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Abstract

In this paper we find pointwise best-possible bounds on the set of copulas with a given value of the Spearman’s footrule co-
efficient. We show that the lower bound is always a copula but, unlike the bounds on sets of copulas with a given value of other
measures, such as Kendall’s tau, Spearman’s rho and Blonqvist’s beta, the upper bound can be a copula or a proper quasi-copula.
We characterised both of these cases.
© 2020 Elsevier B.V. All rights reserved.
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1. Introduction

Aggregation of pieces of information coming from different sources is an important task in expert and decision
support systems, multi-criteria decision making, and group decision making. Aggregation operators are precisely
the mathematical objects that allow this type of information fusion; and well-known operations in logic, probability
theory, and statistics fit into this concept (for an overview, see [6,13]). Conjunctive aggregation operators, i.e., those
aggregation operators that are bounded by the minimum, constitute an important class of operators that includes
copulas and quasi-copulas.

(Bivariate) quasi-copulas were introduced in the field of probability (see [1]) and were characterized in [12]. They
are also used in aggregation processes because they ensure that the aggregation is stable, in the sense that small error
inputs correspond to small error outputs. In the last few years these functions have attracted an increasing interest
by researchers in some topics of fuzzy sets theory, such as preference modeling, similarities and fuzzy logics. For a
complete overview of quasi-copulas, we refer to [2,24].
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Copulas, (bivariate) probability distribution functions with uniform margins on [0, 1] restricted to the unit square,
are a subclass of quasi-copulas. The importance of copulas in probability and statistics comes from Sklar’s theorem
[25], which states that the joint distribution H of a pair of random variables (X, Y) and the corresponding (univariate)
marginal distributions F and G are linked by a copula C in the following manner:

H(x,y)=C(F(x),G(y)) forall (x,y)e[—o0, 00]2_

If F and G are continuous, then the copula is unique; otherwise, the copula is uniquely determined on Range F' x
Range G ([8]). For a comprehensive review on copulas, we refer to the monographs [9,18].

The fundamental best-possible bounds inequality for the set of (quasi-)copulas is given by the Fréchet-Hoeffding
bounds, i.e., for any quasi-copula Q we have

Wu,v) =O0vu+v—-—1)<Q0,v) <(uAv)=:Mu,v) (D)

forall (u, v) € [0, 1]%, where ¢ vVd := max(c, d) and ¢ Ad := min(c, d) for any two real numbers ¢ and d. Furthermore,
the bounds W and M are themselves copulas.

A procedure for finding pointwise best-possible bounds on sets of copulas and a given value of the population
version of a measure of association, such as Kendall’s tau, Spearman’s rho or the population version of the medial
correlation coefficient (or Blomqvist’s beta) is illustrated in [19,21]. The bounds attained are evaluated —with the result
that all the bounds are copulas— and compared. In [7] best-possible bounds on the set of (quasi-)copulas with given
degree of non-exchangeability are established. In this paper, we focus on the Spearman’s footrule coefficient and
establish the best-possible bounds on the set of (quasi-)copulas with a given Spearman’s footrule coefficient. We show
some conditions under which the resulting bounds are copulas, which, unlike for some other measures of association,
is not generally true.

After some preliminaries concerning (quasi-)copulas (Section 2), we present the main results in Section 3, where
we find the best-possible bounds on the set of copulas with a given value of the Spearman’s footrule coefficient and
provide some of their salient properties. Section 4 is devoted to conclusions.

2. Preliminaries
A (bivariate) copula is a function C: [0, 172 — [0, 1] which satisfies

(C1) the boundary conditions C(¢,0) =C(0,¢) =0and C(¢,1)=C(1,t) =t for all ¢ in [0, 1], and
(C2) the 2-increasing property,i.e., Vc([u, uz] x [vy, v2]) = C(up, v2) — C(uz,v1) — C(uy, v2) + C(uy, v1) = 0 for
all uy,uy, vy, v in [0, 1] such that u; < up and vy < vp.

Ve (R) is usually called as the C-volume of the rectangle R; and in the sequel we also consider the C-volume of a
rectangle for real-valued functions on [0, 1]> which may not be copulas.

