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Abstract

We revisit the relational study between different axiomatic definitions of similarity and dissimilar-
ity of fuzzy sets developed in two previous articles. We observe that every axiomatic definition
admits two variants, depending on whether we assume that the measure fulfills the corresponding
properties when we restrict ourselves to a fixed finite cardinal universe, or that it complies with
them in a general universe. The results and counterexamples presented in those articles concern
the implication relations between different axiomatic notions, and they implicitly consider a general
finite universe (whose cardinality is not fixed in advance). Most of them fit both variants, but some
others need to be adapted, in order to meet the first option. In this short note, we offer the adapted
versions of the corresponding results and counterexamples.

Keywords.- Similarity measure, dissimilarity measure, divergence measure, comparison measure,

measure of resemblance, measure of similitude

1. Introduction

Different authors in the 1980’s and 1990’s have proposed different ways of comparing pairs of
fuzzy sets, by means of mappings of the form m : F(U) x F(U) — R that assign a numerical

value to every pair of fuzzy sets. Names such as “similarity” (see [4, 6, 7, 8] among many others),
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“resemblance”([1]) or “similitude” ([1]) were proposed in order to quantify the degree of “equality”
between two fuzzy sets. In a dual way, the notions of “dissimilarity” ([1]), “divergence” ([5])
or “distance” ([7, 8]) were independently proposed, in order to quantify the degree of difference or
inequality between two fuzzy sets. Each of those axiomatic definitions from the literature establishes
a list of properties that the corresponding measure must satisfy.

We have reviewed in [2] the most prominent examples of those axiomatic definitions. In order
to offer an organised and clear view, we listed there the whole collection of properties involved
in all those definitions and divided it into three separate lists, respectively concerning “general
properties”, “properties of measures of equality” and “properties of measures of inequality”. Then
we analysed whether there existed or not a relation of implication between each pair of axiomatic
definitions. In [3], we analysed the existence of additional implications in the particular case where
the universe was assumed to be finite, and the considered measures were assumed to be “additive”
(decomposable as a finite sum, where each term depends on the pair of membership values of the
compared fuzzy sets over a single element of the universe).

Now, for simplicity, we will identify any finite universe of cardinal n € N, with the set of
indices [n] = {1,...,n}. Every property considered in those papers involved the relation between
a collection of pairs of fuzzy subsets of the universe and their corresponding numerical images.
However, in those works, we have ignored the fact that each of those properties and axiomatic

definitions admitted two different versions, one weaker than the other, namely:

1. m is assumed to satisfy the corresponding property for an arbitrary and fixed cardinal n € N.

2. m is assumed to satisfy the corresponding property for every cardinal n € N.

This differentiation has relevance on the analysis of formal relationships between different ax-

iomatic definitions, as we will show in this short note.

2. Preliminaries and notation

Let U denote an arbitrary finite universe of cardinal n € N and let us identify it with the
collection of indices [n] = {1,...,n}. Let p([n]) and F([n]) respectively denote the family of crisp
and fuzzy subsets of U = [n]. Let p4 : [n] — [0, 1] denote the membership function of a fuzzy set

A € F([n]). We will consider the usual min-based intersection and max-based union between fuzzy



sets, whose membership functions are defined as follows:

pans(i) = pa(i) A pp(i),

raup(i) = pa(i) vV pp(i), Vi € [n],

where A and V respectively denote the minimum and maximum T-norms.

For the sake of self-containedness of this short note, we will enumerate the whole set of properties

considered in [2] and [3]. We will present them in three separate lists. As we did in previous papers,

the asterisk will be understood as “stronger than”. Some implication relations are straightforward

and some others have been proved in [2].

2.1. General properties:

Gl.-0<m(A,B) <1 VA, B e F([n]).

G1*- 0 <m(A,B) <1 VA,B € F([n]) and there exists a pair of fuzzy sets C,D € F([n])
such that m(C, D) = 1.

G2.- m(A,B) =m(B,A) VA,B e F([n]).

