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Abstract

Quantum computational logics are special examples of quantum logic where
formulas are supposed to denote pieces of quantum information (qubit-systems
or mixtures of qubit-systems), while logical connectives are interpreted as
reversible quantum logical gates. Hence, any formula of the quantum com-
putational language represents a synthetic logical description of a quantum
circuit. We investigate a many-valued approach to quantum information,
where the basic notion of qubit has been replaced by the more general notion
of qudit. The qudit-semantics allows us to represent as reversible gates some
basic logical operations of Lukasiewicz many-valued logics. In the final part
of the article we discuss some problems that concern possible implementa-
tions of gates by means of optical devices.
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1. Introduction

The mathematical formalism of quantum theory has inspired the devel-
opment of different forms of non-classical logics, called quantum logics. In
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many cases the semantic characterizations of these logics are based on special
classes of algebraic structures defined in a Hilbert-space environment. The
prototypal example of quantum logic (created by Birkhoff and von Neumann)
can be semantically characterized by referring to the class of all Hilbert-space
lattices, whose support is the set P(H) of all projections of a Hilbert space
‘H. The question whether the class of all Hilbert-space lattices can be axiom-
atized by a set of equations is still open. What is known is that the variety of
all orthomodular lattices (which gives rise to a semantic characterization of
a logic often termed “abstract quantum logic”) does not represent a faithful
abstraction from the class of all Hilbert-space lattices. A characteristic ex-
ample of an equation that holds in all Hilbert-space lattices, being possibly
violated in orthomodular lattices is the orthoarguesian law [1, 3].

Interesting generalizations of Birkhoff and von Neumann’s quantum logic
are the so called unsharp (or fuzzy) quantum logics that can be semantically
characterized by referring to different classes of algebraic structures whose
support is the set of all effects of a Hilbert space. According to the stan-
dard interpretation of the quantum formalism, any projection P € P(H)
represents a sharp physical event to which any possible state of a physical
system S (associated with the space H) assigns a probability-value. Such
events are called “sharp” because they satisfy the non-contradiction princi-
ple: P A Pt =0 (the infimum between P and its orthogonal projection P+
is the null projection 0). Effects, instead, represent unsharp physical events
that may violate the non-contradiction principle.

The set £(H) of all effects of a Hilbert space H is defined as the largest set
of linear bounded operators E for which a Born-probability can be defined.
In other words, for any density operator p of H (representing a possible state
of a physical system S whose associated Hilbert space is H), we have:

Tr(pE) € [0,1] (where Tr is the trace-functional).

The number Tr(pFE) represents the probability that a quantum system S in
state p verifies the physical event represented by the effect E. Of course,
E(H) properly includes P(H). Different kinds of algebraic structures have
been induced on the set £(H), giving rise to various forms of unsharp quantum
logics [2, 3].

A different approach to quantum logic has been developed in the frame-
work of quantum computational logics, inspired by the theory of quantum
computation [4]. While sharp and unsharp quantum logics refer to possible
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structures of physical events, the basic objects of quantum computational log-
ics are pieces of quantum information: possible states of quantum systems
that can store and transmit the information in question. Maximal pieces of
information (which cannot be consistently extended to a richer knowledge)
correspond to pure states, mathematically represented as unit vectors [¢) of
convenient Hilbert spaces. At the same time, pieces of information that do
not necessarily express a maximal knowledge correspond to mized states (or
miztures), mathematically represented as density operators p. Of course any
pure state [1)) corresponds to a special case of a density operator: the projec-
tion Py that projects over the (one-dimensional) closed subspace determined
by [¢).

In this article we will investigate particular examples of quantum compu-
tational logics based on a “many-valued approach” to quantum information,
where the fundamental notion of qubit has been replaced by the more general
concept of qudit.

2. Qubits and qudits

As is well known, the basic concept of quantum information is the no-
tion of qubit (or qubit-state): a possible pure state of a single quantum sys-
tem, mathematically represented as a unit-vector [¢)) of the two-dimensional
Hilbert space C? (based on the set of all ordered pair of complex numbers).
Accordingly, any qubit can be described as a superposition

V) = col0) + c1[1),

where |0) = (1,0) and |1) = (0, 1) (the two elements of the canonical basis of
C?) represent, in this framework, the two classical bits (0 and 1) or, equiv-
alently, the two classical truth-values (Falsity and Truth). From an intuitive
point of view, a qubit ¢y|0) 4+ ¢1|1) can be regarded as an “uncertain answer”
to a given question; an answer that might be false with probability |c|? and
might be true with probability |c;|?.

A natural “many-valued generalization” of qubits is represented by qu-
dits: unit-vectors living in a space C?, where d > 2. The elements of the
canonical basis of C? can be regarded as different truth-values, which can be
conventionally indicated in the following way:
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|%) = (0,0,1,0,...,0)

1) = [¢=1y = (0,0, 1).

While |0) and |1) represent the truth-values Falsity and Truth, all other
basis-elements correspond to intermediate truth-values.

A particularly interesting example of a qudit-space is the qutrit-space C?,
where the truth-values are:

From a physical point of view, this space can be naturally used to repre-
sent the spin-values of bosons. The eigenvalues of the observable Spin, (the
spin in the z-direction, corresponding to the z-component of the angular mo-
mentum) can be associated to the elements of the canonical basis; while the
spin-observables in all other directions can be associated to different bases of
the space.

Like classical bits, qudits represent atomic pieces of information: answers
(which, in the quantum case, are generally uncertain) to single questions.
At the same time, complex pieces of quantum information can be naturally
represented as possible states of composite quantum systems that can store
the information in question. Accordingly, by using the quantum-theoretic
formalism for the mathematical representation of composite systems (based
on tensor-products), any piece of quantum information can be identified with
a possible (pure or mixed) state of a quantum system: a density operator p
living in a tensor-product space

”Hén) =C'®...®C% where n> 1.
—_————
n—times

While d represents the number of truth-values, n represents the number of
the components of the quantum system that stores the information p.

