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Abstract

Cubillo et al. in 2015 established the axioms that an operation must fulfill to be an aggregation operator on a bounded poset
(partially ordered set), in particular on M (set of fuzzy membership degrees of T2FSs, which are the functions from [0, 1] to
[0, 11). Previously, Takd¢ in 2014 had applied Zadeh’s extension principle to obtain a set of operators on M which are, under some
conditions, aggregation operators on L*, the set of strongly normal and convex functions of M. In this paper, we introduce a more
general set of operators on M than were given by Takag, and we study, among other properties, the conditions required to satisfy
the axioms of the aggregation operator on L (set of normal and convex functions on M), which includes the set L*.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Type-2 fuzzy sets (T2FSs) were introduced by Zadeh in 1975 [35] as an extension of type-1 fuzzy sets (FSs).
Whereas for FSs the membership degree of an element in a set is determined by a value in the interval [0, 1], the
membership degree of an element in a T2FS is a fuzzy set in [0, 1], that is, a T2FS is determined by a membership
function u : X — M, where M = [0, 1]1%1] is the set of functions from [0, 1] to [0, 1]. In [23,24], Mizumoto and
Tanaka gave some first properties of T2FSs. Later, Mendel and John [20] presented a new representation in order to
derive formulas for union, intersection and complement of type-2 fuzzy sets without having to use Zadeh’s extension
principle. Finally, Walker and Walker [30] carried out an exhaustive work on the algebraic properties of the operations
in the type-2 fuzzy sets. Because the membership degrees of T2FSs are fuzzy, they are better able to model uncertainty
than FSs [18]. Fortunately, new methods have been introduced for the purpose of achieving a computationally efficient
and viable framework for representing T2FSs, as well as the T2FLS (type-2 fuzzy logic system) inferencing processes
(see, for example, [4-6,19,21]). Thanks to these computational simplifications, the first applications of generalized
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T2FSs and not just interval type-2 fuzzy sets (IT2FSs), which is a subset of T2FSs, are now being reported, such as,
for example, [3,17,25,28].

As it will be pointed out in Section 2, working on T2FSs is equivalent to working on their membership degrees,
that is, on M. So, in this paper, we will get results on the set M, as well as on the subset L. of normal and convex
functions of M.

The theory of aggregation of real numbers is applied in FSs-based fuzzy logic systems (see, for example, [9,22,
32]). Aggregation operators for real numbers were extended to aggregation operators for intervals (see, for example,
[8]). Then, Tak4C [27,26] introduced the definition of aggregation operator on M. We reviewed these ideas in [7] and
presented a more general definition of aggregation operator on bounded poset. Furthermore, Tak4C applied Zadeh’s
extension principle ([35]) to extend type-1 aggregation operators to T2FSs. Previously, however, Zhou et al. [36] gave
an approximation using the extension of the ordinary aggregation operators called OWA (ordered weighted averaging,
see [33]). One of the most significant results reported by [27,26] are the aggregation operators obtained on L*, the set
of strongly normal and convex functions of M. Note that L* is a subset of L, the set of normal and convex functions
of M.

The purpose of this paper is to provide in the T2FSs a wider family of aggregation operators than were presented
in [27,26], so that in each application the expert can choose the aggregation operator that best fits the specifications
of the problem. So, we introduce new operators on M and determine, among other properties, the conditions under
which they are aggregation operators on L. Although the target is to obtain operators of aggregation on M (the set of
membership degrees of T2FSs), a first step is to obtain these operators on L, which is a subset of M having a lattice
structure.

The article is organized as follows. Section 2 reviews some definitions and properties of FSs, IVFSs (interval-valued
fuzzy sets) and T2FSs, and explains the background of the axioms for aggregation operators on FSs and T2FSs ([27,
26]), showing some examples of aggregation operators. Section 3 introduces a set of more general operators on M
than were presented in [27,26], analyzing whether they fulfill the axioms of aggregation operators on L. Section 4
states some conclusions.

2. Preliminaries

Throughout the paper, X will denote a non-empty set which will represent the universe of discourse. Additionally,
< will denote the usual order relation in the lattice of real numbers.

2.1. Several types of fuzzy sets and operations

To assure that this paper is self-contained, this section establishes the essential requirements for the framework
the paper deals with. The first definitions review different types of fuzzy sets, and Definitions 4 and 5 show that a
type-2 fuzzy set is an extension of both a type-1 and an interval-valued fuzzy set. These definitions will be necessary
to study the closure properties of the aggregation operators presented in this paper. Finally, we define and characterize
the partial orders on the membership degrees of T2FSs. These orders are necessary to build aggregation operators.
Definition 1. ([34]) A type-1 fuzzy set (FS) is characterized by a membership function f,

f:X—[0,1],

where f(x) is the membership degree of an element x € X in the set.

Definition 2. ([1,29]) An interval-valued fuzzy set (IVFS) is characterized by a membership function o,
o: X —>I(0, 1D ={la,b]:0<a<b<1}.
Accordingly, the membership degree of an element x € X in the set is a closed interval in [0, 1].
Definition 3. ([23,24]) A type-2 fuzzy set (T2FS) is characterized by a membership function:
i X —>M=10,1]Y = Map ([0,11,1[0, 1]),



Fig. 1. Example of a T2FS.
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Fig. 2. Example of the membership degree of an element of a T2FS.

that is, p(x) is a fuzzy set in the interval [0, 1] and also the membership degree of the element x € X in the set (see
Figs. 1 and 2). Therefore,

pu(x) = fx, where fx:[0,1]1— [0, 1].
Let Fo(X) = Map(X, M) denote the set of all type-2 fuzzy sets on X.

Definition 4. ([30]) Let a € [0, 1]. The characteristic function of  is a : [0, 1] — [0, 1], where

1 ifx=a

El(x):{O ifx#£a’

Let J € M be the set of all characteristic functions of the elements of [0, 1], thatis, J={a:[0,1] — [0,1]: a €
[0, 1]}. There is a bijection from J to [0, 1], set of membership values of the fuzzy sets.

