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Abstract

A cooperative game consists of a set of players and a characteristic function which determines the
maximal gain or minimal cost that every subset of players can achieve when they decide to coop-
erate, regardless of the actions that the other players take. It is often assumed that the players
are free to participate in any coalition, but in some situations there are dependency relationships
among the players that restrict their capacity to cooperate within some coalitions. Those relation-
ships must be taken into account if we want to distribute the profits fairly. In this respect, several
models have been proposed in literature. In all of them dependency relationships are considered
to be complete, in the sense that either a player is allowed to fully cooperate within a coalition
or they cannot cooperate at all. Nevertheless, in some situations it is possible to consider another
option: that a player has a degree of freedom to cooperate within a coalition. A model for those
situations is presented.
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1. Introduction

In a general way, game theory studies cooperation and conflict models, using mathematical
methods. This paper is about cooperative game theory. A cooperative game over a finite
set of players is defined as a function establishing the worth of each coalition. Given a co-
operative game, the main problem that arises is how to assign a payoff to each player in a
reasonable way. In this setting, it is often assumed that all of the players are socially identi-
cal. In real life, however, political or economic circumstances may impose certain restraints
on coalition formation. This idea has led several authors to develop models of games in which
relationships among players must be taken into account. Depending on the nature of such
relationships, different structures in the set of players have been considered. Myerson (1977)
studied games in which communication between players is restricted. He considered graphs

to model those restraints. Subsequently, different kinds of limitations on cooperation among
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players have been studied, and various structures have been used for that, like convex geome-
tries (see Bilbao (1998)), matroids (see Bilbao et al. (2001)), antimatroids (see Algaba et al.
(2004)) or augmenting systems (see Bilbao and Ordonez (2009)). A particularly interesting
case of limited cooperation arises when we consider veto relationships between players. In
this regard, Gilles et al. (1992) modeled situations in which a hierarchical structure imposes
some constraints on the behavior of the players in the game. They introduce games with
permission structure, that consist of a set of players, a cooperative game and a mapping that
assigns to every player a subset of direct subordinates. In this respect, the power of a player
over a subordinate can be of different kinds. In the conjunctive approach it is assumed that
each player needs the permission of all his superiors, whereas in the disjunctive approach,
van den Brink (1997), the permission of any of those superiors will suffice. In each case
they consider a new characteristic function, which collects the information given by both the
original characteristic function and the permission structure, and that allows them to define
a value for games on conjunctive (or respectively disjunctive) permission structures. They
provide intuitive characterizations for each case, showing in this way that the values obtained
are reasonable. Subsequently, Derks and Peters (1993) generalized those approaches by con-
sidering the so-called restrictions. Although their model is more general, the axiomatization
given is not as intuitive and straightforward as those given in Gilles et al. (1992) and van

den Brink (1997) for permission structures.

In all of the models presented so far the dependency relationships are complete, in the
sense that either a coalition can veto a player or it does not have any authority over the
player. Our aim in this paper will be to provide a new model for games in which players
are subject to certain restraints when cooperating within a coalition. We will consider the
possibility that such restraints are partial, which will make this model more general than

those referenced above.

The paper is organized as follows. In Section 2 we recall some basic definitions and
properties about the Shapley value, fuzzy sets and the Choquet integral. In Section 3,
we introduce fuzzy authorization structures, that will be used to model situations in which
some players depend partially on other players. Then, for each game with fuzzy authorization

structure, a new characteristic function, that collects the information from both the game



and the structure, is be defined. This characteristic function will allow us to define a Shapley
value for games with fuzzy authorization structure. A characterization of this value is given
in Section 4. An example is described as well. Finally, in Section 5 some conclusions are

given.

