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Abstract

The ordinal sum construction provides a very effective way to generate a
new triangular norm on the real unit interval from existing ones. One of the
most prominent theorems concerning the ordinal sum of triangular norms on
the real unit interval states that a triangular norm is continuous if and only
if it is uniquely representable as an ordinal sum of continuous Archimedean
triangular norms. However, the ordinal sum of triangular norms on subin-
tervals of a bounded lattice is not always a triangular norm (even if only one
summand is involved), if one just extends the ordinal sum construction to a
bounded lattice in a naive way. In the present paper, appropriately dealing
with those elements that are incomparable with the endpoints of the given
subintervals, we propose an alternative definition of ordinal sum of count-
ably many (finite or countably infinite) triangular norms on subintervals of a
complete lattice, where the endpoints of the subintervals constitute a chain.
The completeness requirement for the lattice is not needed when considering

finitely many triangular norms. The newly proposed ordinal sum is shown
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to be always a triangular norm. Several illustrative examples are given.
Keywords: Lattice; Triangular norm; Ordinal sum; Partially ordered

monoid

1. Introduction

The ordinal sum construction provides a method to construct a new
semigroup from existing ones [4]. Ling [14] and Schweizer and Sklar [1§]
applied this method to a special kind of semigroup, namely to triangular
norms (t-norms, for short) on the real unit interval [0, 1]. One of the most
prominent theorems concerning the ordinal sum of t-norms states that a
t-norm is continuous if and only if it is uniquely representable as an ordinal
sum of continuous Archimedean t-norms (see, e.g., [1, [13]).

T-norms on more general structures (e.g., posets |6, 19] and bounded
lattices [, [7]) have been proposed and extensively investigated. In 2006,
Saminger [16] extended the ordinal sum of t-norms on the real unit inter-
val [0, 1] to the ordinal sum of t-norms on subintervals of a bounded lattice
in a rather direct way without much consideration for the characteristics of
a lattice, especially the existence of elements that are incomparable with
the endpoints of the given subintervals. Unfortunately, Saminger’s ordinal
sum of t-norms on subintervals of a bounded lattice does not always yield
a t-norm even in the case of a single summand. Some researchers |15, [17]
characterized when Saminger’s ordinal sum of t-norms always leads to a t-
norm, while other researchers attempted to modify Saminger’s ordinal sum
or considered the ordinal sum problem for a particular class of lattices. For
instance, Ertugrul et al. [9] modified Saminger’s ordinal sum for one spe-
cial summand to make sure it results in a t-norm. El-Zekey [g] studied the

ordinal sum of t-norms on bounded lattices that can be written as a lattice-



based sum of lattices. Up to now, the ordinal sum problem has not yet been
solved completely.

Although Saminger’s definition of ordinal sum of t-norms on a bounded
lattice is a natural extension of the ordinal sum of t-norms on the real unit
interval [0, 1], it is not satisfactory since it does not always lead to a t-norm.
This motivates the following question:

Does there exist a more appropriate definition of ordinal sum of t-norms
on a bounded lattice?

We argue that any definition of ordinal sum of t-norms on a bounded
lattice that reduces to the ordinal sum of t-norms on [0, 1] could be a possible
candidate for the answer to the above question. The key lies in whether it
always leads to a t-norm. In this paper, appropriately dealing with those
elements that are incomparable with the endpoints of the given subintervals,
by synthesizing the techniques of [3] and [9], we propose an alternative
definition of ordinal sum of countably many t-norms on subintervals of a
complete lattice, where the endpoints of the subintervals constitute a chain.
The completeness requirement for the lattice is not needed when considering
finitely many t-norms. Our proposed ordinal sum is shown to be always a
t-norm.

Admittedly, a t-norm on a bounded lattice is nothing else but a com-
mutative and integral partially ordered monoid (pomonoid, for short) |11]
and the ordinal sum of pomonoids has been investigated in the literature [10].
However, the ordinal sum of pomonoids is different from the above-mentioned
ordinal sum of t-norms since the former is defined on the direct sum of the
underlying posets, while the latter is defined on a bounded lattice that is
not necessarily the direct sum of the underlying subintervals of the lattice.