Definition 5. ([30]) Let [a, b] C [0, 1]. The characteristic function of [a, b] is [a, b]: [0, 1] — [0, 1], where

— (1 ifxelab]
[a,b](X)—{O ifx ¢[a,b]’

Let K C M be the set of all characteristic functions of the closed subintervals of [0, 1]. There is a bijection from
K to the set I ([0, 1]) of membership values of the IVFSs. An interval type-2 fuzzy set (IT2FS) is a T2FS where all
the membership degrees are functions in K or the maximum of a finite number of functions in K, being ([a, b] v
[c,d])(x) =1a, bl(x) V [c,d](x) = max ([a, b](x), [c, d](x)) (see [2]).

The notation between two slashes, for example /a, b/, refers to a general (closed or unclosed) interval in [0,1],
and its characteristic function is /a, b/ (interval function), defined as in Definition 5. Note that the support of the
function /a, b/ is /a, b/ and could be an empty set if @ = b and is unclosed, in which case /a, b/ = 0 (0 denotes the
constant function given by O(x) =0 for all x € [0, 1]). Furthermore, the minimum of the characteristic functions of
two intervals is the characteristic function of the intersection of these intervals, and the intersection of two intervals is
another interval or the empty set. Therefore,
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Fig. 3. Example of the operations U, M, and —.
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Fig. 4. Functions Oand 1.

0 if Ja,b/N Je,d/ =0
fa.b/n[e.d]= (D
/max(a,c),min(b,d)/#0 if fJa,b/ N [Jc,d]/F# @

as (Ja,b/ A Je,d)Y(x)=[a,b/(x)A Je,d/(x)=min(/a,b/(x), /c, d/(x)).

Walker and Walker justify in [30] that the operations on Map(X, M) can be defined naturally from the operations
on M and have the same properties. In fact, given the operation % : M x M — M, we can define the operation
*: Map(X, M) x Map(X,M) — Map(X, M), such that, for each pair f, g € Map(X,M), we have (f * g)(x)=
f(x)* g(x), for all x, where f(x), g(x) € M (see [30,16]). Therefore, in this paper, we will work on M, as all the
results are easily and directly extensible to Map (X, M).

Definition 6. ([13,30, 10,11]) The operations of LI (generalized maximum), M (generalized minimum), — (complemen-
tation) and the elements O and 1 are defined on M as follows:

(fugx)=sup{f(y)Ag):yVzI=x}
(fNgx)=sup{f(W)Ag):yrnz=x}
—fx)=sup{f(y):1—-y=x}=f(1-x)

— 1 ifx=0 - 1 ifx=1
O(’“)_{o if x #0 1(’C)_{o ifx#1"
where Vv and A are the maximum and minimum operations, respectively, on lattice [0, 1]. Note that 0 and 1 are just

the characteristic functions of 0 and 1, respectively (see Figs. 3 and 4).

We can easily prove that L and M satisfy De Morgan’s laws with respect to the given operation —, but M =
M, u, 1, —, 0, 1) does not have a lattice structure, as it does not comply with the absorption law [13,30]. Nevertheless,
the operations LI and 1 satisfy the properties required for each one to define a partial order on M.

Definition 7. ([24,30]) The partial orders defined on M are as follows:
fEg iffng=/f; f=gif fug=g.
Generally, these two partial orders do not coincide [24,30].

The following definition and theorem were given in previous papers in order to facilitate the operations in the
set M.

Definition 8. ([13,30,10,111) If f € M, then fL, f® € M are defined as

FE@) = sup{f(y) 1y <xl,
IR =sup{f(y):y = x).



Fig. 6. Example where f C g.

fL and fR are monotonically increasing and decreasing, respectively (see Fig. 5). Note that f < fL, f < fR,
(O =L (fBR = fR and (f9HR = (fR)L =sup f, forall £ €M ([30]), where < is the usual order in the set
of functions (f < g if and only if f(x) < g(x), for all x).

In the following, we will consider L, the subset of normal and convex functions of M. This set has a bounded
and complete lattice structure, thanks to which aggregation operators can be constructed applying Zadeh’s extension
principle.

Definition 9. ([12,13,30,16]) A function f € M is normal if sup{f(x):x €[0, 1]} = 1.

Let N denote the set of all normal functions in M. Note that given f € M, we have that f € N if and only if
fL v fR = 1, where 1 is the constant function such that 1(x) = 1, for all x € [0, 1]. The equation fL v fR =1
is equivalent to any of the following four properties: a) fL(x) =1 or fR(x) =1, for all x € [0, 1], b) fR©O) =1,
o) fL(=1,d) (fHR = (R = 1. Taka¢ [27,26] established that f € M is a normal function if f(x) = 1, for
some x € [0, 1]. Nevertheless, we will name such a function strongly normal (see [12]). So, the set of strongly normal
functions of M, which we will denote by N*, is a subset of N.

For example, the function f e M

0.2 ifx =0,
1 —x otherwise,

f(x):{

is normal (supf = 1), but it is not strongly normal, as there is no element x € [0, 1] satisfying f(x) = 1.
Definition 10. ([30]) A function f € M is convex, if for any x <y <z, it holds that f(y) > f(x) A f(z).

Let C be the set of all convex functions on M. Note that if f € M, then f € C if and only if f = f& A &, which
means that for all x € [0, 1], f(x) = fE(x) or f(x) = fR(x).

The set of all normal and convex functions of M will be denoted by L. The algebra L = (L, u, m, —, 0, i) is
a subalgebra of M= (M, U, 1, —, (), i). The partial orders E and < on L coincide, and L is a bounded complete
lattice (6 and 1 are the minimum and the maximum, respectively) (see [12,13,24,30]). Besides, it is obvious that
J C K C L. ¢ M. There exists an order isomorphism from (J, ) to the interval ([0, 1], <). There also exists an order
isomorphism from (K, C) to the set (I([0, 1]), <;) (remember that [a1, az] <j [b1, b2] if and only if a1 < b and
ar < by).

