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Abstract

This paper discusses the properties the spaces of fuzzy sets in a metric space
equipped with the endograph metric and the sendograph metric, respectively.
We first give some relations among the endograph metric, the sendograph
metric and the ['-convergence, and then investigate the level characteriza-
tions of the endograph metric and the I'-convergence. By using the above
results, we give some relations among the endograph metric, the sendograph
metric, the supremum metric and the d; metric, p > 1. On the basis of the
above results, we present the characterizations of total boundedness, relative
compactness and compactness in the space of fuzzy sets whose a-cuts are
compact when o > 0 equipped with the endograph metric, and in the space
of compact support fuzzy sets equipped with the sendograph metric, respec-
tively. Furthermore, we give completions of these metric spaces, respectively.

Keywords: Endograph metric; Sendograph metric; Hausdorff metric; Total
boundedness; Relative compactness; Compactness; Completion

1. Introduction

Fuzzy set is a fundamental tool to investigate fuzzy phenomenon B, @,
B, @, EI M] A fuzzy set can be identified with its endograph. Also, a
fuzzy set can be identified with its sendograph. So convergence structures
on fuzzy sets can be defined on their endographs or sendographs. The the
endograph metric He,q convergence, the sendograh metric Hy.,q convergence
and the I'-convergence are this kind of convergence structures. These three
convergence structures are related to each other ﬂﬂ, ]
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The endograph metric on fuzzy sets is shown to have significant advan-
tages , ] The sendograph metric has attracted deserving attentions
) ] Compactness is one of the central concepts in topology and analysis
and is useful in applications (see NE, @]) There is a lot of work devoted to
characterizations of compactness in various fuzzy set spaces endowed with
different topologies ﬂﬂ, ,%, , , , , ] It is natural to consider what
the completion of a metric space is. The recent results on completions of
fuzzy set spaces include ,Ej]

In [14], we presented the relations and level characterizations of the endo-
graph metric H.,q and the I'-convergence. Based on this, we have given the
characterizations of total boundedness, relative compactness and compact-
ness of fuzzy set spaces equipped with the endograph metric H.,q. We also
gave the completions of fuzzy set spaces according to the endograph metric
Hend-

The common fuzzy sets used in theoretical research and practical appli-
cations are fuzzy sets in a metric space whose a-cuts are nonempty compact
sets when a > 0. Common compact fuzzy sets are common fuzzy sets whose
support sets are compact. Throughout this paper, we suppose that X is
a nonempty set and d is the metric on X. For simplicity, we also use X
to denote the metric space (X,d). The symbols F{tgoo(X) and Flgopg(X)
are used to denote the family of common fuzzy sets in X and the family of
common compact fuzzy sets in X, respectively. We use F}t¢(X) to denote
the family of normal and upper semi-continuous fuzzy sets in X. F} oo 5(X)
is a subset of Fitgoa(X). Flgoa(X) is a subset of Fhgn(X).

The results in Ej] are obtained on the realm of fuzzy sets in the m-
dimensional Euclidean space R™ (R! is also written as R). R™ is a special
type of metric space. Of course, it is worth to study the fuzzy sets in a metric
space ﬂg, , ] In this paper, the results are obtained on the realm of fuzzy
sets in a general metric space X. We mainly discuss H.,q metric and Hgeng
metric on Fl} so(X) including the relations among Heng metric, Hyenq metric
and other convergence structures, and properties of Hg,q metric and Hgepnq
metric.

The first part of this paper is devoted to the relations among the H.q
metric, the Hg,q metric and the I'-convergence, the level characterizations of
the endograph metric H.,q and the I'-convergence, and the relations among
the supremum metric d,, the H.,q metric, the Hy.,q metric and the d; metric.
The d} metric is an expansion of the L,-type d, metric on Fyjgq(X).

To aid discussion, we introduce the sets Plqyo(X) and Plgop(X). An
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element of Plgn(X) (respectively, PLorg(X)) is a subset of X x [0, 1], which
is equal to or in a specific way slightly larger than the sendograph of a certain
fuzzy set in Fjb g (X) (respectively, Figop(X)). Fhgo(X) and Fgop(X) can
be viewed as the subsets of Plg-(X) and Plgop(X), respectively. Plgop(X)
is a subset of Plgn(X).

We define the Hyenq distance and the H,,q distance on Plg,(X), and give
the relations among the Hy.,q distance, the H,,q distance and the Kuratowski
convergence on Plg-(X). Then, as corollaries, we obtain the relations among
the Hyenq metric, the He,q metric and the I'-convergence on Fjlgn(X).

We discuss the level characterizations of the I'-convergence and the en-
dograph metric Heyq on fuzzy sets in Fh g (X). It is shown that under some
conditions, the I'-convergence of fuzzy sets can be decomposed to the Ku-
ratowski convergence of certain a-cuts, and the H.,q metric convergence of
fuzzy sets can be decomposed to the Hausdorff metric convergence of certain
a-cuts.

The understanding of the relations among the H,.,q metric, the Hg.,q met-
ric and the I'-convergence is beneficial for the understanding of themselves.
The level characterizations help to study these three convergence structures
on fuzzy sets by using the properties of the corresponding a-cuts.

A Hg.nq metric convergent sequence must be a H.,q metric convergent
sequence. A H.,q metric convergent sequence must be a I'-convergent se-
quence. So the knowledge of the I'-convergent sequences can help us to
analyse the properties of the Hg,q convergent sequences and the Hg.,q con-
vergent sequences. For this reason, we give the level characterizations of a
['-convergent sequence in this paper.

Based on the results in the first part, we give the other results of this pa-
per. The second part of this paper is devoted to the characterizations of to-
tal boundedness, relative compactness and compactness in (F5goq(X), Hena)
and (Ffgop(X), Hena), respectively. Here we mention that the characteriza-
tion of relative compactness in (F{hgop(X), Heena) has already been given by
Greco ﬂﬁ]

The total boundedness is the key property of compactness in metric space.
We show that a set U in (Flgoo(X), Hena) is totally bounded (respectively,
relatively compact) if and only if for each a € (0, 1], the union of all the a-
cuts of u € U is totally bounded (respectively, relatively compact) in (X, d).
We also show that a set U in (Flgrp(X), Heena) is totally bounded if and
only if the union of all the O-cuts of u € U is totally bounded in (X, d) (see
Section 7). These results indicate that for a set U in (F}goa(X), Hena) Or
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(Froop(X), Heena), the total boundedness, relative compactness and com-
pactness of U are closely related to the total boundedness, relative compact-
ness and compactness of the union of all the a-cuts of v € U in (X, d),
respectively.

We point out that some part of the proof of the characterizations in this
paper is similar to the corresponding part in ﬂﬂ] But in general, since a
set in X need not have the properties of the set in R™, the proof of the
conclusions in this paper requires deep understandings of the problem.

The third part is devoted to the completions of several common fuzzy set
spaces under the He,q metric and the Hge,q metric, respectively. B

Let X denote the completion of X. We show that the space (P}go5(X), Heend)
is a completion of the fuzzy set space (Figop(X), Hsend). Then we show
that (F}goq(X), Hena) is a completion of (F}grp(X), Hena). So, of course,
(Flopa(X), Hana) is also a completion of (FLgoq(X), Hena)-

These conclusions indicate that in the case of the He,q metric, a comple-
tion of the space of common compact fuzzy set in X is the space of common
fuzzy set in X; in the case of the Hy,q metric, a completion of the space
of common compact fuzzy set in X is a metric space in which the space of
common compact fuzzy set in X can be isometrically embedded, and each
element of which is a nonempty compact set in X x [0, 1].

The conclusions for the completions of the spaces of fuzzy set in X given
in this paper apply to not only the cases that X is a complete metric space
but also the cases that X is an incomplete metric space.

The remainder of this paper is organized as follows. In Section 2] we recall
and give some basic notions and fundamental results related to fuzzy sets and
convergence structures on them. In Section B we discuss the properties and
relations of Hgend, Hena and Kuratowski convergence on P}y (X). Based
on this, we give some relations among H..q, Hgenqg and I'-convergence on
Flso(X). In Sections A and [, we investigate the level characterizations
of the I'-convergence and the H,.,q convergence, respectively. By using the
above results, Section [@ discusses some relations among the d., metric, the
d; metric, the H.,q metric and the Hg.,q metric. In Section [7, on the basis
of the conclusions in previous sections, we give characterizations of total
boundedness, relative compactness and compactness in (Fphgoq(X), Hena)
and (Ffgop(X), Heena), respectively. In Section 8, we give completions of
(Frooa(X), Hena) and (Fhgop(X), Hyena), respectively. At last, we draw the
conclusions in Section 9.



2. Fuzzy sets and convergence structures on them

In this section, we recall and give some basic notions and fundamental
results related to fuzzy sets and convergence structures on them. Readers
can refer to M, , ] for related contents.

A fuzzy set v in X can be seen as a function u : X — [0,1]. A subset S
of X can be seen as a fuzzy set in X. If there is no confusion, the fuzzy set
corresponding to S is often denoted by yg; that is,

(z) = 1, z€8,
XSW= 0, ze X\ 8.

For simplicity, for x € X, we will use Z to denote the fuzzy set x(,; in X.
In this paper, if we want to emphasize a specific metric space X, we will
write the fuzzy set corresponding to S in X as Sp(x), and the fuzzy set
corresponding to {x} in X as Zp(x).

The symbol F(X) is used to denote the set of all fuzzy sets in X. For
u € F(X) and a € [0,1], let {u > a} denote the set {x € X : u(z) > a},
and let [u], denote the a-cut of u, i.e.

ol = {re X ulx)>a}, ac(0,1],
“ suppu = {u > 0}, a =0,

where S denotes the topological closure of S in (X, d).
For u € F(X), define

endu := {(z,t) € X x [0,1] : u(z) > t},
sendw := {(z,t) € X x [0,1] : u(z) >t} N ([u]o x [0,1]).

end v and send u are called the endograph and the sendograph of u, respec-
tively.