G3.- Let p : [n] — [n] be a permutation on [n]. For each A € F([n]) denote A? the fuzzy
set whose membership function is defined from 4 as follows: pae(r) = pa(p(x)). Then

m(A, B) = m(A?, B?).
G3*.- There exists i : [0,1] x [0,1] — R such that m(A, B) = Y,y h(ua(i), s (i).
GA4.- There exists a mapping f : F([n]) x F([n]) x F([n]) — R such that

m(A,B) = f(ANB,A\ B, B\ A).

G4* - There exists a function F,, : R? — R and a fuzzy measure!

M : F([n]) = R such that, for all A, B € F([n]), m(A, B) can be expressed as follows:
m(A, B) = Fu(M(AN B), M(A\ B), M(B\ A)).

G5: fANB=0, AnB =0, m(A,0) <m(A,0) and m(B,0) < m(B’,0), then m(A, B) <
m(A’, B').

1Several formal definitions of this notion can be found in the literature. Here, we will refer to a monotone
increasing set-function satisfying the restriction M (@) = 0.



2.2. Properties for measures of “equality”
e S1.- VA, B,C € F([n]), if A C B C C and max;cp,) 14 (i) = max;ep,) pp (i) then s(A,C) <
s(A, B).

o S1*-VA,B,C € F([n)]),
ACBCC=s(A0C)<s(A B)

e Sl*var-VA, B,C € F(|n]),

ACBCC=s(AC)<s(AB)

e S2.-VA,B,C € F([n)]),
ACBCC=s(A,0C) <s(B,0).
o S2*¥-If A, B,C € F([n]) satisfy:
— palio) < pp(io) < pe(io), for some ig € [n], and
— up(i) = pa(i), Yi € [n],i # io,
then s(A,C) < s(B,C).

e S3.-VD € p(U), s(D, D) = 0.

e S3%- s(D,D°) =0« D € p(U).

e 84.- 5(C,C) = max g, ger(n) s(4, B) VC € F([n]).
e 84*%-C =D & 5(C, D) = maxy ger(n)) 5(4, B).
o S5-5(A4,B)=0= ANB =0
e S5*.- Consider A, B € F([n]) and an arbitrary ig € [n]. Define C and D such that:
— pe(i) = pa(i) and pp(i) = pp(i), Vi # i
— pelio) = palio) + o and pp(io) = pp(io) + a, where 0 < o < 1 — max{pa(io), p(io)}

Then:



— If max;epn) ponp (i) = max;epy) panp (i) then s(C, D) = s(A, B).
— If max;epn) ponp () > max;epm) panp (i) then s(C, D) > s(A, B).
e S6.- Consider A, B € F([n]) and an arbitrary xzo € U. Define C' and D such that:
— pe(i) = pa(i) and pp(i) = pp(i), Vi # o
— pelio) = palio) + o and pp(io) = pp(i) + o
Then, s(A,C) = s(B, D).

e S7-1f A, B,C, D € F([n]) satisfy the following restrictions: ANBC CND, A\BDC\D,
and B\ A D D\ C then s(A4, B) < s(C, D).

2.8. Properties for measures of “inequality” or “difference”

e D1.- If A, B,C € F([n]) satisfy the restrictions A C B C C, then:
(a) d(A,C) > d(A, B) and
(b) d(A,C) > d(B,C).

e D2.- d(D, D) = max 4 ger(n)) d(A, B) VD € p(U).

e D3- A=B=d(A B)=0.

o D3*- A= B & d(A,B) = 0.

e D4.-VA,B,C € F([n]), d(ANC,BNC) < d(A,B).

e D5.-VA B,C € F([n]), d(AUC,BUC) < d(A4, B).

e D6.- If A, B,C, D € F([n]) satisfy the following restrictions: ANBC CND, A\B2C\D,
and B\ A D D\ C then d(A, B) > d(C, D).

e D7-d(A,B)=d(A\ B,B\ A).

Properties S7, D6 and D7 involve the notion of “difference” between fuzzy sets. There is not
a unique universally accepted difference operator. The following definition has been considered in
[2]:
A\ B=ANB"

i.e.



3. Two types of statements and their influence on the study of formal relations between
different axiomatic definitions

As we have mentioned in the Introduction, each of the properties listed in Subsections 2.1, 2.2

and 2.3 admits the following variants:

(a) We select and fix an arbitrary n € N and assume that m : F([n]) x F([n]) — R satisfies the
corresponding property for this particular n.
(b) We assume that m is defined over the union U,enF([n]) x F([n]) and its restriction to every

Cartesian product F([n]) x F([n]) satisfies the corresponding property, for every n € N.