The following characterization will be useful for establishing new results.

Theorem 1. ({12,13]) Let f,g € L. f C g if and only if
eh < fFand fR <g®.

Fig. 6 shows an example where f C g.



2.2. On aggregation operators
Remember that:

Definition 11. ([22,27,26]) A function A : [0, 1]* — [0, 1] is an n-ary aggregation operator on [0, 1] (type-1 operator)
if the following conditions are fulfilled:

i) A(0,...,0) =0,

i) A(l,...,1)=1,

iii)ifx;, y; €[0, 1], and x; < y;, forall i =1, ..., n, then A(x1, ..., x) < A(¥1, ..., ¥») (increasing in each argument).

The arithmetic mean A(xq, ..., x,) = Z;‘:l x;i/n, for all x1, ..., x, € [0, 1] is an aggregation operator on [0,1], as
are all the t-norms and t-conorms (triangular norms) on [0,1].

Tak4l [27,26] extended, according to Zadeh’s extension principle ([35]), the n-ary aggregation operator on [0, 1]
(see Definition 11) to the following n-ary operator on M.

Definition 12. ([27,26]) Let A : [0, 11" — [0, 1] be an n-ary aggregation operator on [0, 1]. The n-ary operator on M,

A:M" — M, is given by

ACf1, oy F)@) = sup{ LD A e A Fu(n) t A1 e Y0) = X,
where x, y1, ..., vy € [0, 1] and fi, ..., fn € M.

Nevertheless, note that, in order to define the operator A for all x € [0, 1], the set of the images of the function A
should contain all the values in the interval [0, 1]. This is guaranteed if A is surjective. For example, if we consider
the n-ary type-1 aggregation operator

U ity ==y =1,
A, s Yn) = {0 otherwise,

the corresponding A is not defined for x € (0, 1).
Furthermore, Tak4< [27,26] introduced the definition of type-2 aggregation operators. We reviewed these ideas in
[7] and presented a more general definition of aggregation operator on a bounded poset.

Definition 13. Let U be a set and <y be a partial order in U such that (U, <y ) has a minimum element O<;, and a
maximum element 1<, . An n-ary aggregation operator on (U, <g) is a function x : U" — U such that:

1) X(OSUv veey OSU) = O§U7

2) X(lfUa veey 1§U) = 1§U’

3)given fi, g e U,if f; <y g;i foralli =1, ...,n, then x (f1, ..., f») <v x(g1, ..., &n) (increasing in each argument).

TakaC ([27,26]) proved that if A is a continuous n-ary aggregation operator on [0, 1], then A (as given in Defini-
tion 12) is an aggregation operator on L*, the set of strongly normal and convex functions, which is a subset of LL (the
proof of this result was improved by C. Wang in [31]). However, he did not get any aggregation operator on either L
or M. It is noteworthy that the closure properties presented in [27,26] are established on L* and not on L.

3. Some aggregation operators on L

In this section, we propose a more general n-ary operator on M than was given in [27] (see Definition 12), and
study, among other properties, whether it is an aggregation operator on L.

Definition 14. Let ¢ : [0, 1]" — [0, 1] be a surjective n-ary operator on [0, 1], and let x: [0, 1]* — [0, 1] be an n-ary
operator on [0, 1]. We define the n-ary operator on MA, 4 : M" — M, as

Kap (15 oo S) () = sup{x(f1 (Y1), oo Su(n)) 1 (V15 ooes yu) = X},
where x, y1, ..., vy € [0, 1] and fi, ..., fn € M.



Note that if *(f1(¥1), .o, fu(n)) = 1A L2 A A fu(yy), and ¢ is a continuous n-ary aggregation operator
on [0, 1], then, according to [27,26], £, ¢ is an n-ary aggregation operator on L*. The operator £, 4 of Definition 14
is also a generalization of the operations given by Herndndez et al. in [14,15].

Example 1. Let x(z1, 20, 23) = (21 V 22) A 23, for all z1, z2, z3 € [0, 1], and ¢ be the arithmetic mean, then for all
J1, [, 3eM,
Yi+y2+ys

Kap (S f2. 3)(0) = sup{(f1(yD) vV L2(32)) A f3(¥3) 3 xJ.

Note that » and ¢ are binary aggregation operators on [0, 1], and ¢ is surjective, but £, 4 is not an aggregation
operator on either M or L, as it does not satisfy the boundary conditions.

From now on, £, 4 will denote the operation introduced in Definition 14, where ¢ must always be surjective.

Proposition 1. Let x be an operator such that O is an absorbing element of x, and (1, ..., 1) = 1. Then
~If$(0,....,00=0, then £, 4(0, ...,0)=0.
—Ife(, ... 1y=1, then L, 4(1,....,1)=1

Proof. If x = 0, then A, 4(0,...,00(0) = supxOM1), . 0¥n)) : @Y1y ey ¥a) = 0} = %(0(0), ..., 0(0)) =
*(1,..,1)=1. B

If x #0, for all yi, ...y, such that ¢ (y1, ...ys) = x, at least one y; € {y1, ...y} should be y; ## 0, and so O(y;) =0.
Then for all yi, ...y, such that O (V1, ... Vn) =x, *_(O(yl_), .., 0(yp)) = 0, as 0O is the absorbing element of %, and
therefore £, ¢(0, ..., 0)(x) = 0. Finally, £, (0, ...,0) =0.

The second property is proved in a similar way. 0O

Proposition 2. i) If 0 is an absorbing element of x, then L, ¢(f1, ..., fn) = 0 (the constant function 0), provided f; =0
Jorsomei=1,.. n
ii) If % is such that (1, ..., 1) =1, then £, ¢(1, ..., 1) =1, 1 being the constant function 1.