The symbol K(X) and C(X) are used to denote the set of all nonempty
compact subsets of X and the set of all nonempty closed subsets of X, re-
spectively. The symbol N is used to denote the set of all positive integers.

Let F}4o(X) denote the set of all normal and upper semi-continuous
fuzzy sets u: X — [0, 1], i.e.,

Floo(X) ={u e F(X): [u]l, € C(X) for all a € [0,1]}.



We introduce some subclasses of F}5 ¢ (X), which will be discussed in this
paper. Define

Frsep(X) = {u € Fige(X) : [ulo € K(X)},
Flooa(X) i={u € Flsa(X) : [u]lo € K(X) for all a € (0,1]}.

Clearly,
Fsep(X) € Fisea(X) C Fse(X).

The following representation theorems for Fitgr5(X), Frsca(X), Firgo(X)
are similar to Theorem 3.3 in ﬂﬂ]

Proposition 2.1. Let u € Fjgop(X) (respectively, u € Fpgoa(X), u €
Fleo(X)). Then (i) [ul, € K(X) for alla € [0,1] (respectively, [u], € K(X)
for all a € (0,1], [u]o € C(X) for all a € [0,1]); (1) [u]a = Nsululs for all
€ (0,1]; (ii) [ulo = Uysolta-
Moreover, if the family of sets {v, : a € [0, 1]} satisfies (i) through (iii),
then there exists a unique u € Fjgop(X) (respectively, u € Flgon(X), u €
Fleo(X)) such that [u], = v, for each o € [0,1].

Using Proposition 2], we can define a certain type fuzzy set by giving
the family of its a-cuts. For brevity, in the sequel, we often directly point
out that what we defined is a certain type fuzzy set without mentioning the
use of Proposition 2.1] since it is easy to see.

Let (X,d) be a metric space. We use H to denote the Hausdorff dis-
tance on C'(X) induced by d, i.e.,

H(U,V) = max{H"(U,V), H*(V,U)}
for arbitrary U,V € C(X), where
H*(U,V)=sup d(u,V) =sup inf d (u,v).

uel uel VeV
The metric d on X x [0,1] is defined as follows: for (r,a), (y,3) € X x
0.1, )
d((l’, Oé), (y> 5)) = d(l’,y) + |a - ﬁ|

Throughout this paper, we suppose that the metric on X x [0, 1] is d. For

simplicity, we also use X x [0, 1] to denote the metric space (X x [0,1],d).
If there is no confusion, we also use H to denote the Hausdorff distance

on C(X x [0,1]) induced by d.



Remark 2.2. p is said to be a metric on Y if p is a function from ¥ x Y
into R satisfying positivity, symmetry and triangle inequality. At this time,
(Y, p) is said to be a metric space.

p is said to be an extended metric on Y if p is a function from Y x Y into
R U {+o0} satisfying positivity, symmetry and triangle inequality. At this
time, (Y, p) is said to be an extended metric space.

We can see that for arbitrary metric space (X, d), the Hausdorff distance
H on K(X) induced by d is a metric. So the Hausdorff distance H on
K(X x [0,1]) induced by d on X x [0,1] is a metric.

The Hausdorff distance H on C(X) induced by d on X is an extended
metric, but may not be a metric, because H (A, B) could be equal to +o00 for
certain metric space X and A, B € C(X). Clearly, if H on C(X) induced by
d is not a metric, then H on C'(X x [0, 1]) induced by d is also not a metric.
So the Hausdorff distance H on C'(X x [0, 1]) induced by d on X x [0, 1] is an
extended metric but may not be a metric. We can see that H on C'(R™) is an
extended metric but not a metric, and then the same is H on C'(R™ x [0, 1]).

We call the Hausdorff distance H the Hausdorff metric (respectively, the
Hausdorff extended metric) if H is a metric (respectively, an extended met-
ric). In this paper, for simplicity, we refer to both the Hausdorff extended
metric and the Hausdorff metric as the Hausdorff metric.

The Hausdorff metric has the following important properties.

Theorem 2.3. [@, / Let (X,d) be a metric space and let H be the Haus-
dorff metric induced by d. Then
(i) (X,d) is complete <= (K(X), H) is complete;
(ii) (X, d) is separable <= (K (X), H) is separable;
(111) (X,d) is compact <= (K (X), H) is compact.

Rojas-Medar and Roman-Flores ] introduced the I'-convergence of a
sequence of fuzzy sets in a metric space based on the Kuratowski convergence
of a sequence of sets in a certain metric space.

Let (X, d) be a metric space. Let C' be a set in X and {C,} a sequence
of sets in X. {C,} is said to Kuratowski converge to C, if

C = liminf C,, = limsup C,,

n—o0 n—oo

where

liminfC, = {z € X : = lim 2,1, € C,},
n—oo

n— o0
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llmSU.an — {x c X: x:]ll}l’goxnj,xnj € an} = ﬂ U Cm

n—00
n=1m>n

In this case, we will write C' = limggoo C,..

Remark 2.4. Definition 3.1.4 in ﬂﬁ] gives the definitions of liminf (),
limsup C,, and lim C,, for a net of subsets {C,,n € D} in a topological
space. When {C,,,n = 1,2,...} is a sequence of subsets of a metric space,
liminf C),, limsup C,, and lim C,, according to Definition 3.1.4 in @l]j are
lim inf,, . Cy, limsup,, ... C, and lim'®) _C, according to the above defini-

tions, respectively. So Corollary 3.2.13 in @] implies Theorem [4.2]
Let uw, u,, n = 1,2,..., be fuzzy sets in F(X). {u,} is said to I'-

converge to u, denoted by u = im®, __ u,,, if endu = limgi)oo end .
Here lim'®)__end u,, is considered with respect to (X x [0,1],d).

Let (X, d) be a metric space and let u € F'(X). Then from basic analysis,
the following three properties are equivalent: (i) u is upper semi-continuous;

(i) end u is closed in (X X [0,1],d); (iii) send u is closed in (X x [0, 1], d).

Kloeden @] introduced the endograph metric H.,q. The endograph met-
ric He,q and the sendograph metric Hyeng on Fil g (X) are defined as follows.
For u,v € Fjj4c(X),

H,q(u,v) := H(end u,end v),
H.na(u,v) := H(send u,send v),

where H is the Hausdorff metric on C'(X x [0, 1]) induced by d on X x [0, 1].
The d., metric on F}g(X) is defined as follows: for u,v € Ffhgo(X),

doo(u,v) := sup{ H([u]a, [v]a) : @ € [0,1]}.
Below property ([Il) may be known. We gave this kind of conclusion in @]
For each u,v € F}go(X), doo(t,v) > Hyna(u,v) > Hepg(u,v). (1)

Remark 2.5. We can see that H,q is a metric on Fjhg(X) with Hepq(u, v) <
1 for all u,v € F}go(X). Both do and Hgena are metrics on Fjgop(X).
However, each one of dy, and Hyygq on Ffgo(X) is an extended metric but
may not be a metric. See also Remark 3.3 in Nﬁj We can see that both d
and Hyeng on Ffh g (R™) are not metrics, they are extended metrics.

For simplicity, in this paper, we call Hypg on Fhgo(X) the Hyenq metric
or the sendograph metric Hyepg. We call do, on Flgr(X) the dy, metric or
the supremum metric d.



3. Hena, Hsena and Kuratowski convergence on P (X)

In this section, we introduce Plg-(X) and its subset Plgop(X), and
define the Hgenq distance and the He,q distance on P}y (X). We discuss
the properties and relations of Hg.q, Hena and Kuratowski convergence on
Ploo(X). Based on this, we give some relations among Henq, Hgeng and
[-convergence on Fjt g (X).

For u C X x [0,1] and a € [0,1], define (u)o = {2 : (z,a) € u}.
Pleo(X) and Py 5(X) are subsets of the power set of X x [0, 1] defined by

Ploo(X) = {uC X x[0,1]: (u)e = (] (u)s for all a € (0,1];
B<a

(U)o € C(X) for all a € [0, 1]},
Plecp(X) :={u € Plgo(X) : (u)y € K(X) for all a € [0,1]}.

Clearly Pjgop(X) € Pirge(X).

By Proposition 2.1 we can see FUSC( ) (respectively, Figop(X)) as a
subset of Pleo(X) (respectively, Plgop(X)) by identifying a fuzzy set with
its sendograph. So the conclusions on P}g-(X) and Plgq5(X) are useful for
the discussions of fuzzy sets in this paper.

From the basic analysis, we can obtain that
(i) if u € Plyo(X), then u € C(X x [0,1]);
(i) if uw € C(X x [0,1]), then (u), € C(X) U {0} for all « € [0, 1];
(iii) if u € Plgop(X), then u € K(X x [0,1]);
(iv) if u € K(X x [0,1]), then (u), € K(X)U{0} for all « € [0, 1].
So we have

Plso(X) ={ue C(X x[0,1]) : (u); # 0, (u)a = () {u)p for all @ € (0,1]},

B<a

Pyoop(X) = {u € Psc(X) 1 u € K(X x [0,1])}.

We define the Hgepq distance and the Heyq distance on Pg(X): for each
u,v € Plyo(X),

Hsend(uav) = H(U,U), Hond(uav) = H(Q, Q),

where H is the Hausdorff metric on C'(X x [0,1]) induced by d on X x [0, 1],
and u :=uU (X x {0}).



As Hgena on Plgo(X) is the restriction to Plgn(X) X Phgo(X) of the
Hausdorff extended metric H on C(X X [0,1]), we have that Hgnq is an
extended metric on Py (X).

Obviously Heya < 1 on Pleo(X). Hena is a pseudometric on Plgo(X);
that is, for all u,v € Pl (X), Hena(u,v) € R and Hepg(u, u) = 0, and Heyqg
satisfies symmetry and triangle inequality. Henq is a metric on Plgo(X) if
and only if X is a singleton. The “if” part is obvious. To show the “only
if” part, assume that X contains more than one point. Let x,y € X with
x # y. Define u € Plgop(X) by putting (u), = {z} for all « € [0, 1], and
v € Pleop(X) by putting (v), = {z} for a € (0,1] and (v)g = {z,y}. Then
u # v and Hepg(u,v) = 0. So Henq does not satisfy the positivity and hence
is not a metric on P}y (X).