We will use respectively the nomenclature Gi(™, Si®) and Di(™) in the first case (Case (a)) and
the nomenclature Gi, Si and Di in Case (b). Every notion of similarity, dissimilarity, divergence,
etc. reviewed in [2] and [3] corresponds to a collection of properties selected from Subsections 2.1,
2.2 and 2.3. Thus, we can also consider two different variants for each of those notions. IL.e., given
a particular notion, N, we can differentiate between the weaker version, N, and the stronger
one, N. In [2] and [3] we did not mention this difference, but we implicitly considered the stronger
version of each notion, i.e., Case (b). In those papers, we studied whether implications between the
different notions (i.e., implications of the type N = N’) were satisfied or not. We have established
mathematical results or counterexamples respectively proving or disproving those implications.

In most of the cases, slight modifications of our proofs would prove implications of the type
N™ = N’ for an arbitrary n € N. With respect to the counterexamples, we can consider three

variants of them:

A.- An example of a measure m satisfying a notion N (i.e., satisfying N (™ for every n € N), but
not satisfying another notion N’ (i.e., not satisfying N'(™) for some n € N).

B.- An example of a measure m satisfying a notion N(™ for some n € N, but not satisfying N’(™)
for the same n.

C.- An example of a measure m satisfying a notion N (i.e., satisfying N for every n € N), but

not satisfying N'(") for any n > 2.

In [2] and [3] we did not take into account the existence of those three variants, and we implicitly
considered Case A in all our examples. Most of them also apply in Case C, but a few of them do

not.



In the next sections, we will analyse, case by case, whether we can adapt our previous results

and counterexamples, in order to provide alternative versions of them:.

4. Analysis of of implications and counterexamples included in [2]

All the mathematical results proving implications of the type N = N’ included in [2] can be
easily adapted to the case N = N’(") by means of slightly adapting the corresponding proofs.
On the other hand, all the counterexamples correspond to Case A in the above classification (the
one mentioned at the end of Section 3. Most of them fit the third version (Case C), but some others
need adjustment. In this section, we will focus on those that need adjustment:

Example 8. In this example from [2] a universe of cardinal n = 1 is considered and a mapping

d: F([1]) x F([1]) = R is defined as follows:
d(®,[1]) =d([1],0) =5, d(A, B) = 0, otherwise.

It illustrates a trivial situation where d satisfies Properties G2, D1, D2 and D3, but it does not
satisfy G1*, because G1*(") is not fulfilled for n = 1. It can be easily adapted in order to show
a situation where properties G2, D1, D2 and D3 are satisfied, but G1*(™ is not, for any n € N.
Consider the mapping d : UpenF([n]) x F([n]) — R defined as follows. Given an arbitrary n € N,
and an arbitrary pair of fuzzy subsets A, B € F([n]),

d(A,B) — 5 if (AvB) = (@, [’ﬂ]) or (A’B) = ([nL@)

0 otherwise.
It does not satisfy property G1*(™), for any n € N, as d(0), [n]) = d([n],0) is strictly greater than 1
for every n € N.
Example 10. The mapping d : UpenF([n]) x F([n]) — R considered in this example is defined

as follows: .
#{w : pa(i) # pp(i)} FArma
n )
where #C =3, he(i), VO € F([n]), denotes the cardinal of a fuzzy set C. It satisfies Properties
G1*, G2, D1, D2 and D3* and therefore it fulfills [[2], Definition 13] (for every n € N). However

it does not satisfy [[2], Definition 11], as it does not meet the equality d(A, B) = d(A\ B, B\ A),

d(A,B) =

for any n > 2. In [2], we explicitly check that d does not satisfy the above equality for n = 4. In
order to do so we select for the pair of (crisp) sets A = {1,2,3} and B = {2,3,4}, and observe



that d(A, B) = ¥/2/4 # 2/4 = d(A\ B,B\ A). We can consider instead the pair of (crisp) sets
A =1{1,2} and B = {2,3} in order to prove that d(A, B) # d(A\ B, B\ A), for any n > 3.