Proof. <, 4(f1, ... fn) @) =sup{x(f1(y1), s fu(¥n)) 1 b (¥1, ., yu) = x}. As fi(y;) =0 forsomei =1, ..., n, and,
taking into account that O is an absorbing element of %, we have that <, 4(f1, ..., fn) =0.
Proof of the second item is straightforward. O

Proposition 3. If x is increasing in each argument, and f1, ..., fn, 81, ---» 8n € M, such that f1 < g1, ..., Jn < &n, then

/<*,¢(f17 e fn) S /<*,¢(g17 e gn)

Proof. As fi(y;) <gi(y;),foralli=1,...,n, and xisincreasing in each argument, then for all x € [0, 1],
Aap (1, oo f)(x) =
sup{(f1y0), oo nn)) 11, o ya) =X} <
sup{*(g1(¥1), s 8n(¥p)) 1 @Y1, ooy yu) = x} =
Axp(8Ls s gn)(X). O

Proposition 4. If both ¢ and x are continuous and increasing in each argument, then for all fi, ..., fn € M, we have
(K s eees DK = K R 15,
(K St s ST = Kag (s D).

Proof. As x is continuous and increasing in each argument, we have that, for any {wg},..., {ws} <€ [0, 1],
*(sup{wr}, ..., sup{w;s}) = sup{x(wg, ..., ws)}. Then



*(sup{fr(ur) cur =y}, o sup{fuQun) tun = ya}) = supx(f1 @), ..., fu(un)) 1ur = y1, ..., tin = yn},
and consequently,
K S5 oees £ =
sup (S s ooy LR 11, ey y0) =3} =
sup{x(sup{frur) cur = w1}, .., sup{fu(n) : tin = yu}) 1 (1, .oos Yp) = x} =
sup{x(fr@y), s fu(p)) 11 > Y1, ooy Uy = Y, (V15005 Vo) = X}

Moreover, if u1 > y1, ..., Uy = Yy, @ (¥1, ..., Yp) = X, a8 @ is increasing, we have that ¢ (uq, ..., u,) > x, and, be-
cause ¢ is continuous, there exist my, ..., m, € [0, 1], such that uy > my, ..., u, > m, and ¢ (my, ..., m,) = x. Thus

g ST ) =
sup{(f1(ur), o, fu(un)) iur > y1, ..oy n > Yp, G150 Yu) =X} =
sup{e(f1@1), .o, fuun)) p(un, . up) = x} =
(Kag(f1, o DR ), Vx €0, 11,
The proof of (Kug(fis .o i) = K g(fL, ., fE) is similar,. O

Remark 1. There are cases in which « is not continuous and, although the other conditions of Proposition 4 hold, the
equalities are not fulfilled. For example, let

u ifv=1,
*x(u,v)=4{v ifu=1,
0 otherwise,

) x ifxel0,1),
So= {0.3 otherwise,

and let ¢ be any continuous binary aggregation operator in [0, 1]. Under these conditions, f(x) < 1, for all x € [0, 1],
and sup f = 1. Then,

(Aaap(fs INRO) = sup (£ (1), [ (32)) - ¢ (1, ¥2) = 0} = sup {0} = 0.

And Ao (fR, FRYO0) = supx(FRG), fRG2) 0 ¢, v2) = 0} = «(fR(0), £R(0)) = (1, 1) = 1. Therefore,
(Ko (fs INRO) #£ L g (FR, FRY0).

Furthermore, (A o(f, f)E(1) = sup{x(f (1), F(32)) : (1. y2) < 1} = sup{0} = 0. And, L4 (fF, FH(1) =
sup(x(fED), fE) 1 ¢ y) = 1} = *(fL(), fE()) = 1. Then we have that (£ 4(f, NE(D) #
Ao (FE FED).

Let us now focus on the closure properties in N, K, J, C and L.
In the following, it will be useful to consider, for any function f € M, the set

Wr={wel0,1]:Ve >0, sup flx)=1}.

xe(w—e,w+e)

Let us note that f € N if and only if Wy # @.
Proposition 5. If x(1, ..., 1) =1, then K, 4 is closed in N*.

Proof. If fi, ..., f, € N*, there exist wy, ..., w,, such that
*(fr(wi), ooy fu(wn)) =*(1, ..., ) =1.
If ¢ (wi, ..., wy) = x, then £, 4 (fi1, ..., @) =1, and £, (f1,.... fp) eN¥. O



Proposition 6. Ler ¢ be continuous and increasing in each argument, and let x be increasing in each argument and
continuous at point (1, ..., 1) € [0, 11", where, besides, (1, ..., 1) = 1. Then K, 4 is closed in N.

Proof. If fi,..., fu € N, we have that W # @ for all i. Let us take the values wy € Wy, ..., w, € Wy, . Forall € > 0,
sup{fi(vi):yi € (w; — e, w; +€)} = 1. Because * is increasing in each argument and continuous at point (1, ..., 1),
we have that

sup{(fiv0), oo fun)) 1 yi € (Wi —e, wi+€)} =1

Let ¢ (wy, ..., wy) = z, and taking into account that ¢ is surjective, continuous and increasing in each argument,
we have that for all € > O, sup{*x(f1(y1), oo, fuOu)) : @ V1, .., ) €2 —€,2+€)}=1.Thenz € W,<*’¢<f1 £ and
80 Wi, 4(f1 fr) 7 9. Therefore Ay 4(f1, ... fn) is normal. O

.....

.....

Remark 2. The example of Remark 1 also shows that there are cases in which * is not continuous at point (1, ..., 1),
and although the other conditions of Proposition 6 are fulfilled, £, ¢ is not closed on either N or L. In that case,
actually, f €N, f €L, but (£, 4(f, NHRO)=0+£1, and A4, (f, f) is not normal and so is not in L.

The following function  is an example of a binary function, which is increasing in each argument, continuous at
point (1, 1) and such that »(1, 1) = 1, that is, a function that satisfies the conditions of Proposition 6:

i, v) = unrv ifu>0.8 andv >0.8,
)= 0 otherwise.

Also any t-norm (and any t-conorm) fulfilling the continuity condition at point (1, 1) is a binary operation x satis-
fying the conditions of Proposition 6. For example, the t-conorm

u ifv=0,
*(u,v)=43v ifu=0,
1 otherwise.

