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The theory of logical gates in quantum computation has inspired the
development of new forms of quantum logic, called guantum computational
logics. The basic semantic idea is the following: the meaning of a
formula is identified with a gquantum information quantity, represented by
a density operator, whose dimension depends on the logical complexity of
the formula. At the same time, the logical connectives are interpreted as
operations defined in terms of quantum gates.

In this framework, some possible relations between fuzzy representations
based on continuous t-norms for quantum gates and the probabilistic
behavior of quantum computational finite-valued connectives are
investigated.
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Abstract

The theory of logical gates in quantum computation has inspired the devel-
opment of new forms of quantum logic, called quantum computational logics.
The basic semantic idea is the following: the meaning of a formula is identi-
fied with a quantum information quantity, represented by a density operator,
whose dimension depends on the logical complexity of the formula. At the
same time, the logical connectives are interpreted as operations defined in
terms of quantum gates.

In this framework, some possible relations between fuzzy representations
based on continuous t-norms for quantum gates and the probabilistic behav-
ior of quantum computational finite-valued connectives are investigated.

Keywords: Fuzzy connectives, non-classical logics, quantum gates.

1. Introduction

The mathematical formalism of quantum theory has inspired the devel-
opment of different forms of non-classical logics, called quantum logics. In
many cases the semantic characterizations of these logics are based on spe-
cial classes of algebraic structures defined in a Hilbert-space environment.
Interesting generalizations of quantum logic introduced by Birkhoff and von
Neumann are the so called unsharp (or fuzzy) quantum logics that can be
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semantically characterized by referring to different classes of algebraic struc-
tures whose support is the set of all effects of a Hilbert space [6].

A different approach to quantum logic has been developed in the frame-
work of quantum computational logics, inspired by the theory of quantum
computation [8, 9, 2]. While sharp and unsharp quantum logics refer to possi-
ble structures of physical events, the basic objects of quantum computational
logics are pieces of quantum information: possible states of quantum systems
that can store the information in question. The simplest piece of quantum
information is a qubit: a unit-vector of the Hilbert space C? that can be
represented as a superposition |1)) = ¢|0) + ¢1|1). The two elements of the
canonical basis of C?, |0) = (1,0) and |1) = (0, 1), represent the classical bits
or, equivalently, the two classical truth-values. It is interesting to consider a
“many-valued generalization” of qubits, represented by qudits: unit-vectors
living in a space C¢, where d > 2.

The aim of this paper is to study a probabilistic type representation for
logical gates based on product t-norm, Lukasiewicz sum and some many
valued connectives in the framework of quantum computation with density
operators. Any formula of the language gives rise to a quantum circuit that
transforms the density operator associated to the formula into the density
operator associated the atomic subformulas in a reversible way [9]. One of
the advantages of this probabilistic type representation is that we can deal
with such circuits as expressions in an algebraic environment (as in the case
of Boolean algebra to describe digital circuits).

The paper is organized as follows. In Sections 2-3, we introduce basic
notions of quantum computational logics and recall some gates that play
a special role from the logical point of view and some interesting relations
between these gates and the probability function p. In Section 4, we intro-
duce matrix basis decompositions for density matrices associated to states
of d-dimensional quantum systems and describe a state tomography scheme.
In Section 5, we show some interesting relations between the logical gates
and continuous t-norms by probability values. Finally, in Sections 6-7, we
describe the capacity for some holistic connectives of characterizing entan-
glement of formation both for isotropic states and for Werner states.

2. The basic notions

Let us first recall some basic definitions. As is well known, the general
mathematical environment for quantum computation is the Hilbert space
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HW =Clw... @C? (n-fold tensor product where n > 1 and d > 2). The
~—— ——
n—times

canonical orthonormal basis B™ of H(™ is defined as follows:

d—1d-1

1 2 1 2
B(n):{|$17...,xn>:xle{07— —7---71}7---7$n€{07— FEE

where |0) = (1,0,...,0), |-5) = (0,1,0,...,0), |-%) = (0,0,1,0,...,0),
..,|11) = (0,...,0,1), while |zy,...,x,) is an abbreviation for the tensor
product [z1) ® ... ® |x,).

Any piece of quantum information is represented by a density operator p
of a space H™. A quregister (or quregister-state) is represented by a unit-
vector [1f) (which is a pure state) of a space H™ or, equivalently, by the
corresponding density operator Py (the projection-operator that projects
over the closed subspace determined by |¢))). Following a standard conven-
tion, we assume that Pj;y represents the truth-value Truth, Pjg represents
the truth-value Falsity and P, N represent intermediate truth-values (where
0<j<d—1).

In this framework, one can define the projections that represent the Truth,
the Falsity and intermediate properties in any space H™. A truth-value
projection of H™ is a projection P(T; whose range is the closed subspace

a-1 ]
spanned by the set of all quregisters ending with 52 of H™, where 0 < j <
d—1.

Accordingly, by applying the Born rule, one can now define the probability
that p is true, false and an intermediate truth-value in H™:
b (o) =tx(pP),

d—1

d—1

where 0 < 7 < d — 1 and tr is the trace-functional.
From an intuitive point of view, p i (p) represents the probability that

the information stocked by the density operator p is the truth-value ﬁ.

One can now define the probability for any density operator p of H(™ as
the weighted mean of the truth-values.