The canonical basis of 7—[;") (whose elements are called registers) is the
following set:

{lvi,...,vn) : [v1), ..., |v,) are elements of the canonical basis of C*}
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(where |vy, ..., v,) is an abbreviation for the tensor product |v1) ®...®|v,)).

A quregister of ’Hé") is a pure state, represented by a unit-vector [¢) (or,
equivalently, by the corresponding density operator P ).

In any space ’Hgl), each truth-value \ﬁ) determines a corresponding

truth-value projection P(?) , whose range is the closed subspace spanned by

ﬂ .
the set of all registers |v1,...,v,) where v, = ZZ5. From an intuitive point
)

: (n « : R
of view, P i represents the property “having the truth-degree -25”. In par-

ticular, PO(") and Pl(") represent the Falsity-property and the Truth-property,

respectively. On this basis, one can naturally apply the Born-rule and define

for any state p (of ’Hgn)) the probability that p satisfies the property Pﬁ:
d—1

b (p):=Te(p P ).
d—1 a—1

The probability tout court of p can be then defined as the weighted mean of
all truth-degrees.

Definition 1. The probability of a density operator p of ’Hé").

We have:
p'¥(p) = Tr (/) (1" Ve E)>,

where I™~1 is the identity operator (of H"~V) and E is the effect (of C?)
represented by the following matrix:

0 0 0 07
0 & 0 0
0 0 4

P : 0
o o - 0 1]

In the particular case where p corresponds to the qubit 1)) = ¢y|0)+¢1]1),
we obtain that p® (p) = |c;1]2.
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Due to the properties of the quantum-theoretic formalism, pieces of quan-
tum information turn out to satisfy the characteristic holistic features of
quantum states. Generally quantum information flows from a whole to its
parts, and not the other way around, as happens either in classical infor-
mation or in the semantics of many important logics (like classical logic,
intuitionistic logic or standard fuzzy logics).

Consider a quregister |1)) representing the pure state of a composite quan-
tum system S consisting of n subsystems Sy, ..., S, (say, an n-electron sys-
tem), and let ”Hékﬁ"*k”) be the Hilbert space associated to S. According to
the quantum formalism |¢)) determines the reduced states

RedV

(P, Redf) (Py)

(K1, kn]

of the subsystems Si,...,S,. Generally, the state |¢)) of the global system
S cannot be represented as the factorized state corresponding to the tensor-
product of the states of the subsystems S7,...,.5,. We may have:

1 n
By # Redsz,...,kn}(PM) ®...® Redfkl),...,kn](P\ >)-

It may also happen that the states of all subsystems are one and the same
proper mixture (while |¢) is a pure state). Consequently, the states of the
parts of S turn out to be indistinguishable. Furthermore, the information
about the global system is more precise than the information about its parts.
In such a case |¢) is called an entangled pure state. Entanglement-phenomena
(which have for a long time been described as mysterious and potentially
paradoxical) represent today a powerful resource in quantum information;
they are currently used, for instance, in quantum teleportation-experiments
and in quantum cryptography.

3. Quantum logical gates

Quantum information is processed by quantum logical gates (briefly, gates)
that transform pure and mixed pieces of quantum information in a reversible
way. When applied to quregisters of a qudit-space 7—[;") a gate is a unitary
operator G™: a reversible map that transforms all vectors of the space,
preserving their length. At the same time, any unitary operator G can be
canonically extended to a unitary operation G that transforms all density
operators p of the space in a reversible way. We have:

2GM () = GMp ™',

6
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where G™' is the adjoint of G . In the particular case where p is a pure
state Py, we obtain:
PG (Pyy) = Pooy-

For the sake of simplicity, we will call gate either a unitary operator G™ or
the corresponding unitary operation 2G™.

Why is reversibility so important in quantum computation? The reason
depends on the form of Schrédinger’s equation, where unitary operators play
an essential role. And, from a physical point of view, any quantum computa-
tion can be described as the time-evolution of a particular quantum system
that transforms a given information-input into an information-output.

In the semantics of classical logic and of many important non-classical
logics (including Birkhoff and von Neumann’s quantum logic) the basic log-
ical operations are generally dealt with as irreversible operations. In the
(two-valued) classical semantics negation only is defined as a reversible truth-
function:

v’ :=1—w, for any truth-value v e {0,1}.

A the same time, both the conjunction M and the disjunction U are defined
as irreversible truth-functions (for any pair of truth-values u, v):

uMv:=min(u,v); vUv:= (v M) = max(u,v).

For our aims it is expedient to recall what happens in the semantics of
many-valued Lukasiewicz logics (which represent special examples of fuzzy
logics). In this case the set TV of truth-values is identified either with the
real interval [0, 1] or with a finite subset thereof (conventionally indicated as
a set {%, dfll, c % , where d > 2). The negation is defined like in the
classical case:

v':=1—wv, for any truth-value v € TV.

At the same time the conjunction is split into two different irreversible
operations, the min-conjunction M (also called lattice-conjunction) and the
Lukasiewicz-conjunction ©:

ulMv:=min(u,v), uv®v:=max(0,u+v—1), for any u,v € TV.

While M and © are the same operations in the two-valued semantics, when
d > 2 our two conjunctions turn out to satisfy different semantic properties.
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The min-conjunction gives rise to possible violations of the non-contradiction
principle. We may have:
v #0.

Hence, contradictions are not necessarily false, as happens in the case of
most fuzzy logics whose basic aim is modeling ambiguous and unsharp se-
mantic situations. At the same time, M behaves as a lattice-operation in the
truth-value partial order (T'V, <). The Lukasiewicz-conjunction, instead, is
generally non-idempotent. We may have:

vOU# .

