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Abstract

The paper introduces a new class of functions from [0, 1]” to [0, n] called d-Choquet integrals. These functions
are a generalization of the “standard” Choquet integral obtained by replacing the difference in the definition
of the usual Choquet integral by a dissimilarity function. In particular, the class of all d-Choquet integrals
encompasses the class of all “standard” Choquet integrals. We show that some d-Choquet integrals are
aggregation/pre-aggregation /averaging /functions and some of them are not. The conditions under which
this happens are stated and other properties of the d-Choquet integrals are studied.

Keywords: Choquet integral, d-Choquet integral, dissimilarity, pre-aggregation function, aggregation
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1. Introduction

The problem of finding an appropriate model of aggregation is crucial in many fields. One of the simplest
tools to aggregate data is an additive aggregation function, i.e., a weighted arithmetic mean (a convex
combination of the input values). However, in some cases, such functions are not appropriate to model even
quite simple situations, which, on the other hand, can be treated with Choquet integrals [3, 11, 19, 20, 26, 27].
The origin of the Choquet integrals arises from Choquet beliefs, or capacities that generalize the notion of
probability by relaxing additivity [10], and can be regarded as a generalization of additive aggregation
functions replacing the requirement of additivity by that of comonotone additivity.

Some generalizations of the Choquet integral were proposed in the recent years. In [28] the product
operator was replaced by a more general function and the authors studied the requirements that this func-
tion must satisfy so that the obtained generalization of the Choquet integral would be a pre-aggregation
function [12, 29]. In the same pattern, using the distributivity of the product operator and then replacing its
two instances by two different functions under some constraints, in [13, 30], generalizations of the Choquet
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integral were obtained as either aggregation, pre-aggregation or ordered directionally increasing functions
[5], depending on the properties satisfied by such two functions. Some Choquet-like integrals defined in
terms of pseudo-addition and pseudo-multiplication are studied in [31]. A fuzzy t-conorm integral that is a
generalization of Choquet integral (as well as of Sugeno integral) and is based on continuous t-conorms and
continuous t-norms is introduced in [32]. A non-linear integral that need not be increasing is introduced
in [36] and a concave integral generalizing the Choquet integral is introduced in [25]. A level dependent
Choquet integral was also introduced in [21]. For a general review on the state-of-art on the generalizations
of the Choquet Integral see [17].
In this paper, in order to generalize the Choquet integral, i.e. the n-ary function

n

Cu(xlv s 73371) = Z(xo(z) - .’130(1',1))/1 (Aa(z))

i=1

we replace the difference 2,(;) — Z5(i—1) by 6(24 (i), To(i—1)), where 6 : [0,1]% — [0,1] is a restricted dissimi-
larity function [6, 7], and refer to the obtained function as d-Choquet integral. This approach allows us to
construct a wide class of new functions, d-Choquet integrals, which, unlike the “standard” Choquet integral,
may be possibly outside of the scope of aggregation functions, since the monotonicity may be violated for
some 0, and also the range of such functions can be wider than [0, 1].

The “standard” Choquet integral is known to be an averaging aggregation function which is comonotone
additive, idempotent, self-dual for self-dual fuzzy measures, shift-invariant and positively homogeneous.
According to the choice of a restricted dissimilarity function, the obtained d-Choquet integral possesses (or
does not) some of the mentioned properties. In such a way we have a wide possibility to construct a function
with desired properties.

The aim of the paper is to bring a theoretical study of the above described wide class of functions, that
is the class of all d-Choquet integrals. Moreover, our work can be seen as the first step to the generalization
of the Choquet integral to various settings where the difference cause problems (for example, intervals).

The structure of the paper is as follows. First, we present some preliminary concepts that help making
the paper self-contained. In Section 3, we introduce the notion of d-Choquet integral, describe various
construction methods and study its properties, such as comonotone additivity, idempotency, self-duality,
shift-invariancy and homogeneity. We discuss the relation of the class of d-Choquet integrals with the
classes of aggregation functions, averaging aggregation functions and pre-aggregation functions in Section
4. Finally, some important conclusions and future research are described in Section 5.

2. Preliminaries

In this section, we recall some basic notions and terminology that are necessary for our subsequent
developments.

Definition 2.1. [6] A function § : [0,1]?> — [0,1] is called a restricted dissimilarity function on [0,1] if it
satisfies, for all z,y, z € [0, 1], the following conditions:

L d0(z,y) = oy, 2);

2. §(z,y) = 1if and only if {z,y} = {0,1};

3. 0(z,y) =0 if and only if z = y;

4. if ¢ <y <z, then d(z,y) < d(x, z) and (y, z) < d(z, 2).

Note that there is no the greatest neither the smallest restricted dissimilarity function. The minimal

range of a restricted dissimilarity function consists of 3 values {0, a, 1}, where a €]0, 1], attained for 6 = J, :
[0,1]% — [0,1] given by

1 iff {z,y} = {0,1}
Oo(zyy) =40 iffz=y
a otherwise.



Definition 2.2. [4] An n-ary aggregation function is a mapping A : [0, 1]™ — [0, 1] satisfying the following
properties:

(A1) A is increasing! in each argument: for each i € {1,...,n}, if z; <y, then

Az, ... 2n) < A(Z1, - i1, Y, Tig 1, -+ -5 Tn);

(A2) The boundary conditions: A(0,...,0) =0 and A(1,...,1) =1.

A conjunctive aggregation function is an aggregation function A : [0,1]™ — [0, 1] such that A < min.

A 0-positive aggregation function is an aggregation function A : [0,1]" — [0, 1] such that if A(z1,...,z,) =
0 then there exists ¢ € {1,...,n} such that ; = 0. On the other hand, if A is also conjunctive, then whenever
there exists ¢ € {1,...,n} such that x; = 0 one has that A(zy,...,2,) = 0.

Definition 2.3. [22] An aggregation function T : [0,1]> — [0,1] is a t-norm if the following conditions
hold, for all x,y, z € [0, 1]:

(T1) Commutativity: T'(z,y) = T(y, x);
(T2) Associativity: T'(z,T(y, 2)) = T(T(z,y), 2);
(T3) Neutral element: T(z,1) = x.

An element x €]0,1] is said to be a non-trivial zero divisor of T if there exists y €]0,1] such that
T(z,y) = 0. A t-norm is positive if and only if it has no non-trivial zero divisors, that is, if T'(z,y) = 0 then
either x =0 or y = 0.

Example 2.4. Examples of t-norms are the Minimum, the Product, the Lukasiewicz t-norm, the Hamacher
Product and the Drastic t-norm Ty, Tp, T, Tap, Tp : [0, 1]2 — [0, 1], defined, respectively, for each x,y €
[0,1], by [22]:

TM (LL', y) = min{$> y}a

TP(‘ra y) = Y

Ty (z,y) = max{0,z+y—1}
0 ifr=y=0

THP(ma y) = .
+Iy_ otherwise;

T+y—zy
y ifx=1

Tp(z,y) = z ify=1

0 otherwise.

Observe that the Th;, Tp and Ty p are positive t-norms, and any t-norm 7' is conjunctive, since it always
happens that T' < min.

Definition 2.5. [8] A function O : [0,1]? — [0, 1] is said to be an overlap function if the following conditions
hold, for all x,y,z € [0,1]:

(01) O is commutative;

(02) O(z,y) =0 if and only if zy = 0;

1We consider that an increasing function may not be strictly increasing (and analogously for decreasing functions).
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(03) O(z,y) =1 if and only if zy = 1;
(04) O is increasing;
(05) O is continuous.

Example 2.6. Examples of overlap functions are the Cuadras-Augé family of copulas Op , : [0,1]2 — [0, 1],
for a € [0,1], used in [8, Theorem 8] and [33], O : [0,1]> — [0, 1], presented in [14, Ex. 3.1.(i)], [15, Ex.
4] and [16, Ex. 3.1], the Eyraud-Farlie-Gumbel-Morgenstern (EFGM) 2-copulas O,, : [0,1]?> — [0,1], with
a € [—1,1], found in [33], [1, Apendix A (A.2.1)] and [26], and the Geometric Mean GM : [0, 1]* — [0, 1],
used in [18, Ex. 1], defined, respectively, for all z,y € [0, 1] by:

Op.a(z,y) = (Tu(w,y)* - (Te(z,y)' =, fora e [0,1);
Omm(z,y) = min{z,y} max{z? 3°};
Ou(z,y) = 2y(l+a(l—2)1-y)), forae [-1,1]; (1)
GM(z,y) = xy.

Definition 2.7. A function N : [0,1] — [0, 1] is a negation function if it is a decreasing function such that
N(0) =1 and N(1) = 0. A negation N is called strong if N(N(z)) = =z for all € [0,1]; it is called
non-filling if N(z) =1 if and only if x = 0; and it is called non-vanishing if N(x) = 0 if and only if z = 1.

Definition 2.8. [2] An implication function is a mapping I : [0, 1]> — [0, 1] satisfying the boundary condi-
tions 1(0,0) = 1(0,1) = I(1,1) =1, I(1,0) = 0 and the following properties:

e (I1) x < z implies I(x,y) > I(z,y), for all y € [0, 1];

e (I2) y < z implies I(z,y) < I(z,z), for all z € [0, 1].

We also recall some possible properties of implication functions that will be needed in the paper:

e (OP) I(z,y) =1if and only if x <y (ordering property);

e (CS) I(z,y) =I(N(y), N(z)), where N is a strong negation (N-contrapositive symmetry);

e (NV) I(x,y) =0 if and only if z = 1 and y = 0 (non-vanishing).

Note that for an arbitrary restricted dissimilarity function §, the function Is : [0,1]? — [0, 1] given by

Iy, y) 1 ife <y
Jj’ = .
oy 1—0(z,y) otherwise.

is an implication function satisfying (OP) and (NV).

Definition 2.9. An automorphism of [0, 1] is a continuous, strictly increasing function ¢ : [0,1] — [0, 1]
such that ¢(0) = 0 and ¢(1) = 1. Moreover, the identity on [0, 1] is denoted by Id.

It is well-known that a function f : [0,1]™ — [0, 1] is additive if

f($1+y17-~7$n+yn):f(9017~~7$n)+f(y1,~--7yn) (2)

for all (x1,...,2n), (Y1,.-.,yn) € [0,1]™ such that (1 +y1,..., 2, +yn) € [0,1]". From now on, [n] denotes
the set {1,...,n}.