We need an additional example in order to check that the implication Definition 13 = Definition
11 does not either hold for n = 2 (i.e., to show that Definition 13(®) % Definition 11(?)). Let us
consider d : F([2]) x F([2]) = R defined as follows:

0 ifA=1B
d(A,B)=141 ifB=A° A€ p(]2)
0.5 otherwise.

It satisfies Properties G1*, G2, D1, D2 and D3*, but it does not satisfy the equality d(A, B) =
d(A\ B, B\ A), for every pair of subsets A, B € F([2]). In particular, if A = {1} and B = [2] = {1, 2}
(crisp sets) then d(A, B) = 0.5 and d(A\ B,B\ A) = 1.

Example 11. This example considers a universe of cardinal n = 2. It illustrates the fact that
[[2], Definition 14] does not either imply [[2], Definition 12] or [[2], Definition 13] for the particular
case n = 4, because Property D3(?) is not satisfied. An alternative example would be needed in
order to prove that [[2], Definition 14] does not imply either Definition 12(™) or Definition 13(™), for
any n # 2. Let us consider d : UpenF([n]) x F([n]) — R defined as follows:

d(A, B) = #(A\ B)V#(B\ A), VA, B € p([n]), ¥n e N

and

d(A,B) = d(Ca,Cp), YA, B € F(U),

where C'y denotes the nearest crisp set of A, (i.e. Cq = {i € [n] : pa(i) > 0.5}). This mapping
satisfies all the properties included in [[2], Definition 14] for every n € N (Properties G2, D3, D4
and D5), but it does not satisfy Property D2 for any n > 2 (d(D, D¢) does not attain its maximum
value for any D € p([n]) satisfying the inequalities 0 < #D < n). Therefore d does not satisfy
either Definition 12(") or Definition 13" for any n # 2.

Example 12. This example considers a universe of cardinal n = 1, but it can be easily adapted
to any finite universe. Let us consider an arbitrary n € N, and let the fuzzy measure M be defined as
M(A) = pa(l), VA € F(U). Let us consider the mapping F' : R* — R defined as F(u,v,w) = “42.
The mapping d : UpenF([n]) xF([n]) — R defined as d(A4, B) = F(M(ANB), M(A\B), M(B\A)) =

w satisfies all the properties included in [[2], Definition 11] (It satisfies Properties G1



and D3, and furthermore the mapping F' does not depend on the first argument, and is increasing
wrt the second and the third arguments). However, it does not satisfy Axiom D1, for any n € N.
If we consider a triple of nested sets A C B C C satisfying pa(1) = 0.2, up(1) = 0.8, pc(1) = 0.9
and p4(i) < pp(i) < pe(i), for every i > 2, we observe that d(A4,C) = 0.45 < d(A, B) = 0.5, if we
consider the set-difference A\ B = AN B°.

5. Analysis of implications and counterexamples included in [3]

We analyse in [3] the existence of additional implications between the different axiomatic def-
initions, under the additional assumption G3*. The same as in [2], all the results included there
correspond to the situation (b) described in Section 3, and all the counterexamples correspond to
Case A. Notwithstanding, most of them can be easily adapted respectively to situations (a) and C.
In this section we will focus on those results and examples that need an additional adjustment, in
order to adapt them to those situations.

Theorem 2, part 12. In [3], we prove that any mapping s : U,enF([n]) x F([n]) — R fulfilling
property G3* satisfies S1 if and only if it satisfies S1*. Now we want to prove a stronger statement:
Under the assumption G3(™), S1(") and S1*(™) are also equivalent, for every n > 2. Taking into
account that S1*(") straightforwardly implies S1("), we just need to prove the reverse implication,
S1(" = S1*(") for every n € N. Let us fix an arbitrary n > 2. According to property G3*(")
s : F([n]) x F([n]) — R is assumed to be decomposed as a sum in terms of a generating function

h, as follows:

s(A,B) = Z h(pa(i), pp (7)), ¥ A, B € F([n]).

i€[n]

