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1. Introduction

Monotonicity with respect to each argument is one of the axioms around
which the concept of aggregation function is built (see [T, @]). Aggregation
functions’ goal is to fuse information, generating a representative value from a
number of inputs, and these functions are used in a very vast and diverse field
of applications [7] [8, 10, [T4]. However, the mentioned condition of monotonicity
with respect to every argument is sometimes excessively restrictive, which causes
to drop from the theoretical framework functions that otherwise are sound for
certain applications, such as fuzzy implication operators, the mode, the Gini
and Lehmer means, etc. (see [3]).

With the purpose of creating a wider framework of functions that are valid
to fuse information, recently some weaker forms of monotonicity have arised (see
[2]). In [16], Wilkin and Beliakov introduced the notion of weak monotonicity,
which can be seen as monotonicity along the ray (1,1,...,1). This interpretation
led to a generalization of that notion of monotonicity, considering monotonicity
along any ray in R™ and originating directional monotonicity [6]. The possibility
of choosing any vector 7" allows to pick a function that increases accordingly to
the needs of a certain application, with no need of it being increasing with
respect to each of its arguments.

However, both of the aforementioned notions require that the direction of
increasingness or decreasingness is fixed beforehand and does not vary accord-
ing to the point of the domain that is being considered. Based on Yager’s ideas
([I70), in [5] ordered directionally monotone functions were introduced. This no-
tion of monotonicity enables the direction of increasingness (or decreasingness)
to vary from one point to another. Specifically, the direction of monotonicity de-
pends on the relative size of the inputs, provided that a certain comonotonicity
condition is fulfilled.

The relaxation of the monotonicity condition for aggregation functions is
listed as a recent trend in Aggregation Theory [I3]. One of the main advances of

the introduction of directional monotonicity is the formation of the so called pre-
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aggregation functions [12], which have been successfully applied in fuzzy rule-
based classification problems [I1]. Furthermore, ordered directionally monotone
functions have been used in the field of computer vision, see [5, 5] for an
application of ordered directionally monotone functions in edge detection.

The restriction that comes from the comonotonicity condition in the defini-
tion of ordered directional monotonicity makes us limit to the cases in which the
input vector and the result of increasing it along a direction are comonotone,
making the family of ordered directionally monotone functions larger than if the

condition were removed. This work attempts to achieve the following goals:

e To introduce a new generalization of monotonicity based on ordered di-

rectional monotonicity but with no comonotonicity condition.

e To study the properties and relations between the different notions of

monotonicity.

e To define two classes of functions and an operation between them that

enable to generalize the Choquet integral and the Lukasiewicz implication.

We call the new notion of monotonicity strengthened ordered directional
monotonicity. This generalization of monotonicity is based on that of ordered
directional monotonicity, but removing the comonotonicity condition from the
definition. The family of strengthened ordered directionally monotone functions
is embedded in that of ordered directionally monotone functions, i.e., every
strengthened directionally monotone function is ordered directionally monotone,
but not the other way around.

Moreover, we carry out a deep study of the properties that the different
families of functions satisfy, as well as the relations among them. We show the
conditions for which it is equivalent for a function to be increasing with respect
to all its arguments and to be increasing in the sense of the discussed different
notions of monotonicity.

As to the third goal, we also present two classes of functions - linear fusion

functions and ordered linear fusion functions - and show their main properties
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in terms of the distinct types of monotonicity. Additionally, we introduce an
operation between functions from [0, 1]? to [0, 1] that, when applied to ordered
linear fusion functions, generalizes the Choquet integral and the Lukasiewicz
implication.

This work is organized as follows. In the next section we recall some pre-
liminary notions that are used throughout the paper, including the definition of
strengthened ordered directionally monotone functions and some introductory
properties. In Section [3| we study a set of properties about the three different
notions of monotonicity - directional monotonicity, ordered directional mono-
tonicity and strengthened ordered directional monotonicity - and we show how
these concepts are related. In Section [4] we introduce the family of linear fu-
sion functions and the family of ordered linear fusion functions and we show
the behaviour of these families of functions in terms of the discussed notions
of directional monotonicity. In Section [5| we introduce the operation * between
functions for n = 2 and show how Choquet integrals and the Lukasiewicz impli-
cation can be derived from this operation. In Section [f] we present the relation
of every notion of monotonicity that is considered throughout the paper and we

finish the work with some concluding remarks.

2. Preliminaries

Let n € N, n > 1. We use an arrow to refer to vectors of R", ¥ =
(r1,...,mn) € R and we set 7% = (r,,,...,71).

We use bold letters to specify points of the hypercube [0, 1], so we set x =
(z1,...,2,) € [0,1]™. In particular, we write 0 = (0,...,0) and 1 = (1,...,1).
Ifx,y€[0,1]", weset x <y if z; <y; for each i € {1,...,n}.

S, denotes the symmetrical group of degree n. Given a permutation o €

1 e, oo~! =id, and if a =

S, we denote the inverse permutation by o~
(a1,...,an) and 0 € S,,, we set a, = (A (1), - - -, Ao (n))-
If H CR™, weset H>y={(h1,...,hy) € H|hy >---> hy} (we occasion-

ally refer to H(<y, H(s), H(<), H=) with the obvious meanings).
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Let us recall the concepts of directional monotonicity and ordered directional
monotonicity, which were introduced in [6] and [5], respectively.

Definition 2.1 ([6]). Let F': [0,1]" — [0,1] and 7 € R™, we say that F' is
r-increasing (resp. 7-decreasing), if for all ¢ > 0 and x € [0,1]™ such that
x + ¢ € [0,1]™ it holds that F(x + ¢F) > F(x) (resp. F(x + ¢F) < F(x)). If
F(x+ cr) = F(x), then we say that F is 7-constant.

Definition 2.2 ([5]). Let F': [0,1]" — [0,1] and 7 € R™, we say that F' is
ordered directionally (OD) r-increasing (resp. OD i-decreasing) if for all x €
[0,1]", o € S, and ¢ > 0 such that x, € [0,1]{) and X, + ¢ € [0, 1]{%, ), it holds
that F(x+cry-1) > F(x) (resp. F(x+cry-1) < F(x)). If F(x+cfy-1) = F(x),
then we say that F'is OD r-constant.

We now introduce the central concept of this work, strengthened ordered

directional monotonicity.

Definition 2.3. Let F': [0,1]" — [0,1] and ¥ € R"™, we say that F' is strength-
ened ordered directionally (SOD) 7-increasing (resp. SOD 7-decreasing) if for
allx € 0,1]", 0 € S,y and ¢ > 0 such that x, € [0, 1]{) and x, + ¢ € [0, 1], it
holds that F(x+cr,-1) > F(x) (resp. F(x+cfy-1) < F(x)). If F(x+c¢fy-1) =
F(x), then we say that F' is SOD -constant.

For brevity, to refer to a function F' that is monotone according to each
of the defined types, we say that F' is T r-increasing for T € {}, SOD, OD}.
Moreover, we say that F' is T r-monotone if it is either T 7-increasing or T
r-decreasing for T € {), SOD, OD}.

Note that the case in which # = 0 is trivial, as every function is T 0-
increasing, T 6—decreasing and T O-constant, for T € {0, SOD, OD}.

Of course SOD 7-increasingness implies OD 7-increasingness and we will see
that the reciprocal statement is not true in general. A first flash of the differences
between these classes of monotonicity can be done by the observation of the
points in [0,1]™ for which a function F: [0,1]™ — [0,1] trivially satisfies the
conditions from the different classes of monotonicity. We refer to these points
as special.

For instance, for a function F': [0,1]™ — [0,1] to be increasing (if x,y €
[0,1]™ such that x <y, then F(x) < F(y)), the unique special point is 1, as
with x = 1 only the trivial situation y = 1 is to be considered (and if F is in

fact increasing, then F(1) = max{ F(x) | x € [0,1]™ }).