Define a function f : Fgo(X) — Phgo(X) by f(u) = sendu. Then
[ is an isometric embedding of (Ftsr(X), Heena) in (Plec(X), Heena). SO
(F}go(X), Heena) can be embedded isometrically in (Phgo(X), Heena). Note
that f(Flecp(X)) C Pleog(X). Thus (Fleop(X), Heena) can be embedded
isometrically in (P}gop(X), Hsena)-

For u € F} oo (X), we define & := f(u) = sendu. Then @ € P}go(X).

Let v € Phgo(X). Define v’ € f(Flge(X)) C Phge(X) by putting

<'U,>a — { <'U>Oé’ o€ (0’ l]a

Ua>0<’U>a, o = O

%

Define %o € F}g.(X) by putting [0], = (/)g for @ € [0,1]. Then % =
F(T) =0 () D (V) as )y € C(X) and (v)y D Ua>0<v)a Note that
(VYo = (V)0 U (v)g \ (v')g. Thus we have (a) v = v U ((v)g \ (v")o x {0}).
So Plec(X) = {# U (Ax {0}) : u € Fiso(X), A € C(X) U {0}} (“C’
follows from (a), and “2” is obvious). Clearly (v)o € K(X) if and only if
(') € K(X) and ()0 \ () € K(X)U{0}. So Plsca(X) = {ZU(AX{0}) :
u€ Floop(X),Ae K(X)U{0}} (“2” is obvious). We can see that the above
two expressions of Plg(X) and Plgop(X) remain true if “U{0}” is deleted
in them.

For a subset U of Ft¢-(X), we use T to denote the set {u :ueU}. For
a subset U of P}y (X), we use U to denote the set {% :u e U}. Clearly
— —

PI}SC(X) = FI}SC(X) and PI}SCB(X) = FUSCB(X)'

Proposition 3.1. Let v € Plyo(X). Suppose the conditions: (i) v €

xS, o -
Fiso(X); (ii) (v)o = Usso(v)s; (iii) v = o5 (i) (v)o = [V]o; (v) v €
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Flrsep(X); (vi) lims_oy H({v)s, (v)o) = 0.

(a) (v)=> (vi)= (i) (ii) (iii) < (iv).

(b) If v € Plocp(X), then (i) ()& (iii)& (iv)e (v)& (vi).

Proof. Clearly (i)« (ii)<(iii)<(iv). By Lemma BA4(v), (v)=(vi). From
Remark B.6l(i), (vi)=-(ii). So (a) is proved.

If v € Plgop(X), then (v)g € K(X). Assume that (i) is true; that is,
there is a u € Fjoo(X) with v = . Then [u]y = (v)o, and thus u €
Flop(X). Hence (i)=(v). So from (a), we have that (b) is true. O

Theorem 3.2. Let (X,d) be a metric space. For u,v € Phgo(X):

(Z) chd(u,v) S Hsond(uﬂ));'

(1) H(()o, (0)o) < Huona(t, v);

(111) If Hopg(u,v) < 1, then Hyeng(u,v) < Hepna(u,v) + H({u)g, (v)0).
For a sequence {u,} in Plee(X) and u in Phgo(X):

(iv) Hsond(un, u) — 0 if and only ZfHCnd(un, u) — 0 and H({u > (u)o) —
(v) lim'& = u if and only if lim'X = u and lim%®)__(u,)o = (u )0

Proof. Clearly (i) and (ii) are true. To show (iii), let (x, ) € u. It suffices
to verify the following property (a) if Hepa(u,v) < 1, then

’fL—)OO

d((2,a),v) < Hena(u, v) + H((u)o, (v)o)- (2)

We claim that (b) d((z,),v) < a+ d(z, (v)y) < a+ H({u), (v)), and
(c) if d((z,a),v) < @, then d((x,),v) = d((z,a),v) < Hena(u,v).

Notice that d((z, a), v) < d((z, a), (v)ox{0}) < d((z,a), (z,0))+d((z, ),( )0
{0}) = a+d(x, (v)o). Thus (b) is true. Note that d((z, a),v) = mln{d(( v
{01} = min{d((z,a),v), a}. So if d((z,a),v) < «, then d((z,a), v) =
d((x,),v). Thus (c) is true.

If o € [0, Hopa(u, v)], then by (b), @) holds. If Hepa(u,v) < 1 and o €
(Hena(u, v),1], then d((x, a),v) < a. Hence by (c), d((z,a),v) < Hena(u,v),
and thus (2)) holds. So (a) is true and then (iii) is proved.

Let u,v € Phgo(X). Suppose the following conditions (d-1) Hepa(u, v) =
0, (d-2) H((u)o, (v)o) = 0, and (d-3) H((u)o, (v)o) = +oo. If (d-1) holds,
then by (ii) and (iii), Hgena(u,v) = H({u)o, (v)o). If (d-2) holds, then
(u)g = (v)o and s0 Hgena(u,v) = Hena(u,v). If (d-3) holds, then by (ii),
Hena(u,v) = +o0. So if one of the conditions (d-1), (d-2), and (d-3) holds,
then Hgena(u, v) = Hena(u,v) + H({(u)o, (v)o). However, the converse is false.

(iv) follows immediately from (i), (ii) and (iii). Below we verify (v).
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Suppose that im'")__w,, = u. To show lim'*)__ U, = uand Hm) ()0 =

(u)o, we only need to show that

u C liminf u,, limsupu, C u,
n—oo n—o0

(u)o hmmf(un)o, lim sup(u,,)o C (u)o.

n— n—o0

Let (z,a) € u. If o = 0, then clearly (z,a) € liminf, . u,. If @ > 0,
then (z,a) € u, and thus (z,«) € liminf, o u, C liminf, . u,. So u C
lim inf,, o0 Unp.

Let (x,a) € limsup,_,,, un. If & = 0, then clearly (z,a) € u. If a > 0,
then (z,«) € limsup,,_, . 4, = u C u. So limsup,,_,  u, C u.

Let o € (u)o. Then (z,0) € u = liminf, o uy,. Thus there is a sequence
{(xn, o)} such that (x,, a,) € u,, n=1,2,... and (x,0) = lim, 00 (2, ).
Hence z, € (u,)o and z = lim,,_, x,. So (u)g C liminf, .. (u,)o.

Let z € limsup,,_, (un)o. Then there is a sequence {z,,} such that
T, € (Up,)o, 1 =1,2,... and z = lim; o ,,,. Thus (z,0) = lim; o (2,,,0) €
lim sup,, . U, = u. Hence x € (u)p. So limsup,,_,.(u,)o C (u)o.

Suppose that im)__u,, = wand im®™)_(u,,)o = (u)o. To show lim{*)_ w, =
u, we only need to show that

u C liminf u,, limsupwu, C u.
n—00 n—o00

Let (z,0) € u. If a =0, then = € (u)y = lim{*)_(u,)o. Thus there is a
sequence {z,} such that x,, € (u,)o, n =1,2,... and z = lim,,_,, x,,. Hence
(x,a) = (x,0) = lim, o0 (,,0) € iminf,, . u,.

If o > 0, then from (z,a) € u = lim*)__ Uy, there is a sequence {(,,, ay,)}
such that (z,a) = lim,_eo(2n, ), and (z,,a,) € u, and o, > 0 for n =
1,2,.... Thus (x,,a,) € u,, n=1,2,... and hence (z, ) € liminf,, . u,.

Let (z,a) € limsup,_,. u,. Then there is a sequence {(z,,a,)} such
that for each n € N, (,, ) € uy, and d((z,, ), (x, ) — 0. So for each
n € N, z, € (u,)o, and d(z,,z) — 0, and hence x € limsup,, . . {(u,)o = (u)o.
Clearly (z, ) € limsup,,_, . u, = u. Thus (z,a) € u. O

For each u,v € Plyo(X), u= end % and so Hepa(u,v) = Hend(%, %)

For each u € Flgo(X), [ulo = (U)o and endu = ().

Let u,v € Flgo(X). Then W, ¥ € Plgo(X), and Hueng (1, v) = Heena (U, 7),
Hena(u,v) = Hena(W, V), and H([uo, [v]o) = H{(W)o, (V')o). Thus (i), (ii)
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and (iii) in Theorem B2 imply that (the following (8] is part of (II))

Hend(ua U) S Hsend(u> 'U), (3)
H([U](), [U]O) < Hsend(ua U)7 (4)
if Hepg(u,v) < 1,then Hgenq(u, v) < Hepa(u, v) + H([u]o, [v]o)- (5)

Proposition 3.3. Let u, u,, n=1,2,..., be fuzzy sets in Flqo(X).
(1) Hsena(tn,w) — 0 if and only if Hepna(tn,u) — 0 and H([u,)o, [u]o) — 0.
)

(ii) im®)__send w,, = send w if and only if im™),__w,, = u andlim'®)_ [u,]o =
[U]Q.

Proof. (i) follows immediately from (B), ) and (@). (i) can be seen as a
special case of the clause (iv) in Theorem (i) can be seen as a special
case of the clause (v) in Theorem [3.2 O

The following Theorem [B.4] is an already known conclusio, which is
useful in this paper. It can be proved in a similar fashion to Theorem 4.1 in
ﬂﬂ] In Theorem 4.1 in ﬂﬂ], we include the case that C' = ). In Theorem
B4 we exclude the case that C' = ().

Theorem 3.4. Suppose that C, C,, are sets in C(X), n = 1,2,.... Then
H(C,,C) — 0 implies that im'*) _C, = C.

Remark 3.5. From Theorem B.4, we obtain that for u, u,, n = 1,2,...1in
Ploo(X): (i) Heng(tn, w) — 0 implies that limgigoo Up = U; (ii) Hoena (Un, u) —
0 implies that lim'*) u, = u.

So for u, u,, n=1,2,...in Freo(X): (iii) Hend(un,u) — 0 implies that

Hm" o, = u; (iv) Hyend(tn, u) — 0 implies that lim'®)_ send u,, = send u.