Definition 1. The probability of a density operator.
=
p(p) = d—1 z;] Pd%'l(P)
]:

3

d—1d-1"""

i,



O©CO~NOOOTA~AWNPE

Clearly, we have:

p(p) = tr(p(l(”‘” ® E)),

where 11 is the identity operator of H~ D and E is the effect of the form

0 0 0 - 0
0 =4 0 0
0 0

s : 0
o 0 - 0 1]

In the particular case where p corresponds to the qubit

[¥) = col0) + c1]1),

we obtain that p(p) = |ci |
The concept of entanglement can be defined both for pure and for mixed
states. Consider the product-space

H (mntp) — qy(m) o 9/(0) & 34 (P)

Any density operator p of H"*+"+P) represents a possible state for a composite
physical system S = S+ 55+ 53 (consisting of three subsystems). According

to the quantum formalism, p determines the reduced states Red& gl (p) that
represent the state of S; (in the context p), with [ = 1,2,3 and Redffn’fr)hp] (p)

that represent the state of Sy +.9;, where 1 < k < [ < 3, respectively. In such
a case, we say that p is a multipartite state with respect to the decomposition
[m,n, pl.

It may happen that p is a bipartite pure state, while Redﬁin} (p) and

Red[(frgn}(p) are proper mixtures. In this case the information about the
whole system is more precise than the pieces of information about its parts.

As an example, consider the following density operator:

P =P (00)+1,1)

(the projection that projects over the closed subspace spanned by the vector

2(10,0) + 1, 1))).
We have:

M () = Red® () — 1
Redy, () = Redjyy(p) = §I(1).
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Definition 2. (Factorizability, separability and entanglement)
Let p be a bipartite state of H™+™ (with respect to the decomposition
[m, n]).

1) pis called a (bipartite) factorized state of H"™ ™ iff p = p; @ ps, where
p1 and py are density operators of H(™ and H™, respectively;

2) pis called a (bipartite) separable state of H™ ™) iff p = 3" w;p;, where
each p; is a bipartite factorized state of H(™+™ w; € [0,1] and Y, w; =
L;

3) pis called a (bipartite) entangled state of H™+™ iff p is not separable.

Accordingly, a pure state is entangled iff it is non-factorizable. Proper
mixtures, instead, may be non-factorizable, separable (and, hence, non-
entangled). An example is represented by the following proper mixture:

1 1

— P P
P 5 |0,0>+2 I1,1)

A pure bipartite state p of H(™+™ is called maximally entangled iff Redfjn)m =
1 L1 or Red[m o = {ZI(”). A state p of H™™ is called a mazimally mized
State of Hm+n) iff p = 2(m1+n) 1(mtn),

How to measure the “entanglement-degree” of a given state? Different
definitions for the concept of entanglement-measure, which quantify different
aspects of entanglement, have been proposed in the literature [8, 11, 5]. One
of the most interesting notions of entanglement-measure is the concept of
entanglement of formation, which is defined in terms of the notion of von
Neumann-entropy.

Let p be a density operator of the space H™. The von Neumann-entropy
of p is defined as follows:

== AN,

where \; are the eigenvalues of p.

Definition 3. (The entanglement of formation)
Let p be a bipartite state of the space H(™+™) . The entanglement of formation
of p is defined as follows:

Er(p) = inf {Z w; Eg Red[m o Preny)) tp= szp\% }

5
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where j € {1, 2}.

Apparently, the number Er(p) is determined by the set of all values of the
von Neumann-entropy of the two pure reduced states that correspond to all
possible representations of p as a mixture of pure states.

3. Quantum logical gates

Pure pieces of quantum information are processed by quantum logical
gates (briefly, gates): unitary operators that transform quregisters into qureg-
isters in a reversible way.

The quantum realization of d—valued one-input/one—output gates can be
done by considering single quantum systems whose Hamiltonian on C? is:

E 0 0o --- 0 T

0 eg+Aes 0O --- 0
H=10 0 :

: : : - 0

| 0 0 oo 0 o+ (d—1)Ace]

The energy eigenvalues €; = ¢y + jAe of H, starting from the ground
energy state €y and equispaced by the quantum of energy Ae, are the ones of
the infinite dimensional quantum harmonic oscillator truncated at the d — 1
excited level (see Fig. 1).

The unit vector |H =¢;) = |-L5), for j € {0,1,...,d — 1}, is the eigen-
vector of the state of energy €9 + jAe. The spectral resolution of the above
truncated harmonic oscillator Hamiltonian is:

IS
—

H =) (e0+jAe)F,

.
Il
=)

where each orthogonal projection P, P( ) is the quantum realization of

the sharp event “a measure of the system energy yields the value gy + jAe”.

The operators a' and @ are non-Hermitian, adjoints of each other. The
action of a on the vectors of the canonical orthonormal basis of C? is the
following: af|-L) = F\”W forj €{0,1,...,d— 2}, a'[1) = 0; whereas
the action of a is: a|3&;) = /j|1=3) for j € {1 2,. — 1}, al0) = 0.
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Figure 1: Energy levels of the truncated harmonic oscillator

Creation and annihilation operators on the Hilbert space C? have the
following forms:

0 0 0 0 010 0
10 0 0 00 v2 0

ad=10 V2 0 0 a=|: 1 : . ;
SR P 000 - Vd-1
00 - Vd=1 0 000 - 0

Using a' and a, we can introduce the following operators representing the
d—dimensional extension of the two—dimensional case:

000 --- 0 0 1 00

o140 -- 0 0 0 2 0

002 -- 0 0 00 3
N=da"a= N =aad =

000 - d-2 0 000

0Ooo0o0 - 0 d—1 000

The eigenvalues of the self-adjoint operator N are 0,1,2,...,d — 1, and
the eigenvector corresponding to the generic eigenvalue j is [N = j) = |-15).

o

d—1
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One possible physical interpretation of N is that it describes the number
of particles of physical systems consisting of a maximum number of d — 1
particles. In order to add a particle to the j particles state |N = j) (thus
making it switch to the “next” state |V = j + 1)) we apply the creation op-
erator a', while to remove a particle from this system (thus making it switch
to the “previous” state |N = j — 1)) we apply the annihilation operator a.
Since the maximum number of particles that can be simultaneously in the
system is d — 1, the application of the creation operator to a full d — 1 par-
ticles system does not have any effect on the system, and returns the null
vector. Analogously, the application of the annihilation operator to an empty
particle system does not affect the system and returns the null vector as a
result.