The poset product of pomonoids proposed in [12] generalizes both the or-



dinal sum of pomonoids and the direct product of pomonoids. Concretely
speaking, the poset product of pomonoids reduces to the ordinal sum of
pomonoids when the underlying index set is a chain, while it reduces to the
direct product of pomonoids when the underlying index set is an antichain.
Therefore, the poset product of pomonoids cannot cover our ordinal sum of
t-norms due to the fact that in our ordinal sum of t-norms the underlying
index set is a chain and the above-mentioned difference between the ordinal
sum of pomonoids and the ordinal sum of t-norms.

The remainder of this paper is organized as follows. We recall some basic
notions and results related to lattices and t-norms on a bounded lattice,
and briefly review the progress in the study of ordinal sums of t-norms
on a bounded lattice in Section 2l Section Bl is devoted to proposing an
alternative definition of ordinal sum of t-norms on a bounded lattice and
proving it to be a t-norm, while Section [ shows some examples fitting in
the newly proposed ordinal sum of t-norms on a bounded lattice. We end

with some conclusions and future work in Section Bl

2. Preliminaries

In this section, we recall some basic notions and results related to lattices
and t-norms on a bounded lattice, and briefly review the progress in the

study of ordinal sums of t-norms on a bounded lattice.

2.1. T-norms on a bounded lattice

A lattice |2] is a nonempty set L equipped with a partial order < such
that any two elements x and y have a greatest lower bound (called meet or
infimum), denoted by = Ay, as well as a smallest upper bound (called join

or supremum), denoted by x V y. For a,b € L, the symbol a < b means that



a < band a # b. If neither a < b nor b < a, then we say that a and b are
incomparable. The set of all elements of L that are incomparable with a is
denoted by I,. A lattice (L, <, A, V) is called bounded if it has a top element
and a bottom element, while it is said to be complete if for any A C L, the
greatest lower bound /A A and the smallest upper bound \/ A of A exist.
Obviously, any finite lattice is necessarily complete and any complete lattice
is necessarily bounded.

Let (L,<,A,V) be a lattice and a,b € L with a < b. The subinterval
[a,b] of L is defined as

[a,b] ={z € L|a<ax<b}.

Other subintervals such as [a, b[ and ]a, b[ can be defined similarly. Obviously,

([a, b], <, A, V) is a bounded lattice with top element b and bottom element a.

Definition 2.1. [5,6] Let (L, <, A, V) be a lattice and [a, b] be a subinterval
of L. A binary operation T': [a,b] X [a,b] — [a,b] is said to be a t-norm on

[a,b] if, for any z,y, z € [a,b], the following conditions are fulfilled:
(i) T(z,y) = T(y,x) (commutativity);
(ii) If x <y, then T(z,2) < T(y, z) (increasingness);
(i) T(T(x,y),z) = T(x,T(y,2)) (associativity);
(iv) T'(b,x) = = (neutrality).

Theorem 2.2. (4] Let (L,<,A\,V) be a lattice, [a,b] be a subinterval of L

and ¢ € [a,b]. The binary operation T.: |a,b] X [a,b] — [a,b] defined by

Ay ifbe{z,y}
To(x,y) =

TAYyAc otherwise,

is a t-norm on |a,b].



If ¢ = b (resp. ¢ = a), then we retrieve the strongest (resp. weakest)

t-norm T (resp. Tp) on [a,b].

2.2. Progress in the study of ordinal sums of t-norms on a bounded lattice

The following result concerning ordinal sum of t-norms on the real unit

interval [0, 1] is well known.

Theorem 2.3. [13] Let {]a;, bi[ }ier be a family of (nonempty and) pair-
wisely disjoint open subintervals of [0,1] and {T;}icr be a family of t-norms
on [0,1]. Then the binary operation T = {{a;, b;, T;)}icr: [0,1] x [0,1] —
[0,1], called the ordinal sum of {T;}icr, defined by

T—ai y—a

a; + (b — a;)T; ( ) if (x,y) € [a;, bi]?

min{z,y} otherwise,

T(z,y) = bi —a; bi —a;

is a t-norm on [0,1].