Definition 2.10. Vectors (x1,...,%n), (Y1,..-,Yn) € [0,1]™ are comonotone if there exists a permutation
o :[n] = [n] such that 51y < ... < Toen) and Yo1) < -0 < Yo(n)-
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Definition 2.11. A function f : [0,1]" — [0,1] is called comonotone additive if Equality (2) holds for all
comonotone vectors (Z1,...,%Zn), (Y1,..-,Yn) € [0,1]™ such that (x1 +y1,...,2n + yn) € [0,1]™.

Definition 2.12. A function yx : 2" — [0,1] is called a fuzzy measure on [n] if u(@) = 0, u([n]) = 1 and
u(A) < p(B) for all A C B C [n].

Definition 2.13. [9] Let # = (r1,...,7,) be a real n-dimensional vector such that ¥ # 0. A function
f 10,1 — [0,1] is 7-increasing if, for all (z1,...,z,) € [0,1]™ and for all ¢ €]0,1] such that (z; +
Cri, ... Ty +cry) € [0,1])7, it holds

flxr+cer, ...,z +orp) > f(x1,...,2p).

Definition 2.14. [29] A function f : [0,1]™ — [0,1] is said to be an n-ary pre-aggregation function if
f(0,...,0) =0, f(1,...,1) = 1 and f is 7-increasing for some real n-dimensional vector ¥ = (ry,...,r,)
such that 7 # 0 and r; > 0 for every i = 1,...,n. In this case, we say that f is an ~pre-aggregation function.

Finally, we recall some well-known properties of functions that will be used in the paper. A function
f:10,1]™ — [0, 1] is called:

e idempotent if f(z,...,z) =z, for all z € [0,1];
e averaging if min{xy,...,z,} < f(x1,...,2,) < max{zy,...,z,}, for all x1,...,x, € [0,1];

o shift-invariant if f(z1 +vy,...,2n +y) = y + f(a1,...,2,), for all y,z1,...,2, € [0,1] such that
1+ Y, @ +y €[0,1];

e positively homogeneous if f(rzq,...,rx,) =7f(z1,...,z,), for all r,zq,...,z, € [0,1];

o self-dual if f(z1,...,2,) =1— f(1 —21,...,1 —x,), for all zq,...,2, €0,1].

3. d-Choquet integral

In this section, we introduce the notion of d-Choquet integral and study its properties such as comonotone
additivity, idempotency, self-duality, shift-invariancy and homogeneity. Moreover, construction of restricted
dissimilarity function in terms of automorphisms and implications is considered and its influence on the
obtained d-Choquet integral is discussed.

3.1. Definition of d-Choquet integral
The discrete Choquet integral on [0, 1] with respect to a fuzzy measure u : 20" — [0,1] is defined as a
mapping C,, : [0,1]™ — [0, 1] such that

n

Cu(a1, . n) = > (Ta(i) = To(i—1))1t (Aa() (3)
i=1
where o is a permutation on [n] satisfying x,1) < ... < @4y, with the convention x,() = 0 and A, ;) =

{o(0), ... o(n)}.

In order to generalize the Choquet integral, we replace the difference x4 (;y — ¥5(i—1) by (70 (i), To(i-1));
where § is a restricted dissimilarity function.
Definition 3.1. Let n be a positive integer and p : 2") — [0, 1] be a fuzzy measure on [n]. Let 6 : [0,1]> —
[0,1] be a restricted dissimilarity function. An n-ary discrete d-Choquet integral on [0, 1] with respect to p
and 9§ is defined as a mapping C,, 5 : [0,1]™ — [0, n] such that

n

Cus(@i,. . 2n) = Z 8(To(i)s To(i—1)) 1 (Aa(i)) (4)

i=1

where o is a permutation on [n] satisfying x,1) < ... < &4 (p), with the convention x,() = 0 and A,y =

{o(@),...,0(n)}.



Remark 3.2. (i) The property d(z,2) = 0 for all z € [0,1] ensures that if there exist several possible
permutations such that z,;) < ... < (), the result for any of them when applying (4) is the same.
Moreover, since the ranges of  and p are subsets of [0, 1], the range of C,, 5 is a subset of [0,n]. Hence, C}, 5
is well-defined.

(ii) Observe that, without loss of generality, it would be possible to replace in the above definition a
restricted dissimilarity function 6 by a pseudo-difference © : [0,1]? — [0, 1] characterized axiomatically as
follows:

1. 26y =0if and only if x < y;
2. xoy=1if and only if x =1 and y = 0;
3. forany x <y < zitholdsthat yezr < zoz,and z0y<zouw.

Note that there is no 0,4 and x1,...,2, € [0,1] such that C, s(z1,...,2,) = n. However, for any
Z1,...,Tn € [0,1] such that card(xy,...,2,) = n, and for any a €]0, 1], for the greatest fuzzy measure
p', see (6), it holds C,v s, (x1,...,2,) = na, and the range of C,7 5 is contained in [0,max{1,na}].

Consequently, for any n > u =n — € > 1, the value u is attained by C,r 5, for a = u/n.

Then the related § is given by 6(z,y) = max{z,y} © min{z,y}. For several appropriate & operations
derived from nilpotent t-conorms one can refer to [37]. Observe that there are several alternative approaches
to pseudo-differences, see, e.g. [[24, 32, 37] which are related to restricted dissimilarity functions only in
particular cases.

Observe that, in general, the range of C), 5 is a subset of [0,n]. Since, for some applications, it may be
desired that the range of C), s would be [0, 1], we often impose the following condition:

(P1) §(0,z1) + 0(z1,22) + ...+ 6(@p_1,2,) <1 forall z1,...,z, € [0,1] where x; < ... < zp.

Next proposition shows that the condition (P1) assures that the range of C), s is a subset of [0, 1], i.e.
we obtain Cy 5 : [0,1]" — [0,1].

Proposition 3.3. Let C,, 5 : [0,1]" — [0,n] be an n-ary discrete d-Choquet integral on [0, 1] with respect to
w and § given by Definition 3.1. If § satisfies the condition (P1), then

Cus(z1,...,zn) €10,1]
for all zq,...,2, € [0,1] and for any measure p.
Proof. Straightforwardly follows from (4). O

Note that if ¢ satisfies (P1) and is continuous as a real function of two variables, then the range of C,, 5
is equal to [0, 1].

Proposition 3.4. If § : [0,1]> — [0,1] is a restricted dissimilarity function satisfying (P1) then each
restricted dissimilarity function &' : [0,1]% — [0,1] such that &' < § also satisfy (P1).

Proof. Consider 0 = 29 < 21 < ... < 2, < 1. Then, since § < § and ¢ satisfy (P1), we have that

Xn: O (i—1,2) < i O(wi_1,m5) < 1. O
i=1 i=1

Now we give a sufficient condition under which a restricted dissimilarity function satisfies the condition
(P1).

Proposition 3.5. Let 6 : [0,1]2 — [0,1] be a restricted dissimilarity function and f : [0,1] — [0,1] be an
increasing function such that f(0) =0 and f(1) = 1. If §(z,y) < |f(x) — f(y)| for all x,y € [0,1], then the
following statements hold:

(i) f is strictly increasing;

(ii) 0 satisfies (P1);



(iii) §(0,z) + d(x,y) < f(y) whenever z < y.

Proof. (i) Suppose that f is not strictly increasing. Then, there exists z’,y’ € [0,1], with 2’ # y and
f(@") = f(y'). Therefore, 6(z',y") < |f(z') — f(y')] = 0 leads to a contradiction with condition (3) of Def.
2.1.

(ii) Let n be a positive integer and 0 < 1 < ... <z, < 1. Then

00, 21)+0(x1, 22) 4. . +0(n -1, 20) < —f0)+f(21) = f(22)+ [ (22) = . .= f(@n1)+f(2n) = f(2n)—f(0) < L.

(iii) Take z,y € [0,1] such that < y. Then it holds that 6(0,z) < |f(0) — f(x)| = f(z) and §(z,y) <
|f(z) = f(y)| = f(y) — f(z). Therefore, one has that §(0,z) + §(x,y) < f(y). O

Example 3.6. Let i be a fuzzy measure on {1, 2,3} defined by p({1}) = p({2}) = p({3}) = 0.3, p({1,2}) =
0.75, u({2,3}) = 0.55 and u({1,3}) = 0.6.
(i) Then
C,(0.2,0.9,0.6) =0.2-14+0.4-0.55+0.3-0.3 = 0.51.

It is easy to see that for §(z,y) = |« — y| it holds C}, s = C,, for any possible inputs and any measure p (as
will be shown in Theorem 3.24).
(ii) However, if 6(z,y) = (z — y)? we have

C1,6(0.2,0.9,0.6) =0.04- 14 0.16 - 0.55 4 0.09 - 0.3 = 0.155.

(iii) Finally, taking

0, ifx =y;

5(x7y) = |x—y\+l
—

otherwise,

we obtain

C,,5(0.2,0.9,0.6) =0.6-140.7-0.554+0.65 - 0.3 = 1.18,

where we can see that C), 5(0.2,0.9,0.6) > 1. This may happen since for any increasing f : [0,1] — [0,1]
with f(0) = 0 and f(1) = 1 there exist x,y € [0, 1] such that % > |f(xz) — f(y)|, hence (P1) is not
satisfied.

Remark 3.7. Clearly, for any fuzzy measure p and restricted dissimilarity function 6, the ’boundary’
conditions hold:
C,s(0,...,0)=0 and Cus(l,...,1)=1.

Note that, in fact, the second one should be called boundary condition only if the range of C}, 5 is a subset
of [0, 1], although the equality holds in any case, even if the range is not a subset of [0, 1] - clearly, in this
case, C), 5 is not increasing (we study monotonicity of Cy, s in Section 4).

Theorem 3.8. Let § : [0,1]2 — [0,1] be a restricted dissimilarity function. Consider fs : [0,1] — [0,1],
defined, for each x € [0, 1], by

fs(z) = é(x,0)
and §* : [0,1]2 — [0, 1], defined, for each z,y € [0,1], by
6 (x,y) = | fs(x) — f5(y)l.

Then 0* is a restricted dissimilarity function which satisfies (P1) if and only if fs5 is injective.