Let B([0, 1]) and B([0, 1]?) denote the respective Borel o-algebras in [0, 1] and [0, 112, and A denotes the Lebesgue
measure on [0, 1]. A measure 1 on B([0, 11?) is doubly stochastic if (B x [0, 1]) = u([0, 1] x B) = A(B) for every
B € B([0, 1]). Each copula C induces a doubly stochastic measure p¢ by setting ic(R) = Ve (R) for every rectangle
R C [0, 117 and extending ¢ to B([0, 11?). The support of a copula C is the complement of the union of all open
subsets of [0, 1] with [Lc-measure Zero.

Let C denote the set of all copulas.

The concept of a quasi-copula was introduced in [1] in order to characterize operations on distribution functions
that can or cannot be derived from operations on random variables defined on the same probability space. A (bivariate)
quasi-copula is a function Q: [0, 11> — [0, 1] which satisfies condition (C1) of copulas, but in place of (C2), the
weaker conditions

(Q1) Q is non-decreasing in each variable, and
(Q2) the Lipschitz condition |Q(u1, v1) — Q(uz, v2)| < lup —uz| + |v; — vy| for all uy, vy, usz, vo in [0, 112.

While every copula is a quasi-copula, there exist proper quasi-copulas, i.e., quasi-copulas which are not copulas
—distinctions concerning the mass distribution of copulas and proper quasi-copulas can be found, e.g., in [10,22].
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Fig. 1. The supports of C, 5 ¢ (left) and é(a,b),e (right) for a copula C with C(a, b) =6.

One of the most important occurrences of quasi-copulas in statistics is due to the following observation ([20,23]):
Every set S of (quasi-)copulas has the smallest upper bound and the greatest lower bound in the set of quasi-copulas
(in the sense of pointwisely ordered functions). These bounds do not necessarily belong to the set S, nor they are
necessarily copulas if the set consists of copulas only.

In [27] best-possible bounds on the set of quasi-copulas that coincide on a given compact subset S of [0, 1]* are
established and the author investigates sufficient conditions on § such that these bounds are also the best-possible
bounds on the set of copulas that coincide on S. In [3-5] the monotonicity and the Lipschitz condition were used
to establish tight upper and lower bounds on classes of functions in a more general setting, which include quasi-
copulas as special cases, by a similar technique. The bounds in (1) can often be narrowed when we possess additional
information about the copula C, e.g., in [18] the best-possible bounds on a set of copulas when a value at a single
point is known are provided (we recall this result for our purposes, and in which x* := 0 Vv x for any real number x).

Proposition 1. Let C be a copula, and suppose C(a, b) =6, where (a, b) € [0, 112 and W(a,b) <6 < M(a, b). Then
Clapy.o s v) < Cu,v) < Capy,0(u, v) forall (u,v) € [0, 1], where

Clup o v)=max(0,u+v—1,0—(@a—uw)" —@®-v)")
and

E(a,b),g(u, v) = min (u, v,0+w—a)t+@w— b)+) .
Since Q(a,h)ﬂ (a,b) = E(a,b),g (a, b) =0, the bounds are best-possible.

The bounds C, ; ¢ and C (4.p).0 in Proposition 1 are shuffles of M, a particular family of copulas (see [14,18] for
more details). The supports of C (a.b).0 and E(a, b),0 (with thick line segments) are shown in Fig. 1.

3. Best-possible bounds when a given value of the Spearman’s footrule coefficient is known
Let (Ry, S1), ..., (R,, S,) be ranks associated with a random sample (X1, Y1), ..., (X,, ¥;;) from some continuous

bivariate distribution H(x,y) =Pr(X < x,Y < y). The Spearman’s footrule coefficient is a nonparametric measure
of association, introduced by the psychologist C. Spearman in [26], given by the statistic

3 n
on=1———D IR =S,
i=1

and which, in terms of the copula C associated with the continuous random vector (X, Y), can be expressed as [16,18]
1
ox,y = ¢(C) =6/C(u, w)du — 2.
0

We note that, for any copula C, we have —1/2 = (W) < ¢(C) < ¢(M) = 1. For a comprehensive review on the
Spearman’s footrule coefficient, we refer to [11].
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Fig. 2. Calculation of the integral in Lemma 2 as the area under the thick piecewise linear curve.