2. Preliminaries

2.1. Cooperative TU-games

We recall some concepts regarding cooperative games. A transferable utility cooperative
game or TU-game is a pair (N,v) where N is a finite set and v : 2¥ — R is a function
with v (0) = 0. The elements of N = {1,...,n} are called players, and the subsets of N
coalitions. Given a coalition E, v (F) is the worth of E, and it is interpreted as the maximal
gain or minimal cost that the players in this coalition can achieve by themselves against
the best offensive threat by the complementary coalition. Frequently, a TU-game (N, v) is
identified with the function v. A game v is monotone if for every ' C E C N, it holds
that v (F) < v (FE). The family of games with set of players N is denoted by G. This
set is a (2" — 1)-dimensional real vector space. One basis of this space is the collection
{up : F C N, F # (0} where for a nonempty coalition F' the unanimity game ur is defined

by

1 if FCFE,
0 otherwise.

Every game v € GV can be written as a linear combination of them,

v = Z ANy (E) ug
{Ee2N:E#£0}
where A, (F) is the dividend of the coalition E in the game v.

A solution or value on G¥ is a function ¢ : GN¥ — R¥ that assigns to each game a vector
(¥, (v),...,1, (v)) where the real number 1, (v) is the payoff of the player i in the game
(N,v).

Many values have been defined in literature for different families of games. The Shapley

value (see Shapley (1953)) ¢ (v) € RY of a game v € G is a weighted average of the marginal



contributions of each player to the coalitions and formally it is defined by

¢(v)= > pp(E)—v(E\{i}), foraliecN,

{ECN:icE}

where
(n—|ED (£l = 1)

n!

and |E| denotes the cardinality of F.

Some desirable properties for a value 1 : GV — R are the following:

Efficiency: >,cn ¥; (v) = v (N) for all v e GV.
Additivity: 1 (v + ve) = 1 (v1) + ¥ (vg) for all vy, vy € GV.

Null player property: A player i € N is a null player in v € GV if v (E) = v(E \ {i}) for all
E C N.If i € N is null player in v € GV then 1, (v) = 0.

Necessary player property: A player i is a necessary player in v € GV if v (E) = 0 for all
E C N\{i}. If i is a necessary player in a monotone game v € GV, then ¢; (v) > ¥, (v)
for all 7 € N.

These four properties characterize the Shapley value (see van den Brink (1994)).

2.2. Fuzzy sets

Fuzzy subsets of a finite set were described by Zadeh (1965). A fuzzy subset of N is
a mapping e : N — [0,1] where e assigns to i € N a degree of membership. A fuzzy
subset of N is identified with a vector in [0,1]" . Given e € [0,1]" the support of e is the set
supp () = {1 € N : e; > 0} and the image of e is the set im(e) = {e; : i € N}. If t € [0, 1] the
t-level set of eis [e], = {i € N : ¢; > t}. Given e, f € [0,1]" standard union and intersection
are defined, respectively, by (e N f), = min{e;, f;}, (e U f), = max{e;, f;} foralli =1,... n.
The fuzzy sets e, f € [0,1]" are called comonotone if (¢; — ¢;) (f; — f;) > 0 for all i,5 € N.

Regarding cooperative game theory, Aubin (1981) defined a fuzzy coalition in N as a

fuzzy subset e of N where, for all i € N, the number e; € [0, 1] is regarded as the degree



of participation of player ¢ in e. Every coalition £ C N can be identified with the fuzzy
coalition 17 € [0,1)" defined by 17 = 1 if i € F and 17 = 0 otherwise.
Different Shapley values for games with fuzzy coalitions were studied in Butnariu (1980)

and Tsurumi et al. (2001).

2.3. The Choquet integral

The Choquet integral was introduced in Choquet (1953). It was originally defined for
capacities. Later on, Schmeidler (1986) studied this integral for all set functions. Given

v:2Y - Rand e € [0, I]N, the Choquet integral of e with respect to v is defined as

q

Jear=> (=50 (el). 1)

p=1

where im (e) U {0} = {s,}]_, and 0 = sp < 51 < ... <5,
It will be useful, when dealing with several fuzzy coalitions, to rewrite the expression

above using a superset of im(e), that is,
[ear =3t tue). 2)
1=1
where im(e) C {t;}]%, and 0 =ty <t1 < ... < tp,.

The following properties of the Choquet integral are known:

Cl) [1Fdv=v(FE), forall EC N.
C2) [tedv=t[edv, foralltel0,1].

C4) [ed(cv)=c [edv, forceR.
C5) [ed(vi+v2) = [edv + [eduvs.