Proposition 7. Let ¢ be continuous and increasing in each argument, and let x be such that 0 is an absorbing element
and x(1, ..., 1y = 1. Then for any family {[a;, bi1}i=1,..n» C K of closed intervals, we have

ey

/<*,¢( [ala bl]a ces [aﬂa bﬂ] ) = [¢(a17 ces aﬂ)a ¢(b17 ces bﬂ)] € Ka
that is, A, ¢ is closed in K.

Proof.

/<*,¢( [ala bl]a i) [aﬂa bﬂ] )(x) = Sup{*([ala bl](yl)v cees [aﬂa bﬂ](yﬂ)) :¢(y17 bad) yﬂ) :x}'

As x(1, ..., 1) =1 and 0 is the absorbing element of x, we have that

*(lar, b1](1), o Lan, bal(yp)) =1

ifand only if y; € [a;, b;] for all i = 1, ..., n. Otherwise, x([ay, b1](¥1), ..., [a@n, bu)(¥y)) =0.
Because ¢ is continuous and increasing in each argument, we have

Kup(lar, b1l ..., lan, byl Y(x) =1, for all x € [¢(ay, ..., an), ¢ (b1, ..., by)];

otherwise <, ¢ ([a1, b1l, ..., lan, byl Y(x) =0.
Summarizing, £, 4( a1, b1, ..., [an, bsl ) = [¢(a1, ..., a,), ¢(b1, ... b))l € K. O

Remark 3. There are cases in which ¢ is not continuous, and although all the other conditions of Proposition 7 are
fulfilled, £, ¢4 is not closed in K. For example, let « be any t-norm, and consider the non-continuous t-norm

u ifv=1,
¢, vy=3v ifu=1,
0 otherwise,

then



ifx=0 or x €[0.3,0.7]

- 1

and so £, ([0, 11,[0.3,0.7]) ¢ K.

Corollary 1. Under the same conditions as in Proposition 7, if a; € J, for alli =1, ..., n, then
Aupl@l,...ap)y=e, wheree=¢(ay,...,a,) €[0,1],

that is, A, 4 is closed in J.
Proof. Straightforward from Proposition 7, noting that J C K and @; = [a;,a;], foralli =1,...,n. O
Let us now study the case in which the arguments of the operator £, ¢ are general (not necessarily closed) intervals.

Proposition 8. Let /a;, b; / be the characteristic function of an interval, for alli = 1, ..., n. Under the same conditions
as in Proposition 7 (¢ is continuous and increasing in each argument, 0 is an absorbing element of x and (1, ..., 1) =
1), we have that:

If /ai, bi/ =0 (empty support), for some i, then A, 4(/a1,b1/, ..., [an, bu/) =0

If /ai, b; | # 0 (non-empty support), for all i, then L, ¢(/a1, b1/, ..., [an, bu [} = [P (a1, ..., an), (b1, ..., bu)/ # 0.

Proof. 1) Suppose that /a;, b; / =0, for some i, then, according to Proposition 2i, £, ¢(/a1, b1/, ..., /an, bp/) =

2) Suppose that /a;, b;/ # 0, for all i. By definition, £, ¢(/a1, b1/, ..., /an, bn/)(x) = sup{x(/a1,b1/(31), ...,
Jan, by /(n)) : ¢(y1, ..., yn) = x}, and, because /a;, b; /(u;) =1, for all u; € /a;, b;/, we have x(/ay, by /(uy), ...,
[an, b/ (un)) =%(1,...,1) =1, and so A, ¢(/ar, b1/, ..., /an, bu/) # 0. Furthermore, as ¢ is increasing in each
argument, then @ (uy, ..., uy) € /d(ay, ..., ay), ¢(b1, ..., by)/, for all u; € /a;, b;/, and as ¢ is continuous, then

Awglfar,bi/, ... [an, bu/) = [P(ar, ... an), $(b1, ... bp)/ #0. O

Definition 15. et « € [0, 1]. For any f € M, we define two functions f%, f~%: [0, 1] — [0, 1]:
fl)f(x):{lv 1ff(x)205, f>l¥(x):{17 lff(x)>a7

otherwise 0, otherwise

It is easy to prove that

i) f>oz Sfa-

i) If 1 <ap, then f*2 < f* and f~%2 < f~%,

iii) f e Cifand only if for all « € [0, 1] f*(f~*)=0o0r f*(f~%)= /a,b/ for some a, b € [0, 1].

Example 2. Fig. 7 shows two functions, where f is a convex function and ¢ is not a convex function. As f is a
convex function, then, for all « € [0, 1], f~% and f“ are interval functions whose supports are a not necessarily
closed interval or the empty set. For example, f** =[0.1, 1], f~%3 = (0.1, 1], f** = (0.1,0.91, f>04 (0.1,0.9),
27 =10.3,0.6], 77 =[0.3,0.6), f*% =10.3,0.3], f>08 (0.3,0.3)=0 and f09 f>09

On the other hand, as g is not a convex function, then g%2 =1[0,0.21U[0.7, 1], ¢7%2 =10, 0. 2) U 0.7,1], g =
[0,0.17U0.9, 1T and g=%> =10, 0.1) U (0.9, 17, for example, are functions whose supports are not an interval.

However, f709 < f>08 < f08 < £>07 o £07 o =04 o £04 o 203 & £03 apq g>05 < 405 < =02 < 502
regardless of whether or not f and g are convex.

The purpose of the following results is to prove that £, ¢ is closed on C.
Proposition 9. Let f; € C,ap, € [0, 1], withi =1..n and p = 1,2, ..., 2n. Under the same conditions as in Proposi-

tion 7 (¢ is continuous and increasing in each argument, 0 is an absorbing element of » and *(1, ..., 1) = 1) and x is
increasing in each argument, we have that

D K ] s YA K (s 2 =0, if some £ =0 or some ™" =0.
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Fig. 7. Examples of convex and non-convex functions.