Forany ¢t € [—1/2, 1], let F, denote the set of copulas with a common value ¢ of the Spearman’s footrule coefficient,
ie.,

F,={CeC: ¢o(C)=t}.
Let F, and F, denote, respectively, the pointwise infimum and supremum of F,, i.e., for each (u, v) in [0, 1]2,
F,(u,v) =inf{C(u,v): C € F;} and Fi(u,v) =sup{Cu,v): C eF,}. 2)

Our main goal is to determine these bounds explicitly. In establishing these bounds we proceed as follows. First
we determine the bounds on the diagonal L;(s) = F,(s, s) and U;(s) = F,(s, s) from the condition ¢(C) =t and the
Lipschitz condition. Next we determine the bounds on the rest of the domain F, and F,. Finally, we show that our
bounds are active, that is F, is not smaller than any other bound found from conditions ¢(C) =t and Lipschitzianity,
and similarly that F, is not larger than any other bound.

For this we need several preliminary results.

Lemma 2. Let C be a copula, and let the value of C(s,s) = 0 be given. Then the Spearman’s footrule coefficient for
the copula C ;) o is

1
QD (Q(S,S),G) = 39(9 + 1 - 2S) - E.

Proof. Since

1 S1 $3

s 1
/Q(x,x)’g(u,u)duz/Odu—i— (2u—(2s—9))du+/9du+/(2u— 1)du,
0 0 s1 K 53

we can calculate the integral as the area under the curve geometrically (see Fig. 2): Note that the triangles s1s P and
5253 P’ have the same area, and hence the area under the curve is % +6(s3 —s). The value s3 is found from 6 = 253 — 1

SO §3 = % and hence we get
1 1
0+1
/Q(S,Sw(u, u)du = 7 +0 <T — s) ,
0

then the result follows. O

Lemma 3. Let the value of C(s, s) =6 be given. Then the Spearman’s footrule coefficient for the copula 6(5, 5),0 1S

¢ (Ciss1.0) =1—6(s —6)*.
Proof. We compute the integral fol f(m),g(u, u)du as the area under the curve geometrically again. Note that it is
equal to % minus the area of the shaded region on Fig. 3. In the shaded triangle, s is the midpoint between s and s>

and s, — s; =2(s — ). The area of the small triangle P P’ P" is (s — 0)? and hence the area of the shaded triangle is
also (s — 6)2. So the integral is % — (s — 0)? and we obtain the result. O
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Fig. 3. Calculation of the integral in Lemma 3 as the area under the thick piecewise linear curve (left). It is equal to % minus the area of the shaded
triangle. The latter one (right) is done by schoolbook formula.

Now, we resolve the equations
@ (E(s,s),ﬂ) =1—-6(s— 9)2 =t .
and
1
9 (Cis59) =300 +1—25) — 5 =1 “

for 6, when s is fixed. In the former case (3) we obtain

054 11—t
=5 6

and in the latter case (4) we have

PR bk L S S PO
Ty Ty 3 2 )

Hence for a given t € [—1/2, 1] and fixed s, since t = ¢(C) < ¢ (E(S’S)’@), then we have r <1 —6(a — 9)2, so 6
must be no smaller than s — ,/ 1‘%’. Hence

1—1t
06=C(s,s) =5 — T:Q for every s € [0, 1].

Now on the other side, for a given ¢t € [—1/2, 1] and any fixed s, since t = ¢(C) > ¢ (Q(s,s),a), then we have
t>23000+1—-2s)— % Therefore

1 1 4 1 —
9:C(s,s)<s—§+§\/(2s—1)2+§(t+5>:9f0reveryse[0, 1].

Thus we now have two bounds on the values of C (s, s) on the diagonal,

11—t 1 1 4 1
L;(s) = max (O,2s— 1,s — T) < C(s,s) <min <s,s— §+§\/(2s— 1)2+§ (t—|—§)> =U,(s),

®)

which also imply the bounds on the rest of the unit square by Proposition 1.

Lemma 4. The functions

E(v’v),g(u, v) =min (u,v,0 + (u —v)* + (v —v)") =minu, v, 0 + (u — v))

and
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C .o, v) =max(O,u+v—1,0—@w—-w" —@u—v)")=max (0,u+v—1,0 — (u—v))
are upper and lower bounds on F;.
Proof. Since we have tight bounds (5), take the point (u, u) for u € [0, 1], where there is a quasi-copula C’ such

that C’'(u, u) = max(0, 2u — 1, ). By Lipschitz condition and monotonicity we get the lower bound C (.0 (U, V).
Similarly we get the upper bound. O -

We note that these bounds are not necessarily tight. To establish tighter bounds we look at the range of values at a
point (a, b) in [0, 1]> which permit the value ¢(C) =1.
We begin with the pointwise infimum.