Remark 2.4. (i) It is well known that any set consisting of nonempty
and pairwisely disjoint open subintervals of the real unit interval [0, 1] is
countable.

(ii) For any i € I, define Tj: [a;, b;] X [ai, b — [ai, b;] as follows:

. T—a; y—a
Ti(r,y) = a; i — i)l | ———— | .
(w0 = s (b a)Ts (=2, 221

It is easy to see that T; is a t-norm on [ai, b;]. So, in the definition of ordinal
sum of t-norms on the real unit interval [0, 1], we can suppose that T; is a
T—a; Yy—a;
t-norm on [a;, b;] for any ¢ € I and replace a; + (b; — a;)T; L Y~ G
bi — a; bl — a;
by T;(z,y). Based on this observation, one can naturally extend the notion

of ordinal sum of t-norms from the real unit interval [0,1] to a bounded

lattice, as Saminger [16] did in 2006.



Figure 1: Hasse diagram of the lattice L in Example

From here on, (L,<,A,V,0,1) denotes a bounded lattice with top ele-

ment 1 and bottom element 0.

Definition 2.5. [16] Let (L, <,A,V,0,1) be a bounded lattice, {]a;, ;| }ier
be a family of pairwisely disjoint subintervals of L and {T;};c; be a family
of t-norms on these subintervals. The ordinal sum T = {{a;, b;, T;) }ier: L X

L — L is given by

E(x7y) lf (.Z',y) € [al7bz]2
T(z,y) =
TAY otherwise.

According to Saminger [16], however, the above ordinal sum is not always

a t-norm even if there is only one summand, as the following example shows.

Example 2.6. [16] Consider the complete lattice L with Hasse diagram
shown in Figure [l The ordinal sum 7' = {{(a,1,Tp)} given by Table [ is
not a t-norm on L, since

T(T(c,c),b) =T(a,b) =0#b="T(c,b) =T(c,T(c,b)).

Several researchers [15,|17] characterized when Saminger’s ordinal sum of
t-norms always leads to a t-norm, while other researchers attempted to mod-
ify Saminger’s ordinal sum or considered the ordinal sum problem for a par-

ticular class of lattices. For instance, Ertugrul et al. [9] modified Saminger’s



Table 1: The ordinal sum 7' = {{a,1,7p)} in Example [20]

T/0 b a ¢ 1
0/{0 0 0 0 O
b0 b 0 b b
a0 0 a a a
cl|0 b a a c
110 b a ¢ 1

ordinal sum for one special summand in the following way to make sure it

always results in a t-norm.

Theorem 2.7. [9] Let (L,<,A,V,0,1) be a bounded lattice, [a,1] be a
subinterval of L and Ty be a t-norm on [a,1]. Then the binary operation

T: LxL— L defined by
Ti(z,y)  if (2y) € [0, 1]
T(z,y) =q xAyna  if (z,y) € (Lo x [0,1) U([0,1[xL,) (1)
TAy otherwise,

1$ a t-norm on L.

Remark 2.8. Expression ([I]) looks different from the corresponding expres-
sion in Theorem 1 of [9], but they are essentially the same.

3. An alternative definition of ordinal sum of t-norms on a bounded

lattice

In this section, appropriately dealing with those elements that are in-

comparable with the endpoints of subintervals, we propose an alternative



definition of ordinal sum of t-norms on a bounded lattice and prove it to
always result in a t-norm.

We start by decomposing a bounded lattice with respect to a countable
chain, which is crucial in our definition of ordinal sum of t-norms. Let (L, <
,A\,V,0,1) be a bounded lattice and {c¢;}iez C L be given with ¢; < ¢;41,
where Z is the set of all integers. Then L = S; U Sy and S1 NSy = (), where

Si={zel|Gie)(zecl,)} =L
1€EZ
and

So={zeLl|(VieZ)(z¢ L)} =L\, =L\ |J L.

i€Z. i€z
Further, S; = A; U Ay and Ay N Ay = (), where

Ai={ze S |inflicZ|zel,} =—o0}

and

Ay={zx e S |inf{icZ|xzel,} cZ}.