In order to prove that s satisfies S1*(")| and according to Theorem 2, part 1 in [3], we just need
to prove that h satisfies, for every triple a,b,c, € [0,1] with a < b < ¢ then h(a,b) > h(a,c). In
order to do so, let us consider the triple of fuzzy subsets A, B,C € F([n]) defined as follows:
pa(l) = a, up(1) = b, uc(l) = ¢, and pa(i) = pp(i) = puc(i) = ¢, Vi > 1. According to S1(,
h(a,b) + (n — 1)h(c,c) > h(a,c) + (n — 1)h(c,¢), which implies that h(a,b) > h(a,c). O

Theorem 2, part 13. We have proved in [3] that Properties G3* and S5* are mutually
exclusive. Now we want to prove a stronger statement saying that that Properties G3*(™ and
S5*(") are incompatible for every n € N. We will prove it by reductio ab absurdum, following a

similar course of reasoning as there. Let us fix an arbitrary n € N and let us consider the pair of



tuples (A4, B,C, D) and (A’, B’,C’, D') of fuzzy subsets of [n] respectively defined as follows:

pa(l)=01  pp(1)=02 pc(l)=04 pp(l) =05
par(1) =01 pp(1)=02 pe(l)=04 pp(l)=0.5

pa(i) = pp(i) = pe(i) = pp(i) = 0.5 and
par (i) = pp (i) = por (i) = ppr (i) = 0.1,Vi > 2.
Then, according to S5* we get the following expressions:
h(0.1,0.2) + (n — 1)h(0.5,0.5) = h(0.4,0.5) + (n — 1)h(0.5,0.5) and

1h(0.1,0.2) 4+ (n — 1)h(0.1,0.1) < h(0.4,0.5) + (n — 1)h(0.1,0.1),

leading us to a contradiction, as the mapping h cannot simultaneously satisfy the equality h(0.1,0.2) =
h(0.4,0.5) and the strict inequality h(0.1,0.2) < h(0.4,0.5). O

Example 9. This example illustrates the fact that measures of similitude do not necessarily
satisfy Property G2 (symmetry), as they do not necessarily satisfy it for the particular case n = 1.
The same measure of similitude considered there illustrates the fact that there exists a mapping
s : UpenF([n] x F([n]) — R satisfying the properties of measures of similitude for every n € N that
do not necessarily satisfy Property G2 for any n € N. In order to check it, instead of restricting
to the case n = 1, we can consider an arbitrary n € N and the pair of fuzzy subsets of [n], A, B,
defined as follows:

1a(l) =03, pp(l) =0.7, pa(i) =0 and pp(i) =1, Vi > 2.

We observe that s(A, B) = 0.45 # 0.65 = s(B, A), and therefore we conclude that s does not
satisfy the property of symmetry G2(™).

Acknowledgements

This work is partially supported by TIN2017- 84804-R (Spanish Ministry of Science and Inno-
vation) and GRUPIN18-226. (Regional Ministry of the Principality of Asturias).

References

[1] B. Bouchon-Meunier, M. Rifqi, S. Bothorel, Towards general measures of comparison of objects,

Fuzzy Sets and Systems 84 (1996) 143-153.

10



2]

I. Couso, L. Garrido, L. Sanchez, Similarity and dissimilarity measures between fuzzy sets: A

formal relational study, Information Sciences 229 (2013) 122-141.

I. Couso, L. Sanchez, Additive similarity and dissimilarity measures, Fuzzy Sets and Systems

322 (2017) 35-53.

L. Dengfeng, C. Chuntian, New similarity measures of intuitionistic fuzzy sets and application

to pattern recognition, Pattern Recognition Letters 23 (2002) 221-225.

S. Montes, 1. Couso, P. Gil, C. Bertoluzza, Divergence measure between fuzzy sets, Interna-

tional Journal of Approximate Reasoning 30 (2002) 91-105.

C. Wang, A. Qu, Entropy, similarity measure and distance measure of vague soft sets and their

relations, Information Sciences 244 (2013) 92-106.

L. Xuecheng, Entropy, distance measure and similarity measure of fuzzy sets and their relations,

Fuzzy Sets and Systems 52 (1992) 305-318.

H. Zhang, W. Zhang, C. Mei, Entropy of interval-valued fuzzy sets based on distance and its
relationship with similarity measure, Knowledge-Based Systems 22 (2009) 449-454.

11