The conditions that characterize the special points x € [0,1]™ for the con-

sidered types of increasingness, associated to vectors 7 € R™, appear in Table

125 m

Table 1: Conditions that characterize the specials points x € [0, 1] for each type of increas-
ingness.

’ F \ if0<ceR, oe€s,, then ‘
r-increasing X+ cf & [0, 1]™

SOD 7tincreasing | %, € [0,1]5) = %, +c7 ¢ [0,1]"

OD -increasing | x, € [0,1]15) = %, + ¢ € [0, 1)1

Set O = (0,0), X1 = (1,0), X2 = (0,1) and U = (1,1). In Figure [I] we see

an example of a special point x for 7-increasingness.

Xy U

X+ cf

O+ cr

!

0] X,

Figure 1: Example of special point x € [0, 1] for a direction # € R2.

It is clear that for each 0 # 7 € R” whose angle o with OX] satisfies o €
(0,7/2) the corresponding special points form the join of the closed segments

1w XU and UX;. We illustrate this situation in Figure 2]
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Figure 2: Directions 0 # 7 € R? whose angle with OX; satisfies & € (0,7/2) and their
corresponding special points; the join of the closed segments XoU and UX;.

If a = 0 however only the points of the closed segment U X are special, and
for o € (3m/2,27), the special points form the joint of the closed segments OX;
and UX;. In this sense, o = 0 marks a transition (as also do « = 7/2, a =7
and o = 37/2).

We depict the different situations by means of schemes which associate,
through the use of colors, vectors of transition and corresponding special points
in the case n = 2. For a vector 7 lying between two consecutive transition
vectors, the set of special points is the join of the special points corresponding
to the consecutive transition vectors. Figure [3|shows the transition vectors and
sets of special points for the case of directional monotonicity and Figures [4] and

for the cases of SOD monotonicity and OD monotonicity, respectively.
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Figure 3: Left: Transition vectors for directional monotonicity. Right: Sets of special points
in [0,1]2 for directional monotonicity.

I | D |

o X1

Figure 4: Left: Transition vectors for SOD monotonicity. Right: Sets of special points in
[0,1]2 for SOD monotonicity.

Observe, for instance, the case of Figure 4| in which F' is SOD 7-increasing.
For a = 7/2 the only special point is U and for @ = m the only one is O.
If @ € (37/2,27), then the special points draw the perimeter of the square
w OXUXs. If « € (7/2,7), only the points O and U are special.
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Figure 5: Left: Transition vectors for OD monotonicity. Right: Sets of special points in [0, 1]2
for OD monotonicity.

In the case of Figure [5] in which F' is OD 7-increasing, for 7/2 < a < 7 the

special points form the diagonal OU.

Remark 2.4. An obvious generalization of the introduced concepts of (S)OD
7-increasingness appears changing in the definitions the triangle [0, 1]?>) for any
subset S of [0, 1]™.

3. Basic facts

We begin by developing some basic properties on T r~monotonicity for T €
{0, SOD, OD}.

First of all we remark that in the definitions corresponding to SOD and
OD, instead of having required that x, € [0,1]f, we could set x, € [0, 1]f,.
The corresponding developments would be equivalent, as the following remark

states for the OD case (the SOD case is similar).

Proposition 3.1. For all x € [0,1]", 7 € R", 0 < ¢ € R and 0 € S, the
following assertions are equivalent:

(1) Xg, Xo +cr € [0,1]15) = F(x+ o) > F(x).
(2) X0, %o + e € [0, 1]}y = F(x+c(f),-1) > F(x).

Proof. We must deal with permutations and in this case it is useful to handle
permutation matrices. For ¢ € §,,, the permutation matrix P, denotes the nxn
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matrix resulting from the application of the permutation ¢ to the indices of the
rows of the identity matrix I,,. With this it is immediate that

Xo = (To(1)s -+ 1 To(n)) = (T1,...,2n) Po = XP5 .
0O --- 0 1
0o --- 1
With the permutation matrix D = | . . .|, we have 7l =FD.
1 --- 0 0

Let us show that (1) == (2). Assume that x,, x, + ci’¢ € [0, 1]ty that
is, xPy, xP, +¢D € |0, 1]?9. Then obviously xP,D, xP,D + cf € [0, 1]?2), as
D? = 1I,,. Then, by (1), F(x+ c¢#(P,D)~') > F(x). As (P,D)"'=D"1P;1 =
DP, 1, and ¥DP, -+ = 74P, 1 = (#?),-1, we have the thesis. Analogously one
shows that (2) = (1). O

Let F: [0,1]™ — [0,1] and let us set, for T € {#, SOD, OD}, the notation

Cr(F)={7€R"| Fis T r-constant }

DTF(F) ={7eR" | Fis T r-increasing }

particularizing C(F) = Cy(F) and D'(F) = D} (F).
We next result follows immediately.
Proposition 3.2. Let F': [0,1]" — [0,1] be a function. Then
(1) Cr(F) C DL(F) for T {0, SOD, OD}.
(2) Csop(F) C Cop(F).
(3) Dop(F) € DHp(F).
Proposition 3.3. If 7 € IRZ;), then F is SOD 7-increasing if and only if F is

OD F-increasing, and F is SOD 7-constant if and only if F is OD 7-constant.

Observe that the statements of Propositions [3.2] and [3.3] changing increas-

ingness by decreasingness are valid.
Proposition 3.4. Let F': [0,1]" — [0,1] be a function and k > 0.

(1) For T € {0, SOD, OD}, F is simultaneously T T-increasing and T 7-
decreasing if and only if F is T 7-constant.

(2) For Te {0, SOD, OD}, F is T r-increasing (resp. decreasing) if and only
if Fis T (k7)-increasing (resp. decreasing).

10
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(3) For T € {0, OD}, F is T 7-increasing if and only if F is T (—k7)-
decreasing.

Proof. (1) and (2) They are immediate.

(3) By (2) we may assume that & = 1. Suppose that F is OD 7-increasing.
Let x € [0,1]", k > 0 and 0 € S,, such that xo, Xo + k(=7) € [0,1]{). Set y =
X+ k(—7)s-1. We have that y, = x, + k(—7) € [0, 1](>) (hence y € [0 1]™) and
Yo +k7=x, €0, 1]?2). As Fis OD r-increasing, we have F(y) < F(y+kr,-1),
that is F'(x + k(—7)s-1) < F(x), hence F' is OD (—7)-decreasing. Analogously
one has the converse statement.

Similarly one shows that F'is -increasing if and only if it is (—k#)-decreasing.
O

Item (2) of Proposition shows that the vectors used for determining
directions in all considered cases T € {), SOD, OD} can be normalized. Item
3 shows that for T € {f), OD}, the developments which result by considering
T increasingness and decreasingness are equivalent. However, in Section [5| we

show that, in general, this is false for T'= SOD.

Proposition 3.5. Let F': [0,1]" — [0,1] and ¥ € R™. Let F°: [0,1]" — [0,1]
be defined by F¢(x) =1 — F(x).Then

(1) For T € {0, SOD, OD}:
(a) F is T T-increasing if and only if F¢ is T 7-decreasing.

(b) Cr(F) = C(F*).
(¢) F is T 7#-constant if and only if both F and F° are T T-increasing.

(2) For T € {0, OD}, F is T 7-increasing if and only if F° is T (—7)-increasing.

Proof. (1) The claims in (a) are direct. For instance, for T = (), if ¢ € R and
X, X + ¢ € [0,1]", then F(x) < F(x + ¢F) if and only if F¢(x) =1 — F(x) >
1—F(x+cr) = Fé(x + cF).

(b) and (c) follow from (a) as (F€)¢ = F.

( ) Fis T -increasing if and only if F' is T (—#)-decreasing by Proposition
and this is equivalent to F'¢ being T (—#)-increasing by (1). O

In Section |5| we show that Proposition 2) is in general not true for T =

SOD.

Proposition 3.6. Let F : [0,1]" — [0,1] and ¥ € R™. Let G: [0,1]" — [0,1]
defined by G(x) = F(1 — x).