It is not difficult to prove that
Ay =] A4,
1EZ
where A% =]c;_1,1[N1,,.
We furthermore divide Sy into three subsets By, Bs and Bs, ie., Sy =
B1 U By U Bs, where
By ={zeS|(VieZ)(z>c)}=(lc1],
1€EZ

By={zeS|(VieZ)(x <)} =[O,

1€EL



and

Bs={z€ S| (GieZ)(x€le,a)} =Jleal.
€L

Let us further denote
Ay = (A1 x [0,1]) U ([0,1] x Ay)
é = (Aé X [Ci_l,l[) U ([Ci_l,l[XAé) .
We give an example to illustrate the above decomposition.

Example 3.1. Let L = [0,1] x [0,1]. Define the partial order < on L

componentwisely, i.e.,
The meet M and the join LI with respect to < are given as follows:

Obviously, (L,=,M,L,(0,0),(1,1)) is a complete lattice.

Define {c; }iez C L as follows:

1 1 1 1
¢ = (cgl),cl(?)) = (a arctani + 2 aarctani + 5)
11 . .
Then ¢; < ¢j41 and A ¢ = (5’ g) It is not difficult to see that
€L
1 1 1 1 .
A = —Ix]=,1 -1 - Ag = | | A}
= (o) o (1paxog]) L ae= Ul

1EL

where



2 2 1 1
By = [g, 1] x [5,1], By = [0, g] x [0, g], and Bs = LEJZ[ci_l,ci],
1

where

[ ] (z,y) | ! tan (i 1)—1—1< <1 t '—1—1
i—1,Ci| = — arctan(i — — — arctan — 5.
Ci—1,C; x,y 37Taca i 2_:E,y_37racaz 5

So,
S9 = B1 U By U B3, and 51 :L\Sg.
Moreover,
Ay = (A1 X [(0,0),(1,1)[) U ([(0,0),(1,1)[><A1>
and

Aé = (Aé X [ei-1, (1, 1)[) U ([Ci—la (L, 1)] XA%) .

We are now ready to propose our definition of ordinal sum of t-norms.

First, we consider the case of contiguous subintervals.

Definition 3.2. Let (L, <, A, V,0, 1) be a complete lattice, {¢; }icz C L with

¢ < ¢iy1, c = N ¢ and {T;};cz be a family of t-norms on the subintervals
iE€EZ

{[¢i—1,¢i]}iez. The ordinal sum T = {(c;—1,¢;, T3) }icz: L X L — L is given

by

Ti(z,y) if (z,y) € [cio1,ci)?
Ti(x N,y Ne)  if (z,y) € Aé
T(x,y) = (2)
TAyAc if (z,y) € Ay
TAY otherwise.

Remark 3.3. (i) For any i, j € Z, it holds that

AN AL = [eim1, ¢ N AL = [ei1,6]* N A% =0.

11



In addition, for any i, j € Z with i # j, it holds that
ALNAL=0.

Hence, the operation in (2]) is well defined.

(ii) The completeness requirement for L is only used to ensure the ex-
istence of A ¢;. We could just suppose that L is complete with respect to
meet, but ;rrelZet-completeness implies join-completeness since L has a top el-
ement. The completeness requirement is not needed when there exists i € Z

such that ¢; = ¢; for any j < 4, in particular when dealing with finitely many

contiguous subintervals.

Second, we consider the case of not necessarily contiguous subintervals,
whose endpoints form a chain. Let (L, <,A,V,0,1) be a complete lattice,
{lai, bi]};cz be a family of subintervals of L with b; < a1, a = A a; and
{T;}iez be a family of t-norms on these subintervals. e

We intend to use (2)) to define the ordinal sum T' = {(a;, b;, T;) }icz. The

process is divided into three steps.

Step 1. Define {c¢;}icz C L as follows:
Coi—1 = Q and Co; = bi .

It holds that (1) ¢; < ¢iv1; (2) A e = A a; = a; (3) [e2i-1, c2] = [ai, bi;
i€Z i€Z.

(4) [c2i, c2iq1] = [bi, aiy1].