(C1)

(C2)

(C3) [edv < [ fdv, whenever e < f and v is monotone.

(C4)

(C5)

(C6) [(e+ f)dv= [edv+ [ fdv, whene+ f<1¥ and e, f are comonotone.

3. Methodology

We aim to present a model of games in which the ability of players to cooperate within a

coalition can be limited. To do this, firstly we introduce the structure that will allow us to

5



deal will that kind of dependency relationships. Then we will incorporate the information

from the structure with the information from the game. Finally, a value will be proposed.

3.1. Fuzzy authorization structures

The idea is that a set of players may have the power to restrict the ability to cooperate
of the rest of the players. So, given a coalition, we will consider the capacity of their players

to cooperate within the coalition.

Definition 1. A fuzzy authorization operator on N is a function a : 2V — [0,1]" that

satisfies the following requirements:

(A1) a(E) < 1F for any E C N,
(A2) If EC F then a(E) < a(F).

The pair (N, a) will be called a fuzzy authorization structure. The set of fuzzy authorization

operators on N will be denoted by FAYN .

Given a € FAY, we will denote

im(a) = U im(a(E)).
ECN
Suppose that a is a fuzzy authorization operator and v is a game on N. Then, given
E C N and ¢ € N, we will interpret a;(E) as the proportion of the whole operating capacity
of player i that he is allowed to use within coalition E. Or, equivalently, 1 — a;(E) is the

fraction of the operating capacity of player i that is under control of coalition N \ E.

3.2. The restricted game

The restricted game will be the tool used to amalgamate the information from the game

and the information from the fuzzy authorization structure.

Definition 2. Let v € GV and a € FAN. The restriction of v on a is the game v* € GN
defined as
v (E) = /a(E) dv  for all E C N.



Remark 3. Using (2), the restriction of v on a can be written as
m

v (E) =) (t—tim)v(a(BE),)  forall ECN, (3)

=1

where im(a) C {t;}]%g and 0 =ty <ty < ... < tp.

3.8. A Shapley value for games with fuzzy authorization structure

We apply the Shapley value to the restricted game in order to define a value for games

with fuzzy authorization structure.

Definition 4. The Shapley fuzzy authorization value on the set of players N is the allocation
rule N : GN x FAYN — RN given by

oN(v,a) = ¢ (v*)  forallve G anda € FAY.

We will write ¢ (rather than ) and say just Shapley fuzzy authorization value as long

as there is no possibility of confusion.

4. Results

4.1. A characterization of the Shapley fuzzy authorization value

We aim to prove that the Shapley fuzzy authorization value has good properties with
respect to both the game and the fuzzy authorization structure. To do this, we will consider

the properties described below.

If a € FAY with im(a(N)) C {0,1}, which means that when the grand coalition is
formed each player can use either his full capacity or no capacity at all, the set supp(a(N))
can be seen as a carrier (see Shapley (1953)). In that case, we can consider the following
efficiency property:

Efficiency. For every v € GV and a € FAY with im(a(N)) C {0,1} it holds that

S 0y(v, @) = v(supp(a(N)).

1EN



Additivity is a well-known property of the Shapley value. In our setting, it is as follows:

Additivity. For every v,w € G and a € FAY it holds that

@Z)(U +w, a) = ¢(Ua a) + Q,D(w, a)'

Given a € FAY and i,j € N, player j depends partially on i according to a if there
exists £ C N such that a;(E) > a; (F \ {i}). Given v € GV and a € FA", a player i € N is
an irrelevant player in (v, a) if for every j € N such that j depends partially on i according
to a it holds that j is a null player in v. Notice that a null player in v is not necessarily an
irrelevant player in (v, a).The null player property is generalized now in the following way:
Irrelevant player. For every v € G, a € FAY and i € N such that i is an irrelevant
player in (v, a) it holds that

¥i(v,a) = 0.

Note that if @ is the trivial authorization structure (that is, a(E) = 1F for every E C N)
then the irrelevant players in (v,a) are just the null players in v. From this point of view,

the irrelevant player property is a generalization of the null player property.