Lemma 5. Let C be a copula and let the value_C(a, b) =0 be given, where (OV a+b —1) <0 < (u Av). Then the
Spearman’s footrule coefficient for the copula C, p)¢ is

@ (E(a,b),e) =1—6(a—0)b-0).

Proof. Suppose we have a point (a, b) € [0, 112 such that a < b (the_ case a > b, by symmetry, is similar, and we omit
it). We compute the Spearman’s footrule coefficient for the copula C, ) ¢. Since

a+b—0 1

1 0 a b
/E(a’b),g(u,u)duz/‘udu+/9du+/(u—a+9)du+ / Qu—a—b+0)du + / udu
0 0 0 a b

a+b—6
1
=——(a—0)b—-0),
> (a—0)( )
we have

¢ (Capy0)=1—6(a—0)(b—6),

which completes the proof. O
And now we show the corresponding result for the pointwise supremum.

Lemma 6. Let C be a copula, let (a, b) be a point in [0, 1]2 such that b < a, and let the value C(a, b) =6 be given,
where (0V a+b — 1) <6 < b. Then the Spearman’s footrule coefficient for the copula C, ;) o is

! >1+9
_- a>~
2 2
1\> 1 146 1

6la—0—-—=) — =, b+0)vV——<a<<-+6
<a 2) > b+0) > a 2+

_ 9 1 146

9 (Clap o) = 30 (1-2a) + 567 - 3, b+9<a<% ©6)

3 1 1+6
SO+1-a=bB0-3a+b+ D=7, ——<a<b+0
3 1 1+6
—E(a—b)2+3(1—a—b)9+392—§, a<(b+0)/\%.

Proof. First, note that for computing the integral

1
/Q(a’b)ﬁ(u, u)du
0
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Fig. 4. The respective cases 1, 2, 3, 4, and 5 (left to right) for computing ¢ (Q (@, b),e) in Lemma 6.

we have to consider five cases, which depend on the location of the point (a, b), with b < a, in the copula C @h).0
These cases are:

a}%—l—@
(b+9)\/#<a<%+9
b+0<a<#
$<a<b+9
a<wrontl

Fig. 4 illustrates the supports of the copula C, ;) o for those five cases. Thus, we obtain:

Case 1.

1 1/2 1 1
fQ(a,b),e(u, u)du = / Odu+ | Qu—1)du= e
0 0 1/2
Case 2.
1 a—o 1—a+0 |
fg(a,b),e(u,u)duz / 0du + / u—a+0)du+ / Qu—1)du
0 0 a—6 l—a+6

=(a—9)2—(a—0)+%.

Case 3.
1 a—~0 a (1+0)/2 1
/Q(a’b)’g(u,u)dl,t: deu+ /(u—a—i-@)du—i- / 0du + / Qu—1)du
0 0 a6 a (146)/2
ST
“37% 2 )
Case 4.
1 (a+b—)/2 b l—at6
/Q(a,b)’g(u,u)duz / 0du + f Qu—a—-b+0)du+ / (u—a+0)du
0 0 (a+b—6)/2 b
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+ / Qu —1)du
1—a+6
3a% +2a(b —360 —2) —b* —2b0 + 30 + 40 +2
= ; '
Case 5.
(a+b—6)/2 b u
/Q(a’b)ﬁ(u,u)duz / Odu + / (2u—a—b+0)du+/(u—g+9)du
0 0 (a+b—6)/2 b
(146)/2 1
+ / 0du+ / Qu—1)du
a (146)/2

1 n ] 62
_Z(l—(a—b) >+§(1—a—b)9+7.

The integrals above can be evaluated directly or geometrically in the same way it was done in Lemma 2. Thus we
have

1

1
—, D
1 a 2+
1 1\? 146 1
- —o—=) . b+0)vV ——<a<z+0
1 4+<a 2) (b+0) > a 2+
1 146
/Q(a,b),g(u,u)du= Z(1+29—4a9+392), b+9<a<%
0 1 146
7@ +1—a=h30=3a+b+D+1), ——<a<b+6
1(1 ( b)2>+1(1 b)9+92 <o nt?
4 a e 20 45 2

Therefore, the values that the Spearman’s footrule coefficient can take are given by (6), which completes the proof. O

The following technical lemma is crucial for our purposes. It involves four upper bounds on C (i, v) obtained by
resolving the conditions (6) for 6.