The converses of the implications in clauses (i), (i), (iii) and (iv) in
Remark are false. Let u = [0,400)p®) and for n = 1,2,.. ., let u, =
[0, 1) pry. Then lim%)_sendu, = sendu, but Heg(un,,u) = 1 4 0. So
combined with Proposition B.3] the converses of the implications in (iii) and
(iv) are false, and thus the converses of the implications in (i) and (ii) are

false.

!Theorem B.4] may come from ﬂ] However we cannot obtain ﬂ] A reviewer kindly
recommended ﬂ] and the symbol xg in Paragraph 2 of Section 2.

13



Remark 3.6. Let U € C(X) and let {u(«) : o € [0, 1]} be a subset of C'(X)
with u(a) D u(f) forall 0 < a < 5 < 1.

(i) ffae€l0,1)and lim, a4 H(u(y),U) =0, then U = ., u(7);

(i) If o € (0,1] and limg,o— H(u(B),U) =0, then U = (5_, u(f).

Assume that « € [0,1) and lim,_,,y H (u(fy), U) = 0. Choose a decreasing
sequence {v,} in (o, 1] with % — a+. Then lim,,_,o H(u(v,),U) = 0. Thus
by Theorem B4, U = lim")__u(y,) = Unen (1) = U,sq u(v), and hence
(i) is true.

Assume that o € (0, 1] and limg_,,— H(u(B),U) = 0. Choose an increas-
ing sequence {3,} in [0, ) 1th 5n — a—. Then lim, o H(u(f,),U) =0
Thus by Theorem B4, U = lim'%)_w(8,) = Mnen w(Bn) = Npeq u(B), and
hence (ii) is true.

4. Level characterizations of I'-convergence

In this section, we investigate the level characterizations of the I'-convergence.
It is shown that under some conditions, the I'-convergence of fuzzy sets can
be decomposed to the Kuratowski convergence of certain a-cuts.

Throughout this paper, we suppose that the measure on R is the Lebesgue
measure.

Rojas-Medar and Romaén-Flores (ﬂﬁ]) have presented the following im-
portant and useful property of the I'-convergence.

Theorem 4.1. 1@] Suppose that w, w,, n = 1,2,..., are fuzzy sets in
Froo(X). Then im"),_ u, = u if and only if for all o € (0, 1],

{u>a} C lirginf[un]a C limsup|uy|o C [u]q- (6)

n—oo

Theorem is Theorem 2.1 in ﬂﬂ] Of course, the conclusion that
lim sup,,_,., C,, are closed sets in (X d) in Theorem can also be deduced

from the fact that limsup,,_, . C ﬂ U Cn.

n=1m>n

Theorem 4.2. 1@/ Let (X, d) be a metric space and let {C,,} be a sequence of
sets in X. Then liminf, ., C, andlimsup, .. C, are closed sets in (X, d).

Theorem 4 3. Suppose that u, u,, n = 1,2, ..., are fuzzy sets in F} g (X).
Then Um™) __w,, = u if and only if for all o € (0,1],

n—)oo n

{u > a} Climinf[u,], C limsup[u,]s C [U]a-
n—oo

n—oo
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Proof. By Theorem 1.2 for each a € [0,1], liminf, . [u,]s is a closed set
in (X,d). So the desired result follows from Theorem [£T] O

Remark 4.4. Suppose that u, u,, n = 1,2, ..., are fuzzy sets in Fyh - (X). If
limg_))oo U, = u, then (i) [u]p = Ug=o iminf, o [tn]a, (i) [u]o € liminf, o [us]o,
and (iil) [u]o ; liminf,, o [u,]o may happen.

By Theorem [Tl [u]o = Uaso{u > a} C Uy liminf, oo[tn]a € Ussolt]a =
[ulp. So (i) is true. By Theorem .2 liminf, ,.[u,]o is closed in (X, d), so
Uaso liminf, oo [tn]o € liminf,, o [u,]o, and then (ii) follows from (i). We
show (iii) by the following example. Let u = GF(R) and forn = 1,2, ..., define
Un € Fisep(R) as

1, x =0,
up(x) =< 1/n, x € (0,1],
0, otherwise.

Then Heng(t,, w) — 0, and therefore from Remark limg_),oo u, = u. And
[ulo = {0} S [0,1] = lim inf,, . [un]o-
Since lim" __ u, = u implies that [u]y C lim inf,_,o[u,]o, then by Propo-

sition B3, lim®)__ send u,, = send u if and only if lim") _wu, = u and [u]y D

lim sup,,_, . [tn]o-
Let u € F(X). Denote
D(u) :={a € (0,1): [ula € {u > a}},
P(u) :={a € (0,1): {u>a} S [u.}.

A number « in P(u) is called a platform point of u. Clearly P(u) C D(u).
P(u) G D(u) could happen. See Example E.5l

Example 4.5. let u € F(R) be defined by

1, z€(0,1),
u(zr) =< 0.6, z€[l,3],
0, zeR\(0,3].

Then P(u) =0 and D(u) = {0.6}. So P(u) & D(u).
The symbol I? denotes the Hilbert space 12 := {(z;)% : Y. a2 <

+00}. || - || and (-, -) denote the norm and inner product on /2, respectively.

For each z = (2;)%F and y = ()£ in 12, (z,y) = >, @ - y; and |z|| =
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\/{x,z). R™ can be seen as a subspace of [2. || - || and (-, -) are also used to
denote the Euclidean norm and Euclidean inner product on R™, respectively.

A set S is said to be countable if it is finite or countably infinite. In this
sense, “countable” means the same as “at most countable”. Theorem 5.1 in
ﬂﬂ] says that D(u) is countable when u € F(R™).

Theorem 4.6. Let u € F(I?). Then the set D(u) is countable.

Proof. The proof is similar to that of Theorem 5.1 in ﬂﬂ] A sketch of the
proof is given as follows. We use S! to denote the set {e € I? : |le|| = 1}.
For each ¢ € [* and r > 0, define S, ¢, (-, ) : S* x [0,1] = {—o00} UR by

— o0, if [ulo N B(t,r) =0,
sup{{e,x —t) : x € [u]l, N B(t,r)}, if [ulo N B(t,r) #0,

Su,t,r(€7a> = {

where B(t,r) :={z € ?: ||z —t| <r} and B(t,r):={z € *: ||z —t|| < r}.

Let t € [, r > 0 and e € S'. Define a set D(u,t,r,e) as follows: a €
D(u,t,r e) if and only if (i) o € (0,1) and Sy, (e, ) € R, (ii) Syr(e, 5) =
—oo for all > o or —oo < limg_,qy Syy,(e, B) < limgq Syuir(e, 5). From
the monotonicity of S, ,(e,-), D(u,t,r, e) is countable. Then proceed sim-
ilarly to the proof of Lemma A.1 in Eé_}l] (Delete the “” and add “and all
e, f € S'.” at the end of line 9 of page 82 in ﬂﬂ] and the narrative of this
proof will become clearer), in more detail, replacing S™~* by S! in this proof,
we obtain that D(u,t,7) = (J,cq1 D(u.t, 7€) is countable.

Here we mention that the narrative of the proof of formula (A.6) in The-
orem 5.1 in ﬂﬂ] can be slightly simplified. The detailed operations are per-
formed as follows: replace Lines 1 and 2 from the bottom in Page 82 and
Lines 1 and 2 in Page 83 in ﬂﬂ] by

e Since 2(a,b) = ||al|* + ||b]|* — ||a — b||? for each a,b € R™, then

y—qz—q) |lz—dq+lly—qll> = |z —y|?
<67I_Q>_ -
ly — 4l 2|y — ¢

Note that 2(a,b) = ||al|* + ||0]|* — ||@ — b||* for each a,b € [*. So proceed
similarly to this slightly simplified proof of Theorem 5.1 in ﬂﬂ], in more detail,
replacing R™ by [?, the definition of Q™ in Page 82 by I3 := {(z);=} € [*:
z € Q for each i € N}, and Q™ by I3 in this proof, we obtain that D(u) is
countable. Here we mention that lé is countable. Of course, this fact can

alsﬁe shown by proceeding similarly to the original proof of Theorem 5.1
in [14]. O
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The following Theorem [1.7]is a generalization of Theorem 5.1 in ﬂﬂ] and
Theorem Its proof is based on the well-known conclusion:

e cach separable metric space is homeomorphic to a subspace of the
Hilbert space 2.

Theorem 4.7. Let (X,d) be a metric space and u € F(X). If ([u]o,d) is
separable, then the set D(u) is countable.

Proof. Let f be a homeomorphism from ([u]y, d) to a subspace of 2. Con-
sider uy € F(I%) defined by

[ (), te f(ub),
ult) = { 0. £ 2\ f(ulo).

Then by Theorem A6, D(uy) is countable. To show that D(u) is countable,
it suffices to show that D(u) = D(uy).

For S C [u]y, let 5" denote the topological closure of S in ([u]o, d).
___J2
For W C f([u]o), let W' denote the topological closure of W in [?, and let
W) Genote the topological closure of W in f([u]o), here we see f([u]o) as
a subspace of [2. As described previously, for S C X, we use S to denote the
topological closure of S in X.
We claim that
(i) D(u) = {a € (0,1) : thereexists an z € {u > 0} such that z €
[u]o and z & {u > a}};
(i) D(uy) = {a € (0,1) : thereexistsay € {uy > 0} such that y €
12
[uflo and y ¢ {uy > a} };
(iii) D(us) = {a € (0,1) : there exists an z € {u > 0} such that f(x) €
[

uglo and f(z) & uy > a}

(iv) Let v € [0,1] and z € [u]y. Then
(iv-1) = € [u]o & f(x) € [uf]a, and .
(iv-2) 2 ¢ {u>a} ez ¢ {u>a} @ < flz) ¢ {u; > a}

2
{ur > a}l :

Clearly (i) and (ii) are true. Let y € [>. Then y € {u; > 0} if and only
if there exists a unique x € {u > 0} such that y = f(z). So by (ii), (iii) is
true.