1) Kag (10 oo SN K (P s f2) 200 £ # 0 and £ # 0 for all i. Moreover, in this case, we have
that K (F]s s TN K (S s 12 = [m, ] for some m, n € [0, 1].

Proof. i) If £ =0 or £ =0 for some i, according to Proposition 2i, L, ¢(f{", .cc. ) =0 0r L g (f;", ...,
£y =0, and the minimum is 0.

ii) In this case, as o; < au4i Of ap4i < ¢; and f; € C for all 7, there are three possibilities.

a) £ < f7", forall i = 1, ..., n. According to Proposition 3, we have that £, 4 (f{1, ..., fi™) < K (S e,
), and 80 K g (7 oo ™Y A K U s [ = K (10 oo f2™) # 0, according to Proposition 8.

b) £ < f, forall i = 1, ..., n, and the proof is similar to a).

o) £ < [ and f"™ < fn™, for all k € A and for all m € B, where A and B are non-empty subsets of
{1,...,n}suchthat AUB={1,...,n}and AN B =4.

Replacing any argument fyn™ by fn"'™ in the m-th position, we have, according to Proposition 3, that
K L1 s S s J) < K U s ™ ey fa™). AlsO, as fi* < f"*, according to Proposition 3,

A ST oos o™ s i) < Kaog UL s ™™™ e 20,

and then
0#£ /<*7¢(f1“1, ooy [ i) < /<*7¢(f“1, cos YA /<*7¢(f1a”“, s 27).
Moreover, according to Proposition 8, £, ¢( ff‘ U £y and Ao fla ntl f,f‘ 21y are interval functions and,

because Ly g (f171 ooos S VA Kw o (T ooy f22) # 0, we have, according to Equation (1), that <, 4 (f]", ..oy fi™IA
A ( fla wtL, f2) is the characteristic function of an interval. O

Let us now prove the closure in C. Herndndez et al. [15] highlighted this property in the case of binary operations
on M, requiring the continuity of x, but Proposition 10 does not require this condition.

Proposition 10. Let ¢ be continuous and increasing in each argument, and let x be increasing in each argument, with
an absorbing element 0, and such that (1, ..., 1) = 1. Then X, 4 is closed in C.

Proof. Let f; € C, forall i =1, ..., n. Let us prove that £, ¢(f1, ..., fu) € C. For this purpose we must see that for
any o €[0, 11, (K p(f1, ... f)) " is an interval function or the constant function 0. Let « € [0, 1],

o Ifa < x(ay,...,ay), then /<*7¢(fa1, et f,?”) < (K (f1s o, a7
In fact, if Ko g (f71, ooy £20) =0, then Ky p(F1, coer £25) < (K g (fir oomr )72
Otherwise, let f' = /a;, b;/ # 0 for all i, and

K7 S = [¢(ar, e an), g (b1, o bu) [ # 0.

If /<*,¢(fa17 bad) r‘;‘n)(x) = 07 then /<*,¢(fa17 e r‘;‘n)(x) S (/<*,¢(f17 ) fn))>l¥(x).
If A g (1o X)) =1=/¢(ay, ... an), $ (b1, ... by) [ (%),
then x € /¢(ay, ...,an), (b1, ....,by)/. As ¢ is continuous, there exists, for all i, y; € /a;, b;/ such that

¢(y17'“7 yﬂ):x'
We have that f; (vi) > o;, and *(f1(y1), -, fa(Yn)) = *(aq, ..., ap) > «.




Therefore, L, ¢ (f1, .. fu)(X) > &, K4 o (f1,...fn)”%(x) =1 and, finally,
(K ST s D) = 1= (K g (f1 s [) 7 (0).
e Let us now prove that (<. g (f1, .o fu))™% = SupPa(ay,.oam)=a Sap (1o [u).
For “>”, it is trivial, because the inequality for each /<*7¢(f1“1, o f2) is given, provided x(a1, ..., ay) > a.
For “<”,if (K4, ¢ (f1, ..., fu))7%(x) = 0, the inequality is evident.
Otherwise, (L4¢(f1, ..o, )7 %(x) =1, and (K ¢ (f1, ..o, 1) (X) > .
So there exist y;, ...y, such that ¢ (v1, ..., y») = x, and *(f1(¥1), ..., fu(¥n)) > «. Denoting f;(y;) = «;, we have,
for all i, that £ () =1 and (a1, ..., o) > . Then (K g (f"s oy fi" D) =#(1,..., 1) =1, and

S”p*(ozl ..... oy ) > /<*,¢ (flal’---v frllxn)(x): L.

e According to the last item, (£ ¢(f1, ..., f»))~% is the supremum of characteristic functions of intervals and/or

the zero function. If all these functions are zero, then (£, ¢(f1, ..., fn))”% =0.If a function is the characteristic
function of an interval and the others are zero, the supremum will obviously be the characteristic function of the
interval.
If two or more functions of {£, 4( f“l, e Y 0 k(... ay) > @) are characteristic functions of intervals,
then suffice it to prove that the minimum of any two of these characteristic functions of intervals is also the
characteristic function of an interval in order to prove that the supremum is the characteristic function of an
interval. This is deduced from Proposition 9. O

Remark 4. There are cases in which ¢ is not continuous, and although all other conditions in Proposition 10 are
fulfilled, /<*7¢ is not closed on C. For example, see the case introduced in Remark 3.

Proposition 11. Let ¢ be continuous and increasing in each argument, and * incredsing in each argument, with
absorbing element 0, and such that x(1, ..., 1) = 1. Then K, 4 is closed in L*.

Proof. Straightforward from Propositions 5 and 10. 0O

Remark 5. There are cases in which ¢ is not continuous, and although all other conditions in Proposition 11 are
fulfilled, £, ¢ is not closed on L*. See, for example, the case shown in Remark 3.

Proposition 12. Let ¢ be continuous and increasing in each argument, and  be increasing in each argument, with
absorbing element 0, such that x(1, ..., 1) =1, and continuous at point (1, ..., 1), then £, ¢ is closed in L.