Proof. (=) Take x # y and suppose that fs(z) = fs(y). Then one has that §*(x,y) = |fs(x) — fs(y)| = 0,
which is in contradiction with Condition 3. of Def. 2.1. Therefore, fs is injective.

(<) Observe first that fs5 is increasing. In fact, if x < y then by Condition 4. of Def. 2.1, one has that
5(0,) < 6(0,y) and, therefore, f5(x) = 3(0,2) < 8(0, ) = f3(y)- So, if fs(z) = 1 then f5(1) > fs(z) = 1
and, therefore, once f5 is injective, fs(xz) = 1 if and only if 2 = 1. Analogously, it is possible to prove that
fs(x) =0 if and only if z = 0.

Clearly §* is symmetric and since fs is injective, then §*(x,y) = 0 if and only if §(x,0) = d(y,0) if and
only if fs(z) = fs(y) if and only if z = y. Analogously, §*(xz,y) = 1 if and only if either fs(z) = 1 and
fs(y) =0or fs(x) =0 and f5(y) =1 if and only if either x =1 and y =0 or z = 0 and y = 1 if and only if
{e.y} = {0,1}.

If o <y < zthen f5(z) < f5(y) < f5(2). Therefore f5(y) — fs(z) < f5(2) — fs(z) and f5(2) — fs(y) <
f5(2) = fs(x). So, 6*(z,y) < 6*(x,2) and 6*(y,2) < 6*(x,z). Consequently, 6* is a restricted dissimilarity
function and once f5 satisfies the conditions of Proposition 3.5, we have that 6* satisfies (P1). O

Proposition 3.9. Let 6 : [0,1]? — [0,1] be a restricted dissimilarity function. If, for each z,y € [0,1] such
that © <y it holds that 6(0,z) + 6(z,y) < 6(0,y), then & satisfy (P1).

Proof. For n = 2 it is straightforward from the premise that §(0,z1)+d(x1,22) < 0(0, z2) whenever 21 < x5.
Consider k > 2 and suppose that, for each x1,...,zx € [0,1] such that 1 < ... < zy, it holds that

0(0,21) + 6(x1, 22) + ... + 8(xp—1,2x) < 6(0, ).
Then, for any x4 € [0,1] such that 2 < xp41, we have that
0(0,21) + 6(x1,22) + ... + 0(xp—1,2k) + (T, Tp+1) < 6(0,x%) + 0(xk, Thoy1)-
So, by the basic case, one has that §(0,xy) + §(xk, Tx+1) < 0(0,2x+1), and then
0(0,21) + 6(x1, 22) + ... + 6(xk, Tpr1) < 0(0, Zp41)-
Therefore, by induction, we have that for each n > 2,
0(0,z1) + 6(x1,22) + ...+ 0(Tp—1,2n) <0(0,2,) <1
which means that § satisfies (P1). O

Remark 3.10. Observe that if 6(z,0) = x then §*(x,y) = |z — y|.

3.2. d-Choquet integral based on restricted dissimilarity function constructed in terms of automorphisms

In [6], a construction method for restricted dissimilarity functions in terms of automorphisms was intro-
duced.

Proposition 3.11. [6] If p1, 92 are two automorphisms of [0, 1], then the function § : [0,1]2 — [0, 1] defined
by
6(z,y) = 7" (Ieaa) = 220 )

is a restricted dissimilarity function.

Note that if the restricted dissimilarity function § is given in terms of automorphisms @1, s as in
Proposition 3.11, we write C, ,, , instead of C), 5.

Proposition 3.12. Let n be a positive integer, § : [0,1]% — [0,1] be a restricted dissimilarity function given
in terms of automorphisms @1, pa as in Proposition 8.11. If ¢1 > Id for all x € [0, 1], then § satisfies (P1).

Proof. 1t is enough to set f = ¢ in Proposition 3.5 and observe that ¢; > Id implies <p1_1 < Id. O
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Remark 3.13. (i) For instance the restricted dissimilarity functions 6(z,y) = (z—y)?, é(z,y) = [vVz— /¥,
§(z,y) = |#* — y?| and §(z,y) = (Vx — /y)? satisfy the condition 6(z,y) < |f(z) — f(y)| of Proposition 3.5
for f = Id, f(z) = vz, f(x) = 22 and f(x) = /7, respectively (as well as the condition p; > Id of
Proposition 3.12), hence they satisfy the (P1). This means that the corresponding d-Choquet integrals have
the ranges in [0, 1].

(ii) However, for the restricted dissimilarity function §(z,y) = \/|z — y|, there does not exist a function f
demanded in Proposition 3.5, hence it may happen that (P1) is violated. For instance, §(0,0.1)+§(0.1,1) =
1.2649 > 1.

Given an automorphism ¢ and a restricted dissimilarity functions §, the function 6% : [0,1]?> — [0,1]
defined, for all z,y € [0,1], by 6% (z,y) = ¢~ 1(6(¢(x), (y))) is called of conjugate of 4.

Proposition 3.14. Let ¢ be an automorphism and § be a restricted dissimilarity function. Then the function
0% is also a restricted dissimilarity function. In addition, if 0 satisfies (P1) and ¢ > Id then 6% satisfies

(P1).

Proof. Trivially, 6 is commutative, and since ¢ and their inverse are bijective and increasing then §%(x,y) =
0 if and only if §(p(z),¢(y)) = 0 if and only if ¢(x) = ¢(y) if and only if © = y. Analogously, it holds
that 6%(z,y) = 1 if and only if §(¢(z),(y)) = 1 if and only if {p(z),¢(y)} = {0,1} if and only if
{z,y} = {0,1}. Finally, if z < y < z then one has that p(z) < ¢(y) < ¢(z) and therefore, it holds that
5(0(2), 9(1) < 6(p(2), 9(2)) and d(p(y), @(2)) < S(p(x), 9(2)). Hence, one has that 6%(z,y) < 3°(z, 2)
and 09 (y,z) < 0®(z,z). Therefore, §% is also a restricted dissimilarity function. In addition, if § satisfies
(P1), p > Idand 0 = 29 < z1 < ... < 2, then one has that 0 = p(x0) < p(z1) < ... < (a,) and since §
satisfies (P1) and ¢! < Id, then

O

Remark 3.15. Observe that if §% satisfies (P1) it does not mean that ¢ satisfies (P1). For example, consider
the restricted dissimilarity function given in Remark 3.13 (ii) and the automorphism ¢(z) = y/x. Then, by
Proposition 3.14, % (z,y) = [\/x — ,/y| is also a restricted equivalence function. However, §% satisfies (P1)
whereas § does not satisfy (P1) as observed before in Remark 3.13 (ii). Indeed, if 21 < ... <z, and 20 =0
then it holds that Y"1 ; 8?(2i—1,®;) = @p.

3.8. d-Choquet integral based on restricted dissimilarity function constructed in terms of strictly increasing
functions f satisfying boundary conditions

In the following, we provide construction methods of restricted dissimilarity functions satisfying (P1)
based on more general functions than automorphisms, namely, strictly increasing functions f satisfying
boundary conditions.

Proposition 3.16. Let f: [0,1] — [0,1] be a strictly increasing function such that f(0) =0 and f(1) = 1.
Then, 8 : [0,1]% — [0, 1], defined, for all z,y € [0,1] by 6¢(z,y) = |f(z) — f(y)| is a restricted dissimilarity
function satisfying (P1).

Proof. Observe that (1) d¢ is trivially commutative. Moreover:
(2) Suppose that é7(z,y) = 1. It follows that either f(z) =1 and f(y) =0, or f(x) =0 and f(y) =1, and,
since f is strictly increasing, one has that either x =1 and y = 0, or z = 0 and y = 1. Conversely, one has
that 37 (0, 1) = 67(1,0) = | £(1) — £(0)| = 1.
(3) Suppose that 6¢(z,y) = 0. It follows that f(x) = f(y). Since f is strictly increasing, it follows that
x =y. Conversely, é¢(z,z) = |f(z) — f(z)| = 0.
(4) Suppose that © < y < z. Then, it holds that f(z) < f(y) < f(z). It follows that f(y)— f(z) < f(2)—f(x)
and f(z) — f(y) < f(2) — f(z). Therefore one has that d,(x,y) < d,(x,2) and d;(y,2) < ds(z, 2).

Finally, by Proposition 3.5, §; satisfies (P1). O



Theorem 3.17. Let f : [0,1] — [0,1] be a strictly increasing function such that f(0) = 0 and f(1) = 1,
§ : [0,1]> — [0,1] be a restricted dissimilarity function and M : [0,1]*> — [0,1] a 0-positive conjunctive
aggregation function. Then, 8¢5 : [0,1]2 — [0,1], defined, for all z,y € [0,1] by §¢s.m(x,y) = M(|f(z) —
FW,6(x,y)) is a restricted dissimilarity function satisfying (P1).

Proof. (1) One has that &y a is trivially commutative. Moreover:
(2) Suppose that 675 (z,y) = 1, that is, M(|f(z) — f(y)],é(x,y)) = 1. Since M is conjunctive, then

M([f(x) = f(y)],0(z,y)) =1 < min{[f(z) — f(y)],0(z,y)}-

It follows that both |f(z) — f(y)] = 1 and d(x,y) = 1. Since 0 is a restricted dissimilarity function, then
{z,y} = {0,1}. Conversely, one has that

07.6,m(0,1) =056 (1,0) = M{|f(1) — f(0)[,6(1,0)} = M(1,1) = 1.

(3) Suppose that ¢ s p(z,y) = 0, that is, M(|f(x) — f(y)|,d(x,y)) = 0. Since M is O-positive, then it
follows that either (i) |f(z) — f(y)| = 0 or (ii) (=, y) = 0. In the case (i), one has that f(x) = f(y), and,
thus, x = y, since f is strictly increasing. Now, in the case (ii), it is immediate that = y. Conversely, one
has that:

dpsm(@,x) = M(|f(x) - f(z)],0(x,x)) = M(0,0) = 0.

(4) Suppose that x <y < z. Then, d(z,y) < §(z, 2), 6(y,2) < d(z,2) and f(x) < f(y) < f(z). It follows

that (i) f(y) — f(z) < f(2) — f(x) and (ii) f(2) — f(y) < f(z) — f(x). Considering (i), one has that:
dpem(xy) = M(|f(z) = f(y)l,0(z,y)) < M(|f(2) - f(2)],0(2,2)) = 05.5.m (2, 2).