Apparently, one is dealing with a kind of conjunction that can be usefully
applied to model semantic situations where “repetita iuvant!” (“repetitions
are useful!”).

As expected, the two conjunctions M and ® allow us to define two different
kinds of disjunctions (via de Morgan-law):

wlo:= (v M) =max(u,v); u®v:= (v ©0v) =min(l,u+v).

All these logical operations (which are usually dealt with as irreversible)
can be simulated in the many-valued approach to quantum information by
means of convenient (reversible) gates. Let us first consider pure pieces of
quantum information: quregisters living in some qudit-spaces. In such a
case, gates correspond to particular examples of unitary operators.

The logical negation has a natural gate-counterpart: the unitary operator
NOT®™, which is defined in any qudit-space ’Hgn), where d > 2 and n > 1.

Definition 2. The negation-gate of ’Hé").

The negation-gate of ’Hé") is the linear operator NOT™ that is defined for
every element of the canonical basis of as follows:

NOT(")|1)1, ey Up) =1, U) R = vy).
In the particular case of Hfil) = C? we obtain:
NOTW [v) := |1 — v).

Thus, NOT® behaves as the standard fuzzy negation.
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How to deal, in this framework, with the irreversible conjunctions M and
®? A reversible counterpart for these operations can be obtained by using
two special versions of a gate that plays an important role in quantum com-
putation: the Toffoli-gate. Let us first recall the definition of the Toffoli-gate
for qubit-spaces.

Definition 3. The Toffoli-gate of a qubit-space.

For any m,n,p > 1, the Toffoli-gate T(™™P) of the qubit-space ’Hgmﬂﬂ) ) is
the linear operator that is defined for every element of the canonical basis as
follows:

TP Uy, oo Uy V1 - ey Uy W,y - W) 2=

U1,y Uy U1, Uy Wi, Wp1) @ [ (U V) Tow,),

where +, is the addition modulo 2.

Apparently the smallest qubit-space where the Toffoli-gate is defined is
3 : .
the space Hy . In this case we have:

0, v,0) = fu,v, (- v) F2w).

The Toffoli-gate can be generalized to qudit-spaces in different ways. We
will consider here two different gates that will be called the Toffoli-gate and
the Toffoli-Lukasiewicz gate, respectively.

Definition 4. The Toffoli-gate of a qudit-space.

For any m,n,p > 1, the Toffoli-gate T(™™P) of the qudit-space ’Héer"er ) is
the linear operator that is defined for every element of the canonical basis as
follows:

TP Uy, oo Uy U1y - ey Uy W, - - W) 2=

Ui,y Uy U1, U W, Wpo1) @ [ (U T 05) Taw,),

where +, is the addition modulo d.

Definition 5. The Toffoli-Lukasiewicz gate of a qudit-space.
For any m,n,p > 1, the Toffoli-Lukasiewicz gate TL™™P) of the qudit-space

H§m+"+p ! is the linear operator that is defined for every element of the canon-
ical basis as follows:
TL(m’"’p)|u1, ey Uy ULy ey Uy W, W) =
Uty ooy Uy V1,5 ey Uy W o, Wpm1) @ (U, © Up) Fg W)
9
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Clearly, T™"#?) and TL™™P) are the same gate when d = 2.

By using the unitary operations ®T(™"?) and ®TL(™"P) (which corre-
spond to the unitary operators T™m?) and TL(™™P) respectively) one can
now define two different kinds of reversible conjunctions for any (pure or
mixed) state of a qudit-space.

Definition 6. The Toffoli-conjunction in a qudit-space.
For any m,n > 1 and for any density operator p of a qudit-space 7—[ ) the
Toffoli-conjunction AND™™™ is defined as follows:

D) (p) := T (p @ Py,

Definition 7. The Toffoli-Lukasiewicz conjunction in a qudit- space
For any m,n > 1 and for any density operator p of a qudit-space 7—[ ) the
Toffoli-Lukasiewicz conjunction LAND(™™ is defined as follows:

LAND™ ) (p) = PTL™™D(p ® Py).

In the definition of both conjunctions the projection Pg, (which corre-
sponds to the bit 0) plays the role of an ancilla, which is transformed by the
gates 2T(mnD and PTL™™Y into the final truth-value of the conjunction.

In the particular case of density operators corresponding to registers of
7—[;2) we obtain:

AND(I’I)(PUM) = Fraay0,0)-
Hence:
AND(LI)(PM,U)) =
Pyv0y, otherwise.
(In agreement with the classical truth-table of conjunction).
In the general case, both the Toffoli and the Toffoli-Lukasiewicz conjunc-

tions represent holistic forms of conjunction that reflect the characteristic
holistic features of the quantum-theoretic formalism. Let |¢) be a quregister

{Pluvl ifu=v=1;

of a space Hémm). We may have:
AND(™™) (P} # ANDOmn (Redfm ’ ( ) ® Red{ n]( Puy));

In other words, the conjunction over a global piece of information (consisting
of two parts) does not generally coincide with the conjunction of the two

10
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separate parts. Interesting counterexamples arise with entangled quregisters.
Consider, for instance, the following (entangled) Bell-state:

9) = (0.0 +[1.1)).

We have: ]

T () @ [0) =

(10,0,0) + |1,1,1)).

Hence,
AND (P ) = P 1 (10.0.0)+11,1.1))>

which is a pure state. At the same time,
1
Redlyy(Py) = Redy(Ry) = 510

Thus,
1 2
ANDU D (Red(y)y () ® Red(yy (Piy))) =

2T (Red()) (Plyy) @ Red(?y (Pyy) @ Po)),
which is a proper mixture.

