k
N(ge = 2 G PGH + GG
15
by _ sy 1
2(g(—1)@D2)2 0L > Lo
b) if b=0, then
N gy ==V T (c’“““c ) GWe®y, (16)

Proof. Firstly, we remark that both constants (; and (5 are related to the values of geometric sums.
For any positive integer u, we have

u

C% _ (_1)uz <?j> (_1)i(q(_1)(Q—l)/2)i/27 C; — (_1)uz <1:> (q(_l)(Q—l)/Q)i/?

=0 i=0

We will now establish the proof for the scenario when b # 0 and the analogous case can be
reasoned in a similar fashion. Since b # 0, (I4) reduces to

N gl — (1) (=1) @D /4 g (i+5-2)/2, if i + j even,
(gm) gt 4 (_1)j(_1)(q—1)(i+j—1)/4n(b)q(i+j—1)/27 if i 4+ j odd,

which can be rewritten as

N(giz) =a"*~ 1+w (= (=17 (= )a DD agli+i=2/2)
L A=CED™)

> (C_l)jC_1)m—ﬂ)u+j—1V4n(b)qu+j—1vz>,

This can be used in (I3]) to obtain an equation with a right-hand side that can be partitioned into
geometric sums, through a straightforward computation, yields our result. O

4 Main results

We are going to determine the number of roots of fully triangular polynomials in some cases,
starting by the simplest case, when it is totally *-equivalent to a linear polynomial.

Theorem 12. Let f be a fully triangular polynomial as in ({J)) that is totally *-equivalent to a linear
polynomial g of form (8). Then,

" ifb#0
N(f):{gnq_:—l_lfz 1 . ’
q (q+)1 (g )7 ifb=0.
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Proof. Let us consider the case where b # 0, because the other is analogous. In this case, (@) from

Lemma [ tells us N*(gy) = 425 — 0% and (@) implies N(f) = N*(g) + Y5t N*(gi)g" L.
Therefore,

(g=1" (=" | = apa [(@=DF (=DF
N(f) = - - -
ROV B |

q q
e B ()
_ =)

g+1

O

We remark that notably, the number of roots in Fy of the fully triangular polynomial f is not
equal to the number of roots of the linear polynomial g, which is equal to ¢"~'. We also remark
that diagonal polynomials are triangular but not fully triangular, thus any result that requires f
to be fully triangular cannot be used on diagonal polynomials.

Notice that the coefficient vector of the fully triangular polynomial does not affect the number
of roots of fully triangular polynomials x-equivalent to linear polynomials, yielding the following
result:

Corollary 13. Let f and h be two fully triangular polynomial with n variables of the form (4),
such that the constant terms are zero in both of them or mon-zero in both of them. If f and h are
totally *-equivalent to linear polynomials they have the same number of roots.

Proof. Even when f and h have different coefficients, Theorem [12] implies that the number of roots
depends only on the number of variables and also if the constant term is zero or not. O

In the following result we consider the cases when the fully triangular polynomial is totally
x-equivalent to a quadratic diagonal polynomial.

Theorem 14. Let F, be a finite field with g an odd number and f be a fully triangular polynomial
of the form (). Let us suppose that f is totally x-equivalent to a quadratic diagonal polynomial g
of the form (I0). Let (1,2 be the constants as in Theorem [11. We have that

a) if b#0, then

1 b
N =" g =1) = 55+ (GG + 6o + 5 q(_l;ﬁ(q_)w)l/z (GG~ 66D
— 1 ' S ' S b T S T S
P (—2—q (GEY +gEY) + 2((1(_1;7(2_)1)/2)1/2 (GMG® - @“%ﬁ’”)) ;
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b) if b=0, then

N(P) ="+ g =) + (‘]2‘—1> (GG +G6)
n—1
< >an k— 2 Cl +C2 S(k))
k=1

Proof. Let us prove the result in the case when b # 0, because the other case is analogous. In this
case, (I5) in Theorem [I4] implies

— 1)k T T .
T,(b) r(k r(k
e e =6,

and from (7)) we have N(f) = N*(g) + Zz;% N*(gr)q"*~1. Therefore,

- 1 b

-1 r s r s b r s r s
+ Z ket ( 4 q ) q : (<1(k)<2(k) + §2(k)§1(k)) + 2(q(_1;7(51)1)/2)1/2 ’ (<1(k)<2(k) - <2(k)<1(k))> )

which simplifies to obtain the desired result. O

Notice that the specific values in the vector coefficient (aj,as,...,a,, —b) do not matter. In
fact, to determine the number of roots is which of the coefficients a;’s and b are squares or not.
Thus we have the following result:

Corollary 15. Let F, be a finite field with ¢ an odd number. Let f and h be two fully trian-
gular polynomial with n variables of the form () with coefficient vectors (a1,az,...,a,,—b) and
(c1,¢2,...,cn,—d) respectively. Let us suppose that n(ay) = n(c1),...,n(an) = n(cy), n(b) = n(d).
If f and h are totally x-equivalent to quadratic diagonal polynomials, they have the same number
of roots.

Proof. The values of r(k) and s(k) for 1 < k < n will be the same for both polynomials. Hence
from Theorem [I5] they both have the same number of roots in Fy. O

Then for every choice of which coefficients in the coefficient vector we have fixed values for
r(k),s(k) for 1 < k < n. We can substitute these values in Theorem [ to find a closed expression
for the number of roots. We will do this for two specific cases.

Corollary 16. Let F, be a finite field with q an odd number and f be a fully triangular polynomial
of the form (7)) such that the coefficients ay, ..., a, are either all squares, or are all non squares in
F,. Let us suppose that f is totally x-equivalent to a quadratic diagonal polynomial g of the form
(I0). We have that
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a) if b#0, then

n+1 n n— 1 . o
N(f)=q¢"(¢g-1) - L ( gD -G G = (gD — G 1)

— +
2q G—q G—gq
N en(b) S U ) LS e S VAR Ml U B S Bk C VLA
2(g(—1)a=b/2)1/2 GL—q (2—q ’
where
1, if aq,...,a, are squares,
E =
-1, ifaq,...,a, are non squares.

b) if b=0, then

N(f) =247 — g
La—l ( -G -Gt G - -1)G — C2q"‘1>

_|_
2q G1—q G2—q

in both cases.

Proof. In the case when ay,...,a, are squares we have r(k) =k, s(k) = 0 for 1 < k < n. Substi-
tuting into the expressions in Theorem [I4] and computing the geometric sums yields the result.
For the case when none of the coefficients ay,...,a, is a square, we can multiply f by a non
square coefficient a to obtain a polynomial with exactly the same roots, but whose coefficients
aai,...,aa, are squares, and the constant term ab is such that n(ab) = —n(b). Thus in the case
when b = 0 the number of roots is exactly the same as the all squares case, and in the case b # 0
the expression is essentially the same with a couple signs changed. O
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