Now, for (ii), it follows that:

Sp6:(y,2) = M(|f(y) = f(2)],0(y, 2)) < M(|f(2) = f(2)],0(, 2)) = 6r.5m (2, 2).

Finally, since M is conjunctive, then

Sp.sa(@,y) = M(|f(x) = f(y)].0(x,y)) <min{|f(z) — f()].6(z,9)} < |f(x) — f()].
Then, by Propositions 3.5, § 5 s satisfies (P1). O

Example 3.18. Some examples of restricted dissimilarity functions obtained by the construction method
given by Theorem 3.17 are:

(i) Consider the discussion given in Example 2.4. Then, any positive t-norm 7' may play the role of M, as
TM, Tp and THP«

(ii) Observe that any overlap function is positive. Then, taking into account the overlap functions given in
Example 2.6, the conjunctive overlap functions are Op,ar, Op. o (With a € [0, 1]), O, (with « € [—1,1]),
and thus they can be used as the function M.

3.4. d-Choquet integral based on restricted dissimilarity function constructed in terms of implication function
Restricted equivalence function was constructed in terms of implication functions in [6].

Proposition 3.19. [6] Let N : [0,1] — [0,1] be a strong negation. A function § : [0,1]> — [0,1] is a
restricted equivalence function such that 6(x,y) = § (N(x), N(y)) for all x,y € [0,1] if and only if there
exists a function I : [0,1)> — [0, 1] satisfying (I1), (OP), (CS) and (NV), such that
6(z,y) = max{N(I(z,y)), N(I(y,z))} .
10



We are going to construct restricted dissimilarity functions in a more simple way with weaker assumptions
on the used negation.

Theorem 3.20. Let N : [0,1] — [0,1] be a non-filling and non-vanishing negation and I : [0,1]> — [0,1] be a
function satisfying (I1), (OP), (CS) and (NV). Let M : [0,1]?> — [0,1] be a symmetric aggregation function
such that M(z,y) =1 if and only if 1 € {x,y}, M(z,y) =0 if and only if x =y = 0 and M (u,v) > M(p,q)
whenever max{u,v} > max{p,q}. Then a function § : [0,1]?> — [0, 1] defined, for all z,y € [0,1], by

6(z,y) = M (N(I(z,y)), N(I(y,x)))
s a restricted equivalence dissimilarity function.

Proof. 1. The symmetry of § follows from the symmetry of M.
2. By the assumptions of the theorem, §(x,y) = 1 if and only if I(x,y) = 0 or I(y,z) = 0 which only
holds if {z,y} = {0,1}.
3. §(z,y) = 0 if and only if I(z,y) )
4. Let x <y < z. Then I(z,2) <TI

8(z,y) = M (N(I(z,y)), N(I
Similarly for §(y, z) < (=, 2).

1 which only holds if z = y.

I(y,z) =
I(z,y) < I(z,z), hence
(y, )

Iy.a) < T

)) < M (N(I(z,2)), N(I(z,7))) = 6(z, 2).

O

Remark 3.21. Note that M considered in Theorem 3.20 can be easily shown to have form M(z,y) =
M (max{x,y}, max{z,y}), that is M(z,y) = dp(max{x,y}) where dp; : [0,1] — [0,1] is the diagonal
section of M. Clearly, dps is increasing, dy;(z) = 0 if and only if = 0, and dps(z) = 1 if and only if z = 1.

Remark 3.22. Observe that if M’ is a bivariate aggregation function such that M’(x,z) € {0,1} implies
that = € {0,1}, then M(x,y) = M’'(max{z,y}, max{x,y}) satisfies the conditions of the Theorem 3.20.
Therefore, each positive t-norm and each overlap function generate such aggregation function.

From now on, the d-Choquet integral with respect to a restricted dissimilarity function § given as in
Theorem 3.20 will be denoted by C, n,1,m, Where p is a fuzzy measure.

Example 3.23. Recall that the d-Choquet integral C), 5 has range in [0, 1] if § satisfies the condition (P1).
Hence, in terms of N, I and M the following hold:

(i) It is easy to check (the justification is made in Corollary 3.27) that C, n r ar has range in [0,1] for
I(z,y) = min{l,1 —z + y}, N(z) = 1 — 2z and M = max. Note that in this case we obtain the
“standard” Choquet integral.

(i) Cy,~,r,m has range in [0,1] for the same implication as in item (i) with any non-filling and non-
vanishing negation N(z) < 1 — z, for instance N(z) = 1 — /x; and any symmetric aggregation
function M (z,y) < max{z,y} satisfying the assumptions of Theorem 3.20, for instance

1, if max{z,y}=1;
M(z,y) = .
amax{z,y}, otherwise,

where a €]0,1]. Or, in more general, M(x,y) = g(max{z,y}) where g : [0,1] — [0, 1] is an increasing
function such that g(x) = 0 if and only if z = 0, g(z) = 1 if and only if x = 1 and g(z) < z for all
z € 0,1].

(i) Cu n,1,m has range in [0, 1] for the same N and M as in item (ii) and

L,
I(z,y) = .
y, ifx=1.

if x < 1;
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3.5. Relation between d-Choquet integrals and the “standard” Choquet integral

Clearly, C,, 5 for the restricted dissimilarity function é(x,y) = |z —y| is equal to the “standard” Choquet
integral.

Theorem 3.24. Let n be a positive integer, p : 2I" — [0,1] be a fuzzy measure on [n], 6 : [0,1]* — [0,1]
be the function §(x,y) = |z —yl|, C,s:[0,1]" — [0,1] be an n-ary discrete d-Choquet integral on [0,1] with
respect to 1 and 6 giwen by Definition 3.1 and C), : [0,1]" — [0,1] be an n-ary discrete Choquet integral on
[0, 1] with respect to p given by Equation (3). Then

Cus(@i,...,zn) =Cu(z1,...,Tp)
for all zq,..., 2, €0,1].
Proof. Straightforwardly follows from Equations (3) and (4). O

Corollary 3.25. Let n be a positive integer, p : 2") — [0,1] be a fuzzy measure on [n] and 6 : [0,1]2 — [0,1]
be a restricted equivalence function such that fs = Id. Then

Cuo-(x1,. - xn) = Cpus, (21,0, 20) = Cul, .. 20)
for all xy, ...z, €10,1].

Corollary 3.26. Let n be a positive integer, pu: 2" — [0,1] be a fuzzy measure on [n]. Then

CMJd,Id(xh...,xn) :C’,L(xh...,xn)
for all xy,...,x, €10,1].

We can also recover the “standard” Choquet integral for appropriate choice of N, I and M when restricted
dissimilarity function ¢ is given in terms of implications.

Corollary 3.27. Let n be a positive integer, u be a fuzzy measure on [n], N : [0, 1] [0,1] be defined by
N(x) =1—x for all z € [0,1], M : [0,1)> — [0,1] be the maximum and I : [0,1]?> — [0,1] be defined by
I(z,y) = min{l,1 —z + y} for all z,y € [0,1]. Then

Cunim(@i,. .., 2n) =Culzr,...,zp)
forall xy,...,x, €[0,1].

Proof. The proof follows from Theorem 3.24 and the observation:
6($, y) = max {N(I('T7 y))7 N(I(y,.’l?))} =N (I (max{a:,y},min{m,y})) = max{x, y} - mln{m,y} = |.T - y|
O

3.6. Properties of d-Choquet integrals

It is well-known that each Choquet integral is comonotone additive, however, a d-Choquet integral is
comonotone additive only if § is comonotone additive.

Theorem 3.28. Let n > 2 be an integer. An n-ary d-Choquet integral C\, s given by Definition 3.1 is
comonotone additive for any fuzzy measure p on [n] if and only if the restricted dissimilarity function § is
comonotone additive.
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Proof. < Let § be comonotone additive. Then for any comonotone vectors (21, ..., 2Zn), (Y1,-..,yn) € [0,1]"
such that (x1 + y1,..., 2y + yn) € [0,1]™ we have

C;L,J(xl + Y, Tn + y’n) = Z 6($a(z) + Yo(i)) Lo(i—1) + ya'(i—l))u (Aa'(z))
i=1

n

= 25(%(1')7%(1—1))%1 (Aoiy) + 25(%(1)7%@—1))# (Apiiy) = Cus(@1, .. xn) + Cus(yr, . yn).
i=1 i=1

= Since C, s is comonotone additive for each fuzzy measure p then, in particular, it is comonotone
additive for the fuzzy measures p |, put : 2" — [0,1] defined, respectively, by:

B 1 if A=In];

pi(A) = 0 if A+ [n] (5)
B 1 if A#0;

BT = if A=0. ©)

Let (z1,22), (y1,92) € [0,1]? be comonotone ordered pairs such that (21 +yi, z2+y2) € [0,1]2. Then, one has
that (z1,...,21,72), (Y1,---,y1,y2) € [0,1]™ are comonotone vectors such that (z1+y1,...,T1+y1,T2+y2) €
[0,1]™. Tt follows that

5(1’0(1),0) + 5(3/0(1)70) = C,ul,ts(xla e 7x17x2) + C/AL,é(yh e 7y1uy2)

=Cy, s(x1+y1,...,x1 +y1,22 + y2) (since Cp, 5 is comonotone additive)
= 0(To(1) + Yo(1), 0)

On the other hand, one has that

6(w1,20) +0(y1,y2) = Curs(w1,... w1, 22) + Cpuy 515+, y1,92) — (0(25(1),0) + 0(Ys(1), 0))
=Curs(x1+y1,.. . 21 +y1, 22+ y2) — (0(25(1),0) + 0(¥s(1), 0))
(since C)+ s is comonotone additive)
=Curs(xr+y1,. 21y, 22 +y2) — 6(Toa) + Ye1),0))
=6(z1 + 1,72 + Y2)

Therefore, § is comonotone additive. O

Corollary 3.29. Let n > 2 be an integer. An n-ary d-Choquet integral C, s given by Definition 3.1 is
comonotone additive, for any fuzzy measure p on [n] if and only if §(x,y) = |z — y| for all z,y € [0,1].