Step 2. For any i € Z, endow [¢;_1, ¢;] with a t-norm T; as follows:

To; =T; and Thiyy =Th.

Step 3. Define the ordinal sum T = {{a;,b;, T;) }icz as {<ci_1,ci,ﬁ>}iez,

12



i.e.,
( ~

Ti(z,y) if (z,y) € [@—1;%’]2
Ti(x/\ci,y/\ci) if (:Evy) € AZ2
T(z,y) = (3)
TAYAa if (z,y) € A
CY otherwise.

It is routine to check that (3]) is the same as (@):

Ti(z,y) if (2,y) € [a;, bi]®
Ti(z ANbj,y ANb;) if (z,y) € A
T(x,y) =< xANyAa if (x,y) € A} (4)
TAyAa if (z,y) € Ay
TAY otherwise,

where
i = AZ = ((]ai,l[ﬂIbi) X [ai,1[> U <[ai,1[>< (]ai,l[ﬂlbi)> ,
Ay = AF = (i1, 1N 70) % Biet,10) U (i1, 10 (i1, 1[N, )
and
A=A, = <A’1 X [0,1[) U ([0,1[><A’1>,
where
Al={zxeLl|(FicZ) (zel,)and nf{i e Z|x €1, } = —c}.

To summarize, for the case of not necessarily contiguous subintervals,

we define the ordinal sum of t-norms as follows.

Definition 3.4. Let (L, <,A,V,0,1) be a complete lattice, {[a;, b;]},., be a

€L

family of subintervals of L with b; < a;41, a = A a; and {T; };ez be a family
€L

of t-norms on these subintervals. The ordinal sum T = {(a;,b;, T;) }icz is

given by ().

13



We are now going to prove our main theorems.

Theorem 3.5. Let (L, <,A,V,0,1) be a complete lattice, {c;}icz C L with

¢i < ¢iv1, c = N ¢ and {T;}iez be a family of t-norms on the subintervals
i€EZ
{[ci—1,¢i]}iez- Then the ordinal sum T = {{c;—1,¢;,T;)}iez: L X L — L

given by @) is a t-norm on L.

The following observations play a key role in simplifying the proof of

Theorem

Observation 1. The restriction T'|g, of T to Sy X Sy is a t-norm on So,

where T'|g,: Sa X Sy — Ss is given by

E(‘Tay) if (.Z',y) € [Ci—lyci]2
T‘Sz (x7 y) =
TAY otherwise.

In fact, {0,1} C Sy and (S2, <, A, V,0,1) is a bounded lattice. In this lattice,
I, = 0 for all i € Z. Therefore, it follows from Proposition 5.2 in [16] that

T|s, is a t-norm on Ss.
Observation 2. T(z,y) = T(x A ¢,y) for any = € A; and any y € [0, 1].

In fact, for any x € Ay and any y € [0, 1], it holds that T'(z,y) =z Ay A c.

Note that t Ac < ¢ < ¢; for any i € Z. If y € Ay, then
TxANe,y)=(xAc) ANyAe=xAyAc=T(x,y).
Otherwise,
TxAcy)=(xAc)ANy=axAyAc=T(z,y).

Observation 3. T(z,y) = T'(x A ¢;,y) for any x € A} and any y € [0, 1].

14



In fact, if y € Ay, then
T(z,y)=xAyANc=(xANc;) ANyNec=T(xNci,y).

For y ¢ Ay, we distinguish the following cases:
- If y > ¢;, then

T(x,y) =Ti(xNci,yhNei) =xANeg=x AN ANy=T(x Aci,y).
-Ify € [eii1,¢i] or y € Ab, then
T(z,y) =Ti(x Nci,yNe) =T(x Aeiyy) .
-Ify e Ag for some j < i, then
T(z,y) =Tj(xNcjyNe;) =Tj(xNeiNej,yNe) =T(xANe,y) .
-If y € [¢j—1,¢j] for some j < ior y < ¢, then
T(z,y)=xANy=zANc; Ny=T(xNc;,y).

Now we are ready to prove Theorem
Proof of Theorem
Obviously, T is commutative and 1 is the neutral element of T. We only
need to show that T is increasing and associative.