Note that for each = € [u]o, u(z) = us(f(x)). So (iv-1) is true.

f(ulo) o flz) ¢
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Now we show (iv-2). Since = € [u]o, the first “<” holds. Since f(z) €
f([u]o), the third “<” holds. Note that f({u > a}) = {uy > a}. As fis

a homeomorphism from ([u]o, d) to f([u]o), it follows that f(m[u}o) _

{ur > a}f([um. Thus the second “<” holds. So (iv-2) is true.
From (i), (iii) and (iv), D(u) = D(uy). O

Corollary 4.8. Let (X,d) be a separable metric space and u € F(X). Then
the set D(u) is countable.

Proof. As ([u]o,d) is a subspace of the separable metric space (X,d), it
follows that ([u]o, d) is separable. Thus, by Theorem 4.7, D(u) is countable.
U

Remark 4.9. It is well-known that both R™ and [? are separable metric
spaces. Thus both Theorem 5.1 in ﬂﬂ] and Theorem are special cases
of Corollary 4.8 which is a corollary of Theorem L7 So Theorem [4.7] is a
generalization of Theorem 5.1 in ﬂﬂﬁ,and Theorem [L.6]

Remark 4.10. Theorems [£.6] [1.7] and Corollary .8 remain true if D(u) is
replaced by P(u), since P(u) C D(u) for each u € F(X).

Let u € F(X). Define F(u) := {a € (0,1) : {u> a} # [u]s}. Clearly
(0,1) \ F(u) € (0,1) \ D(u); that is, D(u) € F(u). D(u) & F(u) may
happen. For instance, let u be the fuzzy set defined in Example Then
F(u) = (0,1) 2 {0.6} = D(u).

For each v € F(X), P(u) C D(u) C F(u). We claim that if u € Ffhg-(X),
then P(u) = D(u) = F(u). Let u € F¢o(X). Then for each a € [0,1],
{u > a} Cu],. Thus F(u) C P(u), and so P(u) = D(u) = F(u).

Theorem 4.11. Suppose that u, u,, n = 1,2, ..., are fuzzy sets in Fgo(X).
Then the following statements are true.
(i) If there is a dense set P in (0,1) such that [u]q = im™)_[u,]q for a € P,

n— oo
then u = lim{",__u,,.
(ii) If u = Eim'" _w,, then [u]q = im™)_[u,]a for all a € (0,1)\ P(u).

Proof. The proof of (i) is similar to “(ii)) = (i)” in the proof of Theorem
6.2 in ﬂﬂ] Here we mention the following basic facts. Let a € (0,1). Then
there exist two sequences {a,,} and {f3,} in P with a;,, — a+ and £, — a—.
Indeed, we can get two such sequences by choosing «,, in PN(a, a+(1—a)/n)
and (3, in PN ((1 —1/n)a, ) for each n € N. Let o« = 1. Then there exists
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a sequence {7,} in P with v, — 1—. Indeed, we can get a such sequence by
choosing v, in PN (1 —1/n,1) for each n € N.
(ii) follows immediately from Theorem 3] 0O

The following theorem gives some conditions under which the I'-convergence
of fuzzy sets can be decomposed to the Kuratowski convergence of certain
a-cuts. For simplicity, we use “a.e.” to denote “almost everywhere”.

Theorem 4.12. Suppose that u, u,, n =1,2, ..., are fuzzy sets in F}qo(X).
If ([ulo, d) is separable, then the following are equivalent:

(i) hmnl;C>o Uy = Uy

(i1) hmn_m[ nla = [u]o holds a.e. on a € (0,1);

(i1i) W™ [u,]a = [u]a holds for all a € (0,1)\ P(u);

(i) There is a dense subset P of (0,1)\P(u) such that im'™)_[u,]a = [u]a
holds for a € P;

(v) There is a countable dense subset P of (0,1)\ P(u) such that im®)_ [u,], =
[u]o, holds for a € P.

Proof. Suppose that u, u,, n = 1,2,..., are fuzzy sets in F ¢ (X). We
claim that

(a) (ii)=(i)=(ili)=(iv)<=(v).

(b) If (0,1)\P(u) is dense in (0, 1), then (i)<(iii)<(iv)<(v).

(c) If P(u) is a set of measure zero, then (i)<(ii)< (iii) < (iv) < (v).

(ii)=(i) follows from Theorem FITl (i). (i)=-(iii) is Theorem F.IT] (ii).
Clearly (iii)=(iv)<(v). So (a) is true. If (0,1)\P(u) is dense in (0, 1), then
a dense subset P of (0, 1)\ P(u) is also a dense subset of (0, 1). So by Theorem
@17 (i), (iv)=-(i). Combined with (a), we have that (b) is true.

Assume that P(u) is a set of measure zero. Then (iii)=-(ii). At this time,
(0, 1)\ P(u) is dense in (0,1). So from (a) and (b), we obtain that (c) is true.

By Theorem .7 and Remark .10, we know that if ([u]o, d) is separable,
then P(u) is countable, and hence P(u) is a set of measure zero. So by (c),
we obtain the desired results. O

Remark 4.13. By Lemma B4 if u € Flgo(X) then P(u) = By(u) is
countable. So by affirmation (c) in the proof of Theorem .T2] Theorem
remains true if “([u]o, d) is separable” is replaced by “u € Ffgoq(X)”.

Here we mention that the condition “u € F}go(X)” implies the condi-
tion “([u]o,d) is separable”. Let u € Figon(X). Then for each a € (0,1],

([u]a, d) is separable, because each compact metric space is separable. Since
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[ulo = U2 [u]1/n, it follows that ([ulo, d) is separable (For n = 1,2, ..., let
A, be a countable dense set of ([u]1/,,d). Then |5 A, is a countable dense
set of ([ulo,d)).

5. Level characterizations of endograph metric convergence

In this section, we discuss the level characterizations of endograph metric
convergence. It is shown that under some condition, the Hg,q metric conver-
gence of fuzzy sets can be decomposed to the Hausdorff metric convergence
of certain a-cuts.

Let u be a fuzzy set in Flg-(X). Denote

Pou) = (0,1)\ {a € (0.1) : lim H([ul, ul) = 0}.

If « € Py(u), then limg_,, H([u]s, [u],) may not exist. In this paper the lim
quantities are allowed to take the value +oo.

Proposition 5.1. Let u € Figo(X). Then P(u) C Py(u).

Proof. If a € P(u), then {u > a} G [u]s, ie. §:= H({u > a}, [ul,) > 0.
Thus lim, 4 H([u], [u]a) > & > 0. Hence a € Py(u). So P(u) C Py(u). O

P(u) S Py(u) could happen. See Example
Example 5.2. Let u € Fl4-(R?) be defined by putting

[ulo ={0}U {2z :argz € [a, 1]} for each a € [0, 1],

here we write each (z,y) € R? as a complex number z = x + iy. Then
P(u) =0 and Py(u) = (0,1). So P(u) & Py(u).

This example also shows that for u € F ¢ (X), Py(u) need not be count-
able even X is a separable metric space.

Below Lemma 5.3 and Lemma [5:4((i)(ii) (v) may be known. Here we give
their proofs for the completeness of this paper.

Lemma 5.3. Forn=1,2,..., let U, € K(X) andV,, € K(X).

(i) IfU, DUy 2 ... 20U, 2 ..., thenU = (/2U, € K(X) and
HU,,U) =0 as n — +oo.

(@) IfVi CVo C...CV, C...andV = U2V, € K(X), then
H(V,,V) =0 asn — +oo.
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Proof. Here we give a proof using Theorem 23l We only show (ii). (i)
can be shown in a similar way. Clearly for n = 1,2,..., V, € K(V).
Then by Theorem 23] {V,} has a subsequence {V,, } which converges to
C € K(V). Then H(V,,C) — 0 since for V,, C V, CV,, . H(V,,C) <
max{{*(V,,,,C), H*(C,V,, )} = max{H(V,, ,C),H(C,V,, )}. Thus by
Theorem B4, C' = 1im!") _V,, = V. So (ii) is true. O

n—oo ' N

Lemma 5.4. Let u € Fgoq(X).

(1) For each a € (0, 1], limg_,o— H([u]s, [u]o) = 0.

(11) For each a € (0,1), lim, o4 H([u],,{u > a}) = 0.
(iii) P(u) = Py(u).

(iv) Py(u) is countable.

(v) Ifu € Figop(X), then lim, oy H([u],, [u]o) = 0.

Proof. Assume that (i) is not true. Then there is an a € (0,1], an ¢ > 0 and
an increasing sequence {f3, } in [0, a) with 8, — a— such that H([u]s,, [u]s) >
e. By Lemma 5.3 (i), H([u]g,,[u]o) — 0. This is a contradiction. So (i) is
true. Similarly, by Lemma 5.3 (ii), (i) and (v) are true.

Now we show (iii). Given a € (0,1) \ P(u). Then [u], = {u > a} . By
(i) and (ii), we have that lims_,, H([u]s, [u]o) = 0. Thus « € (0,1) \ Py(u).
So (0,1)\ P(u) € (0,1) \ Py(u). This means that Py(u) € P(u). Combined
with Proposition 5.1l we obtain that P(u) = Py(u). So (iii) is proved.

(iv) is Lemma 6.12 in ] (iv) can also be shown in such a way: let u €
Floe(X), then by Remark T3] ([u]o, d) is separable, and thus by Theorem
@7 and Remark 10, P(u) is countable. So by (iii), Py(u) is countable. [

Proposition 5.5. (1) Ifu,v € Fgoa(X), then H([ula, [v]a) is left-continuous
at each a € (0,1]. (i) If u,v € Fhgop(X), then H([u]a, [v]a) is right-

continuous at a = 0.