Proof. = Observe that binary monotone function is additive if and only if it is a polynomial of degree 1, see
[23]. Hence, on the domain S; = {[z,y] |2 < y}, d is additive if and only if §(z,y) = ax + by + ¢ and from
the conditions 6(0,0) = 6(1,1) =0, §(0,1) = 1 it follows that §(z,y) = y — x on S;. From the symmetry of
§ it follows that §(x,y) = x — y on the domain Sy = {[z,y]|y < x}, hence §(x,y) = |z — y| on [0, 1]2.

<« The proof in this direction is obvious. O

Remark 3.30. (i) It is worth pointing out that according to Corollary 3.29 and Theorem 3.24 the only
comonotone additive d-Choquet integral with respect to an arbitrary considered fuzzy measure p on [n]
given by Definition 3.1 is the “standard” Choquet integral, i.e. the d-Choquet integral w.r.t. the restricted
dissimilarity function §(z,y) = |z — y|. However, we point out that there may exist a restricted dissimilarity
function ¢’ different from é(x,y) = |z — y|, such that, for some specific fuzzy measure 1, it holds that C, s
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is comonotone additive. For example, this happens when one considers the fuzzy measure p, defined in
Equation (5) and the restricted dissimilarity function § ,(z,y) = (v — V¥)?. In fact, for the fuzzy measure
{1, the corresponding C),, 5 is comonotone additive if and only if §(0,2 + y) = 6(0,z) + 6(0,y), for all
z,y € [0,1] such that z +y € [0,1]. In particular, if 6(z,0) = z, for all z € [0,1], then C,,, s is minimum,
i.e., it is a “standard” Choquet integral with respect to u

(ii) For any ¢ and p, the d-Choquet integral gives back the measure, i.e., for any subset E of [n],
Cus(1g) = p(E), where 1g denotes the n-tuple which takes the value 1 at position ¢ if ¢ € E and 0
otherwise.

(iii) If 6(z,y) = |g(z) — g(y)| for some g : [0,1] — [0,1] strictly increasing, such that g(x) = 0 and
g(1) =1, then C,, 5(x1,...,2n) = Culg(z1),...,9(xn))

Another property of the Choquet integral is idempotency. In the following theorem we show that C, 5
is idempotent only if § has neutral element 0.

Theorem 3.31. Let n be a positive integer. An m-ary d-Choquet integral C, 5 given by Definition 3.1 is
idempotent for any fuzzy measure p on [n] if and only if the restricted dissimilarity function § satisfies
0(0,2) = for all z € [0, 1].

Proof. Observe that
Cu,é(xv s 750) = 5(0? ‘T)/u ({13 s ,’I’L}) = 6(0,1‘)

and the proof is obvious. O

Corollary 3.32. Let § be a restricted dissimilarity function, n be a positive integer and p be a fuzzy measure
on [n]. The following statements are equivalent:

1. C, s is idempotent;
2. fs=1d; and
3. Cue-=0Cy.

Proof. (1 = 2) For each = € [0, 1], by Theorem 3.31, it holds that f5(z) = §(z,0) = = = Id(z).

(2 = 3) For each z1,...,x, € [0,1], one has that
Cpuge (@1, ym0) = Y 8" (@o(i), To(i-1)) (Ao
i=1

= D _fs@o@) = f5(@o-1)1(Ao@)
=1

= Y (@o() — To(i-1)) 1 Ao())
i=1

= CM(.Z‘l,...,.’L‘n).

(3= 1) For each z € [0, 1], it holds that
Cus(z,...,x) =9(z,0) = f5(z) = Cps-(z,...,2) =Cyulz,...,z) = 2.
]

Corollary 3.33. Letn be a positive integer and 1, @2 : [0,1] — [0, 1] be automorphisms of [0,1]. An n-ary
d-Choquet integral C,, », o, s idempotent for any fuzzy measure p on [n] if and only if o1 = ps.
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Proof. The proof follows from the observation:

5(0,2) = o7 (¢2(2) = 22(0)) = 7" (p2(@)).
O

Corollary 3.34. Let n be a positive integer, N : [0,1] — [0,1] a strong negation and I : [0,1]> — [0,1] an
implication function. An n-ary d-Choquet integral Cy n 1.max given as in Theorem 3.20 is idempotent for
any fuzzy measure p on [n] if and only if I(x,0) = N(z) for all z € [0,1].

Proof. The proof follows from the observation:

5(0, ) = max {N (1(0,2)), N (I(z,0)) } — N (I(z,0)).
O

Now observe that a d-Choquet integral C, s is self-dual whenever the fuzzy measure p is self-dual, i.e.
w([n]\ A) =1—pu(A) for all A C [n], and the restricted dissimilarity function § satisfies certain conditions.

Theorem 3.35. Let n be a positive integer. An n-ary d-Chogquet integral C s given by Definition 3.1
is self-dual if the fuzzy measure p on [n] is self-dual and the restricted dissimilarity function § satisfies
d(1—z,1—y) =d(x,y) for allz,y € [0,1] and 6(0,21)+6(z1,22)+...+6(xn, 1) =1 for all zq,...,2, € [0,1]
such that x1 < ... < x,.

Proof. The proof for n = 1 is obvious. Now let n > 2 and let ¢ be a permutation on [n] with z,q) <... <
T (n), With the convention x4 ) = O, Tony1) = 1, Ag(i) =={0(i),...,0(n)} and Ay, 41) = 0. Con31der Yi =
1—x4, 0'(i) = o(n+1—i) and B,/ (;y := {0’(i),...,0'(n)} for eachi € [ ]. Observe that, Y,/ ;) = 1 =T (nt1-i)
and therefore y,/(1) < ... < Yy (n). So, one has that Byry =A{o(1),...,0(n+1~- z)} =[]\ Ag(nt2—s). In
addition, consider that, by convention, y,/(g) = 0 or, equivalently, that Tg(nt1) = 1. Then we have

Cos(l—x1,...,1 —2,) =CpLs(y1,---:Yn)

n
= Zisﬁlof(i),yo'(iq))u (Bor(i))

= Z 6 a' (n+1— z)a xa(n+27i)>,u/ ([n] \AJ(n+27i))

= 6 (1 - ma(n)7 — Lo(n41) ) ([n \Ao(n+1 ) +0 (1 - xa’(nfl)a — Lo(n) ) ([ ] \AU(n )
+0 (1= Zo@), 1 = Zo(3) 1 (] \ Aoz) +0 (1= 20(1), 1 = To)) 1 ([ ] \Aa@))
= (0 (xa(n)vxa(n+1))) ( —n(0)+ ( o(n-1)Tom) (1= 1 (Ao(m)) +

+0 (To(2), To3)) (1= 1 (Ao(3)) + 0 (T0(1): Zo(2)) (1= 1 (Ao2)))
= (0(T0(1), 7o) -+ 8 (ot Totnsn) ) — (0 (%(nfl)vﬂfa(n)) 1 (Ao(m) + -
8 (20(1), To(2)) 1 (Ao(z)) )
(6 (@ot0)s Zo) + 8 (To1), To@) + -+ 6 (Tt Tonsn) ) = (8 (Totn1) Totm) 1 (Aom) + -
3 (2o1): To@) £ (Ao@)) + 8 (To0), Zo) £ (Ao )
1-Cus(@i,...,zp).

O

Corollary 3.36. Let n be a positive integer and § be a restricted dissimilarity function such that fs is
injective and self-dual. Then C,, 5« is self-dual if the fuzzy measure v on [n] is self-dual.
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Proof. Since fs is injective then, by Theorem 3.8, 0* is a restricted dissimilarity function. Consider x,y €
[0,1]. Then, since fs is self-dual, 6*(z,y) = |fs5(x) — fs(y)| = |fs(1 —x) — f5(1 —y)|0*(1 — 2,1 — y) and

80, z1) + 6" (1, m2) + ...+ 8" (2, 1) = §(z1,0) +6(x2,0) —6(x1,0)+...4+(1,0) — 6(z,,0) = 6(1,0) =1,
for all y,...,x, € [0,1] such that z; < ... < z,. Therefore, from Theorem 3.35, C), s+ is self-dual. O

Corollary 3.37. Letn be a positive integer and @1, ps : [0,1] — [0, 1] be automorphisms of [0,1]. An n-ary

d-Choquet integral Cy, o, o, is self-dual if the fuzzy measure p on [n] satisfies p([n) \ A) =1 — p(A) for all

A Cnl], p1 =1d and

p(x), if © €[0,1/2];

Pa(x) = )
1—p(l-2), ifze€]l/2,1],

where ¢ is an automorphism of [0,1/2].

Proof. Tt is easy to check that ¢1 = I'd implies 6(0,21) + (21, 22) + ...+ 0(zp, 1) =1forall0 <z < ... <
z, < 1. Moreover, since

o 0o(1/2)=1/2;
o if x €[0,1/2[, then ¢a(x) = p(z) and p2(1 —z) = 1 — p(x);
o if x €]1/2,1], then ¢a(z) =1 —¢(1 — ) and @a(1 —z) = p(1 — ),

we have po(1 — ) = 1 — pa(z) for all € [0,1]. Then

61 —z,1-y) =i (lea1 = 2) = 21 = p)| ) = 1 = 92(2) = 1+ 22(y)] = ()
O

Remark 3.38. Note that from the geometrical point of view, the point (1/2,1/2) is the center of symmetry
of the function ¢5 in Corollary 3.37. Moreover, @9 is a generator of the standard negation, that is

7' (1= pa@) =1-a.

Lemma 3.39. Let n > 2 be an integer, i be a fuzzy measure on [n] and 6 be a restricted dissimilarity
function. If C,, 5 given by Definition 3.1 is shift-invariant then 6(z +y,0) = y+d(x,0), for each x,y € [0,1]
such that x +y € [0,1].

Proof. Consider z,y € [0, 1] such that z + y € [0,1]. Then one has that

C,u,&(x +y,.. T+ y) = 5(.’£ + yvo)ﬂ (AO'(l)) + Z(;(Z’ +y,z+ y)ﬂ (AO'('L')) = 5($ + Y, 0)
=2

and, similarly, C,, 5(z,...,2) = §(z,0). Then, since C,, 5 is an n-ary shift-invariant d-Choquet integral, it
follows that:

0(z+y,0)=Cuslz+y,....,24+y)=y+Cus(z,...,z) =y +6(z,0).
O

In the following theorem, the shift-invariancy of the d-Choquet integral is studied and demanded prop-
erties of the restricted dissimilarity measure § are stated.