The gates Negation, Toffoli and Toffoli-Lukasiewicz are also called “semi-
classical gates”, because they are unable to “create” superpositions. When-
ever the information-input is a register, also the information-output will be
a register. Quantum computation, however, cannot help referring also to
“genuine quantum gates” that can transform classical inputs (represented by
registers) into genuine superpositions. And it is needless to stress how super-
positions play an essential role in quantum computation, being responsible
for the characteristic parallel structures that determine the speed and the
efficiency of quantum computers.

Let us first recall the definition of two important genuine quantum gates
of the qubit-space Hgl) = C2.

Definition 8. The Hadamard-gate of Hél).
The Hadamard-gate (also called square-root of identity) is the linear operator

VI @ that is defined for every element of the canonical basis of Hél) as follows:

VIV o) = == ((—1)" o) + |1 — v)).

Nis

11
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Definition 9. The square-root of negation of 7—[51).

The square-root of negation is the linear operator v/ NOT"” that is defined for
every element of the canonical basis of Hél) as follows:

1 1 , .
VIOT o) 1= S((1+ Do) + (1= i)[1 = v)),
where 7 is the imaginary unit.

Apparently, both \/f(l) and \/NOT(l) transform classical pieces of infor-
mation (corresponding to the truth-values Falsity and Truth) into genuine
superpositions. We have:

VEI0) = (10} + 1) VASTl0) = 3 (14 0)10) + (1= D).

1
V2

In this way, all certain answers (Falsity or Truth) are transformed into
maximally uncertain answers that assign probability-value % either to the
Falsity or to the Truth.

The gates \/T(l) and v/ NOT(l) satisfy the following characteristic properties
that have suggested their names (“square-root of identity” and “square-root
of negation”):

VIO = —(0) — 1); vAET 1) = 2 (- ijo) + ().

vty = 10, yaotvaor” = not®.
Both \/T(l) and v/ NOT(I) can be generalized to any qubit-space ’Hg").

Definition 10. The Hadamard-gate and the square-root of negation of ’Hg").

1. The Hadamard-gate is the linear operator \/T(n) that is defined for
every element of the canonical basis of Hg") as follows:

(n) 1 -
VI lor, o) = Jun, o) © ﬁ((—m lon) + |1 — un>).

12
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2. The square-root of negation is the linear operator v/ NOT(n) that is de-
fined for every element of the canonical basis of Hg") as follows:

n 1 : :
VIO oy, o) o= o, ) © 5((1 +i)|vn) + (1T =91 - vn>>-

How can \/T(n) and /NOT ™ pe generalized to qudit-spaces? A natural
generalization of the Hadamard-gate for the space Hél) = C%1is represented by
the Vandermonde-operator, which generalizes the Walsh-Hadamard matrix
used for discrete Fourier transforms.

Definition 11. The Vandermonde-gate of ’Hél).
The Vandermonde-gate is the linear operator V() that is defined for every
element |-£-) of the canonical basis of Hfil) as follows:

k 1 &L j
RPN k|
d—1> \/3;0” d—1>’

V(l)

s}

2
where w = e .

Lemma 1. The gate VOV of ’Hél) satisfies the following conditions:

v =1 ifd=2.

2) vyWymy®) = 1),

3) V) transforms each element of the canonical basis of’Hél) into a super-
position of all basis-elements, assigning to each basis-element the same
probability-value.

Conditions 1)- 3) of Lemma 1 clearly show that V(! represents a “good”
generalization of the Hadamard-gate for the qudit-space C?. In particular,
condition 2) explains the reason why V() is also termed the “fourth root of
identity”.

Another possible generalization of the Hadamard-gate to qudit-spaces is
an operator that will be called the Hadamard-gate restricted to the first two

truth-values, indicated by \/Tg]). Unlike VM, which transforms all basis-
elements into genuine superpositions, the gate \/TS]) only acts on the first

two basis-elements <|%>, |d711>>

13
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Definition 12. The Hadamard-gate restricted to the first two truth-values
of H

The Hadamard-gate restricted to the first two truth-values is the linear op-
erator \/Tg]) that is defined for every element |v) of the canonical basis of

”HS) as follows:

50) + 7)), Hv=0

(\ )= l749)), ifv =25
otherwise.

skt

VIgl) =

<
\/

Of course, for the qubit-space C? we have:

1 1
Vg = VI
In a similar way, the (restricted) square-root of negation can be general-
ized to any qudit-space.

Definition 13. The square-root of negation restricted to the first two truth-
values of 7—[;1).

The square-root of negation restricted to the first two truth-values is the
linear operator that is defined for every element |v) of the canonical basis of

”HS) as follows:

V NOTS]) lv) ==

|v), otherwise.

The three gates V(. \/fg}) and 4/ NOTS}) can be naturally generalized to
any qudit-space ”Hfl")

Definition 14. The gates V(" \/_ , v/NOT g}) of HE{”.

Let |vq,...,v,) be an element of the canomcal basis of ’Hé").
D) Vo, v,) = o, vpn) @ VA |v >
2) VI U1y s ) = 01,y Unt) © VI [0).
3) \/ﬁg})wl, ) = U, U ) ® \/ﬁg])\vn).

14
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4. Representing quantum information in Bloch-hyperspheres

It is customary to represent the density operators of the qubit-space C? as
vectors of the three-dimensional Bloch-sphere BSP! of radius 1. Let ®(C?)
represent the set of all density operators of C?. For any p € D(C?), the
corresponding Bloch-vector b” is determined as follows:

b? = (bi)’ bg’ bg),

where b = Tr(poy), b5 = Tr(p o), by = Tr(pos). The operators o, o3, 073
are the three Pauli-matrices that are defined as follows:

R R = 1 R S )
L= 00 %2T 0 o7 o —1|-

Viceversa, for any Bloch-vector b = (by, by, b3) the corresponding density
operator pP is determined by the following matrix:

L1 T+0b3 by —iby
2 1by+1iby 1—0b3 |’
We have: )
p™ =p; B” =D,

Via the Bloch-representation, any density operator p of C? can be canon-
ically represented as a combination of four unitary operators (of C?): the
identity operator I and the three Pauli-matrices. For any p we have:

1
p= §(I(1) + Vo + oy + bos).