Given a € FAY and i,j € N, we say that ¢ has veto power over j according to a if
a;j(N \ {i}) = 0. Players who have veto power over a necessary player will expect to be
treated as another necessary player. This leads us to consider the following property:

Veto power over a necessary player. For every monotone game v € GV, a € FAY
and 1,7 € N such that j 1s a necessary player in v and ¢ has veto power over j according to

a it holds that, for all k € N,
Vi(v,a) = Yy (v,a).

Note that if a is the trivial authorization structure then the players with veto power over a
necessary player according to a are just the necessary players for the game. So the property

of veto power over a necessary player is a generalization of the necessary player property.

Let a € FAY, ) #T C N and i € T. The fuzzy authorization operator a describes a



situation in which some players may need the permission from other players in order to use
a fraction of their operating capacity. In such situation, if coalition 7" is formed, player ¢ will
be allowed to use a proportion of his capacity equal to a;(T"). Now suppose that somehow
the players in T acquire the power to authorize player ¢ to use a bigger proportion of his
capacity, say s € (a;(T),1]. The new situation would be described by the fuzzy authorization
operator a’** defined as
o) = a(E)U(s-11) ifTCE,

a(E) otherwise.
In this case, it would be reasonable to expect that all the players in T" will benefit equally
from the change. This is what the following property states:
Fairness. For everyv € GV, a € FAY, T € 2V \ {0}, i € T and s € [0,1] it holds that

Y; (v,aT”"s) — (v, a) =1, (v,aT’i’S) —;(v,a)  forall j €T.

Notice that if s < a;(T) then a”»* = a. Therefore, the expression above is non trivial

only if s € (a;(T), 1].

Two fuzzy authorization operators a and @’ are called comonotone if a(E) and o' (E) are
comonotone for every £ C N.

If we suppose that each player has an amount of a certain resource and that the profit
that can be made from those resources is proportional to the quantities, we could consider
a property like the following, that establishes, in a way, linearity between the authorization
operator and the payoff:

Comonotonicity. For every v € GV, a,a’ € FAN comonotone and t € [0,1] it holds that

(v, ta+ (1 —t)a") =t(v,a) + (1 —t)Y(v,d).

Theorem 5. An allocation rule ¥ : GN x FAYN — RN is equal to the Shapley fuzzy au-
thorization value if and only if it satisfies the properties of efficiency, additivity, irrelevant

player, veto power over a necessary player, fairness and comonotonicity.



Proof. Firstly it will be proved that ¢ satisfies the properties in the theorem.
ErFrFICIENCY. Let v € GY and a € FAY with im(a(N)) C {0,1}. It holds that
> i) = 3607 =0 (N) = [a(V)do = [ 10 do = ufsuppla(N))),
ieN ieN
where we have used the efficiency of the Shapley value and property (C1).

ADDITIVITY. Let v,w € GV and a € FAY. From (C5) it follows that for every coalition F
it holds that

(v + w)*(E) = / a(E) d(v + w) = / o(E)dv + / o(E) dw = v*(E) + w*(E).

Therefore, (v+w)* = v*+w®. From this fact and the additivity of the Shapley value we get

plvtwa) = o((v+w)) =@ +uw)
= o(") + o(w?) = ¢(v,a) + p(w, a).

IRRELEVANT PLAYER. Let v € G, a € FAY and i € N an irrelevant player in (v,a). We
must show that ¢,(v,a) = 0. Taking into consideration that ¢;(v,a) = ¢,(v*) and that the
Shapley value satisfies the null player property, it will suffice to prove that ¢ is a null player
in v*. Let £ C N. Take {t;}]*, 2 im(a) with 0 <ty < t; < ... < t,. From (3) we obtain

that
v'(B) =" (E\{i}) = Y (= ti1) (v ([a(B)]) — v (fa(E\{i})]a)) - (4)
For any | = 1,...,m, it is clear from (A2) that [a(E \ {i})];, C [a(E)]s,. Besides, since i
is an irrelevant player in (v, a), it follows that the players in [a(E)];, \ [a(E \ {i})]s, are null
players in v. Hence, it holds that
v([a(E)]) =v([a(E\{i})],) forall=1,...,m. (5)

From (4) and (5) we obtain v*(E) = v* (E \ {i}). Therefore, i is a null player in v°.