Lemma 7. Let t € [—1/2, 1] be fixed, and for every (u, v) in [0, 112 consider the functions

6(uVvv)—3+432t+1)

filu,vit) = G (7
20V ) = 14 /2 (2 v )2 =2 v v) +1 4 1)
falu,v;t) = 3 , ®)
3(uvv)+(u/\v)—2+\/2(2(u/\v)2—2(u/\v)+t+1)
fa(u,v;t) == 3 ; )
2
f4(u,v;t)::% u+v_l+\/(3(u+v) 1) 324uv+4(1+t) 10

Then we have max (f1(u, v;t), fa(u,v;t), f3(u,v;t), fa(u,v;t)) = fa(u, v; t) for all (u,v) € [0, 172
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Proof. Firstly, we simplify notation. Let « =2u — 1, § =2v — 1, and kK = 1 4 2¢ (note that «, 8 € [—1, 1] and
k €10, 3]), and assume « > B (the case @ < B is similar and we omit it). Then we have

a 3k
fl(ohﬁyk)=§+T,

o a?+k
f2(av,3,k):§+?,

3+ B +\/,32+k
3

f3(a, B; k) = G
_ _oz—l-,B 3(a2+ﬁ2) aff  k
Jala, B; k) = ) +\/ T —?—Fg.

We prove that fi(a, 8; k) > fi(«, B; k) forevery o, B € [—1, 1] and a fixed k. Denoting y :=a+f and § := o — 8,
f4 can be rewritten as

PO Y PR AN Ly G
A ER =TTV "6 T e
Since o > 8, we have § > 0 and

dfa )

— ¥, 0 k) = ———==20,

as(y )

/82 | v2 |k
8 Tt ts

whence rrgin fa(y,§; k) is reached at § =0, i.e., « = B; therefore

o a2k
Sfala, B k) = fala, a3 k) = > + 7 + 3 Z fila,a; k) = fi(a, B; k).

To prove that fa(e, B; k) = fa(w, B; k) for all o, B € [—1, 1] such that o > B, since fo(«, B; k) = fo(, a; k), we
only need to prove that fi(c, «; k) > fo(a, o; k) for all @ € [—1, 1]. Let f be the function defined by

@0 = fal @ b)— fraaiby= &g | O K [k
flos k) = falo, a; Pro,a; _g Z 6 5

We consider two cases:

. k=0. Then we have f(«;0) = ‘a‘% >0foralla e[—1,1].
0 < k < 3. In this case, f/(a; k) =0 implies the roots

L [(2v7-5)k /(2\/7—5>k‘

Since

<

and oy =—

s | (450637~ 11892)
108 k
for all k €]0, 3], then we have that oy and o are minimum points, and

(6v7-12)k (2637 - 68) k

>0 and f(az;k)=T>O

k)= (a2 k) = >0

flar; k)=
for all k£ €]0, 3].

18
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Thus, fi(a, B; k) = fo(a, B; k) forall o, B € [—1, 1] such that & > B.
Finally, to prove that fi(a, B; k) > f3(a, B; k) for all (a, B) € [—1, 1] such that « > B, note that f3(c, o, k) =
fr(—a, —a, k) + «, and thus

Sale, Bi k) — f3(a, Bi k) = fala, a5 k) — fa(a, a5 k) = fala, 0 k) — fo(—a, —a; k) — o
= fa(—a, —a; k) — fo(—a, —a; k) >0,

which completes the proof. O
Now we are in position to provide the explicit expressions of F, and F,.

Theorem 8. Let F, and F; denote the pointwise infimum and supremum (2) of ¥; for t € [—1/2,1]. Then, for any
(u, v) in [0, 112, we have

E,(u,v):max(O,u—l—v—],%[u+v—\/(u—v)2+2/3(l—t)]) (1

and

— 1 3 —1)>-24 4141
F:(u,v) =min M’U’E u—i—v—l—i—\/( ( +v) ) u+ 41+ . (12)

3

Proof. Let us deal with the lower bound first. We use the result of Lemma 5. If C is a copula such that ¢(C) =1, for
te[—1/2,1],since p(C) < ¢ (C(a’;,),,g). By solving this for 8 and taking the smallest root we get

A:%<a+b—\/(a—b)2+2/3(l—t)).