The Pauli-representation can be generalized to any qudit-space. Let us
first introduce the generalized Pauli-matrices of a space C¢ (with d > 2).1
For the sake of simplicity, in the following, we will also write |j) instead of

la57)-

'We recall that [1)(¢| denotes the linear operator A that satisfies the following con-
dition for any vector |x): A|x) = {p|x)|®), where {p|x) is the inner product of |¢) and

1X)-
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Definition 15. The generalized Pauli-matrices of C.
Let j,k,l be three natural numbers such that: 1 < j <d?*—-1and 0<k <
[ < d—1. The generalized Pauli-matrices o; of C? are defined as follows:

(k) + 1D (R,

| if j < 2D and j = M0 4 (g - 2)k + 1
—ilk)(l| + Z|l><kr|

o) = if XU < j < d(d—1) and j = QAR 4 (g 9k 41
Vs (z o ) k| = 1101
\ 1f]>d(d—1)and]:d(d—1)—|—l.

As expected, in the particular case of the space C? the three generalized
Pauli-matrices o1, 09, 09:_1 turn out to coincide with the three standard
Pauli-matrices.

Like in the qubit-case, any density operator p € ®(C?) can be canonically
represented as a combination of the identity operator and of the generalized
Pauli-matrices o1,...,0;,...,04.2_1. We have:

- 1)
\/ E b 0']
where b; = , /%d;‘l_l)Tr(p o;) € R.

On this basis, any density operator p of C% can be associated to a vector

b? = (b0, ..., b, )

»Y0

of the (real) Bloch-hypersphere BHS][R 1 , whose radius is 1 and whose di-
mension is d?> — 1. Notice that, unlike the case of C2, not all vectors of the
hypersphere BHS]%F_” correspond to density operators.

Another interesting representation of the density operators of C? can be
obtained in terms of the Weyl-operators (which have been used in quantum
teleportation-experiments and in the study of the geometry of entanglement).

Definition 16. The Weyl-operators of C¢.
Let j be a natural number such that 0 < j < d* — 1. The Weyl-operators W,
of C?* are defined as follows:

Wi = W m)(m +a jl,
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where w = e’@', k = |2] (the integer part of 2).

In the case of the qubit-space C? we obtain:
(W, Wo, W3) = (01, 03,107).

In some applications an important role is played by the first Weyl-operator
Wi, which turns out to be described by the following matrix:

[0 1 0 0
0 0 1

W = 0 0
o o : .1
100 - 0

As happens in the case of the Pauli-representation, all density operators p
of C? can be canonically represented as combinations of the identity operator
and of the Weyl-operators. We have:

d?-1
1
p= g(I(l) +Vd-1) bjwj),
j=1

where b; = \/dlflTr(pW}) e C.
On this basis, any density operator p € D(C?) can be associated to a
vector

b = (b, .. s W)

» Yy

of the complex Bloch-hypersphere BHS([(‘:F_I], whose radius is 1 and whose
dimension is d? — 1.

In spite of their mathematical interest, both the Pauli and the Weyl-
representations turn out to be “non-economical”, since they essentially refer
to d? — 1 gates, whose implementation might be highly complicated. The fol-
lowing theorem allows us to simplify such situation, showing that the proba-
bilistic behavior of three gates only determines a tomographic reconstruction
of any state of C?. Let B(CY) represent the set of all bounded operators of
the space C.

Theorem 2. Let p be a density operator of a qudit-space C?. There exist
d* — 1 unitary operators Uy, ..., Uz_; (defined on C¢) and a function f :
0, 1]d2‘1 —  B(CY) that satisfy the following conditions:

17
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1) each U; (with 1 < j < d* — 1) is a finite combination of the three
following gates: \/fg}), \/NOTS}), Wy (defined on C?).

2) For any sequence (p1,...,Dj,...,Pez—1) € [0, 1]d2_1 such that p; =
p@(2U;(p)), we have:

pP= .f(pla"'apja"'apdz—l)

(where '@ is the probability-function defined in Section 2).

PROOF. (Sketch) It is expedient to distinguish the case where d = 2 from
the case where d > 2.

b

1) Let p € D(C?). Consider its Pauli representation and let b = |by| the
bs

Bloch-vector that corresponds to p. Define the operators Uy, Us, Us as

follows:
U, = \f2] LUy = \/NO U3 =W.

Consider the following three equations:

p?(2U1(p)) = p1, P (PUa(p)) = p2, PP (PU3(p)) = ps.

We have:
1—b 1—by 1+ 0s
5 = P1, B = D2, B = Ds.
Hence, Ab + Ac = p, where:
1
A= 02 —Ol 8 c= —1 p= g;
o o 1 1] D]
2 3

Define f : [0, 1] — B(C?) as follows (for any ey, s, e3 € [0,1]):
L1
fler,eq,e3) == 5 (I + (1 —2e1)o1 + (1 —2e2)00 — (1 — 263)0'3>.

We obtain: p = f(p1, p2, p3)-

18
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2) Let p € D(CY) (with d > 2). For any h such that 1 < h < d? — 1,
define U;, as follows:

D mtn /mamd) n

where W[ = W;...Wi, W = W;... W, m = [%] (the integer part of
—— ——
m—times n—times
by and n = h mod d (h modulo d). Consider the following d* — 1
equations:

D@ (PUi(p)) = pa-

We have: Ab + Ac = p, where A, b, ¢ are matrices defined like in the
C2-case.
Define f: [0,1]#~1 — B(C?) as follows (for any e € [0,1]¥~1):

fle) := %(I(l) + @(A‘le — C)TO').
We obtain: p = f(p).