VETO POWER OVER A NECESSARY PLAYER. Let v € GV, a € FAY and i,j € N be such

10



that v is monotone, j is a necessary player in v and 7 has veto power over j according to
a. We want to prove that ¢;(v,a) > ¢, (v,a) for all £ € N. Firstly, from the monotonicity
of v and (A2) it is easy to derive that v is monotone. Then, since ¢(v,a) = ¢(v*), v* is
monotone and the Shapley value satisfies the necessary player property, it will be enough to

show that 7 is a necessary player in v*. Given £ C N \ {i} we get

o(E) = / =3 (=t v (),

where im(a(E)) U {0} = {t;}]2, and 0 =ty < t; < ... < t;,. Using (A2) and the fact that
i has veto power over j according to a we can write a;(E) < a; (N \ {i}) = 0. Therefore,
J ¢ la(E))y, forall l =1,...,m. Since j is a necessary player in v it holds that v ([a(E)];,) =0
for all [ = 1,...,m. Consequently, v*(E) = 0.

FAIRNESS. Let v € GV, a € FAY, T € 2V \ {0}, i € T and s € [0,1]. Take j € T. We must
prove that

T,i,s)

pj (v,a") = (v, a) = @; (v,a") — @i(v, a). (6)

Using the definition of the Shapley value, we can write

@y (va™) = o (v ) = T e B = o (B ()]

{ECN:jeE}

- Y [ / o755 () dy — / T (B {j}) dv}. (1)

{ECN:jeE}
Similarly,

pj(v,a) = ¢; ()= Y pe[(E) = v (E\{j})]

{ECN:jcE}

-y pE[/a(E)dv—/a(E\{j})dv] (8)

{ECN:jeE}

Taking into account that a’*(F) = a(F) if T ¢ F, we obtain, subtracting (8) from (7),
that

o (0.aT) —p wa)= Y b { [t [ a<E>dv]

{ECN:TCE}

11



Finally, (6) follows from the fact that the last expression does not depend on the player

7 €T chosen.

COMONOTONICITY. Let v € GV, a,a’ € FAY comonotone and t € [0,1]. It is clear that
ta,(1 —t)a’ € FA"Y and are also comonotone. Given a coalition E, we obtain, using (C6)

and (C2), that

plat=0a'(g) = /ta(E) +(1—t)d(F)dv

= t/a(E) dv+ (1 —1t) /a'(E) dv = tv"(E) + (1 — thv” (E).

Hence, vte+t(1-8¢" — ¢3¢ 4 (1 —¢)v®. From this equality and the linearity of the Shapley value

we get

Ao+ (1=1) = o (4) =00+ -0)
= to (") + (1—1t)¢ (v)

= tp(v,a)+ (1 —t)p(v,d).

We have proved that the Shapley fuzzy authorization value satisfies all of the properties
mentioned in the theorem. Now we will show that such properties uniquely determine the

Shapley fuzzy authorization value.

Let ¢ : GV x FAY — RY be such that it satisfies the properties of efficiency, additivity,
irrelevant player, veto power over a necessary player, fairness and comonotonicity. We must

prove that ¥ = .

Firstly we will show that
Y(cug,a) = p(cup,a) for all E € 2\ {0}, ¢ > 0 and a € FAY with im(a) C {0,1}. (9)
Given a € FAY we define

m(a) = Z |supp (a(F))] .

FCN
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We will prove (9) by induction on m(a).

BASE CASE. Let a € FA" be such that m(a) = 0. It holds that a(F) = 0 for all F C N. It
is clear that all of the players are irrelevant players in (cug, a). Since 1) satisfies the irrelevant

player property, it follows that 1 (cug,a) = 0. We conclude that ¢ (cug,a) = p(cug, a).

INDUCTIVE STEP. Let a € FA" be such that im(a) C {0,1} and m(a) > 0. We consider

the three following sets:

H, = {i € N :iis an irrelevant player in (cug,a)},
Hy, = {i € N :3j € E such that i has veto power over j according to a},

Hy = N\ (H, U H,).