Theorem 3.40. Consider the fuzzy measure ) defined by Equation (5). Let n > 2 be an integer, p be a
fuzzy measure on [n] such that p # py and 6 be a restricted dissimilarity function. The n-ary d-Choquet
integral C, 5 given by Definition 3.1 is shift-invariant if and only if
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1. 6(z1 + y, 22 + y) = §(x1,22), for all x1, 22,y € [0,1] such that x1 + y,z2 +y € [0,1];
2. 0(z,0) =z, for all x € [0,1].

Proof. First observe that any permutation o on [n] which order the vector (z1,...,z,) also order the vector

(@1 4y, 2 +y).
< Let ¢ satisfy the two properties and p be a fuzzy measure on [n] such that u # p, . Then it follows that

Cus@i4y,...,en+y) = 6(xoq)+u0)p(As)) + Z 8(To(i) + Us To(i—1) T Y1 (Ao(i))
=2

= (Y +0(201),0) 1 (Aer) + D 8(Zo(i)s Ta(im1)) 1 (Aoi))
=2

= Y+ 6(@e1),0) + Y (@@ Toi—1))k (Ao())

=2

= y+ Z 5(%7(1‘)7 xa’(i—l))/u’ (Aa(i))

i=1
= y+Cus(x1,...,2n),

and, thus, C), 5 is shift-invariant.

= From Lemma 3.39, since C,,; is shift-invariant, then, for each z € [0,1
x4 6(0,0) = x. Now, consider x1,x2,y € [0, 1] such that 1 + y, 20 +y € |
since § is commutative, we can assume that x; < x5. Then, one has that

], one has that 6(0 + z,0) =
1]. Without loss of generality,

7

C;L,5(x2 +y7"'7x2 +y7x1 +y7x2 +y7"'7x2 +y)
= 8(z1 4,0 (Ao)) + 8(z1 + ¥, 22 + Y (Aoiz) + D 6(22 + v, 22 + 9 (Aos))
i=3
= O(x1+9,0) +0(z1 +y, 22+ y)p (As2)
= y+6(21,0) 4+ 0(z1 +y, w2 + y)u (As2)) by Lemma 3.39

and, similarly,
Cps(T2,. .. o, 21,22, 22) = 6(21,0) + (21, 22)p (Ao(2)) - (7)

Since w # pi, then there exists ig € [n] such that u([n] — {io}) > 0. So, consider z; = x4 if ¢ # iy and
ziy, = 1. Then any permutation o on [n] ordering (z1,...,2,) (and therefore also (z1 + y,...,2zn + ¥y))
is such that o(1) = ip, which implies that A, = [n] — {io}, that is u(As)) > 0. Then, since Cy 5 is
shift-invariant, it follows that:

5(1'1 +y,x2 + y) = 5(20(1) + Y, 25 (2) + y)

_ Cus(zi 4y, 2z +y) = 0(2001) +4,0)

1 (Ag2))
c o 2) —y = 8(2001, 0
_ Y Cuela o o2) —y =0z >byLemma3.39
1 (Agz)
5 o aO 5 o y o Aa _5 o 30
_ 901, 0) +3(z0) Zilz))ﬂ( @) =00 gy
1 (Ag(2))

= 6(20'(1)3 20(2))
= 0(x1,x2).
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Corollary 3.41. Let n > 2 be an integer, i1 be a fuzzy measure on [n] and & be a restricted equivalence
function. The n-ary d-Chogquet integral C\, s given by Definition 3.1 is shift-invariant if and only if C, 5 =
Cu.

Proof. 1t follows that:

< Straightforward, since each Choquet integral is shift-invariant for any fuzzy measure p.

= Let ¢ be a restricted equivalence function and p be a fuzzy measure on [n] such that C, s is an n-ary
shift-invariant d-Choquet integral. If 4 = p) then, by Lemma 3.39, for each z1,...,z, € [0,1], it holds that
0(T(1),0) = 501y + 0(0,0) = 2,(1). Thus, we have that

Cui (@i, .., 2n) = 8(2501),0) = 251y = Cp (T1,. .., 2p).

Therefore, C,s = C,. Now, if p # p, then, by Theorem 3.40, for each x1,z2,y € [0,1] such that
1 +y,x9 +y € [0,1], we have that §(z1,0) = 21 and 6(x; + y, 22 +y) = §(x1,z2). So, taking zo = 0, we
obtain 6(z1 +y,y) = §(x1,0) = z1, for all z1,y € [0, 1] with 1 +y < 1. Hence, one has that §(z,y) =z —y,
for all 2,y € [0,1] with « > y. Similarly, it can be shown that é(x,y) = y — z, for all z,y € [0,1] with x < y,
and, thus 0(z,y) = |z —y|, for all z,y € [0, 1]. Therefore, C,, 5 = C,,. O

Remark 3.42. (i) According to Corollary 3.41, the situation with shift-invariancy is the same as with the
comonotone additivity. The only shift-invariant d-Choquet integral C,, 5 is the “standard” Choquet integral,
i.e. the d-Choquet integral w.r.t. the restricted dissimilarity function d(x,y) = |z — y|.

(ii) With respect to automorphisms, the only shift-invariant d-Choquet integral C), o, o, 1S Cy 14,14. This
can be shown by the following: for x; > x5 the condition 6(x1 + y, z2 + y) = §(x1, x2) is equivalent with

o7 (21 +9) = eal@a+9)) = o1 (2(21) = p(w2)) (®)

which is equivalent with ps(21 + y) — wa(z2 + y) = p2(x1) — w2(x2). For 25 = 0 we obtain @a(x1 +y) =
wa2(r1) + v2(y), thus Equation (8) holds if and only if @9 is additive, i.e., 2 = Id. The case z1 < x5 is
similar. Now observe that §(z + y,0) = y + d(x, 0) is equivalent with

sol‘l(</>z(x+y)) :y+<p1_1(902(w))~ (9)

Setting 2 = 0 we obtain ;" (apg(y)> =y, hence, Equation (9) holds if and only if ¢; = 2. Note that the

assertions also straightforwardly follows from Corollary 3.41.

The homogeneity of a d-Choquet integral is strongly related to the homogeneity of the relevant restricted
dissimilarity function.

Theorem 3.43. Let n be a positive integer. An m-ary d-Choquet integral C, 5 given by Definition 3.1 is
positively homogeneous for any fuzzy measure p on [n] if and only if the restricted dissimilarity function §
is positively homogeneous.

Proof. The proof is straightforward. O

Corollary 3.44. Let n be a positive integer and & be a restricted dissimilarity function. If § is positively
homogeneous then Cy, s« = C,,, and, therefore, it is positively homogeneous for any fuzzy measure p on [n].

Proof. Immediate, since whenever ¢ is positively homogeneous then f5 = Id. O

Lemma 3.45. Let ¢ be an automorphism of [0,1]. Then the following assertions are equivalent:

(i) p(cx) = (c)p(z) for all e,z € ]0,1];
(ii) o~ (lex) — p(ey)) = cp™! (p(x) = ¢(y)) for all ¢,y € [0,1] where x > y.
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Proof. (i) = (ii) Since (i) is Cauchy equation and its unique solutions are ¢(x) = 2 where a €]0, co|, we
have:
o (plex) = pley) = ((ca) = (ey))7 = (2 = y)7 cp™ (p(x) — 9 (y).
(ii) = (i) Let (ii) holds and let us consider a fixed ¢. Then

c

. (1 o (pler) - sa(cy») — (@) — ¢ly),

setting u = cx and v = cy we obtain

and setting t = p(u), 7 = @(v) we have

1471 (2)). Hence,

ge (t = 1) = ge(t) — ge(r)
and denoting a =t — r we obtain

ge (@) + ge(r) = ge(a + 7).
Since the last formula is Cauchy equation, we have g.(a) = p.a for all a € [0,1] and from g.(¢(cz)) = ¢(z) it
follows ¢(z) = pep(cz). For a =1 we receive p. = g.(1) = ¢ (1), thus p(z) = ¢ (1) p(cz). Finally, setting
r=1and s = cz, it follows ¢(rs) = ¢(r)¢(s) and the proof is complete. O

Corollary 3.46. Letn be a positive integer. An n-ary d-Choguet integral Cy, ,, o, 5 positively homogeneous
for any fuzzy measure p on [n] if and only if 1 = 2 and Ya(Ax) = w2 (N)pa(z) for all \,x € [0,1].

Proof. The homogeneity of §, i.e.,
6(Az, Ay) = Ad(z,y)

is, for z > y, equivalent to

o1t (@2()\95) — wz(Ay)) = Aoy (soz(w) - wz(y))

Setting x = 1 and y = 0 we obtain

¢;1(¢2(A)) = prl(l) =\

for all A € [0, 1], hence ¢; = 2. Moreover, by Lemma 3.45, it follows that

0y ! (wg(/\x) - wz(ky)) =gy ! (soz(ar) - wz(y))

is equivalent to pa(Az) = pa(A)p2(z) for all A,z € [0, 1].
The proof for x < y is similar. O

Remark 3.47. (i) Note that ¢2(Az) = @a(N)pa(z) is a Cauchy equation with the only solutions s (x) = a?
for some p > 0. Then §,(z,y) = |zP —yp|%. Observe that, in particular, J, satisfies (P1) if and only if p < 1.

(ii) From Corollary 3.46 and Corollary 3.33 it follows that a d-Choquet integral C,, ,, o, is idempotent
whenever it is positively homogeneous.

(ili) The only d-Choquet integral C), s (or Cy o, »,) Which is idempotent, comonotone additive, self-dual,
shift-invariant and positively homogeneous is the one for d(z,y) = |z — y| (or Cy r4,1a) Where the fuzzy
measure y satisfies p ([n] \ A) =1 —p(A) for all A C [n], that is, “standard” Choquet integral w.r.t. a fuzzy
measure u being self-dual.
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Example 3.48. (i) Let us consider the restricted dissimilarity function é§(z,y) = (vz — \/33)2 Since § can
be obtained in terms of automorphisms ¢1(z) = ¢a(z) = /7, it is easy to check that the d-Choquet integral

C,, =,z 1s idempotent and positively homogeneous for any fuzzy measure p.