Proof. Straightforward from Propositions 6 and 10. 0O

Remark 6. There are cases in which x is not continuous at point (1, ..., 1), and although all other conditions in
Proposition 12 are fulfilled, <, 4 is not closed on L. See Remark 2.

Also, there are cases in which ¢ is not continuous, and although all other conditions in Proposition 12 are fulfilled,
A4, may not be closed on L. See, for example, the case introduced in Remark 3.

Let us now see the increase in each argument with respect to the partial order of L.

Proposition 13. Under the same conditions as in Proposition 12, £, ¢ is increasing in each argument with respect o
the partial order of L. (Remember that the partial orders € and < in L are the same.)

Proof. Let f;, g €L, such that f; C g;, foralli =1, ..., n. According to Theorem 1, g& < fF and fX < gX, foralli.
As, according to Proposition 12, £, 4 is closed in L, we can work with the order of L.

Let us prove that (L ¢(f1, -, u))B < (Kap(81s oor gn))E.

For each f;, gi € L and y; € [0, 1], such that ¢ (y1. y2, ... ya) = x, fR(yi) = sup{fi(zi) : zi = yi} < sup{gi(zi) :
zi > yi} = g(%). And, because * is increasing, sup((f1(z1), .., fu(zn)) : 2 = ¥is (Y1, Y2, s Yu) = ¥} <
sup{*(g1(z1), .-, &n(2n)) 1 2i = ¥i, @ (Y1, 2, ..., yo) = x}, for all x € [0, 1].



Moreover, if z; > yi, i = 1,....n, ¢(¥1, ..., yu) = X, as ¢ is increasing in each argument, ¢(z1, ..., z,) > x, and,
if ¢(z1,...,20) = x, as ¢ is continuous, there exist m; € [0, 1], i = 1, ...,n, such that z; > m;, Vi = 1,...,n, and
¢(miy,...,my)=x.Thus

sup{(f1(z1)s s fu(zn)) 120 Z ¥is @ (¥1, o Yu) = X} =
= sup{*(f1(z1) ., fn(Zn)) 1 (21, oos 2p) Z X} <

< sup{*(g1(z1), -+, 8n(zn) 1 2i = Yis @(V1s ey Yn) =x} =
= sup{*(g1(z1), .., 8n(2n)) 1 ¢ (21, -..; 2n) Z X},

that is, (Kug(f1s s RO < (Ki (g1, e @) R (), for all x € [0, 1].
Similarly (Ly,¢(f1, -, fa)E > (K4 g(21, .., 2))E is proved, and so

K (1 oo J0) E Kip (81, oons 8n)- O

Corollary 2. Under the same conditions as in Proposition 11, £, 4 is increasing in each argument in L* with respect
to the partial order of L.

Proof. Straightforward, taking into account Proposition 13, that L* C L and <, 4 is closed on L*. O

From the previous results, the following Theorem is deduced.
Theorem 2. Let ¢ be a continuous n-ary aggregation operator on [0, 1]. And let x be an n-ary aggregation operator
on [0, 11, with an absorbing element 0 and continuous at point (1, ..., 1) € [0, 11". Then K, 4 is an n-ary aggregation
operator on L.

Proof. Straightforward from Propositions 1, 12 and 13. O

The purpose of the following Examples 3 and 4 is to highlight how continuity at (1, 1) of the operator » affects the
operator £, 4. So, the same ¢ is taken in both examples, while the operator % is changed.

Example 3. If % is a t-norm on [0, 1] that is continuous at (1, 1), and ¢ is a continuous binary aggregation operator on
[0, 1], then £, 4 is a binary aggregation operator on L and on L*, For example, suppose we have the t-norm

u ifv=1
it v) = v ifu=1
’ uAv ifu>0.25 and v>0.25"
0 otherwise

which is continuous at (1, 1), and the continuous binary aggregation operator

a+b
,b)y= .
¢(a,b) >
Let the functions f1, f»> € L* such that fi(x) =x and fo(x)=(1 — x)? (see Fig. 8), f1 could be interpreted as the
membership function of the label frue and f> could be interpreted as the membership function of the label very false.
We have

yi+ ¥y }
=Xq7.
2

K (1, [2)(x) = sup {*(f1(y1), S22y :
Note that

Fiy) = 0.25 < y; >0.25

H(m) =025 < y, <0.5.

Moreover, if y; > 0.25 and y, < 0.5, then x = “JFT” < 1+TO'5 =0.75and x = “JFT” > 0'25T+0 =0.125. Therefore,



\ f1

Fig. 8. Examples of strongly normal and convex functions.

e If x € [0,0.125), there are no yi, y» with y; > 0.25 and y, < 0.5 such that % = x. So, the only option for
*( f1(y1), f2(y)) # 01is y, = 0. For this reason, x = # and

yit+y»
2

A S1s f2)(x) = sup {*(f1(y1), f2(y2)) X} =*(f1(2x), 2(0)) =*(2x, 1) =2x.

e If x €[0.125,0.75], then

2
=x,y1 2025, »< 0.5} ,

A (f1, f2)(x) = sup {*(fl(yl), Fr(va)) : Yty zx}

yi+ ¥y
¥2)? s

= Al —
sup{yl ( 5

and the supremum is achieved at y; = 1 (and then yp =2x — 1 <0.5), or at yp =0 (and then y; = 2x > 0.25).
Now
— If x <0.5, the supremum is achieved at y» =0 and y; = 2x, and so

yi+ ¥y
-y ===

=8 20.25,y250.5}:2x/\1:2x,

i
— If x = 0.5, the supremum is achieved at y; =1 and y» = 2x — 1, and so

yi+ 2
y)? s

5 zx,yl20.25,y250.5}:1/\(1—2x+1)2:(2—2x)2.

sup {yl A=

e If x € (0.75, 1] there are no yq, yp with y; > 0.25 and y, < 0.5 such that —ylgyz = x, and thus y, > 0.5. So, the
only option for *(f1(y1), f2(y2)) # 01s y1 =1 (yo =0 is impossible). For this reason, x = 2= ang

A1 f)(X) = sup {*(ﬁ(yl), falan: 2 ;yz —x

=*x(fi(1), L2x — 1)) =*(1, (2 —2x)%) = (2 — 2x)°.