Note that £ C Hj, since any player has veto power over himself.

Since ¢ and v satisfy the irrelevant player property it holds that
op(cug,a) =0 for all k € Hy, (10)

Yp(cug,a) =0 forall k € Hy. (11)

From the property of veto power over a necessary player we can derive that there exist

b,b € R such that
op(cug,a) =b for all k € Hs. (12)

Y (cug,a) =0 forall k € Hy. (13)

Now suppose that ¢ € Hs. Since ¢ ¢ H; there must exist j € E such that j depends
partially on ¢ according to a. This means that there exists /' C N such that a;(F) >
a;(F \ {i}). Since im(a) C {0,1} it holds that a;(F \ {i}) = 0. Notice that F' # N,
since otherwise i would have veto power over j and this would contradict ¢« ¢ Hy. Take T

minimal such that 7' C F' and j € supp(a(T')). It is clear that i € T. We define the fuzzy

13



authorization structure a given by

a(T)— 14 if S =T,

a(ss) =
a(s) otherwise.

It is straightforward to check that @ € F.AY and a™9! = a. Since ¢ and ¢ satisfy the

property of fairness, we obtain that

pi(cur,a) = p;(cup, a) = ¢; (cup, a) — ¢;(cug, @),

i (cup,a) = ¥(cug,a) = ; (cup, a) — ¥;(cup, a).

Taking into account that E' C Hy we get from (12) and (13) that ¢;(cug,a) = b and

V;(cug,a) = b'. If we substitute these values into the equalities above we have

Pi (CuE7a) = b+ Qpi(cuE7d) - ng(CuE,fl), (14)
Y (cug,a)= b+ ;(cug,a) —Y;(cup, a). (15)

As m(a) = m(a) — 1, it follows by induction hypothesis that p(cug,a) = ¥(cug,a). From
this equality, (14) and (15) it follows that

@, (cup,a) — 1, (cug,a) =b—1".
So we have proved that
o (cug,a) — Y, (cug,a) =b—10 forall k € Hs. (16)
Now, on the one hand, from (10), (11), (12), (13) and (16) we get that

> lcug,a) =Y dlcup,a) = (b—V)|Hy U Hy,

keN kEN
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and, on the other hand, as ¢ and ¢ are efficient and im(a(N)) C {0, 1}, we know that

Z or(cug,a) = Z Vp(cug,a).

keN keN

Therefore, it follows that (b—b")|HyU Hs| = 0. Since ) ## E C H, it holds that b = b, which

leads to ¥ (cug,a) = p(cug,a).

We have proved (9). Now we will show that
Y(cug,a) = o(cug,a) for all E € 2V \ {0}, ¢ > 0 and a € FA". (17)

For every fuzzy authorization operator a € F.AY we consider

z(a) = [im(a) \ {0, 1}].

We will prove (17) by strong induction on z(a).
BASE CcASE. It has already been proved.
INDUCTIVE STEP. Let a € FA" be such that z(a) > 0. Take ¢ € im(a) \ {0,1}. Consider

the fuzzy authorization operators al®! and al*! defined by

a;(F)
; ;

(F) —1
a£t71](F) = max (07 %) )

for every F' C N and ¢ € N. Moreover it holds that

a[O’t](F) = min | 1,

)

ta® 4 (1 — t)al" = q.

Let us see that /% and al*! are comonotone. We have to prove that for every ¥ C N and

1,7 € N it holds that

[a[o’t](F) - a[»o’t](F)} [a[t’l](F) —d"(F)| > 0.

J
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It suffices to consider these cases:
1) If a;(F), a;(F) > t then a"(F) = dl*(F) = 1.
2) If a;(F),a;(F) < t then al"1(F) = a"(F) = 0.
3) If a;(F) >t > a;(F) then a[o’t](F) =1> ago’t](F) and also al[t’ll(F) >0= ag’u(F).