It follows that A < 6, so that C(a, b) > max(0,a + b — 1, 1), and hence F,(a, b) > max(0,a + b — 1, A). To establish
that this bound is tight we need to show that there exists a copula C in F; such that C(a, b) = max(0,a + b — 1, A).
Assume a +b— 120 (thecase a +b — 1 < 0is similar). If . > a + b — 1, then f(a,;,),;h € F, (because it is a shuffle
of the min function) and C 5. (a,b) =A. If A <a+b — 1, then Cy = (1 — &)W +aC(4.p).a+b—1, for a € [0, 1], is
a family of copulas for which Cy(a,b) =a + b — 1 and for which ¢ (C,) is a continuous function of « —for details,
see [17]— satisfying ¢ (Co) = (W) = —1/2 <t < ¢ (Ca,p).a+b—1) = ¢ (C1). It follows from the intermediate value
theorem that there is « € [0, 1] such that ¢ (Cy) =1.

Next we deal with the upper bound. We consider the five cases in Lemma 6 (and obtain the other five by symmetry).
The first case is trivial, t > —%. In each other case we resolve the corresponding equation for 6 and taking the
largest roots of the quadratic equations, we obtain the bounds 61 := fi(a, b; t), 6 := fa(a, b; t), 63 := f3(a, b; t) and
04 := fa(a, b; t), where f1, f2, f3 and f4 are the functions given by (7), (8), (9) and (10), respectively. By taking their
maximum, which is 84 —recall Lemma 7— we obtain the upper bound.

We need to show that there exists a copula C € F, such that C(a, b) = min (a, b, 64) for any t € [—1/2, 1]. Assume
a < b (the case b < a is similar). If 64 < a, then C, ;) g, €F; and C, ) o, (a,b) = 04. If 04 > a, then Cg = M +
(11— ,B)Q(a,b)’a, for B € [0, 1], is a family of copulas for which Cg(a, b) = a and for which ¢ (C,g) is a continuous
function of g satisfying ¢ (Cp) = ¢ (g(a’b)’a) <t < 1=9(M)=¢(Cy). It now follows from the intermediate value
theorem that there is 8 € [0, 1] such that ¢ (C ,3) =t, which completes the proof. O

We know that the functions F, and F, given by (11) and (12), respectively, are quasi-copulas, based on the Lips-
chitz condition and monotonicity. The next two results show some salient properties of these functions (we recall that
a copula C is radially symmetric if (u,v)=u+v—1+4+C(l —u, 1 —v) for every (u, v) € [0, 11%: see [15,18]).
Theorem 9. Let F, be the quasi-copula given by (11). Then it holds that:

(a) F, is a copula for every t € [—1/2,1].
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Fig. 5. The set S in Theorem 9 for r = 0.

(b) F,=Wif,andonlyif,t =—1/2; and F, = M if, and only if, t = 1.
(c) F, is radially symmetric.

Proof. To prove part (a), first note that the boundary conditions are trivially satisfied since F, is a quasi-copula. Now,
it is clear that

l<u+u—\/(u—v)2+2/3(1—t)), ww A=l —v) > =1
Fu,v)=12 6

W(u,v), otherwise.

Note that the set

6

is the region between two symmetric hyperbolic arcs with respect to the line v = 1 — u, and cut at the points
((1 +J/A+20/3)/2, (1 — \/m)ﬂ) and ((1 — (A +21)/3)/2, (1 + /(1 +2t)/3)/2) (see Fig. 5). There-
fore, the only F,-volumes to be studied are those of the rectangles that have some vertex in the interior of S—denoted
by int(§)—, and in turn, the study of these volumes can be reduced to the case in which the four vertices of the
rectangle are in int(S). But these volumes are non-negative since, if (u, v) € int(S), then we have

’F, V3 -1

(u,v) = 20,
duov T B — v 201 1)

{ 2 <
S={w,v)e[0, 17 :uvAd—u)1—v)>—

i.e., F, is 2-increasing at such points, and hence F, is a copula.