Increasingness: Let z,y, 2z € L with y < z. We need to prove the follow-
ing inequality

T(x,y) <T(z,2). (5)

If 1 € {z,y,z}, then (B trivially holds. In the following, we only consider

L¢{x,y, 2}

15



By Observation [d, we can suppose that x,y,z ¢ A;.

In fact, if z € Ay, then x A ¢ € [0, ¢] and (@) is equivalent to
TxAe,y) <T(xANec,z).
Ifye Ay, then y Ac € [0,¢], y Ac <z and (B is equivalent to
T(z,yNc) <T(x,z).

If z € Ay, then z Ac € [0,c]. Note that y < z implies either y € A or y < c.
In both cases, T'(x,y) = T(x,y A ¢) and (B is equivalent to

T(x,yNc) <T(x,zAc).

By Observation[3, we can also suppose that x,y,z ¢ As.
In fact, if € Ao, i.e., there exists i € Z such that z € A%, then z A ¢; €

[ci—1,¢;] and (B]) is equivalent to
T(xAci,y) <T(xANci,z).

If y € Ag, i.e., there exists j € Z such that y € Ag, then y A ¢; € [¢j—1, ¢}l

yAc¢; <z and (0] is equivalent to
T(z,yNcj) <T(x,z).

If 2 € Ay, i.e., there exists k € Z such that z € A5, then 2z A ¢y € [cp_1, ci].
Note that y < z, we distinguish the following cases:

-Ify e Ag for some j <k, then y Acj <z A ¢, and (@) is equivalent to
T(x,yNecj) <T(x,2Ncg).

-Ify € [¢j—1,¢j] for some j < kory € [0,c|, then y = yAcy, < 2A¢;, and (B
is equivalent to

T($7y) < T(ﬂf, Z N Ck) :

16



-Ify € Ay, then y A c < z A ¢ and (B is equivalent to
T(x,y Nc) <T(x,zAcg).

Based on the discussion above, it suffices to verify that (&) holds for
x,y,z € S = By U By U Bs. However, in that case the proof follows from
Observation [l

Associativity: Let x,y,z € L. We need to prove the following equality
T(T(x,y),z) =T(2,T(y,2)) - (6)

If 1 € {x,y, z}, then (@) trivially holds. We only consider 1 ¢ {x,y, z}.

In a similar way as in the case of the increasingness property, we can
prove that it suffices to consider z,y, z € S5, in which case the proof follows
from Observation [II

To conclude, we have proved that T' is commutative, increasing, associa-

tive and has neutral element 1, i.e., T is a t-norm on L. O

Theorem 3.6. Let (L,<,A,V,0,1) be a complete lattice, {[a;,b;]},c; be a

family of subintervals of L with b; < a;11, a = N a; and {T;}icz be a family
€L

of t-norms on these subintervals. Then the ordinal sum T = {{a;, b;,T;)}icz

given by ) is a t-norm on L.

Proof. It follows from Theorem 3.5l and the fact that (4]) is actually deduced
from 2). O

Theorem [3.0] also applies to a finite sequence of subintervals {[a;, b;]}7;
on a bounded lattice L (in this case L need not be complete). To this end,
it suffices to let a; = b; = aq for any ¢ € Z with ¢ < 1 and b; = a; = b, for
any ¢ € Z with ¢ > n.

In the finite case, it holds that

Ay = (I, x [0,1]) U ([0,1] xL,) -

17



Theorem 3.7. Let (L,<,A,V,0,1) be a bounded lattice, {[a;, b;|};—, be
a finite sequence of subintervals on L with b; < aj41 and {T;}7_, be a
finite sequence of t-morms on these subintervals. Then the ordinal sum

T = {{ai,b;,T;)}1_1: L x L — L defined by

Ti(z,y) if (x,y) € [ai, bi]?
Ti(z ANbi,y ANb)  if (z,y) € AL
T(z,y) = ’ (7)
T AY A a; if (v,y) € A
TAy otherwise,

is a t-norm on L, where A} & A;.
Setting n = 1, we get the ordinal sum with one summand.