7

Now, since ¢ and 1) satisfy comonotonicity it holds that
Y(cug,a) =tY(cup, a[o’t]) + (1 —t)Y(cug, a[tyll)_

olcug,a) =tp(cug, a®) + (1 —t) p(cug, alb),

Since z(al%), z(a!) < z(a) it follows by induction hypothesis that ¢ (cug, al®!) = p(cug, al®)

and ¥ (cug, ) = p(cug, alV). Hence
Y(cug, a) = to(cug,a®) + (1 —t) p(cup,d) = p(cup, a).

So we have proved (17). Now, take £ € 2V \ {0}, a € FA" and ¢ < 0. Using additivity

and the irrelevant player property we have that
Y(cug,a) +Y(—cug,a) =0,

p(cup,a) + p(—cup,a) =0,
and, hence,
V(cup,a) = —¢(—cup,a) = —p(—cug,a) = p(cug, a).

We have seen that ¢(cug,a) = ¢(cug,a) for all ¢ € R, E € 2V \ {#} and a € FA".
Finally, take v € G and a € FAN. 1t holds that

¢(U,CL) = 1/} Z AW<E)UE7G’ = Z 7vb(Av(Ew)uEﬁl’)

{ECN:E+#0} {ECN:E#0}

= Y e@Bupa)=¢| Y AfB)up.a|=e@,a).

{ECN:E#0} {ECN:E#0}
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4.2. Erample

Imagine the following situation. A consumer electronics company wants to make a new
product. To do this, the company needs several components from various suppliers. We
will focus on three of those suppliers. For ¢ = 1,2, 3 supplier ¢ produces component i. The

company has signed an agreement with the three suppliers that establishes the following:

e The company will pay ¢ dollars to supplier ¢ for every unit of component ¢ delivered

before the deadline.

e The company will pay a total of 2(i+ j) dollars to suppliers i and j for every pair made

up of a unit of component ¢ and a unit of component j delivered before the deadline.

e The company will pay a total of 20 dollars to the three suppliers for every set made

up of a unit of each component delivered before the deadline.

Each supplier has calculated that it would be able to produce one million units of the corre-
sponding component before the deadline. This situation can be modeled with a cooperative
game ({1,2,3},v), where, for every £ C {1,2,3}, v(F) is the revenue (in millions) obtained

by coalition E.

v({1) =1 v({2)=2  v({3}) =3,
v({1,2}) =6, v({1,3}) =8, v({2,3}) =10, wv({1,2,3}) = 20.
Imagine now the following. In order to produce component 3, supplier 3 makes use of
a technology developed and patented by supplier 1. Supplier 3 has calculated that if they
decided to produce component 3 without using that technology, they would only be able
to produce seven hundred thousand units before the deadline. They also use a technology
patented by supplier 2, and the speed of production would drop 50 percent if they did without
that technology. Finally, it they decided to do without both technologies, they could only

produce four hundred thousand units of component 3 before the deadline.

For every E C {1,2,3} and i € {1,2,3}, a;(F) indicates the fraction of its maximal

productive capacity that player i can reach if it does not have the authorization of the

17



players in {1,2,3}\ E.

Elw | @ 3 oy g | @3 |p2s
a(B) | (1,0,0) | (0.1,0) | (0,0,0.4) | (1,1,0) | (1,0,05) | (0,1,0.7) | (11,1 |

We calculate the restricted game:

{1 =v({1h =1 o ({2Hh)=v({2h) =2 0" ({3}) =04v({3}) =12
v ({1,2)) = v ({1,2}) = 6, v ({1,3}) = 0.5v ({1,3}) + 0.50 ({1}) = 4.5,
v ({2,3)) = 070 ({2,3)) + 030 ({2}) = 7.6, v ({1,2,3}) = v ({1,2,3}) = 20.

Finally, a payoff vector for the suppliers is

¢ (v,a) = (5.6833,7.7333,6.5833)..

5. Conclusions

We have defined and characterized a value for games with fuzzy authorization structure.
The model presented is more general than those introduced in previous papers (Gilles et
al. (1992), Derks and Peters (1993), van den Brink (1997), Algaba et al. (2004)), since it
allows us to deal with partial dependency relationships. The value introduced is applicable
to situations in which we have a cooperative game and a collection of restrictions on coalition
formation.

Other solutions for games with fuzzy authorization structure remain to be studied.
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