Therefore (see Fig. 9),

[ 2x ifx€[0.0.5],
/<*,¢(f17 fZ)(x)_{(z_zx)z ifxe[O.S, 1]

This was the expected result, as the resulting function could be interpreted as the membership function of the label
between true and false.

Now, let us see an example where f1 and f> are normal and convex functions, but not strongly normal functions.
Let the functions fi, f> € L (f1, f» ¢ L#*) such that fi(x) =x ifx # 1 and fi(1) =0.5 and fo(x) = (1 —x)%if
x #0and f2(0) =0.5 (see Fig. 10).

We apply the same aggregation operators x and ¢. Again, f1(yy) > 0.25if and only if y; > 0.25, and f»(y;) > 0.25
if and only if y» <0.5. Then,
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Fig. 9. Aggregation of the strongly normal functions fj and f, in Examples 3 and 4.

Fig. 10. Examples of normal and convex functions, but not strongly normal functions.

e If x €[0,0.125) there are no yq, y» with y; > 0.25 and y, < 0.5 such that % = x. Moreover, fi(y;) # 1 for
all y; and f>(y2) # 1 for all y,. Therefore, for all y;, y» such that % =xis x»(fi(y1), f2(»2)) =0, and so

+
Kep (12 f2)(x) = sup {*(fl 1. () : % = x} =0.
o If x €[0.125,0.75], then
yi+»

Ko (f1, f2)(x) =sup i*(fl (YD), f202)) : =x,y1>025y < 0.5} ,

2

and the supremum is obtained when y; is near to 1 and then y; is near to 2x — 1, or when y» is near to 0 and then
y1 is near to 2x,
— If x <0.5, the supremum is obtained when y; is near to 2x and y» is near to 0, and so

+
sup {*(fl (). Hr(32) : ¥ —x,y1 2025,y < 0.5} = %(2x, 1) = 2x,

— If x > 0.5, the supremum is obtained when y; is near to 1 and y» is near to 2x — 1, and so

sup {*(fl (1), Fo(32)) : W =231 2025,y < 0.5} =+(1,(1—-2x+ 1)) = 2 - 20)%

e If x € (0.75, 1] there are no yj, y» with y; > 0.25 and y> < 0.5 such that mzvz = x. Moreover, fi(y;) # 1 and
f2(y2) # 1 for all y; and y,. Therefore, for all y1, y, such that w =x, then x(f1(y1), f2(y2)) =0, and hence

2

Keo(f1. £)(x) = sup {*(fl ). ) - 222 =x} =0.

Therefore (see Fig. 11),

0 if x € [0,0.125)
]2 ifxef0.125,05]
g V=10 942 ifxe[05,0.75] -
0 if x € (0.75, 1]

Proposition 14. Let ¢ be a continuous n-ary aggregation operator on [0, 1]. And let x be an n-ary aggregation
operator on [0, 1], with an absorbing element 0. Then A, 4 is an n-ary aggregation operator on L*.
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Fig. 11. Aggregation of f] and f; that are normal functions, but not strongly normal functions, in Example 3.

Proof. Straightforward from the Propositions 1, 11 and Corollary 2. O

Example 4. If » is a t-norm on [0, 1] and ¢ is a continuous binary aggregation operator on [0, 1], then X, 4 is a binary
aggregation operator on L*, but £, 4 may not be an aggregation operator on L.
For example, let the t-norm

u ifv=1
*(u,v)y=3v ifu=1 |,
0 otherwise

and the continuous binary aggregation operator be

a+b
¢(a,b)= 5
Let the functions fi, f» € L* such that fi(x) =x and f>(x) = (1 — x)? (see Fig. 8). We have

yi+» }
=X =

Ao (f1, f2)(x) =sup {*(fl D, f202)) >

yi+»
2

=sup {*(fl(yl),fz(yz))I =X,y =10ry2=0},

as fi(y;) =1ifand only if y; =1, and f>(y2) =1 if and only if y, = 0. Therefore,

— if x € [0, 0.5], the supremum is achieved at y» =0 and y; = 2x, and so

Y1+ 2y
2

— if x €[0.5, 1], the supremum is achieved at y; = 1 and y, =2x — 1, and so

sup {*(fl O, f202)) =x,yir=1ory =0} =*(f1(2x), f2(0)) =2x,

Y1+
2

sup {*(fl (1), f2(2)) : =x,yp=lory = 0} =*(fi(1), f2x — 1)) = (2 —2x)%.

Then (see Fig. 9),

B 2x if x €[0,0.5]
Kup(f1, [2)(x) = i(z —2x)? ifxe[05,1]°

Now, let us see that £, 4 is not an aggregation operator on L. Let the functions fi, f> € L (f1, f2 ¢ L*) such that
fix)=xifx #1and f1(1)=0.5 and fo(x) = (1 —x)?if x #0 and f>(0) = 0.5 (see Fig. 10). As f1(y1) # 1 for
all y; € [0, 1], and f2(y2) # 1 for all y» € [0, 1], we have that x( f1(y1), f2(y2)) = 0 for all y;, y» € [0, 1]. Therefore,
Kep (i, ) = sup {x(fi(y1), f2(y2)) : 252 = x} =0 forall x € [0, 1], and 50 £ 4(f1, ) =0 ¢ L,

4. Conclusions

In this study we introduced a set of more general operators on M than were given by Takac in [27,26]. Firstly, we
determined the conditions under which they are well defined. Secondly, we focused on the requirements under which



they are aggregation operators on L (or L*), which is the set of normal (strongly normal) and convex functions of M.
Also, after each result, we have given examples showing that if some condition fails, the conclusion may not be true.

In future research, we plan to explore some other aggregation operators on L (and on L*), using different methods
or formulae to the ones used in this paper.
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