5. Many-valued quantum computational logics

Quantum computational logics are special examples of quantum logic
based on the following semantic idea: linguistic formulas are supposed to
denote pieces of quantum information, while logical connectives are inter-
preted as particular gates that play an important logical role [4]. Accord-
ingly, any formula of the quantum computational language can be regarded
as a synthetic logical description of a quantum circuit. We will consider here
a many-valued version of the quantum computational semantics, where, for
any choice of a truth-value number d, the meaning of any formula « is identi-
fied with a density operator p living in a qudit-space ’Hén), whose dimension
depends on the linguistic complexity of a.

Let us first introduce the formal language: a “minimal” many-valued
quantum computational language £, whose alphabet contains atomic formu-
las (q,q1,q2, .. .) including two privileged formulas t and f that represent
the truth-values Truth and Fualsity respectively. The connectives of L are at
least the following: the negation — (corresponding to the gate NOT(™), the
ternary Toffoli-connective T (corresponding to the gate T(™™P)), the ternary
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Toffoli-Lukasiewicz connective T, (corresponding to the gate TL™"P) | the

square root of identity v/id (corresponding to the gate \/T(n)).

The notion of formula of L is inductively defined as follows: 1) atomic
formulas are formulas; 2) if a, 3, v are formulas, then —a, Vida, T(a, §,7),
71, (v, B,7) are formulas. Recalling the definition of the two holistic conjunc-
tions AND(™™ and LAND™™ (given in Section 3), two binary connectives A
and Ay, can be defined in terms of the two Toffoli-connectives:

O‘/\ﬂ = T(O‘aﬁaf); O‘/\Lﬁ = TL(aaﬁaf)

(where f plays the role of a syntactical ancilla). On this basis two binary
disjunctions (V and Vg,) can be defined (via de Morgan-law) in the expected
way

By atomic complezity of a formula o we mean the number At(«) of occur-
rences of atomic subformulas in «. For instance, the atomic complexity of the
formula o = qA—q = T(q, 7q, f) is 3. The number At(«) plays an important
semantic role, since it determines, for any choice of a truth-value number d,

the semantic space H§ = ’HéAt(a)), where any density operator representing

a possible meaning of « shall live. We have, for instance, Hzl(q’ﬂq’f) = 7—[;3).

Any formula « can be naturally decomposed into its parts giving rise to
a special configuration, called the syntactical tree of a (STree®). Roughly,
STree“ can be represented as a sequence of levels consisting of subformulas
of a. The bottom-level is (), while all other levels are obtained by dropping,
step by step, all connectives occurring in «. Hence, the top-level is the
sequence of atomic formulas occurring in «. As an example consider again
the formula o« = T(q, 7q, f). In such a case, STree® is the following sequence
of levels:

Levely = (q,q,f)
Levely = (q,—q, f)
Levely = (1(q, ~q, f))

For any a and for any choice of a truth-value number d, STree® uniquely
determines the gate-tree of a: a sequence of gates all defined on the space
HG. As an example, consider again the formula, a = 7(q,~q,f). In the
syntactical tree of o the second level has been obtained (from the third level)
by repeating the first occurrence of q, by negating the second occurrence of
q and by repeating f; while the first level has been obtained (from the second
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level) by applying the Toffoli-connective. Accordingly, the gate-tree of « can
be naturally identified with the following gate-sequence:

This procedure can be naturally generalized to any a, whose gate-tree will be
indicated by (°GY_, ..., ®G}) (where n is the number of levels of STree®).

We consider here a holistic version of the quantum computational seman-
tics, where entanglement can be used as a “semantic resource” [5]. Generally,
the meaning of a compound formula determines the contertual meanings of
its parts (and not the other way around, as happens in the case of most
compositional semantic approaches).

As expected, all basic notions of the many-valued quantum computational
semantics depend on the choice of the truth-value number d. The concept of
(d-valued) model of L is based on the notion of (d-valued) holistic map for
L. This is a map Hol, that assigns to each level of the syntactical tree of any
formula « a density operator living in the semantic space of . We have:

Holy(Levely) € D(Hy).

Suppose that Levely = (Bg,,- .-, Pk, ). 1t is natural to describe p = Holy(Levelf)
as a possible state of a composite quantum system consisting of r subsys-
tems. Hence, the contertual meaning (Hol§(fB,)) of the occurrence S, (in
STree“) can be identified with the reduced state of p with respect to the
j-th subsystem. Accordingly, we can write:

a _ ()
HOld(/Bkj) = Red[i;t(ﬁkl),...,flt(ﬁkr)] (p)-

The concepts of model, truth and logical consequence (of the d-valued
semantics) can be now defined as follows.

Definition 17. Model.
A model (or interpretation) of the language L is a holistic map Hol, that
satisfies the following conditions for any formula a:

1) Hol, assigns the same contextual meaning to different occurrences of
one and the same subformula of @ (in STree®).

2) The contextual meanings of the true formula t and of the false formula
f are the Truth Pl(l) and the Fulsity Po(l), respectively.

21



O©CO~NOOOTA~AWNPE

3) Holy preserves the logical form of v by interpreting the connectives of
« as the corresponding gates. Accordingly, if (°G2_,,..., ®G%) is the

n—17

gate-tree of a, then Holy(Level) = 2G¢(Holy(Levelf ,)).
On this basis we put:
Holy(a) := Holy(Levelf), for any formula o.

Notice that any Holy(«) represents a kind of autonomous semantic con-
text that is not necessarily correlated with the meanings of other formulas.
Generally we have: Hol)(53) # Hol4(3). Thus, one and the same formula
may receive different contextual meanings in different contexts.