(ii) Now let u(A) = % for all A C [n], ¢1 = Id and

222, if x €10,1/2];

p2(x) =
—22? + 4z — 1, ifz €]1/2,1].

Then C} 14,,, is self-dual. For instance,
C1d,0,(0.9,0.2,0.4) = 0.46

and
Cl1d,0,(0.1,0.8,0.6) = 0.54.

(iii) Let us consider the smallest fuzzy measure p given by p, ([n]) =1 and p; (4) =0 for any A C [n].
Then

C,, s(x1,...,zn) = 0(min{zy,...,2,},0)

for any restricted dissimilarity function 6.
If we take the biggest fuzzy measure p' given by ' () = 0 and u' (A) = 1 for any non-empty subset
A of [n], we have that

C,uT,é(xh cee 71'71) = Z 6(370(1')7 xa(i—l))

for any restricted dissimilarity function 6.
(iv) For n = 3, let fimeq be the fuzzy measure defined by pimeq(E) = 0 if the cardinal of E is smaller
than or equal to 1, and pmeq(E) = 1 otherwise. Then

Chpnea,s (@1, T2, 23) = d(min{xy, x2, x3},0) + 0(med(x1, x2, x3), min{z, 2, 23})

for any restricted dissimilarity function §, where med denotes the median of the considered inputs.

4. Averageness and monotonicity of d-Choquet integrals

In this section we show that unlike “standard” Choquet integrals, the d-Choquet integrals are neither
averaging nor monotone in general. We also deal with directional monotonicity and study conditions under
which the d-Choquet integrals are pre-aggregation functions.

4.1. Averageness
Theorem 4.1. Let n be a positive integer, | be a fuzzy measure on [n], 0 be a restricted dissimilarity
function and C, 5 be the n-ary d-Choquet integral with respect to p and §. Then the following assertions are
equivalent:

(i) There exist x1,...,2, € [0,1] such that C, 5(z1,...,2,) <min{xy,...,z,}.

(i1) There exists x € [0,1] such that 6(z,0) < .
Proof. (ii) = (i) Let = € [0,1] be such that §(x,0) < z. Then C), 5(z,...,z) = (z,0) < z.

(i) = (ii) Let z1,...,2, € [0,1] be such that C, s(x1,...,2,) < min{z,...,2,}. The proof follows from

the observations that

Cus(i, .. 2n) = 0(T51),0) + 25(%(1‘)7%@—1))# (Aoi)) = 8(z0(1),0)
1=2

and
C#’(;(irl, . ,{En) < Tg(1)-
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Corollary 4.2. Let n be a positive integer, u be a fuzzy measure on [n] and let § : [0,1]2 — [0,1] be a
restricted dissimilarity function given in terms of automorphisms @1, po as in Proposition 8.11. Let C), 4, o,
be the n-ary d-Choquet integral with respect to p and 6. Then the following assertions are equivalent:

(i) There exist x1,...,2, € [0,1] such that C,, o, o, (21,...,2n) <min{z1,...,2,}.
(ii) There exists x € [0,1] such that p1(z) > pa(z).

Proof. The proof follows from Theorem 4.4, the equality §(z,0) = ¢ ' (o)) and the fact that ;' (pa(x)) <
x if and only if p1(z) > pa(z). O

Theorem 4.3. Let n be a positive integer, |1 be a fuzzy measure on [n], 0 be a restricted dissimilarity
function and C,, 5 be the n-ary d-Choquet integral with respect to p and §. Then the property:

(i) There exist x1,...,x, € [0,1] such that C,, 5(z1,...,2,) > max{x,...,z,}.
holds whenever the following property holds:
(i1) There exists x € [0,1] such that 6(z,0) > .

Moreover, if Cps(x1,...,xn) < Cus(yi,...,yn) whenever x1 < y1,..., 2, < yn, then (i) and (ii) are
equivalent.

Proof. (ii) = (i) Let = € [0,1] be such that §(x,0) > z. Then C), 5(z,...,z) = é(z,0) > .
(i) = (ii) Let 21,...,2, € [0,1] be such that C, s(x1,...,2,) > max{xi,...,z,}. The proof follows
from the observations that
Ton) < C/L,(S(xlv s ,In) < C/L,5(xa(n)a s 7xa(n)) = 5(xa(n)a 0)
O

Corollary 4.4. Let n be a positive integer, u be a fuzzy measure on [n] and let § : [0,1]2> — [0,1] be a
restricted dissimilarity function given in terms of automorphisms @1, po as in Proposition 8.11. Let C,, », o,
be the n-ary d-Choquet integral with respect to p and §. Then the property:

(1) There exist x1,...,x, € [0,1] such that C,, o, o, (T1,. .., Ty) > max{z1,..., 2, }.
holds whenever the following property holds:
(ii) There exists x € [0,1] such that p1(x) < pa2(z).

Moreover, if Cp 5(x1,...,2n) < Cus(y1,...,yn) whenever x1 < y1,..., T, < Yn, then (i) and (i1) are
equivalent.

Proof. The proof follows from Theorem 4.1, the equality §(z,0) = ¢ * (2(x)) and the fact that ¢ * (2(x)) >
x if and only if ¢ () < pa(x). O

Having these results in hands we can state the sufficient and necessary condition under which a d-Choquet
integral is averaging.

Theorem 4.5. Letn be a positive integer, i be a fuzzy measure on [n], § be a restricted dissimilarity function
and Cy, 5 be the n-ary d-Choquet integral with respect to pn and § such that Cy, 5(x1,...,2n) < Cus(Y1,---Yn)
whenever x1 < Y1,...,Tn < Yn. Then the following assertions are equivalent:

(t) min{zy,..., 2.} < Cus(x1,...,2,) <max{x,...,z,} forall zq,..., 2, €[0,1].
(i1) 6(x,0) =z for all z € [0,1].

Proof. Immediately follows from Theorem 4.1 and Theorem 4.3. O

Corollary 4.6. Let n be a positive integer, u be a fuzzy measure on [n] and let § : [0,1]2 — [0,1] be a
restricted dissimilarity function. Then min < C,, 5 < max if and only if Cp 5+ = C),.
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Proof. Straightforward from Theorem 4.5 and the fact that d(z,0) = x for all € [0,1] if and only if
5" (z,y) = |z —yl. O

Theorem 4.7. Let n be a positive integer, u be a fuzzy measure on [n] and let § : [0,1]> — [0,1] be a
restricted dissimilarity function given in terms of automorphisms @1, @2 as in Proposition 8.11. Let C, o, o,
be the n-ary d-Choquet integral with respect to p and § such that C, oy o0 (T1, .- Tn) < Chigor oo (Y15 Un)
whenever x1 < y1,...,Tn < Yn. Then the following assertions are equivalent:

(i) min{x1,..., 2.} < Cp oy o, (@1,. .., 2n) <max{zi,...,2,} for all z1,...,z, €0,1].
(i1) @1(x) = @a(x) for all z € [0,1].

Proof. Immediately follows from Corollary 4.2 and Corollary 4.4. O

Note that in this case C} ,, , can be represented as a ;-transform of the standard Choquet integral

C,..

4.2. Monotonicity

Now we give the sufficient and necessary condition under which a d-Choquet integral is increasing. Note
that, since, by Remark 3.7, the boundary conditions are satisfied, any increasing d-Choquet integral is an
aggregation function.

Theorem 4.8. Let n be a positive integer, 6 be a restricted dissimilarity function and C, s be an n-ary
d-Choquet integral with respect to p and 8. Then the following assertions are equivalent:

(i) For any fuzzy measure p on [n], Cpus(x1,...,2n) < Cus(yi,...,yn) whenever x1 < ... < xp, Y1 <
oo S Yn, T1 S Y1y Ty S Yn-

(i) 6(0,21) + 6(x1,22) + ... + 6(Xim—1,2m) < 6(0,y1) +0(y1,Y2) + -« + 6(Ym—1,Ym) for all m € [n] and
Tlyeooys Ty Yty Ym € [0,1] where 21 < 000 < Xy, Y1 < oo S Yy 1 <Y1y oy < T < Y

Proof. (i) = (i) Let x1,...,Zn,y1,.--,Yn € [0,1] be such that 21 < ... < @, y1 < ... < Yy, 21 <
Y1, .., &y < Yn. For simplicity let us denote p({k,k+1,...,n}) by py for all k& € [n]. From (ii) it follows

flm — 12)0(0,21) < (p1 — p2)0(0,y1) and (pg — p3)(8(0,21) + d(w1,22)) < (w2 — p3)(0(0,y1) + 6(y1,92)),

(1 = p3)0(0, 1) + (2 — p3)d(x1, w2) < (1 — p3)0(0, 1) + (2 — p3)0(y1, y2).-

Since (u3 — p4)(6(0,21) + 6(21, 22) + 8(z2, 23)) < (13 — pa)(0(0,41) + 0(y1, y2) + 0(y2,y3)), we have
(11— pa)6(0, 1) +(p2—pa)d(x1, 22)+ (3 —pa)d(x2, 23) < (1 —14)6(0, y1)+(p2—pa)d(y1, y2)+ (s —Ha)0(y2, ys)-
Repeating a similar procedure we obtain

(Ml - Mn)d(oaxl) + (/’62 - Mn)é(l‘l,l‘g) ..t (,un—l - Mn)(s(xn—%xn—l)

< (1 = pn)0(0,y1) + (B2 — ) 0(y1,¥2) + - -+ (tn—1 = 10 )0 (Yn—2,Yn—1)

and, finally, from 4, (6(0, 21) + d(w1,22) + ... + 6(Tn—1,%4)) < pn(6(0,91) +0(y1,42) + - + 0(Yn—1,Yn)),
it follows that

p10(0,21) + pad(x1, x2) + .o+ pnd(Tp—1,2n) < p16(0,y1) + p26(y1,y2) + ... + 6 (Yn—1,9n), (10)

ie, Cus(zr,...,2n) < Cusyi, - Yn).