Another physical interpretation of operators a' and a, by operator N,
follows from the possibility of expressing the Hamiltonian as follows:

H:€0H+A€N:€0H+A6CLT(I

In this case a' (resp., a) realizes the transition from the eigenstate of energy
e = €9 + j Ac to the “next” (resp., “previous”) eigenstate of energy €41 =
g0+ (j+1)Ac (resp., €j-1 =eo+ (j — 1) Ae) for any 0 < j < d — 1 (resp.,
0 < j <d-—1), while it collapses the last excited (resp., ground) state of
energy € + (d — 1) Ae (resp., £¢) to the null vector.

As is well known, for a fixed integer d > 2 the angular momentum based
on the Hilbert space C? consists of the triple of self-adjoint operators J =
(Jz, Jy, J=). Moreover, for k = %1, the real value k(k + 1) is an eigenvalue
of the operator J> = J2 4+ J7 + J?. The matrix representation of the z
component of this angular momentum with respect to the orthonormal basis

of its eigenvectors is:

d—

[y

L0 ... 00
d—

0 42 ... 0 0

0 0 ... %% 0

0 0 ... 0 H¢

Thus, the z component of the angular momentum can assume d possible
eigenvalues: m = w for j €{0,1,...,d — 1} with corresponding eigen-

vectors |J, = W) = |-L).
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Let us consider the two operators J, and J_ on the Hilbert space C¢
which are obtained from the general angular momentum operators as:

Jp = J,+iJ, J_=J, —il,

The operators J, and J_ are non-Hermitian, adjoints of each other, and
satisfy the canonical commutation relation [J,,J_] = 2J,. In matrix form
they can be expressed as follows:

[0 d—1 0 o 0 0 i
00 2d—-2) -~ 0 0
J_ . ) . ) )
00 0 2(d—2) 0
00 0 0 d—1
| 0 0 0 0 0 ]
and
[0 0 0 0 0]
d—1 0 0 0 0
0 2(d—2) 0 0 0
J_:
0 0 2(d—-2) 0 0
| 0 0 - 0 d—1 0 |

As is well known, the action of operators J; and J_ on the vectors of the
orthonormal basis of C? formed by the eigenvectors of J, is the following:
Ji|J.=m) = /k(k+1)—m(m+1)|J,=m+1) form=—k,....k and
J_|J.=m)=+k(k+1)—m(m—1)|J,=m—1) form=—k,... .k
Thus, we can interpret these operators as follows: the application of J, has
the effect of changing the z component of the angular momentum to the next
value. If applied to a system which has already a maximum value of J,, J,
leaves the system unchanged and returns the null vector. Analogously, the
application of J_ has the effect of switching the system to the previous value
of the z component of the angular momentum. If applied to a system which
has already a minimum value of .J,, J_ does not affect the system and returns
the null vector. In analogy to the creation and annihilation operators, we
call J, the spin-rising operator and J_ the spin-lowering operator on C.
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The actions of J, and J_ on the vectors of the qudit orthonormal basis are
the following: J4|-4) = \/j(d — j)|2=3) for j € {1,2...,d — 1}, J;[0) = 0
and J_|-L) = \/(+ 1)(d — (j +1))|45) forj € {0,1,...,d—2}, J_|1) = 0.
Thus, we have that J, behaves as a spin-rising and, simultaneously, as a
truth value annihilation operator, whereas J_ behaves as a spin—lowering
and as a truth value creation operator.

When dealing with two truth values, it holds:

00 0 1
T — _ _
a—J_—{lo] and a—J+—[OO}

Therefore it holds also N = J_J, and N’ = J,J_, whereas in general, for
d > 2, such equalities do not hold.

It is expedient to recall the definition of some gates introduced in [3] that
play a special role from the logical point of view.

For any n > 1, the diametrical negation gate is the linear operator ™
such that for every element |zy,...,x,) of the computational basis B™:

Fﬁ”)(\xl, e Tp)) =T, ) @ |1 — 1),

For any n > 1, the intuitionistic gate is the linear operator F™b such

that for every element |zy,...,2,41) of the computational basis B™+1):

|z, .. 2y @ 1) if 2, =0 and x4 =0

F£”’1)(\3:1,...,3:n+1>): |z1, ..., 2,) ®10) ifx, =0and z,,1 =1
|T1, . Tpa) otherwise

For any n > 1, the necessity gate Fén’l) is the linear operator such that

for every element |z, ...,7,.1) of the computational basis B"*1):
|z1, ..., 2 @ 1) ifx, =1and 2,41 =0
Fén’l)(|a:1,...7$n+1>) =< |z1,...,2,) ®10) ifx,=1and z,.; =1
|z1, . . Tpa) otherwise