Definition 18. Truth.
A formula « is called true with respect to a model Holy iff p® (Holy(a)) = 1.

Definition 19. Logical consequence.
A formula S is called a logical consequence of a formula « iff for any formula
v such that o and 3 are subformulas of v and for any model Hol,:

p'¥(Holj(a)) < p'(Hol}(6)).

Apparently, both Truth and Logical consequence are, in this semantics,
probabilistic notions that essentially depend on the probability-function p?.
For any choice of d, the notion of logical consequence of the d-valued seman-
tics characterizes a special example of logic, called d-valued holistic quantum
computational logic (indicated by {HQCL).

All logics YHQCL give rise to violations of some important logical im-
plications (which hold for many standard logics).? For instance, both con-
junctions A and Ay, are generally non-idempotent, non-commutative and
non-associative, although the corresponding truth-value operations (M, ©)
do satisfy commutativity and associativity. This can be explained by recall-
ing the contextual behavior of quantum meanings. It may happen that for
some context ~:

Hol)(a A B) # Hol)(B A a) and p(Hol)(a A B)) > p¥(Hol)(B A a)).

2Counterexamples in the framework of the qubit-semantics have been described in [5].
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Accordingly, different forms of holistic quantum computational logics
(also in a first-order version) can be naturally applied to represent semantic
phenomena (even far from microphysics), where contextuality, ambiguity and
fuzziness play an essential role (as happens in the case of natural languages
or in the languages of art) [6, 7].

6. Physical implementations by optical devices

Physical implementations of quantum logical gates represent the basic
issue for the technological realization of quantum computers. Among the
different choices that have been investigated in the literature we will consider
here the case of optical devices, where photon-beams (possibly consisting of
single photons) move in different directions. Let us conventionally assume
that |0) represents the state of a beam moving along the z-direction, while
|1) is the state of a beam moving along the y-direction.

In the framework of this “physical semantics”, one-qubit gates (like NOT™,

\/T(l), \/NOT(I)) can be easily implemented. A natural implementation of
NOT® can be obtained by a mirror M that reflects in the y-direction any
beam moving along the x-direction, and vice versa. Hence we have:

|0> M |1>§ |1> M |0>

(the mirror transforms the state |0) into the state |1), and vice versa).

An implementation of the Hadamard-gate \/T(l) can be obtained by a
symmetric 50 : 50 beam splitter BS. We have:

0) =m0+ 1) 1) s —=(0) = 1),

V2 V2
Accordingly, any beam that goes through BS is split into two components:
one component moves along the x-direction, while the other component
moves along the y-direction. And the probability of both paths (along the
x-direction or along the y-direction) is % Also the gate \/NOT(I) can be
implemented in a similar way.
Other apparatuses that may be useful for optical implementations of gates
are the relative phase shifters along a given direction. A particular example
is described by the following unitary operator.
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Definition 20. The relative phase shifter along the y-direction.
The relative phase shifter along the y-direction is the linear operator Upg that
is defined for every element of the canonical basis of C? as follows:

e™ ifv=1;
Ups|v) = c|v), where ¢ = { 1,  otherwise.

We obtain:

Ups|0) = |0); Ups[1) = —[1).

Let us indicate by PS a physical apparatus that realizes the phase shift de-
scribed by Upg.

Relative phase shifters, beam splitters and mirrors are the basic physical
components of the Mach-Zehnder interferometer (MZI), an apparatus that
has played a very important role in the logical and philosophical debates
about the foundations of quantum theory. The physical situation can be
sketched as follows (Fig. 1).

L
<
BS.
0> -\
\\ > »
BS.

Figure 1: The Mach-Zehnder interferometer

A beam (which may move either along the z-direction or along the y-
direction) goes through the relative phase shifter PS of MZI. We have:

0) —ps [0); [1) —ps —[1)

(the phase of the beam changes only in the case where the beam is moving
along the y-direction). Soon after the beam goes through the first beam
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splitter BS;. As a consequence, it is split into two components: one com-
ponent moves along the interferometer’s arm in the x-direction, the other
component moves along the arm in the y-direction. We have:

1 1
NG ﬁ(—\@ +11)).

Then, both components of the superposed beam (on both arms) are reflected
by the mirrors M. We have:

(10) +11)); —=I1) —es,

|0> " BS;

1 1 0+ )
—_ —_ —_ p— H —_
V2 V2 V2 V2

Finally, the superposed beam goes through the second beam splitter BSs,
which re-composes the two components. We have:

1
V2

Accordingly, MZI transforms the input |0
|1) is transformed into the output |1).

One is dealing with a result that has for a long time been described as
deeply counter-intuitive. In fact, according to a “classical way of thinking”
we would expect that the outcoming photons from the second beam splitter
should be detected with probability % either along the z-direction or along
the y-direction.

The Mach-Zehnder interferometer clearly represents a physical implemen-
tation of the following quantum logical circuit:

vt wor® 1

(called “the Mach-Zehnder circuit”). In the framework of quantum compu-
tational logics such circuit can be naturally described by the “Mach-Zehnder

formula”:
Vid—+idaq,

where q is a generic atomic formula. Any interpretation Hol, (of the quantum
computational language) that assigns to q a meaning (a qubit living in the
space C?) will determine a meaning for the Mach-Zehnder formula.

While optical implementations of one-qubit gates are relatively simple,
trying to implement many-qubit gates may be rather complicated. Consider

(10) +11)) —n —=(]0) +[1)); (10) = 1)).

(10) +11)) —es, [0); —=(10) = [1)) —ms, [1).

1
2

< g

into the output |0), while the input
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the case of a gate that plays an important logical and computational role:
the Toffoli-gate TV (defined on the space HY = C2 ® C? ® C2).
Mathematically we have:

V1, Vo, U1 M0 if v53=0;
T(171’1)|'U1,'U2,U3> _ ‘ 1, V2, V1 2)7/ ‘ 3 )
[v1, 2, (V1 Mva)"), if v3 =1,

where vy, v9,v3 € {0, 1}.