Proof. Let u,v € Fi30q(X). Foreach o € (0, 1], by LemmalB.4l(i), limg_,0— (H ([u]a, [u] )+
H([v]a,[v]g)) = 0. Note that H([u]a, [v]a) is finite at each o € (0, 1] and for
cach @, 5 € (0, 1], [H([ula [elo) — H{(uls, 1)) < H ([t [a]g)+ (o], [6]5).
So for each v € (0,1], limg_,o— H([u]g, [v]s) = H([u]a, [v]a), and (i) is true.
Similarly, it can be shown that (ii) is true by using Lemma [£.4(v). O

Proposition 5.6. Let u,v € Flgo(X) and e € (0,1]. Let o, 8 € [0,1] with
a—pf>e. If H(endu,endv) < e, then H*([u]a, [v]g) < H*(end u,endv) <
€.
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Proof. Set a := H*([ula, {v > B}) and b := sup{d((y, a),endv) : y € [ula}.
We claim the following property (i) if b < &, then a < b.

Assume that b < €. Let y € [u],. Notice that d((y, a),endv) = inf{d((y, @), (z,7)) :
(z,7) € endv} < b < ¢, and that for (z,7) € endv withy < 3, d((y, a), (2,7)) >
la—p| > e. Thus d((y, a),endv) = inf{d((y, @), (2,7)) : (z,7) € endv with v >
B}. Since for each (z,7) € endv with v > 8, d((y, ), (2,7)) > d(y, z) >
d(y, {v > B}), it follows that d((y, a),endv) > d(y, {v > }). Since y € [ul,
is arbitrary, we have that a < b. So (i) is true.

If H*(endu,endv) < €, then b < ¢, and hence by (i), H*([u]a, [v]5) < a
b < H*(end u,endv) < e. So the proof is complete.

RV

Theorem 5.7. Let u, u,, n=1,2,..., be fuzzy sets in Figo(X).
(i) The following are equivalent:
(i-1) lim, ., H*(end u,end u,) = 0;
(1-2) For each o € [0,1) and § € (0,1 — a, lim, o0 H*([t]ate, [Un)a) = 0;
(i-3)  There is a dense subset P of [0,1) such that for each o € P and
§ € (0,1 = al, limy 00 H*([u]ate, [tna)
(i) The following are equivalent:
(ii-1) lim,_, H*(endu,,endu) = 0;
(i1-2) for each o € (0,1] and ¢ € (0, a], lim, oo H*([tn]a; [t]a—c) = 0;
(ii-3) There is a dense subset P of (0,1] such that for each o« € P and
¢ € (0,a], lim,_oo H*([tn) s [t]a—c) = 0.

Proof. We only prove (i). (ii) can be proved similarly.

To show (i-1)=-(i-2), assume that lim, ., H*(endu,endu,) = 0. Let
a € [0,1) and £ € (0,1 — a]. Then for each ¢ € (0,¢), there exists an
N(e) such that for all n > N, H*(endu,endu,) < ¢, and hence by Propo-
sition B.6l, H*([t]ate, [Un]a) < €. Since € € (0,&) is arbitrary, it follows that
lim,, oo H*([tt]are, [Un]a) = 0. So (i-1)=(i-2).

Assume that (i-2) is true. To show that (i-1) is true, let ¢ > 0. Se-
lect a k € N with 1/k < e. From (i-2), we have that for [ = 1,... k,
limy, o0 H*([1]i/, [tn]-1)/%) = 0. So there is an N () such that for all n > N
and [ =1,...,k,

0.

H*([uliy, [unlg-1y%) < e (7)

_ Let (z,a) € endu and n € N. If a < ¢, then d((r,a),endu,) <
d((z,a),(z,0)) < e. If a > g, then we can choose an [ € {1,...,k — 1}
such that [/k < o < (I 4+ 1)/k, and thus

d((z, @), enduy,) < d((z,a), [unJg-nw x {1 = 1)/k})
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. [—1 [—1
= inf{d(z,y) +|a — ——[: y € [uaJa-vyw} = (=, [un)@-v/) + o = ——].

So by (@), for n > N,
H*(end u, end u,,) < eV(max{H"([u]i/k, [un]a-1)), L =1,..., k=1}+2/k) < 3e.

Since € > 0 is arbitrary, we have that lim,_,,, H*(end u,endu,) = 0. So
(i-2)=(i-1).
Let € [0,1) and £ € (0,1 — ). Choose 5 € PN o, + &). Then

H*([ulase; [unla) < H*([u]ate, [unls)-

Using this fact, we obtain that (i-3)=-(i-2).
(i-2)=(i-3) is obvious. Thus (i) is proved. O

Remark 5.8. Let u, u,, n = 1,2,..., be fuzzy sets in F}¢-(X). Clearly, (i-
2) in Theorem [5.7]is equivalent to the following (i-2)’, and (ii-2) in Theorem
B.7is equivalent to the following (ii-2)":
(i-2)" For each v € [0,1) there is a sequence {,,,} in (0,1 —«] with &, — 0+
satisfying that lim, oo H*([t]ate,,s [Un]a) = 0;
(ii-2)" For each a € (0,1] there is a sequence {(,} in (0, «] with ¢,, — 0+
satisfying that lim,, . H*([tn]a, [t]a—c,) = 0.

Similarly, we can give (i-3)" and (ii-3)" which are equivalent to (i-3) and
(ii-3) in Theorem [5.7] respectively.

Corollary 5.9. Let u, u,, n=1,2,..., be fuzzy sets in Flgo(X). Then the

following are equivalent:

(i) lim,, oo Hena(tn, u) = 0;

(i) For each o € (0,1), lim, oo H*([t)ate, [Un]a) = 0 when & € (0,1 — af,

and lim,,_, o H*([tn)a, [t]a—c) = 0 when ¢ € (0, ];

(111) There is a dense subset P of (0, 1) such that for each o € P, lim,,_oo H*([t]ase, [Unla) =
0 when & € (0,1 — a], and lim, oo H*([tn]a, [U]a—c) = 0 when ¢ € (0, a].

Proof. Note that lim,, o Heng(tn, ) = 0if and only if lim,,_,, H*(end u, end u,,) =
0 and lim,,_,» H*(end u,,, end u) = 0. So Theorem . 7imply that (i)=-(ii) and
(iii)=(i). Clearly (ii)=>(iii). So (i) (ii)<> (iii). O

Lemma 5.10. Let u, u,, n =1,2,..., be fuzzy sets in Fgo(X), and let P
be a dense subset of (0,1).
(i) If for each o € P, lim,,_,oo H*({u > a}, [us]a) = 0, then lim,, o H*(end u,end u,,) =
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0,

(i) If for each a € P, limy, o0 H*([tn]a, [u]a) = 0, then lim,, . H*(end u,, end u) =
0,

(i11) If for each o € P, lim, oo H*({u > o}, [un]a) = 0 and limy, oo H*([tn]a, [U]a) =
0, then lim,,_, Heng(t,, u) = 0.

Proof. The desired results follow immediately from Theorem [B.7 !

Lemma 5.11. Let u, u,, n=1,2,..., be fuzzy sets in Flgo(X).

(1) Leto € [0,1). Iflim, o H*(endu,endu,) =0, andlim,_,,+ H([ul,, {u > a}) =
0, then lim, o H*({u > a}, [us)a) = 0.

(i1) Leta € (0,1]. Iflim, . H*(endu,,endu) =0, andlimg_,,_ H([u]q, [u]z) =

0, then lim, oo H*([tn]a, [u]a) = 0.

Proof. We only prove (i). (ii) can be proved similarly.
Let € > 0. Since lim,_,,+ H([u],, {u > a}) = 0, then there is a y(a) €
(e, 1] such that H({u > a}, [u],) < e/2. By Theorem 5.7 (i), lim,, .~ H*(end u, end u,,) =
0 implies that lim,, o H*([u],, [tn]a) = 0. Then there is an N € N such that
for all n > N, H*([u}y, [un]a) < €/2. Hence for all n > N,

H*({u > a}. [una) < H{u > ak [uly) + B ([t [uala) < 2.

From the arbitrariness of ¢ > 0, we thus have lim,, .o H*({u > a}, [u,]o) = 0.
O

The assumption that lim, 4 H([u],,{u > a}) =0 in (i) of Lemma [5.11]
can not be omitted. The assumption that limg_,,_ H([u]a, [u]z) = 0 in (ii)
of Lemma [B.17] also can not be omitted. The following Examples and
are counterexamples.

Example 5.12. Let u be a fuzzy set in Fj}4(R) defined by putting

2
{ (—00, 7], ae (3,1,

(—00,+00), a€0,3].

[u]o =

Forn=1,2,..., let u, be a fuzzy set in F}¢-(R) given by putting

1_%D n—1
T e I
(—00, +00), ae[0,321]

n

Wl

e
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Clearly lim, 1, H([u]y, {u>3}) = lm, 1y H([u), (—00, +00)) = +o0 #
0.
It can be seen that Henq(u,u,) — 0. However for each n € N,

) = H*((~00, +00), (—00, =—17]) = +00,

I
H ({u> 5}, i) 5

1) = H*([u] 1, [un]s

and so H*({u > 3}, [un]%) # 0.

Example 5.13. Let u be a fuzzy set in Flg-(R) defined by putting

.= { 3 a=1,

{1} U (—OO, _ﬁ]’ OS [07 1)a

Forn=1,2,..., let u, be a fuzzy set in F5-(R) given by putting

onla = {

Clearly limg_,1— H([u]y, [u]g) = +00 # 0.
We can see that Henq(u, u,) — 0. However for each n € N,

—

Ul a, ael0,1—2],

[U]l_l, o€ [1_%’1]’ n=12....

H([un]y, [u]y) = H* ({1} U (=00, —n], {1}) = +o0,
and so H*([up]1, [u]1) # 0.

Theorem 5.14. Let u be a fuzzy set in Fgoo(X) and let u,, n=1,2,. ..,
be fuzzy sets in Fhgo(X).
(i) The following are equivalent:
(i-1) lim, ., H*(end u,end u,) = 0;
(i-2) For each o € (0,1), lim, oo H*({u > a}, [un]a) = 0;
(i-3) There is a dense subset P of (0, 1) such that for each v € P, lim, oo H*({u > a}, [un]a) =
0.
(ii) The following are equivalent:
(ii-1) lim,_, . H*(end u,,endu) = 0;
(ii-2) For each o € (0, 1], limy, 00 H*([ttn]a, [U]a) = 0;
(ii-3) There is a dense subset P of (0, 1] such that for each a € P, limy, 00 H*([tn]a, [u]a) =
0.