(1) F is T-increasing if and only if G is (—7)-increasing.

11



220

225

230

235

240

245

(2) For T € {SOD, OD}, F is T #-increasing if and only if G is T (—7)-
INCreasing.

Proof. (1) It is straightforward.
(2) Let F be OD -increasing and let x € [0, 1]™. Consider o € S,, such that
€ [0,1]f) and ¢ > 0 such that x, — crd e | A%
Put y = 1 —x. Then o? € S,, given by ¢%(i) = o(n — i+ 1) for all
i=1,...,n,is a permutation such that y,a € [0, ]"Z) and y,a + ¢ € [0, 1]( S)-
Due to the OD -increasingness of F', we have F(y + cF d) 1) > F(y), and from
0l(i) =o(n —i+1) = k we have (¢?)"1(k) =i and o~ Y(k) =n —i+ 1, hence
(e?)"(k) =n—o"'(k) + 1, and finally, (7?),—1 = F{(ya)-1.
Therefore, we get

G(x+c (—Fd)o_l)

which means that G is OD (—7) %-increasing.

The converse follows from the fact that — (=7
The case of T = SOD is analogous.
O

The dual function F? of a function F': [0,1]® — [0,1] is defined for each
x €[0,1]" by Fé(x) =1-F(1—x). Propositionsand arise the following
result.

Proposition 3.7. Let F : [0,1]" — [0,1], ¥ € R™ and F¢: [0,1]" — [0,1] be
the dual function of F defined by F(x) =1 — F(1 —x).

(1) F is F-increasing if and only if F® is F-increasing.
(2) F is OD 7-increasing if and only if F? is OD 7?-increasing.

(3) F is SOD 7-increasing if and only if F® is SOD —?-decreasing.

The next result follows from the definition of each notion of monotonicity.

Proposition 3.8. Let F: [0,1]" — [0,1] be a T 7-monotone function for T €
{0, SOD, OD}. Then, if p: [0,1] — [0,1] is an increasing (resp. decreasing)
function, then the function ¢ o F': [0,1]" — [0,1] is an T 7-monotone function

of the same (resp. reversed) type as F'.

Lemma 3.9. Assume that the function F: [0,1]" — [0,1] satisfies F(x,) =
F(x) for allx € [0,1]™ and 0 € S,,. Then

12
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(1) D'(F) C DLop(F) and C(F) C Csop(F).
(2) 7€ DN(F) if and only if ¥, € DV(F) VYo € S,,. Analogously for C(F).
Proof. (1) Let 7 € R", x € [0,1]", 0 € S, c € RT with x, € [0,1](), X, + ¢ €
[0,1]™. Assume that F' is 7~increasing. Then
F(x+ cry-1) = F(x, + cf) (as (X + ¢Fy-1)y = X5 + €F)
> F(x,) (as F is t-increasing)

(%),

hence F' is SOD 7-increasing. Analogously one has C(F') C Csop(F).

(2) Let 7 € DN(F). If x, x + 7, € [0,1]", then x,-1, X,-1 + ¢F € [0,1]",
hence F(x) = F(x,-1) < F(X,-1 + ¢) = F(x + ¢F,) and so 7, € D(F).
Analogously for C(F). O

[
|

Proposition 3.10. Let F': [0,1]™ — [0, 1] be a function and define the function

~

F:[0,1]" = [0,1] as follows: if x € [0,1]", take 0 € S, such that x, € [0, 1]1%,
and put F(x) = F(x,). If 7 € R™ is such that F' is T-increasing, then F is OD
F-increasing.

Proof. Let x € [0,1]", 0 € S, and ¢ € R* such that x,, x, + ¢ € [0, 1%,y
Then, with y = x + ¢7,-1, we have that y, = x, + ¢ € [0,1]%). So, by
definition of F,

~ ~

Flx + ey 1) = Fly) = Flys) = F(xy + ) > F(x,) = F(x),

as F' is r-increasing. O

In Section |5| we show that in the hypothesis of Proposition F is not

necessarily SOD 7-increasing.

Remark 3.11. Consider a function F': [0,1]" — [0,1]. Then

—
~

a. (F)=F.
b. F = F if and only if F(x,) = F(x) for all x € [0,1]" and ¢ € S,,.
c. (F)e =Fe.

For (F)e(x) =1 — F(x) =1 — F(x,) = F°(x,) = F°(x) if x € [0,1]" and
o €S, is such that x, € [0, 1]%%,).

13
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4. Linearity and ordered linearity

In this section we study a relevant class of functions that are useful in order
to introduce some examples and to describe some well-known functions (like the
Lukasiewicz implication and the discrete Choquet integral).

Given p € R and v € R™, let us consider the function F' : R™ — R given by
F (x) = p+x- U for all x € R", where - denotes the usual scalar product, i.e.,
x-U =Y., z;v;. The restriction of F to [0, 1]™ is a function when F ([0, 1]™) C
[0, 1].

—

Definition 4.1. We say that a pair (u, 9
function if p+x-7 € [0,1] for all x € |
L[p, 0] the function

) € R x R™ generates a linear fusion
0,1]". In such a case, we denote by

Lip,¥)(x) =p+x-v  forall x €|0,1]",
which we call the [p, 0]-linear fusion function (or the fusion function generated

by the pair (u,7) € R x R™).

Remark 4.2. We use the term fusion function to explicitly distinguish this
class of functions from that of linear functions.

Lemma 4.3. Let ¥ € R™ and consider the map F': [0,1]" — R given by F(x) =
x-U. Set

M={(x1,...,2,) €[0,1]" | ; € {0,1}, i =1,...,n}.
Then, there exist a,b € M such that F(a) = max F and F(b) = min F.

Proof. Set P={N\i | A >0,1<i<n}, N={\|XN<0,1<i<n}, where
¥ = (A1,-.-, ). The claim follows from the obvious facts that max F = 0 if
P=0,maxF =}, p Aif P # 0 and min ' = 0if N = ) and min F' = Z/\EN)\
if N # 0.

Proposition 4.4. The pair [u, 7] € R x R™ defines a linear fusion function if
and only if 0 <+ g <1 forall S C{1,...,n}, where T = (A1,...,\).

Proof. Tt follows immediately from Lemma O

Corollary 4.5. If [1,7] € R x R™ satisfies the conditions in Proposition
then also [1 — p, —¥] satisfies them and F = Ly, d] if and only if F°¢ = L[l -

My _17] .

Proof. Note that 0 < p+> ;. g A < Lifandonly if 1 > (1—p)+> ", co(—=A:) >0,
where 0= (A1,...,A,) and S C{1,...,n}. O

14
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Proposition 4.6. Assume that [, 7] € R x R™ defines the [, ¥]-linear fusion
function F: [0,1]™ — [0,1]. Then

(1) DN(F)={FeR" |7 -7 >0},
(2) C(F)={FeR" |7 - 7=0},
(3) DL, (F)=DL,p(F) = {FER™ |7, -7>0 forallo €S,},
(4) Cop(F) =Csop(F)={FeR" |7, -v=0 forallo € S,}.

Proof. (1) and (2) follow from the fact that F'(x + ¢r) — F(x) = ¢ - ¥ and (3)
and (4) from F(x + ¢r,-1) — F(Xx) = ¢fy-1 - ¥, if x € [0,1]", ¢ > 0, 0 € S,, and
X, + ¢ € [0,1]™. O

Example 4.7.

(1) The constant function F': [0,1]" — [0,1], given by F(x) = k for all x €
[0,1]™, where k € [0,1], is the [k, O]-linear fusion function.

(2) If w = (wi,...,w,) € [0,1]" satisfies > ;"  w; = 1, the corresponding

weighted average F': [0,1]™ — [0, 1] given by F(x) = x-w if x € [0,1]™ is
the [0, w]-linear fusion function.