For any m > 1 and any n > 1, the min-conjunction gate F\"™"™" is the
linear operator such that for every element |z1, ...,z ,.1) of the computa-

tional basis Bm+nt1).
|$17 <o Tmy Tmdntl — Ly TmA2s - -+ 5 Tmtns $m>
if £ < Tmans1 and xpq =0
(m7n71) J—
Fy (|x1, - o Tmans1)) = 8 1T15 o3 Ty 0, Tongoy + -+ Ty Tont1 + T )
if 2y = a1 and 0 < 21 < 1 — 2y
|T1, ..., Timany1) otherwise
10
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For any m > 1 and any n > 1, the max-disjunction gate F\™"™" is the
linear operator such that for every element |21, ...,z 1,.1) of the computa-
tional basis Bm+n+1).

|$17 <o Ty I =z, + Tmtn+1s Tm+2; - - - 7$m+n7'xm>
if Typani1 <y and xp0q =1
(m7n71) —
F\/ (|m17"'7$m+n+1>) — |‘r17-"7xm717$m+27"'7xm+n7xm+1+xm_ 1>
if £y = Tpaner and 1 —x,, < 2y < 1
|z1, .., Tinane1) Otherwise

For any m > 1 and any n > 1, the Lukasiewicz gate is the linear operator
Fg’g"vl) such that for every element |z1,...,Zmnmins1) of the computational
basis Bm+n+1).

[T1, o Togn—1, Ty L — Ty + i)
if xypan < 2 amd i =1
m,n,l _
FLL )(|x1,...,xm+n+1>) = |$1,...,xm+n_1,xm+n+1 —|—£L’m — 1,1>
if o = and 1 — 2, < Tpape < 1
|Z1, .., Timgne1) Otherwise

For any m > 1 and any n > 1, the Godel gate is the linear operator
Fmb) such that for every element |a1,...,Zmins1) of the computational
basis BH+n 4.

|l’1, co s Tmtn—1, 17 xm+n>
if Lo < T and Tppip =1
Fgrgn’l)(’fﬂl, cee axm+n+1>) == |J717 oy Tmtn—1y Tm4n+1, ]->
if Topant1 < xp and T, =1
|Z1, ..., Tmini1) Otherwise

For any m > 1 and any n > 1, the Monteiro gate is the linear operator
Fg?v’["’l) such that for every element |xy,...,Zmnne1) of the computational
basis Bm+n+1);

[Z15 s Tongn—1, L T
ifx,, =1and xpy1pi1 =1
m,n,1 —
FLM )(|901, cee ;$m+n+1>) = |l‘17 c oy Tm4n—1, Tm4n+1, 1)
ifx, =1and z,,., =1
|T1, ..., Timany1) otherwise

11



O©CO~NOOOTA~AWNPE

For any m > 1 and any n > 1, the truncated sum gate Fggm’”’l) is the linear

operator such that for every element |z1,..., %y 1ne1) of the computational
basis Bm+n+1).

|Z1, o Ton—1, L — Ty Ty + Tt
if tp + e <1l and xpqpni1 =1
(m7n71) J—
Fa (|x1, o Tmans1)) = 8 1T15 -+ s Tonn—1, Tmtna1l — T, 1)
if v, <Tpan <land 2y, =1—2
|1, .., Timgnt1) Otherwise

For any m > 1 and any n > 1, the Lukasiewicz conjunction gate F.™™"
is the linear operator such that for every element |zi,...,%y,1n11) of the

computational basis B+ +1);
|$17 <o Tmtn—1, - Ty T, + Tm4n — 1>
if x + T >1and 211 =0
(m7n71) —
F@ (|I17-"7xm+n+l>) - |x17-"7xm+nflaxm+n+xm+n+170>
if 0 < Zpani1 <xpand Ty =1 — 2,
|z1, .., Timane1) otherwise

For any m > 1 and any n > 1, the Goguen gate is the linear operator
N such that for every element |zy, ..., Zyini1) Of the computational
basis BmH+n+l).

Tm+4n CUm-',-n>
Tm 7 Tm

( |$17 <oy Tmdn—1, I+ Tmtn —
NG D(|2, . Tongngn)) = |21 Tty T+ T — 1,1)

and Tmtn T Tmtntl — 1= TmTm4n+1
L |#1, ..., Tmgny1) otherwise

where GL, = {0} U{5|j € Zand 0 < j < p —2}. The Goguen implica-
tion requires truth values which are implemented as non-equispaced rational
numbers. If we let d = 2°72+1 then all the numbers of GL, are also elements

of {0, d%l, d%l, cee 1}. This means that we can use a specially designed d-
valued gate to compute the Goguen implication for a p-valued logic.
Note that the above gates are self-reversible. Besides, when d = 2,

Fnnd) — plmand) — plmnd) — Nl and when d = 3, Fumh = N,
The quantum logical gates we have considered so far are, in a sense,

“semiclassical”. A quantum logical behaviour only emerges in the case where

12

if Ty, Togn € GLy, Ty < Ty, and Tppyng1 = 1

if oy T Tngn1 € GLp, Ty > 0, Tppgnn < 1
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our gates are applied to superpositions. When restricted to basis elements,
such operators turn out to behave as classical (reversible) truth-functions.