Theorem 3.8. Let (L,<,A\,V,0,1) be a bounded lattice, [a,b] be a subin-
terval of L and Ty be a t-norm on |a,b]. Then the ordinal sum T =

{{a,b,T1)}: L x L — L defined by

(Ti(2,y) if (2,9) € [a,b]?
o) — Ti(x AbyAb) if (z,y) € A @
rAyANa if (z,y) € (Ip x [0,1]) U ([0, 1] x1I,)
Ay otherwise,

s a t-norm on L, where
A= ((]a,l[ﬂ[b) X [a,l[) U ([a,l[x (]a,l[ﬂ[b)) :

Setting b = 1, () reduces to ().

To conclude this section, we give an example to show that, in our defi-
nition of ordinal sum, the condition that the endpoints of the subintervals
constitute a chain is indispensable since it assures the well-definedness of

our ordinal sum.
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Example 3.9. Consider the complete lattice L with Hasse diagram shown

in Figure @2 Let T} be a t-norm on [a,b] and T, be a t-norm on [c,d]

Figure 2: Hasse diagram of the lattice L in Example

(note that these t-norms are unique and coincide with A). Note that both
e €la, 1[N and e €]c,1[N]4. For the ordinal sum T = {(a,b,T1), (c,d, T>)}
defined by (7)), we have both T'(e,e) = Ti(e Ab,e Ab) = a and T(e,e) =
Tr(e Nd,e A d) = c. Therefore, T is not well defined.

4. Examples

In this section, we present two examples that fit in our proposed ordinal

sum of t-norms on a bounded lattice.

Example 4.1. Consider the bounded lattice L with Hasse diagram shown
in Figure @l Consider the ordinal sum T = {(a,d,T¢), (f,h,Tp)} defined by
([@). It is routine to check that T (shown in Table [2) is a t-norm on L.

Example 4.2. Consider the complete lattice (L, =<,mM,1,(0,0),(1,1)) and
the chain {¢;};cz introduced in Example Bl For any i € Z, consider the

t-norm T; = T; x T (see [5]) on [¢i_1, ¢;] given by

A

L@, a®), 4D,y @) = (B, y D), 1@, y?))
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Table 2: The ordinal sum {{(a,d,T¢), {f, h,Tp)} in Example 1]

d d d d d 0 d

C

d

f f f f f o f
f f g9 f f 0 g
f 9 h f g 0 h

fr rfr f o

e

d
d

1

d
d

fr g f F 0

e

0ofo 0 06 000 0 0O 0 0 0 0 O

kl0 OOO O O OO0 O O 0 0 &k
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Figure 3: Hasse diagram of the lattice L in Example 11

. 1 1
where 7T} is a t-norm on [3— arctan(i — 1) + =, — arctani + 2]
™

2’ 31
The ordinal sum T = {{¢;—1,¢;,T;) }iez: L X L — L defined by @) is

given by T((2(), 2®), (y0),y@)) = (T (D), y 1), 7O (22), y®)), where

Ti(2 y(l ) if (x,y) € [ci1,¢)?
Dy .
T(l)(:p(l) y(l)) - ( A Cz ,1y( Ine) if (z,y) € Aj
M Ay otherwise
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and

Ty(2®,y®) if (2,y) € [ci-1, ¢
T@) (52) ) = Tie® A e y® ne?) it (r,y) € A
| z® Ay A % if (2,y) € Ay
2@ Ay® otherwise.

5. Conclusion

In this paper, we have proposed an alternative definition of ordinal sum
of countably many t-norms on subintervals of a complete lattice, where the
endpoints of the subintervals constitute a chain. The completeness require-
ment for the lattice is not needed when considering finitely many t-norms.
The newly proposed ordinal sum is shown to be always a t-norm. Obviously,
our approach can be applied to define the ordinal sum of triangular conorms
on a bounded lattice in a dual way.

Note that we have only partially solved the ordinal sum problem. For
future work, it is interesting to consider how to define the ordinal sum of
t-norms on subintervals of a bounded lattice in case the endpoints of the

subintervals do not constitute a chain (see Example [3.9)).
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