Definition 4.8. We say that a pair (u,¥) € R x R™ generates a ordered (O)
linear fusion function if p+ x, - € [0,1] for all x € [0,1]™ and ¢ € S,, such
that x, € [0,1]{,). In such a case, we denote by OL[u, ] the function

OL[p, V] (x) =p+x,-0v  forall x €[0,1]",
which we call the ordered [u, 0]-linear fusion function.

Remark 4.9. Note that if F' = OL[u, ¢], then F(x,) = F(x) for all 0 € S,,. In
particular, F'([0,1]™) = F([0, 1]?2)).

Lemma 4.10. Let
[0,1]" — R given b
X € [0, 1]%. Set

= (A1,-.-, ) € R™ and consider the function F :
(x) = x, - U if x € [0,1]", where 0 € S, satisfies

<L

u =0, u.=(1,...,1,0,...,0) € [0,1]", forr € {1,...,n}.

Then there exist j, k € {0,1,...,n} such that maxyx F(x) = F'(u;) and miny F(x)
F(uk)

Proof. Set M = maxg<;<, F(u;) and m = ming<;<, F(u;). Proceed by in-
duction on n. Let n = 1. If Ay > 0, then M = F(1) = max, F(z) and
m = F(0) = ming F(z). If Ay < 0, then M = F(0) = max, F(z) and
m = F(1) = min, F(z).

Let now n > 1 and consider the case of the maximum. Let us suppose that
there exists x € [0,1]™ such that M < F(x). Since F(ug) = 0, we have that
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F(x) > 0. We may assume, without loss of generality, that 1 > ... > z,,
where =(z1,...,2,). As F(x) > 0, then 21 > 0, and

X-U=T1A1+ ...+ Tpp

X X
= ()\1+2)\2++n)\n>
I I

S VI H) VIR
I X1

1.
= —x-7,
z
as )\1—&—%)\2—1—...—#%)\” >0and z; € [0,1]. Set now y = (y1,...,9yn) = m%x,
and observe that 1 =y > ... > y,.
If we consider z = (22, ..., 2,) € [0,1]"7L, then by the induction hypothesis,
the scalar product (zo,...,2,) - (A2,...,A,) reaches an absolute maximum for
some

t=(ta,....,tn) €{(1,...,1,0,...,0) € [0,1]" " [0<r <n—1}.

Thus,
M<F(X) :Al+(y27~-~7yn)'(A2a---7)\n)
<A+t ()\27...7>\n) = (l,tg,...,tn) . ()\1;-~-7)\n),
where (1,t9,...,t,) € {ug,uy,...,u,}, which contradicts the election of M.
Observe that (—F)(x) = X, - (—¥). So min F' = max(—F). O

Remark 4.11. In the conditions of Lemma [£.10] as F is a continuous function
on a compact set of R™, we know of the existence of a maximum and a minimum,
but this fact is not used in the proof of Lemma (A similar remark can be
made about Proposition [{.4]).

Proposition 4.12. The pair [p, 0] € R x R™, where ¥ = (A1,...,\,), defines
an O linear fusion function if and only if 0 < p <1 and 0 < p+3Y . A\ <1
forallr e {1,...,n}.

Proof. Tt is an immediate consequence of Lemma O
Corollary 4.13. If F: [0,1]™ — [0,1] is the [u, ¥]-linear fusion function, then
F is the O [u, U]-linear fusion function.

Analogously as for Corollary we have the following result.

Corollary 4.14. Let [u,7] € R x R™ satisfying the conditions of Corollary

. Then, the pair [1 — p, —9] also satisfies the conditions of Corollary
and F = OL[u, 0] if and only if F¢ = OL[1 — pu, —7].

Proposition 4.15. Let [u, 0] € R x R™ satisfying the conditions of Corollary
and F = OL[p, U]. Then

16
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(1) DL, (F)={FeR" |7 -7>0}.
(2) Cop(F)={FeR" |7 - 7=0}.

Proof. Let x € [0,1]", ¢ > 0 and 0 € S, such that x,, x, + ¢ € [0, 1]?>). Then

F(x+cfyg-1) =p+ (Xg +¢f) - = F(x) 4+ ¢ - ¥ and the thesis follows. O

In several occasions we focus on the particular case n = 2. Observe that if
o € Sy, we have that 07! = o.
The following auxiliary result follows immediately from a simple geometric

approach.

Lemma 4.16. Let 7= (r1,72) € R2.
(1) There exist'y € [0, 1]?2) and ¢ > 0 such that y + ¢ € [0, 1]?2).
(2) There existy € [0, 1]?9 and ¢ > 0 such that y + ¢ € [0, 1]?9.

(3) If 7 € R%>) there existy € [0, 1]?<) and ¢ > ¢ > 0 such that y+cr € [0, 1]?>)
and y + c'7 € [0, 1]?:).

(4) If7 e R%<) there existy € |0, 1]?>) and ¢ > ¢ > 0 such that y+cr € [0, 1]?<)
and 'y + c'7 € [0, 1]?:).

Proposition 4.17. Let [u, 7] € R x R? satisfying the conditions of Corollary
and F = OL[u, U]. Then

(1) DL (F) = {FER? |7 7> 0}.
(2) Cop(F) ={FeR?|7-7=0}.

(8) Dyop(F) ={FeRY, |7 5> 0}U

—
—~
=3
m
e
n
=
<y
Y
o
=)
S
IS
=
<y
ISH
vV
o
—

(4) Csop(F) ={Fe Ry, | F-T=0yU{Fe Ry |7 7 =7 5%=0}.
(5) DNF)={FfeR?|7-7>0 and 7- 7% > 0}.
(6) C(F)={FfeR?|F-0=7 74=0}.

Proof. (1) and (2) are particular cases of Proposition [4.15]
Let x € [0,1)%, ¢ > 0 and 0 € Sy such that x, € [0, 1]%>) and x, +cF € [0, 1]2.
If actually x, + ¢ € [0, 1]¢,), then we have

F(x+cry)— F(x)=cr- 9. (A)

17
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Let us assume that z,(1) +cr1 < 2,(2) +crz (then necessarily is 71 < r2). Then
F(x+cry) = pp+ (T502) + cr2) A1 + (25(1) + cr1)Xa. Thus

F(X + C’I?U) - F(X) = (xg(l) — 330(2))(/\2 - )\1) +or- vl (B)

Observe that
Foot =70+ (ra — 1) (A — A2 (©)
(3) Let us assume that F' is SOD 7-increasing. If r1 > ry, then we are in

(A). By Lemma if 71 < 72 both situations (A) and (B), in the last case
also with x,(1) = 2,(2), can occur. Therefore

Diop(F) C{FeRY, | 75> 0} U{Fe R, | 7+ §>0and 7 ¢ > 0}.
>

Conversely, if 1 > ry and 7

Let 7y < 1o, 7-T >0, 7- 5% > 0.

If A1 < Ag, then (see (A) and (B)) F(x + ¢Fy) > F(x).

Suppose that A1 > Aa. If 251y = 2,(2), then F(x + cry) > F(x). Suppose
further that z,(1) > 25(2). With 2,01y — T5(2) = 2, ¢(ra — r1) = r, we have
0<z<r. Socr 7¢=cF T+r(A\ — A2) (see (C)) and

0 then (see A) F(x + cfy) > F(x).

F(X—i—CFU)—F(X) :$(A2—A1)+CF~17+T(A1 —)\2)
=(r—z)(A\ —X)+cF-U>0,

hence F'is SOD r-increasing.
(4) Arguing as in (3) we deduce that

Cson(F) C{FeR%, | F-T=0} U{FeR2, |7 §=F 77=0}.

If ry > ro and 7- U = 0, then F(x+cF,) = F(x) (see (A)). Assume now that
T < 7o, 70 =7-0%=0. We have so (12 — r1)(A1 — X2) = 0 (see (C)) and
therefore it must be Ay = Ay and so F(x + ¢F,) = F(x) (see (B)) also in this
case.