Proof. The desired results follow from Lemmas [5.4], and 5.11] (or Lem-
mas [5.4] and [5.11] and Theorem [5.7)). The proof is routine. O
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Theorem 5.15. Let u be a fuzzy set in Fyrgoo(X) and let u,, n=1,2,...,

be fuzzy sets in Flgo(X). Then the following are equivalent:

(i) lim,, oo Hena(tn, u) = 0;

(i1) Foreacha € (0,1), lim, o H*({u > a}, [un)a) = 0 andlim,, oo H*([tn]a, [U]a) =
0;

(iii) Thereis a dense subset P of (0,1) such that for each o« € P, lim,, oo H*({u > a}, [up]a) =
0 and lim,, o H*([tn]a, [U]a) = 0;

(iv) For each o € (0,1) \ Po(u), limy,— 00 H ([t]a, [tn]a) = 0;

(v) There is a dense subset P of (0,1) \ Py(u) such that for each o € P,

limy, 00 H([t]a, [tn]a) = 0;

(vi) There is a countable dense subset P of (0,1)\ Py(u) such that for each

a € P, limy, o0 H([ta, [Un]a) =0;

(vii) H([un)a, [U]a) — 0 holds a.e. on o € (0,1).

Proof. By Theorem B.14, (i)<(ii)<(iii). Since for each o € (0,1) \ Py(u),
{u > a} = [u]a, then (ii)=(iv). Clearly (iv)=-(v)<(vi). Since {u > a} C
[u], (vi)=-(iii). By Lemma 5.4, Py(u) is at most countable, and therefore
(iv)=(vii). Since {u > a} C [u],, (vii)=-(iii). So the proof is completed.
The desired conclusion can also be deduced from Theorems (.14 and
as follows. By Theorem B.I4 (i)« (ii)<(iii). From Theorem [(.20]
(i) (iv)e(v)<e(vi)<(vii). So Theorem is proved. O

Theorem 5.16. Let u, u,, n =1,2,..., be fuzzy sets in Fgo(X). If there
is a dense subset P of (0,1) such that H([uya, [u]a) — O for each o € P,
then Heng(tn,u) — 0.

Proof. We proceed by contradiction. If Henq(un, u) # 0, then H*(end w,,, end u) /4
0 or H*(end u, end u,) # 0.

Suppose that H*(end u,,endu) 4 0. Then there is an ¢ > 0 and a
subsequence {uy, } of {u,} such that H*(end u,,,endu) > ¢ for each k € N.
So for each k € N, there exists an (z,, , o, ) € end u,, such that

d((zp,,, o, ),endu) > €. (8)

With no loss of generality we can assume that {o,, } converges to an element
a in [0,1]. By @), o, > ¢ for each £ € N, and so o > ¢. Pick g € P
satisfying a € (3, 8 +¢/2). Then there exists K such that o, € (8,5+¢/2)
for all £ > K. Thus for each k£ > K,

d((zn, , 0, ), end u)
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<

d((wn,, B),end ) + d((an,.; an,), (T0, ) < d((@ny, B), [uls x {B}) +2/2
d(n,, [u]p) + /2 < H([un,]s, [u]g) +2/2. (9)
Note that H([un,]s, [u]z) — 0, thus (8) contradicts ([@). So the supposition

is false.
For H*(end u, end u,,) 4 0, we can similarly derive a contradiction. O

Remark 5.17. It can be seen that Theorem [5.16] can also be deduced from
Lemma [B.10 (iii). Fan (Lemma 1 in ﬂa]) proved a result of Theorem [5.16

type.

Theorem 5.18. Let u, u,, n = 1,2,..., be fuzzy sets in Floo(X). If
Hena(tn, u) — 0, then H([up)a, [u]a) = 0 for each ac € (0,1) \ Py(u).

Proof. Let a € (0,1) \ Po(u). Given ¢ > 0. Then there exists a d(a, ¢) €
(0,e/2) such that [ — §,c + 6] C [0,1] and H ([u]g, [u]a) < €/2 for all 5 €
[ — 6, a0+ 4.

From Hepq(u,,u) — 0, there exists an N(§) such that

Heng(tup,u) <6 (10)

for all n > N. Thus by Proposition 5.6l H*([tn]a [t]a—s) < I < /2. So, for
eachn > N,

H*([un]as [u]a)
< H([una, [U]a—s) + H([u]a, [u]a—s)
<e/2+¢e/2=¢. (11)

Similarly, it follows from ([I0)) and Proposition B.6lthat H*([u]aqts, [Un]a) <
d < /2, and then, for each n > N,

H*([u]a, [tn]a)
< H([u]a, [ula+s) + H([u]ars, [un]a)
<e/2+e/2=c. (12)

Combined with (IIl) and ([I2]), we obtain that H ([u]a, [un]a) < € for each
n > N. Since € > 0 is arbitrary, it follows that H ([u]a, [tn]a) — 0. O

Remark 5.19. Note that for each a € (0,1)\ Py(u), imy o H([t]a, [u]y) =0
and [u], = {u > a}. Thus Theorem [E.I§ can also be deduced from Lemma
I
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The following theorem gives some conditions under which the H.,q con-
vergence of fuzzy sets can be decomposed to the Hausdorff metric convergence
of certain a-cuts.

Theorem 5.20. Let u be a fuzzy set in Fyrgoo(X) and let u,, n=1,2,...,

be fuzzy sets in Fgo(X). Then the following are equivalent:

(1) Hena(tn, u) — 0;

(11) H([un]a, [u]a) — 0 holds a.e. on a € (0,1);

(111) H([tup]a, [u]a) = 0 for all a € (0,1) \ Po(u);

(iv) There is a dense subset P of (0,1)\Py(u) such that H([un)a, [u]a) — O
for a € P;

(v) There is a countable dense subset P of (0, 1)\ Py(u) such that H([un]a, [t]a) —
0 fora € P.

Proof. Suppose that u, u,, n = 1,2,..., are fuzzy sets in Fhgo(X). We

claim that
(a) (ii)=(i)= (i) = (iv) = (v).
(b) If (0,1)\ Py(u) is dense in (0,1), then (i)<(iil)<(iv)<(v).
(c) If Py(u) is a set of measure zero, then (i) (i)e (i) e (iv)e(v).
(ii)=(i) follows from Theorem B.I6l (i)=-(iii) is Theorem (I8 Clearly
(ili)=(iv)<(v). So (a) is true. If (0, 1)\P0( ) is dense in (0, 1), then a dense
subset P of (0,1)\P(u) is also a dense subset of (0,1). So by Theorem (.16,
(iv)=-(i). Combined with (a), we have that (b) is true.
Assume that Py(u) is a set of measure zero. Then (iii)=-(ii). At this time,
(0, 1)\ Po(u) is dense in (0,1). So from (a) and (b), we obtain that (c) is true.
By Lemma B4, for each u € Flgon(X), Po(u) is countable, and then
Py(u) is a set of measure zero. So by (c), we obtain the desired result. O

Remark 5.21. Clearly, Theorem [5.13] implies Theorem [5.20]

6. Relations among metrics on Fy . (X)

In this section, we discuss the relation among the H,q metric, the Hgepng
metric, the d,, metric, and the d metric on Fjjgo(X).
For u,v € F}4(X), the d, distance given by

0= ([ He . e ”
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is well-defined if and only if H([u]a,[v]s) is a measurable function of a on
0,1] (here we see H ([u]a, [v]a) as a function of a from [0, 1] to R U {+o0}).
In the sequel, we suppose that the d, distance satisfying p > 1.

Since H ([u]q, [v]o) could be a non-measurable function of a on [0, 1] (see
Example 2.13 in Ea]), we introduce the d distance on Fjj¢-(X), p > 1, in
], which is defined by

1 1/p
dy(u,v) := inf{ </0 f(a)P da) : [ is a measurable function from [0, 1] to R U {+o00};

fl@) = H([ula, [v]a) for o € [0,1] }

for u,v € F}ga(X).

For each u,v € Figo(X), if dy(u, v) is well-defined then clearly d*(u,v) =

b(u,v). In ﬂﬁ E‘ and references therein, we have given several conclusions
on the Well deﬁnedness of the d, distance including: the d, distance is well-
defined on Flg-(R™), and the dp distance is well-defined on F oo (X).

Let u,v € Flgoo(X). By Proposition B5(i), the function H ([u]a, [v]a) of
« is left-continuous on (0, 1]. So from Proposition [6.1] below, H ([u]a, [v]) is
a measurable function of a on [0, 1]. Proposition 6.1l may be known. Here we
give a proof for the completeness of this paper. A conclusion stronger than
Proposition was given in ﬂﬁ] and the references therein.

Proposition 6.1. If a function f :[0,1] - RU {400} is left-continuous on
(0,1], then f is a measurable function on [0, 1].

Proof. Let r € R. Denote the set {x € [0,1] : f(z) > r} by {f > r}. If
{f >r}\ {0} =0, then {f > r}\ {0} is a measurable set. Suppose that
{f >} \ {0} # 0. For each = € {f > r}\ {0}, let 2> = J{[a.}] : = €
[a,0] C{f >r}\{0}}. Clearly “ 7 is an interval. Note that for each interval
Awithz € AC{f>r}\{0}, A=U{[a,b] 1z € [a,b] C A} T2 So 2>
is the largest interval in {f > r} \ {0} which contains x. For each z € X,
if o € 77, then there exists a 6(cr) > 0 with [ — d(a),a] € {f > r}\ {0}
since f is left-continuous at a. So Tisa positive length interval. For each
2,y € {f >\ {0}, if 2 NP #£ 0, then "7 U Y is an interval with
{z,y} 72U C{f > r}\ {0}, and hence "2 =" Uy ="
Thus {f > r} \ {0} is a union of disjoint positive length intervals. Clearly
the set S of all these disjoint positive length intervals is countable (For each
B € S, choose a gg in BN Q. Then gp, # gp, for each B; and By in S
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with By # B,. Thus = {gp : B€ S} < 6 and so S is countable, where C
denotes the cardinality of a set C.). So {f > r}\ {0} is a countable union
of intervals and hence is a measurable set. Thus {f > r} is a measurable set

as{f>r}={f>r}\{0}or {f >r}=({f>r}\{0})U{0}. Since r e R

is arbitrary, it follows that f is a measurable function on |0, 1]. O

d* is an extended metric but may not be a metric on Fyjg-(X). See also
Remark 3.3 in ﬂﬁ] We can see that the d, distance is a metric on Fhgop5(X).
The d, distance on F}go(R™) is an extended metric but not a metric, and
the d, distance on Fi¢-(R™) is an extended metric but not a metric. The
d, distance on F}lg-o(R™) could take the value +00. Let u € Fih g (R™) be
defined by putting

[ulo = {x € R™: ||z|| < n} for each n € Nand a € (1/(n+1),1/n].