The diametrical negation can be uniformly defined on the set D = |J;~, H)
for any density operator p of H(™ in the expected way:

Not(p) := F p p

On this basis, an intuitionistic negation INeg, an anti-intuitionistic nega-
tion Con, a possibility Pos, a necessity Nec can be defined for any density
operator in H™*V:

Besides, a Lukasiewicz conjunction And, disjunction Or and implication
LImp, a Godel implication GImp, a Monteiro implication MImp, a MV-conjunction
LOr and MV-disjunction LAnd, a Goguen implication NImp can be defined
for any density operator p in Hm+m+1):

And(p) = i pF(mn b if Red(i 1.m(P) =Py,
Or(p) := i) p pimmh Redﬁ%ln (p) = Ppy,
LImp(p) := Fqomb p PG if Redg ) (P) = Py,
GImp(p) := F(m"1 p F mnl ) if Red[mn 1(p)
MImp(p) := F(’”””pF<m“1 if Redy,) 1 (p) = Py,
LOr(p) := Fegmn 1) pF(mn b if Red(m)n () =Ppy,
LAnd(p) := mnl)menl 1fRedmn1(p)—P|0
NImp(p) := N{mmb p Nmnd) 1fRed ) (P) =Py

In [4] two universal gates fi and m, for finite-valued reversible and con-
servative logics are introduced. Using the quantum implementation of the
gate f1, one can realize Not, INeg, Pos, And, Or, EImp, GImp, while using the
quantum implementation of the gate mgy, one is able to realize Not, INeg,
Pos, Nec, LOr, LAnd.

One important feature of all many—valued connectives now presented is
that they are equal to the analogous Boolean connectives when only falsity
and truth are involved.

13
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The following theorem describes some interesting relations between the
probability function p and some logical gates.

Theorem 1. [7/
Let p and o be two density operators of H™ and H™ respectively. The
following properties hold:

(1) p(Not(p)) =1 —p(p);

(i) p(INeg(p)) = po(p);

(iii) p(Con(p)) =1 —p1(p);

(i) p(Pos(p)) =1 = po(p);

(v) p(Nec(p)) = p1(p);

(vi) P(And(p®Piy @) = Y2125 Y221 5P (P)p_x (0)+3250 Yy 74P i (p)p__(0);
(vid) P(OT(p@Py©0)) = 32571 3240 g Pa (PP (0) 432520 Yo4s) 57p_i (p)p_k (0);
(viii) p(LImp(pRo®@Ppy)) = 37, ?;;E(l—j%'f)pi(p)p%(UHZf;é Siip (p)p s (0);

-1 -1 d—1 —

(iz) p(GImp(p@o@Ppy)) = S0 5317} 2p s (p)p s (0)+ 200 i v (p)p & (0);

d—1 d—1 d—1 d—1

-

(x) pMImp(p © 0 @ Ppyy)) = 1 = pa(p)(1 = p(0));

(xi) P(LOr(p@o@P)y)) = 350 Y4y * 4P i (PPt (0)+350 Yhmg1y Pa ()P (0);
(xii) p(LAnd(p @ 0 @ Ppg))) = 520 Shmgo1; (55 — Dp_s(p)p__(0);
(wiii) p(NImp(p2o@Ppy)) = 32955 o0y ¥p s (p)p_e (0) 432720 Y45y P (p)p (o).
4. Generalized Pauli matrices

Matrix bases can be used to decompose density matrices associated to
states of d-dimensional quantum systems. For qubits, an important basis is

14
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formed by the identity matrix and by the three Pauli matrices. A density
matrix can be expressed by a 3-dimensional vector, the Bloch vector, that lies
within the Poincaré-Bloch ball (sphere of radius 1). In higher dimensions,
two bases play an important role: the generalized Pauli basis and the Weyl
operator basis.

For any j,k,l such that 1 < j < d®> —1and 0 < k <[ < d—1, the
generalized Pauli matrices o; on C? can be defined as follows:

(R + (D) (K]
if < 5 and j = M50 4 (d - 2)k +
—i[k)({] + 2|l><lf|

95 = if 4L <]<d(d—1)andj:w-f—(d—%k—i-l;
Vs (Z o k| — 1)
\ 1f]>d(d—1)andj:d(d—1)+l.
They are the standard SU(d) generators. In particular, d(d; Y matrices

. d(d—1 . . . . .
are symmetric, % matrices are antisymmetric, d—1 matrices are diagonal.

Let p be a density operator of C?. The expansion of p with respect to the
orthogonal basis {I(l), gj:1<j< d*—1}is

d71
I(1)+\/ Zbaj ,

where b; = , /%d;il)tr(p g;) € R.

b = (by,...,bsz_1) represents the Bloch vector associated to p with re-
spect to the basis {1W 0, : 1 < j < d? — 1}, that lies within a Bloch ball
(hypersphere of radius 1). The Bloch vector has real components that can
be expressed as expectation values of measurable quantities. For example,
when d = 3, we obtain the Gell-Mann Hermitian matrices and the Bloch

vector can be expressed as expectation values of spin 1 operators.
For any k,[ such that 0 <k <d—1and 0 <[ <d— 1, we have:

%(O'k(l B) 4 (d—2) + 10 a@a- 1)+k(1 £) 4 (g 2)k:+l) if k<1
1 : .
|/{:><l| _ 5(0‘ 11— l)+(d 2)i+k — 10 d(d— 1)+1(1 l)+(d72)l+k> if k> l,
17(1 /1 d—1-2 1 . o
EI( ) (l+1) O42_ d+1 + Z \/2(j+l+1)(j+l+2) O'd2,d+j+l+1 lf k = l

15
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For any j,k,lsuchthat 0<j<d?—-1,0<k<d—-1land0<[1<d-1,
the Weyl operators W; on C? can be defined as follows:

d—1
W; = Zwkmlmﬂm + 1 mod d],

m=0

where w = e%, j=kd+1and mod d is the modulo d.

Weyl operators are non-Hermitian but unitary and form an orthonormal
basis of the Hilbert space C?. In particular, tr(T/V;r W;) = dd;j. Clearly,
Wy = IMW and for any j such that 1 < j < d? — 1, tr(W;) = 0. Note that
the Weyl basis {Wy, Wi, Wy, W5} = {IW, oy, 03,905} coincides with the Pauli
basis for d = 2.