Let now x € [0, 1]? and ¢ > 0 such that x+c7 € [0, 1]2. We have the following
possibilities (set d = F(x + ¢F) — F(x)):

e x €0, 1]%2) and
(a) x+c € [0,1]¢,), when d = ¢ v, or

(b) 1 + cry < my + crg, when d = (21 — 22)( Mo — A1) + ¢ - 79 (and
necessarily 71 < rg), or

e x €0, 1]%9 and

(¢c) 1 + cr1 > a9 + crg, when d = (z2 — 21)(A2 — A1) + ¢ - ¥ (and
necessarily 71 > r3), or

(d) x+cr e |0, 1](2§), when d = ¢ 74,

18
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(5) Therefore if F is 7-increasing, necessarily 7+ ¥ > 0 and 7 - 7% > 0. Let
us assume that this happens. If we are in the case (a) or (d), then d > 0. If we
are in the case (b) and Ay > Aq, then d > 0. If Ay < A; then (see (C))

d= [C(Tg - 7‘1) — (.1‘1 — .’[,'2)]()\1 — )\2) +cr-v>0

since ¢(rg —r1) > 1 — x2 because xo + cre > x1 + cr1. Proceed analogously in
the case (c).
(6) Proceed analogously as in (4). O

Remark 4.18. Let [, (A1, X2)] € R x R? satisfying the conditions of Corollary
and let F the corresponding O linear fusion function. We may simplify
some expressions of Proposition in some cases. From (C) in Proposition
[4.17 we deduce that if \; > Ay then r; < 7y implies 7- 7% > 7- 7. So if \; > Ao,
then
Dlon(F) = Dhp(F) = {F e B? | 772 0}
=

Analogously, if 7+ ¥ = 0, then - 7% = (r; — 71)(A\; — A2). So, in this case,
7. 0% =0 if and only if either r; = r9 or A\; = Ay. Therefore

o If Ay # Xy then CSQD(F) ZC(F) Z{FER%E) |F’L7= 0}.

e If \{ = Ay then CSQD(F) :COD(F) :C(F) :{FG R? | 77~17:0}.

Example 4.19. Let us present some examples of O linear fusion functions. We
omit the mentions x € [0,1]" and o € S, is such that x, € [0, 1]{%).

(1) Ifa = (ay,...,an) € [0,1]}, put a = (a1, —az, ..., (=1)""'a,). Then we
have the O [0, a]-linear fusion function Fjy: [0,1]™ — [0, 1] given by

Fa(X) = Zo1)a1 — Te)az + - + (1) 2oy an -

(2) If A € [0, 1], the O [0, (1, —\)]-linear fusion function F': [0,1]% — [0, 1] given
by
F(x) = max(z1,22) — Amin(z, z2) .

Observe that F¢: [0,1]2> — [0,1] is the O [1,(—1,\)]-linear fusion function
given by
F¢(x) =1 —max(z1,22) + Amin(z1,z2) .
(3) The O [0, (1, —1)]-linear fusion function F': [0,1]? — [0, 1] given by
F(x) =|z1 — x2]|.
Then F€: [0,1]> — [0,1] is the O [1, (-1, 1)]-linear fusion function given by
FC(X) =1- ‘Il 7132‘,

which is a restricted equivalence function (see [4]).
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(4) The O [4,(3,—1)]-linear fusion function F': [0,1]> — [0, 1] given by
1
F(x)= 5(1 + max(x; — z2) — 2min(z, — x2)).

(5) The O [1,(—1, 1)]-linear fusion function F: [0,1]* — [0,1] given by
1
F(x) =1—max(x1,z2) + 5 min(x1,x2) .

(6) Let w € [0,1]™ with >-"" ; w; = 1, the OWA operator A: [0,1]" — [0,1]
with respect to the weighting vector w, given by

AX) =%x5 W
is the O [0, w]-linear fusion function. Observe that if F': [0,1]" — ﬁl] is
2)

the weighted average corresponding to w, then A = a (see Example

and Corollary [4.13]).

Example 4.20. Let p > 0 and ¥ = (¢,...,t,s) € R”, where s < ¢t. The function
F:[0,1]" — [0,1] given by

1 n
F(x) = n_lz\xl—l’ﬂp,
j=2
if x = (21,...,2,) € [0,1]", is SOD f-increasing,.

Indeed, given x € [0,1]", 0 € S, and ¢ € RT such that x, € [0,1]f),
X, + ¢ € [0,1]™. Observe that

x+cry-1=(x1 +cty...,xi—1 +ct,x; +es, g1 ety xy + ct),

where i = o(n) and that z,(,) = min{xy,...,2,}, so that z; > z;. Ast > s,

we have

F(x+cfy—1) = ! (

Sl =l @y — )+ et = 5)I”

Jj=2
#i

n
n—11%
j

n

D e — P = F(x),

=2

1
>
—n-—1

as required. Note that, in the case where o(n) = 1, the result follows readily
since 1 < x; and s < t. Thus,

|z1 — z; +cs — ct| > |x1 — xj].
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Corollary 4.21. Let 0 < p € R, ¥ = (r1,72) € R? and consider the function
F:[0,1)2 = [0,1] given by

F(x1,22) = |x1 — 22F
if (x1,25) € [0,1]2. Then
(1) Dhop(F) = Dhp(F) = {F € R? | ry 2 1p}.
(2) DN(F) = C(F) = Csop(F) = Cop(F) = {F € R? | r; = ry}.

Proof. Consider ¢: [0,1] — [0,1] given by ¢(z) = P if z € [0,1]. Then F =
@ o Fy, where Fy(x) = |r1 — 22|, so it is consequence of Propositions and
4,17 O

Proposition 4.22. Let 0 < p € R and consider the function F: [0,1]?> — [0, 1]
given by
Fx)=1-|z; —as?

if x = (z1,72) € [0,1]2. Set 7= (r1,72). Then

(1) DN(F) = DSy p(F) = C(F) = Csop(F) = Cop(F) =
:{FER2‘T1:T2}.

(2) DLp(F) = {7 € R? | 1y <1}

Proof. Let M: [0,1]*> — [0,1] given by M (x) = |z1—z2|P if x = (z1,22) € [0,1]2.
Then F = M€, hence, by Proposition [3.5] and Corollary [£:21] it only rests to
show the assertion on DgOD (F). By Lemma {FER? |ry =m}=DNF)C
Dl (F). Assume that F is SOD increasing. Take 0 < z < 1 and x = (z, z),
S0 X € [0,1]%>); take ¢ > 0 such that x + ¢ € [0,1]2. Then F(x + ¢f) =
1—|e(r1 —r9)[P. As F is SOD #-increasing, it must be F(x + ¢F) > F(x) = 1,
hence r; = ro.

O

5. An operation between functions

We introduce here an operation between functions from [0, 1] to [0, 1] which
generalizes, when applied to O linear fusion functions, for n = 2, the Choquet

integral and the Lukasiewicz implication.

Definition 5.1. Let F;: [0,1]2 — [0,1], i = 1, 2, be two functions such that
Fy(z,7) = Fy(z, ) for all z € [0,1]. Define Fy x Fy: [0,1]2 — [0,1] by

\Y

Fi(x) if x € [0,1]
1

2
* x) = (2)°
(F1 x F5)(x) {Fg(x) ifxel0 ]? .

)

IN

21



415

420

425

430

435

Proposition 5.2. Let F;: [0,1]2 — [0,1], i = 1, 2, be two functions such that
Fi(z,z) = Fa(z,z) for all x € [0,1). Then, for T € {0, SOD, OD}, the follow-
ing hold.