The main problem is finding a device that can realize a physical depen-
dence of the target-bit (vy Mwy or (v Mwy)’) from the control-bits (vy, vs). A
possible strategy is based on an appropriate use of the optical “Kerr-effect”:
a substance with an intensity-dependent refractive index is placed into a
given device, giving rise to an intensity-dependent phase shift.

Let us first give the mathematical definition of a unitary operator that
describes a particular form of conditional phase shift.

Definition 21. The relative conditional phase shifter

The relative conditional phase shifter of the space HS” =C?C*®C?is
the unitary operator Ueps that is defined for every element of the canonical
basis as follows:

Ucps|v1, U2, v3) = |v1, 1) ® c|vs),

e™  ifvy=1,vy=1and vy = 0;

where ¢ = { 1, otherwise.

Let us indicate by CPS a physical apparatus that realizes the phase shift
described by the operator Ugpg. Clearly, CPS determines a conditional phase
shift. For, the phase of a three-beam system in state |vi, v, v3) is changed
only in the case where both control-bits (|v1), |v2)) are the state |1), while
the ancilla-bit |vs) is the state |0). From a physical point of view, such a
result can be obtained by using a convenient substance that produces the
Kerr-effect.

In order to obtain an implementation of the Toffoli-gate T(H11) we will
now consider a “more sophisticated” version of the Mach-Zehnder interfer-
ometer that will be called “Kerr-Mach-Zehnder interferometer” (indicated
by KMZI). Besides the relative phase shifter (PS), the two beam splitters
(BS1, BSy) and the mirrors (M), the Kerr-Mach-Zehnder interferometer also
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BS,

Figure 2: The Kerr-Mach-Zehnder interferometer

contains a relative conditional phase shifter (CPS) that can produce the Kerr-
effect (Fig. 2).

While the inputs of the canonical Mach-Zehnder interferometer are sin-
gle beams (whose states live in the space C?), the apparatus KMZI acts on
composite systems consisting of three beams (Si, Sz, S3), whose states live in
the space 7-[53) = C? ® C? @ C%. For the sake of simplicity we can assume
that S7, S, S3 are single photons that may enter into the interferometer-box
either along the z-direction or along the y-direction. Let |vq, vy, v3) be the
input-state of the composite system S; + S3 + S3. Photons S7, S (whose
states |v1), |vg) represent the control-bits) are supposed to enter into the box
along the yz-plane, while photon S3 (whose state |vs) is the ancilla-bit) will
enter through the first beam-splitter BS;.

Mathematically, the action performed by the a%ag)aratus KMZI is described
by the following unitary operator (of the space 7—[23 ):

Uiz = (1®1®\/T(”)o(I®I®N0T<1>)oUCPSo(I®I®\/T“))o(1®1®ups).

In order to “see” how KMZI is working from a physical point of view, it
is expedient to consider a particular example. Take the input |vy,ve, v3) =
|1,1,0) and let us describe the physical evolution determined by the operator
Ugyz for the system S; + S + S5, whose initial state is |1,1,0). We have:

(I ®I ®UPS)‘17 170> = ‘17 170>
The relative phase shifter along the y-direction (PS) does not change the
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state of photon S3, which is moving along the z-direction.

T vI)L1L0) = 1,1) & (o) + [1)).

V2
Photon S3 goes through the first beam splitter BS; splitting into two com-
ponents: one component moves along the interferometer’s arm along the
x-direction, the other component moves along the arm in the y-direction
(like in the case of the canonical Mach-Zehnder interferometer). At the same
time, photons S; and Sy (both in state |1)) enter into the interferometer-box
along the yz-plane.

1 1
Ueprs(|1,1) @ —(]0) + |1))) = |1,1) ® —=(—|0) + |1)).
ers(|1,1) ﬁ(H 1)) =[1,1) \/5( 0) + 1))
The conditional phase shifter CPS determines a phase shift for the component
of S that is moving along the z-direction; because both photons S; and S5 (in
state [1)) have gone through the substance (contained in CPS) that produces
the Kerr-effect.

1 1
S0+ =1y e 2

Both components of S5 (on both arms) are reflected by the mirrors.

(I®I®N0TM)(|1,1) ® (10) —[1)).

T 1o vIV) (L 1) ® =(0) - 1)) = |1,1,1).
V2
The second beam splitter BS; re-composes the two components of the super-
posed photon Ss.
Consequently, we obtain:

UKMZ|1>170> = |17 ]-71> = T(17171)|1>1a0>'

1,1,1)

In general, one can easily prove that Ugyy and T¢ are one and the same

unitary operator.

Lemma 3. For any element |vi,ve,v3) of the canonical basis of the space

Hy,
1,1,1

Ukmz|v1, Vg, U3) = T( )\U17027U3>-
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Although, from a mathematical point of view, Ugy and T(h11) represent

the same gate, physically it is not guaranteed that the apparatus KMZI always
realizes its “expected job”. All difficulties are due to the behavior of the
conditional phase shifter. In fact, the substances used to produce the Kerr-
effect generally determine only stochastic results [8]. As a consequence one
shall conclude that the Kerr-Mach-Zehnder interferometer allows us to obtain
an approzximate implementation of the Toffoli-gate with an accuracy that is,
in some cases, very good.

So far we have considered possible optical implementations of gates in
the case of qubit-spaces. The techniques we have illustrated can be also
generalized to qudit-spaces. The main idea is using, instead of single beams,
systems consisting of many beams (corresponding to different truth-values)
that may move either along the a-direction or along the y-direction. The
problems concerning physical implementations for the many-valued quantum
computational semantics will be investigated in a future article.
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