The shift operator W; (in a cyclic vector space) and the clock (with d
hours) operator W, generalize o, and o3, respectively.

We have: ;

Wj _ WdLgJ le mod d

where W9 = WP = 1),
The following Vandermonde matrix generalize the Walsh-Hadamard ma-
trix and it is used for discrete Fourier transformations:

1 1 1 1
1 w(d_l) w2(d_1) “ e w(d_1)2
Vo L e e L e
Vd -
1w W2 W

We have: W, =V W, V1,
The expansion of p with respect to the basis {W; : 0 < j < d? — 1} is

d2—1

p= %(I(d) +Vd-1) bjwj),
j=1

where b; = \/%tr(p WJT) e C.
b= (by,...,bs2_1) represents the Bloch vector associated to p with respect

to the basis {W; : 0 < j < d* — 1} that lies within a Bloch ball.

16
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For any k,[l such that 0 < k<d—1and 0 <[ <d— 1, we have:

d—1
|k> <l| = Z w—km Wmd+(l—k mod d)-
m=0

Ul

Weyl operators has been used in quantum teleportation [1]. They are
also useful in the study of the geometry of entanglement.

The gate W; and the following two gates play a special role in state
tomography as stated by the following theorem.

Definition 4. Hadamard gate.
For any d > 2, the Hadamard gate (for the first two eigenvectors) is the linear

operator /T such that for every element |z) of the computational basis B1):

_ L(0) +|54) ifr=0
1

VI(Jz)) =

L0~ 17) ife= g

|z) otherwise

Definition 5. Square root of Not gate.
For any d > 2, the square root of Not gate (for the first two eigenvectors)

is the linear operator v/Not such that for every element |z) of the computa-
tional basis BM):

. 5( |
Viot(jz)) = $((1=9)|0) + (1 +d)l74) ife =5

|z) otherwise

Clearly, 7f , v Not, W7 have the following matrix forms:

rL L e 0] (14i 1 7 0
i Vi 0 0 % 1? 0 --- 0
L % 7 o --- 0 __ = -5 0 0 0
Vi=1|0 0 1 0 Not= | 0O O 1 of w,=
| 0 0 0 1 |0 0 0 1] 1
17
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Theorem 2. [7/
For any d > 2 and any density operator p of C%, there exist a function
f 0,1t — C¢ such that

p= f(p17 <oy DPhy - 7pd271)7

where py, is a probability of a combination of three gates /I, v/Not, W, applied
to p.
5. Fuzzy representation for quantum logical gates

The following theorem shows some interesting relations between some
logical gates and continuous t-norms by probability values. The probability
of the gates can be described in terms of the corresponding logical operation
and @, - [10].

Theorem 3. Let p and o be two density operators of H™ and H™ respec-
tively. The following properties hold:

(i) p(Not(p)) = &b ()P (0);

(ii) p(INeg(p ® Pgy)) = BIZg(~ 77)p_s_(p);

(iii) p(Con(p @ Ppy)) = B3 (b7L5)p_i (p);

(v) p(Nec(p @ Py))) = B (O755)p_i_(p);

(vii) p(Or(p @ Py ® 0)) = B2y Si—y (755 V 725)p_o (p)p_&

18
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(z) p(MImp(p ® 0 ® Ppyy)) = =) Dy (755 —mr 5P (p)p_s_(0);

(zi) P(£0r(p @ 0 ® Ppy)) = Bf=5 D (755 © F5)p_o (p)p_x (0);
(xii) p(LAnd(p ® 0 @ Py))) = B Bl (757 © F5)p_i (P)p_r_(0);
(xiii) p(NImp(p ® 0 ® Ppyy)) = By Bh_g (75 =~ 27)P_o (p)P

PROOF.

(i) By theorem 1, p(Not(p)) = 1 —p(p) = 3575 (1
p_s (p) €10, 1] and Y3725 p_i (p) = 1, p(Not(p)) = ®Z(~75)p_s_(p).

(ii)-(v) Similarly.

(vi) By theorem 1, p(And(p ® Pjpy ® 0)) = Z o> a 'l(p)p%(a)—i-
S Y b s (p)p s (0) = X500 Yy min{ 7y b (o
Since p_i_(p),p_x_(0) € [0,1] and 3257 p s (p) = 3jypx (0) =1,
p(And(p ® Py ® 0)) = &7 Bl (755 A F5)p_i (p)p_k (o).

(vii)-(xiii) Similarly.

(And(Red 1 n]( ) ®Ploy ® Redm 1 n]( ))) will be called the fuzzy compo-
nent of p(And(p)). The fuzzy component is not related to pure states and
does not characterize entanglement. Indeed, for the following states p; of
C*®C*®C* with j = 1,...,4, p(And(p;)) corresponds to the fuzzy compo-

nent p(Redﬁ,)l,u (Pj))p(Red[(i)l,u (pj)):

PL=Pdjoy+iny) @ Ploy @ P o)+

1 1
pr=-10® Ploy ® §I(1)

2

1 1
pP3 = ZPIO7O’O> + ZP|17071> + §P%(|O,0,1>+‘17070>)