(i) = (ii) Now let x1,...,Zm,Y1,---,Ym € [0,1] be such that 1 < ... < @, 11 < oo < Y, 71 <
Y,y < Ty < Yo Then Cp5(z1,...,20) < Cus(Yr,-..,YUn), ie., Equation (10) holds, and taking the
fuzzy measure p™, for any m € [n], given by

1,
p"(A) = _
0, otherwise,

if |[A|>n—m+1;
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we have that u™([n];) = 1 for each k < m and p™([n]i) = 0 for each k > m, with [n]x = {k,...,n}. So, it
holds that
Cum (@1, wn) = 0(0,20)p™ ([n]1) +0(z1, 22)p™ ([n]2) + .. + (@1, 20 )™ ([n]n)
= §(0,z1) +0(z1,22) + ... + 0(Tim—1,Tm)

and, analogously, we have that Cym 5(y1,...,yn) = 6(0,y1)+0(y1,y2)+. .. +0(Ym—1, Ym). Therefore, it holds
that 6(0,71) + 6(z1,22) + ... + 0(Tm—1,Tm) < 0(0,41) +5(y1,92) + .- + 8(Ym—1,Ym), for all m € [n]. [

Corollary 4.9. Let n be a positive integer, § be a restricted dissimilarity function and C) s be an n-
ary d-Choquet integral with respect to p and 6. If for all m € [n] there exists an increasing function
fm [0,1] = [0,1] such that 6(0,2z1) + 6(x1,22) + ... + (Xm—1,Tm) = fm(zm) for all 1,..., 2y € [0,1]

where £1 < ... < Ty, then for any fuzzy measure p on [n], Cus(xi,...,2n) < Cus(Y1,...,Yn) whenever
T <Yy Ty S Y-
Proof. The proof directly follows from Theorem 4.8. O

Corollary 4.10. Let n be a positive integer, § : [0,1]2 — [0,1] be a restricted dissimilarity function given
in terms of automorphisms 1,2 as in Proposition 3.11. Let C, o, o, be an n-ary d-Choquet integral with
respect to p and 6. If @1 = Id, then for any fuzzy measure p on [n], Cpus(z1,...,2n) < Cus(y1,...,Yn)
whenever x1 < Y1,...,Tn < Yn.

Proof. The proof directly follows from Corollary 4.9 taking f = ¢o. O
Remark 4.11. It is worth pointing out that taking ¢1 = Id, as in Corollary 4.10, we obtain:
Chutdps(T1,. .. Tp) = Z (@2 (2oi)) — P2 (To(i-1)) ),u (As(iy) = Culz (1), 02 (x0)),
i=1

that is, C); 14,4, is fully determined by a “standard” Choquet integral C),, which also means that C} 14,4,
is an aggregation function (note that also (P1) is satisfied according to Proposition 3.12).

Theorem 4.12. Letn be a positive integer and consider the fuzzy measure j1) defined in Equation (5). Then,

for any restricted dissimilarity function 6, the n-ary d-Choquet integral C,,, s satisfies Cy,, 5(x1,...,2s) <
CuisW1,...,yn) whenever x1 < y1,...,Tn < Yn.
Proof. The proof immediately follows from the monotonicity of 4. O

Example 4.13. We give examples of d-Choquet integrals that are not averaging or/and increasing, i.e.
these functions are not averaging aggregation functions (hence, they are not “standard” Choquet integrals)
and the ones that are not increasing (hence they are even not aggregation functions). Let C), s be an n-ary d-
Choquet integral given by Definition 3.1 with respect to the fuzzy measure p and the restricted dissimilarity
function:

e §(z,y) = (z—y)?, then C, 5 is neither averaging (it is not above minimum) nor increasing for some y;

o §(z,y) = /|r — y|, then C, ;5 is neither averaging (it is not under maximum) nor increasing for some
i, note that in this case, in contrast to all the other cases of this example, the range of C), 5 is not a
subset of [0, 1];

e 0(z,y) = [v& — /Y|, then C, ;s is not averaging (it is not under maximum) for some p, but it is
increasing for any u;

e §(z,y) = |z? —y?|, then C,, s is not averaging for some 4 (it is not above minimum), but it is increasing
for any u;

e (z,y) = (VT — /y)?, then C, 5 is averaging for any s, but it is not increasing for some p;
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e ¢ given as in Example 3.48 (ii), then C,, 5 is not averaging for some p (it is neither above minimum
nor under maximum), but it is increasing for any p. Note that in this case § can be expressed:

20z? — 9|, if 2,y € [0,3];
5(z.) 220 —2? =2y +4?|, ifz,ye]il];
x,Y) =
Y —2y% +4y—1-222, ifzel0,1],ye] 1];
—222 +4x —1-2y% ifze|i 1], ye0,3]

4.8. Directional monotonicity

From the results of the previous subsection it is clear that, in general, an n-ary d-Choquet integral is not
7-increasing for a vector ¥ = (r1,...,r,) such that there exists k € {1,...,n} such that r; # 0 if and only if
i = k. Now we study the situation for the vector 7= (1,...,1).

Theorem 4.14. Let n be a positive integer and Cy 5 : [0,1]" — [0,n] be an n-ary d-Choquet integral with
respect to a fuzzy measure pu and a restricted dissimilarity function §. Then

(i) Cps is T-increasing (i.e., weakly increasing in the sense of [38])for any fuzzy measure yu whenever
oz +cy+c)=d(x,y)
for all x,y,c € [0,1] such that x + ¢,y + c € [0, 1];

(it) Cy5 is T-increasing for any fuzzy measure w whenever for all m € [n] there exists an increasing function
fm 2 [0,1] = [0,1] such that
5(0,21) +0(x1,22) + ... + (i1, Tm) = frn(@Tm)
for all zq,...,xm €[0,1] where x1 < ... < Zppy.
Proof. (1)

Cus(xi+e,...,zy+0)

n

= 5 (To) +¢,0) + D0 (To@) + & Toi-1) + ) 1 (As(i))

1=2

> 0(2001),0) + Y0 (To(i)s To(i-1) 1 (o))
i=2
= Cm(;(xl, e ,a:n).
(ii) Directly follows from Corollary 4.9. O

Corollary 4.15. Let n be a positive integer, 6 : [0,1]% — [0,1] be a restricted dissimilarity function given in
terms of automorphisms 1,2 as in Proposition 3.11. Let C, », 0, : [0,1]" — [0,n] be an n-ary d-Choquet

integral with respect to 1 and 6. Then C,, 5 is T-increasing for any fuzzy measure p whenever at least one of
the following conditions is satisfied:

(i) @2 is convex;

(i4) p1 = Id.
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Proof. (i) Let z,y,c € [0,1] be such that  + ¢,y + ¢ € [0,1] and z > y (the proof for x < y is similar).
Then, since @2 is convex, we have a(z + ¢) — wa(z) > 2(y + ¢) — p2(y), hence

S+ y+c) =01 (pa(x+ ) —@a(y+ ) > o1 (pa(x) — 2(y) = 6(x,y)

and finally, by Theorem 4.14 (i) it follows that C,, s is T-increasing for any fuzzy measure p.
(ii) Directly follows from Corollary 4.10. O

Now we give the conditions under which an n-ary d-Choquet integral is f—pre—aggregation function.

Corollary 4.16. Let n be a positive integer, 6 : [0,1]% — [0,1] be a restricted dissimilarity function given in
terms of automorphisms p1, @2 as in Proposition 3.11. Then the n-ary d-Choquet integral with respect to
and & is a 1-pre-aggregation function for any fuzzy measure pu on [n] whenever at least one of the following
conditions is satisfied:

(i) o1 = Id;
(i1) 1 > Id and ps is conver.

Proof. Immediately follows from Corollary 4.15 and Proposition 3.12. O

Example 4.17. We give examples of d-Choquet integrals that are (or are not) aggregation functions/ I-
pre-aggregation functions. Let C), 5 be an n-ary d-Choquet integral given by Definition 3.1 with respect to
the fuzzy measure p and the restricted dissimilarity function:

e §(z,y) = (z—y)* then C, 5 is a I-pre-aggregation function for any y, however it is not an aggregation
function for some p (since it is not increasing);

e 5(z,y) = \/lz —y|, then O, is I-increasing for any y, however it is neither a I-pre-aggregation
function nor an aggregation function for some p (since its range is not a subset of [0, 1]) and it is not
increasing for some p;

e )(x,y) = [vx — \/y|, then C), 5 is an aggregation function for any p (hence also a I-pre-aggregation
function);

o 5(z,y) = |z — y?|, then O, is an aggregation function for any u (hence also a I-pre-aggregation
function);

e )(x,y) = \/|v/x — /Y|, then C}, 5 is not T-increasing for some (hence it is not increasing as well) and

its range is not a subset of [0, 1] for some px.

The fact that the last one, namely C}, s, is not f—increasing for some p follows from the following counterex-
ample: let n =6, ¢ = 0.1 and u(A) =1 for all nonempty A C [n], then

C,.5(0.1,0.2,0.3,0.4,0.5,0.6) = 0.562341 > 0.555946 = C,, 5(0.2,0.3,0.4,0.5,0.6,0.7).

Moreover, for x1 = 0.1, x5 = 0.2, x3 = 0.3 we have:

\/\/:71—\/6+\/\/972—\/E+\/\/9?3—\/5£1.24129>1,

hence the condition (P1) is not satisfied, so the range of C,, 5 is not a subset of [0, 1] for some fuzzy measures
e
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5. Conclusions

We have proposed a generalization of the Choquet integral in terms of replacing the standard difference
by a restricted dissimilarity function. This approach results in a class of functions, d-Choquet integrals,
that encompasses the class of all “standard” Choquet integrals, but is much wider and, based on the choice
of a restricted dissimilarity function, the d-Choquet integral satisfies or does not satisfy the characteristic
properties of the “standard” Choquet integrals such as increasingness, pre-increasingness, range in [0, 1],
comonotone additivity, idempotency, self-duality, shift-invariancy and positive homogeneity.

Note that this class of functions can be useful in all those applications where fuzzy integrals, and specially
Choquet integrals, have shown themselves valuable, ranging from image processing to decision making or
classification. In particular, these new functions can be used to replace the standard Choquet integral where
comparison between inputs using the usual difference is not possible either because it is difficult to define it
properly, as in the case of intervals.

In this sense, in our future work we intend to make a research of possibilities to apply our results in image
processing, multi-criteria decision making and classification problems, and, specially, to use them to extend
to the interval-valued setting the notion of Choquet integral in such a way that classical fuzzy algorithms
which make use of the Choquet integral can be appropriately defined.
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