(1) DL(Fy) N DY(F3) € DY(F) # F).
(2) CT(Fl) ﬂCT(Fg) g CT(F1 * FQ).
Proof. Set in this proof F' = F} *x F5.

e (1) and (2) for T=0D.
Let x € [0,1]%, 0 € Sa, ¢ > 0 such that x,, X, + ¢ € [0, 1]?2). These
assertions follow immediately taking the following into account.
(a) If o =id, F(x + cF) = Fi(x + ¢F), F(x) = F1(x).
(b) f o =(12), F(x+ cFy) = Fo(x + cTy), F(x) = F3(x).
e (1) and (2) for T= 0.
Let x € [0,1]? and ¢ > 0 such that x + ¢ € [0, 1]2.
Assume that 7 € DT(F1) N DT(Fy). If x, x + o € [0,1]f,,, then F(x) =
Fi(x) < Fy(x+cF) = F(x+cr) and 7 € DT(F). Analogously if x, x+cF €
[0, 1}%9. Suppose x € [0, 1]%2), x+crf € [0, 1]%<). Then ry > r1. By Lemma

there exists ¢’ > 0, ¢ > ¢, such that, with z = (21, 22) = x+ (¢ = ),
we have 21 = 29; as z + ¢'7 = x + cF, one has, with ¢’ =c — ¢,

F(x) = Fi(x) < Fi(x+'7) = Fi(z) = Fx(z) < Fo(z+7) = F(x +cF).
Analogously for (2).
e (1) and (2) for T=SOD.
Assume that 7 € Dl (F1) N Dlop(F). Let x € [0,1]%, 0 € Sy and ¢ > 0
such that x, € [0, 1]%>), X, + ¢ € [0,1]2.
(a) Suppose that o = id, so x € [0, 1]7;,,.
— Ifx+cre |0, 1]?2)7 then F(x+cF) = Fi(x+cF) > Fi(x) = F(x).
—Ifx+ecre[0,1]7
case T= 0.
(b) Suppose that o = (12), so x € [0, 1]?<).

<) then r; < 7o and we may proceed as in the

— Ifx+cr, €10, 1]%9, F(x+cry) = Fa(x+cFy) > Fa(x) = F(x).
— Assume that x + ¢f,, € [0, 1]%>). Apply Lemma to §=7,
and argue analogous to the case T= (.

Analogously for (2).
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Lemma 5.3. Let G = OL[u,d) and H = OL[v,b|, where [u,a), [v,b] belong
to R x R? and satisfy the conditions of Corollary and set d = (a1, az),
b = (by,by). We have that G(z,z) = H(x,z) for all 2 € [0,1] if and only if
uw=v and a1 + as = by + ba.

Proof. (=) With = 0 we have u = v. Take now for instance = 1 and obtain

a1 + az = by + ba.
(«) Follows immediately. O

Proposition 5.4. Let @ = (a1, as2) ,5: (b1,by) € R? be such that s = a; +ag =
b1+b2 and suppose that [, @], [, 5] € RxR? satisfy the conditions of Proposition
3.7. Let G = OL[u,@] and H = OL[u,b] and consider G « H (recall Lemma
4.3). Then the following statements hold.

(1) DL, (G« H)={FeR?*|F-a>0,7b>0}.

(2) COD(G*H)—{TERQW’ a

Il
=
Sl
Il
(@]
o —~—

—

(5) DV (G« H)={FeR2|F-a@>0,7b%>0}.
(6) C(GxH)={FeR?|F-a=7bl=0}.

Proof. Set FF =G * H,
(1) Let us assume that 7 € DgD(F). By Lemmam\ve can find x € [0, 1]?2)

and ¢ > 0 such that x + ¢ € [0, 1]%2), where p+ (x+¢r) - d = G(x+ cf) =
F(x+4cf) > F(x) = G(x) = p+x-a, hence 7-@ > 0 and 7 € D}, (G). Equally we
can find x € [0, 1}?2) and ¢ > 0 with x+¢7, € [0, 1]?9, from where 7 € DI)D(H).
Therefore, by Proposition |5.2| we have DgD(F) = DgD (G)n DgD(H).

(2) Proceed analogously as in (1).

(3) By Proposition 3.3} Diop (F) N RE,) = DOD(F) NRZ,).

Let us assume that 7 € R(<) satisfies 7. @, 7 - b 7oal, v b > 0. Let us
see that F' is SOD 7-increasing. Let x € [0, 1]27 ¢ > 0 and o € &3 such that

€ 0,12, xo +cr € [0, 1]

Suppose first that o = id, then x € [0, 1] . We must show that F'(x+cf) >

F(x).

(a) If x+cFe [0, 1}(>),thenF(x+cF)—F(x):cF-620.
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(b) If x 4+ ¢ € [0,1]
x + 7€ [0,1]7
X+ ¢ € [0, 1]%>). Thus, since y € [0, 1]%:),

%<), then by Lemma there exists ¢ € (0,c) such that
)- Therefore, if we put y = x + A7, then y + (¢ — )7 =
Fx+c')—F(x)=F(x+c')-F(y)+F(y) — F(x)
=F(y+(c=d))=F(y) + F(x+7) - F(x)
= (c—c’)Fd-g+c’F-&’2 0.
Suppose now that o = (12). We can assume that x € [0, 1]%<) and so
F(X) = p+ Xy - b.
(c) I x, +ci € [0,1]%,,, then F(x + ¢iy) — F(x) = ¢ b > 0.

(d) If x, + e € [0, 1]7_, then by Lemma there exists ¢ € (0, ¢) such that
x+c'7y €10, 1]%:). Therefore, if we put y = x+ /7, then y+ (¢ — /)7, =
x + ¢y € [0,1]7,. Thus, since y € [0,1]7_,

F(x+ecry)—F(x)=F(x+c,) = F(y)+ F(y) - F(x)
= F(y+(c=d)ig) = F(y) + F(x+ 7o) - F(x)
=(c—d)Fy -G+ 7 b>0.
475 Therefore F' is SOD 7-increasing.

Let us assume now that F' is SOD 7-increasing, where 7 € R%<). In particu-

lar, by Proposition F is OD 7-increasing, hence 7 d, 7 b>0 by 1. It rests
to show that if 71 < ro then - @%, 7- b > 0. Indeed, from cases (b) and (d),
the definition of SOD f-increasingness for y ensures that - @<, - b¢ > 0.
480 (4) Proceed as in the preceding item with equalities instead of inequalities.
(5) Let 7 € DT (F). By Lemma there exist x € [0, 1](22) and ¢ > 0 such
that x + ¢ € [0,1]?Z . Thus, 0 < F(x+c¢f) — F(x) =c¢F-d,so ¥-a > 0.
Similarly, by Lemma there exist x € [0, 1](29 and ¢ > 0 such that x 4+ ¢ €
[0, H?S)‘ Therefore, 0 < F (x4 ¢if) — F (x) = c¢7-b%, s0 7-b% > 0.

a5 Conversely, let i € R? be a vector such that 7-@ > 0 and 7 bd > 0. In order
to prove that 7 € DT (F), let x € [0,1]% and ¢ > 0 such that x,x + ¢ € [0, 1]°.
We have four cases.

o If x,x+cre [0,1](22),then F(x+cr)—F(x)=cr-a>0.
o If x,x+cre [O,l]?S),then F(x+cf)—F(x)=ci-b%>0.

o If x € [0, 1]?>) and x+ ¢f € [0, 1}?<), there is ¢ € (0, ¢) such that x+ 7 €
[0,1}(2:). Fy=x+d7F theny+ (c—)Ff=x+cF. Asx,y=x+cT€
[0, 1}?2) and y,y + (¢ — )P =x+ ¢ € |0, 1](2§), then

Fx+c¢rf)—F(x)=F(x+c¢f)—F(y)+ F(y)— F (x)
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=Fy+(c=d)f) = F(y)+ F(x+d7) - F(x)
—(c—d)F-a+d 7 b%>0.
o Ifx €0, 1]?<) and x+ cf € [0, 1]?>)7 there is ¢’ € (0, ¢) such that x+ 7 €

[0,1}?:). fy=x+4+d7F,theny+ (c—d)Ff=x+cF. Asx,y=x+cr¢€
[0, 1}(29 and y,y + (c — )P =x+ ¢ € [0, 1]?2), then

Fx+crf)—F(x)=F(x+cf)—F(y)+ F(y)— F(x)
=F(y+(c=d)) = F(y)+F(x+c7) - F(x)
:(c—c)r-bd+cr-a20.