P = P1(10,0,0)+10,0,1)+/1,0,0)~[1.0,1))
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but p; is a pure state, ps is a factorized state, ps is a separable state and p,
is an entangled state.
For any di,ds > 2, a density operator p of C® @ C% can be written
d?—1
as follows [12]: p = ﬁldl ® Ig, + ﬁZf:l tr(p(Iy, ® 0;))Ig ® 0j +
d2-1 di—1 —d3-1
ﬁ ijzl tr(p(o; ®14,))05 @ L, + i Ditt Zjil tr(p(o; ®0;))o; @0, where
I, and I,4, are the identity operators of C% and C%, respectively.
Let p be a density operator of C2@C2. Then, p = i(I(Q) +\/€Zj1il bjaj> :
Let us now consider the following operators:
p=11D@Po @I + 37 [tr(p(o; ® IW))o; ® Py @ ID + tr(p(IV @
o)1MD @ Py ® 05 + D21, tr(p(o ® 7))o @ Py @ 0]);

p = Red(}) (p) ® Py ® Red 2, (o) + M(p);
1— \/_b14 — b5

p(Redpy (p) =

(Red[n( ) = 2—\/_513+4\/_514—2515

p(And(p)) = -2

Thus, p(And(M(p))) # 0 iff p(And( )) does not correspond to the fuzzy
component (p(And(p)) #P(Redu 1]( ))p (Red[1,1]( ))-
Note that even when p(And(p) corresponds to the fuzzy component,

)
(Redll]( ) = lﬂ’—”b” and p(Re(Jl[1 1]( ) = 2(1—1}+bﬁ5—b15) may depend

on each other. Indeed’ for p = P 121)10,0,0) -+ /E=8)[0,0,1)+1/F(1—F)[1,0,0) — k[ 1,0,1)
1
p(Red})), (p) = k,

p(Red})’, ,(p)) = F,

p(And(p)) = k*,
where k£ € (0,1).
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6. Isotropic states and Werner states

An isotropic state p is a bipartite state of a space H(? that satisfies the
following condition for any unitary operator U of H(™:

(U U)p(Ut @ U = p.

Hence, any isotropic state p of H(? is invariant under the whole U ® U*-group
of transformations (where U is any unitary operator of H(™ and U* is the
complex conjugate of U).

One can prove that the class of all isotropic states of H? can be repre-
sented as a one-parameter manifold of states.

Lemma 4. Any isotropic state of the space H'® can be represented as fol-

lows: . .
-t _ Y@ _t (2)}
P d2—1[<1 d>I +(L d)P ’

where 0 < 1< d and PO = T4 |25 ) (2 7.

Notice that the number ¢ represents the expectation value of P for the state
p, (ie. ¢ =tr(PPp,)) and p, can be viewed as a mixture of a maximally
chaotic state and a singlet state:

11—« o
L= _1(2) _p(2)
p d2 + d )
die—1
21
The expansion of p with respect to the basis {1 o;:1 < j < d? -1} is

where o« =

d2-1
1 o
P = EI(I) ® 10 + 24 Z ¢j0; & 0j,
j=1

1 apdd-1) _ . .
where ¢; = bt = .<‘7§d(d b);
1 otherwise.
The expansion of p, with respect to the basis {W; : 0 < j < d*—1}is
1 d?-1
j=1
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where j' = (—L%J mod d)d +j mod d.

Similar results can be found for another interesting class of states that
contains all Werner states, introduced in [15] in order to show that entangled
bipartite states do not necessarily exhibit non-local correlations.

A Werner state is a bipartite state p of a space H? that satisfies the
following condition for any unitary operator U of HM:

(U U)p(UTe U = p.

Hence, any Werner state is invariant under local unitary transformations.

As happens in the case of Werner states, one can also prove that the class
of all Werner states of H? can be represented as a one-parameter manifold
of states.

Lemma 5. Any Werner state of the space H'® can be represented as follows:

1 W 1
_ ECARC) 4 <1,1>]
Pw d2—1[(1 d)I +<w d)sw ,

where —1 < w < 1 (while I? and SWY are the identity operator and the
swap-gate of the space H?, i.e., the linear operator such that, for every
element |r) ® |y) of the canonical basis, SWY |z, y) = |y, x)).

Notice that the number w represents the expectation value of SW(\Y for the
state p, (i.e. w = tr(SWVp,)).

7. Entanglement for isotropic states and Werner states

Unlike the general case, the probabilistic behavior of the holistic conjunc-
tion allows us to characterize entanglement both for isotropic states and for
Werner states.

Lemma 6. [13/
Let p, be an isotropic state of H?.

0 otherwise

Er(p) {h(S(v(b)) (1= () logy(d— 1)) if 1 € (1,d]

where (1) = (/v + /(d—1)(d—1))?, s is the binary Shannon entropy
(i.e. s(x) = —xlogyx — (1 —x)logy(1 — x)) and h is the convex-hull of the
inner expression (i.e. the largest conver curve nowhere larger than the given
one).
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On this basis one can prove that the entanglement of formation of isotropic
states also can be represented in terms of the probabilistic behavior of the
holistic conjunction.

Lemma 7. Let p be a state of the Hilbert space H'®) such that p, = Red[(llv’i)l} (p)
is an isotropic bipartite state of H® and Redfi)1,1] (p) = Pjoy. Then,

1) p(p) = p(p.) = p(Red(p,) = p(Red, (p.)) = 4
2) p(And(p)) = 2=,

PROOF. 1) p(p)

tr(Redy)y (0)E) = Yiso s (@ = 5) +o— ) = .