To prove F, = W if, and only if, t = —1/2 in part (b), let (u, v) € [0, 1]2 and suppose u + v < 1. Then, by using
the arithmetic-geometric mean inequality, we have uv < 1/4, which is equivalent to (u + v)2 —(u— v)2 < 1, hence it
is easy to derive

l(u—l—v—\/m)SO-

2
If u+v > 1, orequivalently (1 —u) 4+ (1 — v) < 1, then by using again the arithmetic-geometric mean inequality we

have (1 —u)(1 —v) < 1/4,i.e. (2 —2u)(2 — 2v) < 1, which is equivalent to (2 — u — v)? < (u — v)> + 1, i.e.

et vV T) <utv
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Fig. 6. The graph (left) and the level curves (right) of the copula Fy.

therefore, we obtain F_; , = W. Now, note F,(1/2,1/2) = 1/2(1 = 2/3(1=1)) > 0 if, and only if, t > —1/2;
whence £, = W if, and only if, t = —1/2.

On the other hand, for u € (0, 1), we have F,(u,u) = u if, and only if, 1/2 (2u — 2/3(1—=1)) =u,ie. t = 1;
whence I/, = M if, and only if, t = 1.

Finally, part (c) can be easily proved by using elementary algebra, hence the proof is complete. O

Fig. 6 shows the graph and the level curves of the copula F,.

Theorem 10. The quasi-copula F, given by (12) is the copula M for t € [1/4,1] and a proper quasi-copula for
te[-1/2,1/4].

Proof. First let us establish F; = M for t = 1/4. Notice that in this case the function f; given by (10) can be written
as

u+v—14+Vu2+024+0-uw)?+0—-v)2+ @ —v)?
Jalu,v;1/4) = v 5 .
The expression under the square root is a convex quadratic function with the minimum at the point (1/2, 1/2) reaching
1. Therefore f4(u,v;1/4) > (u + v)/2 > min(u, v), and hence Fi/4(u,v) = min(u, v). Since the function f4 is
monotone increasing with ¢, its maximum is increasing as well, and hence it remains larger than min(u, v) for 1/4 <
r< 1.

To prove that F, is a proper quasi-copula for ¢ < 1/4, note first that it can be written as

fl(uav)z 2

3 —1)2-24 41 +1 1421
u+v_1+\/( u+v) ) . uv +4(1+1) ’ u2+v2—2(u/\v)<— ‘;

M(u,v), otherwise.

Note that the set

1+2t
T:{(u,v)6[0,1]2:u2+v2—2(u/\v)<— + }

3

is the region between two symmetric hyperbolic arcs with respect to the line v = u, and cut at the points

(1 + /T=3073)/2, (1 + VT =#)73)/2) and ((1 — /(T = 41)/3)/2, (1 — /(T =41)/3)/2) (see Fig. 7). Now,
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Fig. 7. The set T in Theorem 10 for t = 0.

u

Fig. 8. The graph (left) and the level curves (right) of the proper quasi-copula F.

fort =1/4—8, with 0 < 8§ < 3/4, we only need to check the F;-volumes for rectangles in int(7"). We consider the rect-
angle R =[1/2 — ¢, 1/2 + ]* with ¢ > 0 (we note that it is necessary ¢ < /(I —1)/3 — 1/2=/1/4+8/3 —1/2<
(+/2—1)/2~0.2071). Then we have

V6
3
Taking, for instance, § = 6¢ we obtain

Vi (R) = (\/682+2t+1—\/1282+2t+1) - ? (\/1282—48+3—\/2482—43+3).

Vi (R)=V/4e2 —8e + 1 — /862 —8e + 1 <0,

i.e., for any 8§ €]0, 3/4] we can always select such & = §/6 (observe that 0 < & < 1/8 = 0.125) that the F,;-volume is
negative, which completes the proof. O

Fig. 8 shows the graph and the level curves of the proper quasi-copula Fy.
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4. Conclusions

In this paper we have found best-possible bounds on the set of copulas with a given value of the Spearman’s
footrule coefficient. We have proved that the pointwise infimum F; is always a copula; but the pointwise supremum
F, can be a copula (for 1/4 < < 1) or a proper quasi-copula (—1/2 <t < 1/4). We stress the fact that this is not the
case of best-possible bounds given a value of other measures, such as Kendall’s tau, Spearman’s rho or Blomqvist’s
beta, for which these bounds are always copulas.
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