490 In any case, F' (x + cF') > F (x) so 7 € DT (F).
(6) Proceed as in the preceding item with equalities instead of inequalities.
O

Example 5.5. Consider the Lukasiewicz implication I, : [0,1]*> — [0,1] given
by I (x) = min{1,1 — 21 + 22} if x = (21, 72) € [0, 1]?. Then we have

I, = OL[1,(~1,1)] * OL[L, (0, 0)]

(by Corollary [4.12] [1,(—1,1)] and [1,(0,0)] define ordered linear fusion func-
tions; as 1 =1 and —1 + 1 = 0+ 0, we may consider its (x)-product by Lemma
405 . As an application of Proposition we have:

(1) DN(I) = Dhp (L) = {F € R? | ry < 1o}

(2) Diop(IL) =C(1) = Cson(I1) = Cop (L) = {FE€ R? | r; =12}
Definition 5.6. Set A ={1,...,n} and, if « € S,,, A* = (AF,..., AY), where
AY ={a(i),ai +1),...,a(n)} = A\ {a(l),...,a(i — 1)}

Let now m : 24 — [0,1] be a fuzzy measure (that is, m satisfies m(())

-0,
m(A) =1, and m(X) < m(Y) if X,V € 24 and X CY). If (Xy,...,X,) €
so0 (247 we put m (Xy,...,X,) = (m(Xy),...,m(X,))

We set
1 -1 0 ... O
0o 1 -1 0
C = . .
0o 0 ... 1 -1
0o 0 ... 0 1

for the n x n matrix obtained from the identity matrix I,, by putting —1 above
the main diagonal and CT for its transpose. Observe that, if x, y € R", then
xC-y=x-yCT.
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The discrete Choquet integral of x € [0, 1]™ with respect to m is the function
Cum: [0,1]" — [0,1]
given by, if x € [0,1]" and a € S, is such that x, € [0,1]f,,
Cn(x) = x,C - m(A%Y) = x, - m(AY)CT .

Proposition 5.7. Let m: 24 — [0,1] be a fuzzy measure and consider the
associated Choquet integral Cy,: [0,1]™ — [0, 1]. Then

DL (Cw) = {FER™ | 7-@(A%)CT >0 Va € S,.},
Cop(Cn) = {FER™ |7 M(A)CT =0 Va € S,.}.

Proof. Let x € [0,1]", o € S, and ¢ € RT with x,, X, + ¢F € [0, 1]’&). Then,

with y = x + ¢F,,-1, we have y, = x, + cF € [0, 1]?<) and so

=Xq - ﬁ(AO‘)CT + cF - tﬁ(Aa)CT
= C(x) + (- m(A*)CT),
whence the thesis. O

Corollary 5.8. Let m: 24 — [0,1] be a fuzzy measure. Then the associated
Choquet integral Cy,: [0,1]™ — [0,1] is SOD 7-increasing for each ¥ € R™ such
thatr; > 0,1 <1t <n.

Proof. The i-th term of m(A®)C™, with the convention m(A%, ;) = 0, is m(A§)—

m(A$, ;) > 0 as m is a fuzzy measure, whereby the thesis. O

Let us consider the Choquet integral for n = 2 in some detail. A fuzzy

measure m: {1,2}? — L corresponds to
0 {1} {23 {1,2}
0 @& ¢ 1

where 0 < ¢1, g2 < 1, so that m is totally determined by the pair (¢1,¢2). We
set m = (q1,¢2). We have

1 0 . )
(1aq2) :(1_Q27q2) lfOéZId,
-1 1
M(A%)CT =
1 0 .
(1,q1) =(1-q,q)ifa=(12).
-1 1
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And the conditions of Proposition 7 m(AY)CT > 0 Va € Sy translate

here to
(ri,72) - (1=q1,q1) >0,

(ri,r2) - (1 —g2,¢2) > 0.

(1)

This corresponds in the plane R? to the intersection of the semiplanes right-
wards and/or upwards the borders (1 — ¢;)z1 + ¢;z2 = 0, i = 1, 2. For instance,

the case m = (1/2,1/8) is shown in Figure [

Figure 6: Intersection of the semiplanes from the conditions in for the case m = (1/2,1/8).

515 Clearly, Cop(1/2,1/2) corresponds to the line x; + x5 = 0. If ¢1 # g2, then
Cop(q1,92) = {(0,0)}.
Let usset q; = (1—¢;,¢:), i =1, 2. So7m(AY)CT > 0is7-q; >0,i=1, 2.
Observe that

x-qz ifz; <@g,
C(qn‘h)x =
X-qqp ifxz>as.

Example 5.9. Let e [Oa 1)7 ne [07 1—,Ll,], q1, g2 € [07 77] and set qi = (1_Q’L7 Qz)a
i =1, 2. For the corresponding Choquet integral we have

1+ 1Cq, go) = OL[p, na] * OL[u, nq2]

27



520

525

530

535

540

545

(by Corollary each [, n(1—g;, q;)] defines an ordered linear fusion function,
1 =1,2; and as p = pu and 7 — ng1 + g1 = N — Ng2 + Ng2, we may consider its
(*)-product by Lemma[5.3). As a direct application of Proposition

(1) Dop (1 +1Clga) = {7 ER? |07 (L = giyqs) 2 0,i=1,2}.
(2) Cop (L+nCg1,0) ={FER* |97 (1—q;,q;) =0,i=1, 2}

3) DTS‘OD (U+nc(q1,q2)) ={re R%Z) In-(1—qi,q;) 20,i=1,2,}U

(4) Csop (W+1Cg, ) ={TERE, |97 (1 —gqiyq:) =0,i=1,2} U

(5) DM (1 +1C400) = {7 ER? |77 (L= q1,q1) 2 0, 77 (g2,1 — g2) 2 0 }.
(6) C(u+nCiggm) ={TER 7 (1 —q1,q1) =07~ (g2, 1 —g2) =0 }.

For p = 0 and n = 1 we get the Choquet integral and let us observe that
OL[0, q;] is an OWA operator, i = 1, 2.

Remark 5.10.

(1) Let x = (w1, 22) € [0,1]% and 7= (r1, ) € R?.
Let M: [0,1]*> — [0,1] be given by M(x) = |z; — x2|. Then, M is OD -
increasing if and only if r; > 75 (see Corollary [4.21)). We have that I9,(x) =

max{0, 21 — 2} defines an 7-increasing function such that I, = M.
Consider now M¢: [0,1]? — [0,1], that is M¢(x) = 1 — |z1 — 22| = 1 —
max(x1, x2)+min(zq, z2), an OD 7-increasing function if and only if r; < 7o
(see Proposition 4.22)). Then I},. = I, (the Lukasiewicz implication) is 7
increasing and Iy, = M¢.

As f; = M* we can deduce that in the hypothesis of Proposition it
is not true in general that F' is SOD 7-increasing: take 7 = (rq,r3) with
r1 < r9; then I is r-increasing by Example but Ir is not SOD 7=
increasing by Proposition [4.22

(2) Let M: (0,12 — [0,1] as in (1). We have seen in Corollaryand Propo-
sition that Do (M) = {F€ R? |71 > ry} and Dip(M€) = {F e R? |
r1 = 72}, hence Proposition [B.5(2) is not true for T = SOD. And taking
into account the proof of Proposition [3.5(2), neither is valid Proposition

3-4(3) for T =SOD.
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6. General properties

In this section we present some results that characterize classical and weak
monotonicity in terms of directional, SOD and OD monotonicity. Thus, they are
a link between the different notions of monotonicity. Additionally, we extend
a general property of OD monotone functions from [5] to the case of SOD
monotone functions. We finish the section with two results on how OD and
SOD monotone functions can be constructed by means of an aggregation of a
series of functions with the same type of monotonicity.

Proposition 6.1. Let F': [0,1]™ — [0,1] be a function and set (€1,...,&y) for
the natural basis of R™. Then the following are equivalent.