2) plAnd(p)) = tr(EL""Y p E" D (10V0E) ) = YT e (2 1
o 1

L L 1y _ 2d=3+. _ 1 1 (d+1) _ di—
Q=9+ e—) =57 =3 6 e Vherea= 3=

In particular, for any entangled state p, (i.e. ¢ € (1,d]), we have: 3 <
p(And(p)) < 3. For any separable state p, (i.e. ¢ € [0,1]), we have: 3 —
5@ < P(And(p)) < 5. For the factorized state p, = L1 @ L1 (ie.
. = 3), we have: p(And(p)) = % — 5. Note that the fuzzy component

(And(Re(Jl[1 11(P) ®Poy @ Red
does not depend on (.

r—~/-\

L) =PRIV Py 110) =1 — L

Theorem 8. Let p be a state of the Hilbert space HO) such that p, = Red[llf’1 (p)

is an isotropic bipartite state of H® and Red? 1 1]( ) =Pjoy. Then,

(

p|s(+(6(d — 1)p(And(p)) — 2d + 3))

Ep(p,) = { T =7(6(d ~ 1)p(And(p)) — 2d +3)) logy(d — 1)},
if 3 < p(And(p)) < 3

\ 0, otherwise.

Proor. By Lemma 6 and Lemma 7.

A simple correlation connects the entanglement of formation for a Werner
state p,, with the parameter w [14].
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Lemma 9. The entanglement of formation of any Werner space p, of H®

18
0, otherwise

where s(z) = —xlogyx — (1 — x)logy(1 — ).

On this basis one can prove that the entanglement of formation of Werner
states can be represented in terms of the probabilistic behavior of the holistic
conjunction.

Lemma 10. Let p be a state of the Hilbert space H®) such that p, =
Red[(llji)l] (p) is a Werner state of H® and Redﬁh,u (p) =Ppoy. Then,

1) p(p) = plpw) = p(Red) (pu)) = p(Red(} (pu)) = 1
2) p(And(p,)) = F25

PROOF. Similar to Lemma 7.

Theorem 11. Let p,, be a Werner state of H®.

2
1—\/ 1— (6(d—1)p(And(p))—2d+3)

2 )

/

S

EF(pw) =

-r 1 1 1 1 .
if 53— 3(d—1) < p(And(p)) < 3 — 6(d—1)
\0, otherwise.

Proor. By Lemma 9 and Lemma 10.

One might wonder whether the capacity of characterizing entanglement
may depend on the specific features of the holistic conjunction. The answer
to this question is negative. In fact, similar results can be obtained by using
the gate Or instead of And.

Theorem 12. Let p be a state of the Hilbert space H® such that p, =
de[(llji)l} (p) is an isotropic bipartite state of H® and Redﬁ)l’l] (p) = Pyy.
Then,

1) p(o(p)) = M3t
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(1[s(:(6(1 — Dp(0x(p)) + 44 - 3)
9) Ep(p,) = | T(1 =761 = d)p(0x(p)) +4d - 3)) log,(d — 1)} ,

if 5 <p(0r(p)) < 3;
\ 0, otherwise.

PROOF. 1) p(Or(p))ztr(F\(/m’n’l) p ESmn) (1<"—1>®E)): P 1_ (25, 1-

= (=g o= 1= ) = G55 = §+ gy — 50, where a = 4
2) By Lemma 6 and 1).

Similar results can also be obtained by using other gates that represent
a binary function (in the Hilbert-space environment).

Theorem 13. Let p, be an isotropic bipartite state (or a Werner state) of
the Hilbert space H®. Then,

(i) p(LImp(p, ® Ppyy)) = b,

4d?24+d—64+(2d—1)e
(ii) p(GImp(p, @ Ppy))) = g AEEEDL,

2_J_94,
(iii) p(MInp(p, ® Ppyy)) = 2555

d(d2—1)(5d—640)+6(de—1)| EEL | (| HEL |—d)

(1) p(L0r(p, @ Ppy)) = 6d(d>—1)(d—1) ,
d(d?—1)(d—1)+6(de—1)((d—1 mod 2)| 4L ) (1+[ 45+ 1J)
(v) p(LAnd(PL@)P\O))) = 6d(d2—1)(d—1)
PROOF.
LI p 1 d_QL]{; (1 — ¢ d(d+1) 1— ¢ (L —
(i) p(EImp(p, ®Ppy))) = 5 Qoo g (B + 1) (1= 5) + =571 = 5) +d(
l)) 5d—6+¢.
d 6(d—1)°

(ii) p(CImp(p, ® Py)) = 5 (00 g5 (d — 1= k) (1 — &) + =52 (1 — &) +
d(L o l)) _ 4d?4+d—64(2d—1) .
d 6(d2—1) J

(i) p(MImp(p,@Pp))) = 725 (Xhy g (1=2)+(d—d+1)(1—5)+d(1—1)) =
2d2—d—2+¢.
2(d2—-1)
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(iv) p(EOr(p, ® Ppy)) = 5 (Cics 25k + )1 — ) + 491 — &) +

) 2 d
d(d?—1)(5d—640)+6(de—1)| L1 | (| L | —q)
é)"’(d_ L%J)(ﬁ_ﬁ)) = 6d(d2—1)(d—1)2 : )

L%J 2k (L—
k=0 d—1

(v) p(LAnd(p, ®Ppy)) = 2 (S0) - (d— ) (1— &)+ X2 L2k + (d—1

d(d?—1)(d—1)+6(de—1)((d—1 mod 2)| 42 |)(1+] 2L ))
mod 2))(v — é)) = Gd(dLl)(d—ol) : .

8. Conclusion

We showed some interesting relations between the logical gates and con-
tinuous t-norms by probability values. On this basis, one can deal with
quantum circuits as expressions in an algebraic environment (such as prod-
uct many valued algebra for combinational circuits made up from Lukasiewicz
gates). Some holistic connectives are useful in order to characterize the en-
tanglement of formation both for isotropic states and for Werner states. In
a future work, we will study possible applications to game theory and to
the theory of communication with feedback. In particular, we will analyze
holistic situations in Rényi-Ulam’s games and Pelc’s game.
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