(1) F is increasing.
(2) F is €;-increasing ¥i € {1,...,n}.
(8) F is SOD ¢&;-increasing Vi € {1,...,n}.
(4) F is OD é&;-increasing Vi € {1,...,n}.
Proof. 1t is obvious that (1) <= (2), and (1) = (3) as x < x+ ¢(€;),-1 for
alle>0and o € S,).
(3) = (1) Let x,y € [0,1]" such that x < y. We must show that

F(x) < F(y) and so we may assume that x < y. Let ¢ € S, be such that
2o € [0,1]{5). Observe that x <y is equivalent to Xo < y,. Let i = max{j €

{1 on} [2o) <wo@ )
So we have the following scheme (it could be i = n):

(o)t To(1) = o 2 To(im1) 2 Toi) 2 To(iel) = o0 = To(n)
I . IN AN [l ce I
(Yo): Yoy - Yo(i=1) Yoli) Yoli+1) Yo(n)

Let ¢ = yq33) — To(s)- We have
Xo + Cé'i = (1.17(1)7 sy Lo(i—1)s Lo(i) +c Lo(it1)s--- 7xcr(n))
= (To(1)y > To(im1)s Yo (i)s Yo(i+1)s - - - » Yo(n)) € [0,1]".

Hence, as F'is SOD ¢€;-increasing, F'(x) < F'(z), where z = x+¢(€;),-1. We have
z=x+c€; = (T1,...,2;+¢...,2n) = (T1,...,Yj,...,Tn), Where j = o(7).
Set now, if v.=(vy,...,v,), W= (w1,...,w,) €[0,1]" and v < w,

d(v, w) = {k | v < wi}].
We have that z <y and d(z,y) = d(x,y) — 1, hence, if we reiterate the process,
we conclude F(x) < F(z) < --- < F(y), as required.
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(3) <= (4) By the definitions it suffices to show (4) = (3). Let
x € [0,1]", 0 € S, ¢ > 0 and 7 € {1,...,n} such that x, € [0, 1]?>) and
X, + c€; € [0,1]™. Let us see that F(x) < F(x + ¢(€;)g-1).

Proceed by induction. If i =1, then x, € [0, 1]{ ) implies x, +cey € [0, 1],
and the thesis follows as F' is OD €}-increasing.

Assume that the result is true for i — 1, where 2 < i < n.

If Xp(i—1) = Xo() + ¢, then x, + cé; € [0, 1]?2) and the thesis follows as F' is
OD é;-increasing. Assume that xq(;_1) < X, (;) + ¢

Set t = Zg(i—1) — To(i)- We have

i—1 7

Xo 16 = (To(1)s -+ To(i1)s To(im1)s Ta(it1),---) € [0,1](5y,

hence F(x) < F(x +t(€;),-1) as F is OD €;-increasing.

Set y = x + t(€;)s-1, s0 F(x) < F(y).

Consider the transposition 7 = (i—14). Observe that y(or) = (Yo)r = ¥o-
Set s =c—1t. As w,(_1) +¢c—t= 2,0 + c we have

i—1

Y(or) + 861 = (xa(l)a <o To(d) +c xa(;—l)v Lo(i4+1)s- - ) € [07 1]71

i

By the induction hypothesis, F' is OD €;_;-increasing, hence

F(y) < F(y + S(é’ifl)(o#)’l) .

As
y+ 5(61—1)(07)*1 =y+ S(é‘i—l)(roﬂ) =Yy +s(€i)o—1 =
=X+ (t+)(€)e-1 =X+ ¢(€;)g-1 ,
we have F(x) < F(y) < F(x + ¢(€;)5-1) and the proof is finished. O

Corollary 6.2. Let F': [0,1]" — [0,1] be a function. Then the following asser-
tions are equivalent:

(1) F is increasing.
(2) F is SOD 7-increasing for each 7 € [0,00)™.

(8) F is OD 7-increasing for each ¥ € [0,00)™.

Recall that a function F': [0,1]" — [0,1] is said to be weakly increasing if
A€Rand (x1,...,2,), (x1 + A, ...,z + A) € [0,1]" implies F (x1,...,2,) <
Flzi+ X ...,zn+ ).

Proposition 6.3. Let F: [0,1]" — [0,1] and T = (1,...,1) € R". The following
assertions are equivalent.
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(1) F is weakly increasing.
(2) F is 1-increasing.

(8) F is SOD 1-increasing.
(4) F is OD I-increasing.

Proof. The fact that (1) <= (2) is simply the definition of weakly increasing-
ness and, by Proposition [3.3] (3) < (4).
(2) = (3) Let x € [0,1], 0 € S, and ¢ € R* such that x, € [0,1]{, and

X, + ¢ € [0,1]". Then F(x + cl,-1) = F(x+ ¢1) > F(x) as F is I-increasing.
(3) = (2) Let x = (x1,...,z,) € [0,1]" and ¢ € R such that x + ¢l €
[0,1]". Take o € Sy, such that x, € [0,1]{%,). We have that
Xg+cl=x,+cl, = (x+cl), € [0,1]"
as x + ¢ € [0,1]™. So, by hypothesis,
F(x) < F(x 4 cl, 1) = F(x +¢l),

and F is f—increasing. O

The following theorem (see [5]) deals with OD increasingness along the linear
combination of two directions.
Theorem 6.4 ([5]). Let 7,5 € R™ and a,b € RT. Let us assume that if x €
[0,1]", ce RT, 0 € S, then
Xo, Xg + c(ar + b3) € [0, 1]{%,
= either x, + car’ € [0, 1]{s) or x, + cbs € [0, 1]{,

Then if a function is both OD 7- and OD §-increasing then it is also OD (ar+b3)-
mereasing.
We present its extension to the case of SOD monotone functions. The proof
is straightforward.
Theorem 6.5. Let 7,5 € R" and a,b € RT. Let us assume that if x € [0,1]",
ceRY, 0 €S8, then
Xo € [0, 1], X + c(ar+bs) € [0,1]"

= either x, + car € [0,1]" or x, + cbs € [0,1]"

Then if a function is both SOD 7- and SOD Ss-increasing then it is also SOD
(ar + bS)-increasing.
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Finally, the next theorem shows a construction method of OD and SOD
monotone functions, based on aggregating functions with the same type of mono-
tonicity.

Theorem 6.6. Let 7 € R™, let A: [0,1]" — [0,1] be an aggregation function
and F;: [0,1]" — [0,1], 1 <1i < m, functions. Define

A(Fy, ..., Fy):[0,1]" — [0,1]
by A(Fy,...,Fy) (x) = A(F1(x),...,Fn(x)). Then

(1) If F; is OD 7-increasing Vi € {1,...,m}, then A(Fy,...,Fy,,) is also OD
T-increasing.

(2) If F; is SOD 7-increasing Vi € {1,...,m}, then A(Fy,...,Fy) is also SOD

T-increasing.

Proof. Tt is straightforward. O

As a consequence, the sets of all SOD 7-increasing functions and of all OD

7-increasing functions for a given 7 € R™ are convex.

Corollary 6.7. Let A1,...,\, € [0,1] be such that \y +--- + X\, = 1. Let
T € {SOD, OD} and ¥ € R™. Then, if F;: [0,1]" = [0,1], 1 < i <n, are T
r-increasing functions, then their convexr combination \iFy + - -+ A\, F,, is also
T r-increasing.

Proof. The result follows from Theorem as A(z1,...,2n) = M1+ -+ +
AnZy defines an aggregation function. O

7. Conclusions

We have defined the concept of strengthened ordered directional (SOD)
monotonicity and studied some properties of the functions that are SOD mono-
tone. We have also studied the relation between three notions of weaker forms of
monotonicity, that of directional monotonicity, ordered directional monotonicity
and strengthened ordered directional monotonicity. Additionally, we have intro-
duced the family of linear fusion functions, the family of ordered linear fusion
functions and an operation between functions that recover Choquet integrals

and the Lukasiewicz implication.
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