Denote the origin of R™ by 0. Then d,,(u, 0pgmy) = (315 nP-(1/n—1/(n+
1))VP = 0.
For simplicity, in this paper, we call the d; distance on Fleo(X) the dy
metric, and call the d, distance on Ffgo(R™) or F}goi(X) the d, metric.
Clearly for u,v € F}ga(X),

doo(u,v) > dy(u,v). (13)

The proof of ([I3) is routine. Set duoo(u,v) = £ € R U {+o00}. Define f :
0,1] = RU{+o0} by f(a) =& for each a € [0, 1]. Hence f is a measurable
function from [0, 1] to RU {400} and f(a) > H([u]a, [v]s) for a € [0, 1]. So

1/
d(u,v) (f fla pda) ng. Thus ([I3) is true.

Theorem 6.2. Let u € Flgo(X) and for each positive integer n, let u, €
Floo(X). If dy(upn,u) = 0, then Hepa(un,u) — 0.

Proof. We prove by contradiction. If Heyq(tn, u) # 0, then thereisane > 0
and a subsequence {v,} of {u,} such that for each n € N,

Hepa (v, u) > €. (14)

By (I4), for each n € N, v,, # u and hence d}(v,,u) # 0. From the
definition of dy, there exists a sequence {f,} of measurable function from
[0,1] to RU {+00} such that for each n € N,

H([vn)as [U]o) < fola) for all a € [0, 1], (15)
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</01 fn(a)pda> " < ”Tﬂd;(vn,u), (16)

1/
Since d;(v,,u) — 0, by (I6), we have (fol fn(a)f”da) " 5 0. Thus there
is a subsequence {f,, } of {f,} such that {f,, (o)} converges to 0 a.e. on
a € [0,1]. Hence by ([I3), H([vn,]a, [t]a) — 0 holds a.e. on a € (0,1). By
Theorem [5.16] this implies Hepg(vn,, u) — 0, which contradicts (I4]). O

Theorem 4.1 in [16] says that for u € Fleon(X) and v € Flgo(X),
H([u]a, [v]a) is a measurable function of a on [0, 1]. So d(u,v) = dy,(u, v) for
u € Flooe(X) and v € Flg(X).

Theorem 6.3. Suppose that u € Flgoo(X) andu, € Figo(X),n=1,2,...,
and that there is a measurable function F on [0, 1] such that fol FP(a) da <
+oo and H([up]a, [u]e) < F(a) forn = 1,2,.... If Hopq(un,u) — 0, then
dy(tp,u) — 0.

Proof. By Theorem B.20] Hepa(un, u) — 0 if and only if H ([un)a, [t]a) — 0
holds a.e. on a € (0,1). So the desired result follows from the Lebesgue’s
Dominated Convergence Theorem. O

Proposition 6.4. Let u € Fligop(X) and for each positive integer n, let
up € Froo(X). Then Hena(tun,u) — 0 if and only if H([un)o, [u]o) = 0 and
dp(tp, u) — 0.

Proof. From Proposition B3], Hsena(un, u) — 0if and only if H ([uy)o, [u]o) —
0 and Hepg(un,u) — 0. To prove the desired result, we only need to show
that

H ([un)o, [u]o) = 0 and dp(uy, w) — 0 < H([uy]o, [u]o) = 0 and Hepa (ty, w) — 0.

From Theorem[6.2], “=-" is true. To show “<”, suppose that H ([u,]o, [u]o) —
0 and Hend(tn,u) — 0. Then there exists an N € N such that (J,,- y[tn]o
is bounded. Hence there is an M > 0 such that for n > N and « € |
H([un)as [u]a) < do(un,u) < M. Thus by Theorem B3] dp(u,,u) — 0
So“<" is true. O

o
=

However, for a sequence {u,} and an element u in Fyysca(X), Hsena (thn, u) —
0 does not necessarily imply d,(u,,u) — 0. See the following Example

31



Example 6.5. Define u € F}g-(R) by putting
[u]o, = [0,1/a] for a € (0,1].
For each n =1,2,..., define u, € F{¢-o(R) by putting

] :{ 0,1/a],  ae(1/n,1],

0,2 +n%, a€(0,1/n].
Then Hsend(un, u) — 0 and dp(una u) = nz_l/ll’ 7L) O

In ﬂﬁ], we obtain that the Skorokhod metric convergence imply the sendo-
graph metric convergence on Fi¢-(X) (see Theorem 8.1 in ﬂi%]), and that
Skorokhod metric convergence need not imply the d,, convergence on a subset
of Flora(X) (see the end of Section 5 in [15]). From the above conclusions
in ], we can also deduce that the sendograph metric convergence need not
imply the d,, convergence on Fgoq(X).

7. Characterizations of compactness in (F{, ¢, (X), Hena) and (Fgo5(X), Hena)

Based on the conclusions in previous sections, we give characterizations of
total boundedness, relative compactness and compactness in (Fbgoq(X), Hond)
and (FI}SCB(X)a Hsend)'

e A subset Y of a topological space Z is said to be compact if for every set
I and every family of open sets, O;, i € I, such that Y C (J,.; O; there
exists a finite family O;,, O, ..., O;, such that Y C O; UO;,U...UO; .
In the case of a metric topology, the criterion for compactness becomes
that any sequence in Y has a subsequence convergent in Y.

o A relatively compact subset Y of a topological space Z is a subset with
compact closure. In the case of a metric topology, the criterion for
relative compactness becomes that any sequence in Y has a subsequence
convergent in X.

o Let (X,d) be a metric space. A set U in X is totally bounded if and
only if, for each € > 0, it contains a finite £ approximation, where an &
approximation to U is a subset S of U such that d(z,S) < e for each
x € U. It is known that U in X is totally bounded if and only if, for
each ¢ > 0, there is a finite weak e-net of U, where a weak c-net of U
is a subset S of X satisfying d(x,S) < ¢ for each z € U.
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Let (X,d) be a metric space. A set U is compact in (X, d) implies that
U is relatively compact in (X, d), which in turn implies that U is totally
bounded in (X, d).

We use ()?,J) to denote the completion of (X, d). We see (X,d) as a
subspace of ()? , J) Let S C X. The symbol S is used to denote the closure
of $'in (X, d).

As defined in Section B, we have K(X), C(X), Ftou(X), Fleoa(X),
etc. according to ()? , c?) If there is no confusion, we also use H to denote
the Hausdorff metric on C'(X) induced by d. We also use H to denote the

Hausdorff metric on C' ()? x [0, 1D induced by d. We also use Efend to denote
the endograph metric on F{t¢~(X) defined by using H on C(X x [0, 1]).

Let U C X. If U is compact in (X, d), then U is compact in (X,d). We
see (K(X), H) as a subspace of (K(X), H).
Define j from F(X) to F(X) as follows: for u € F(X), j(u) € F(X) is
given by
u(t), teX,

j(“)(t>:{ 0, teX\X

Let u € Floeo(X). Then j(u) € Flooa(X) because [j(u)]a = [ula
K(X) for each a € (0,1]. Clearly for each u,v € Fgoa(X), Hena(u,v)
Hena(j(u), 7(v)). In the sequel, we treat (F{goq(X), Hena) as a subspace of

(Flsoa(X), Hona) by identifying u in Flgoq(X) with j(u) in Fpgoq(X).

1N

7.1. Characterizations of compactness in (K(X), H)

In this subsection, we give characterizations of total boundedness, relative
compactness and compactness in (K (X), H). The results in this subsection
are basis for contents in the sequel.

Theorem 7.1. Let (X,d) be a complete metric space and let {C,} be a
Cauchy sequence in (K(X),H). Put D = :ii C,. Forn =1,2,..., put
D, =, Ci. Then D € K(X) and H(D,,,D) — 0 as n — cc.

Proof. Let k,j € N with £k > j. Then H*(D;,Dy) = 0, and for each
i€ Nwith 1 <i < j, H(C;,D;) = 0. Thus H(Dy, D;) = H*(Dy, D;) =
max{H*(C;,D;) : i = 1,...,k} = max{H*(C;,D;) : i = j+1,...,k} <
max{H*(C;,C;) 1 =j+1,...,k}. Hence
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So {D,} is a Cauchy sequence in (K(X), H). From Theorem 2.3 (K(X), H)
is complete, and thus there is an £ € K(X) such that H(D,, E) — 0 as
n — oo. By Theorem B4, E = lim®) D, = D. O

n—0o0

Theorem 7.2. Let (X,d) be a metric space and D C K(X). Then D is
totally bounded in (K(X),H) if and only if D = |J{C : C € D} is totally
bounded in (X, d).

Proof. If D = (), then the desired result follows immediately. Suppose that
D #).

Necessity. To prove that D is totally bounded it suffices to show that
each sequence in D has a Cauchy subsequence.

Given a sequence {x,} in D. Suppose that x, € C,, € D forn =1,2,....
Since D is totally bounded in (K(X), H), then {C,} has a Cauchy sub-
sequence {C,, } in (K(X),H). As {C,, } is also a Cauchy sequence in

(K(X), H), by Theorem [T} U, G, is in K(X). Thus {z,, } has a Cauchy
subsequence, and hence so does {z,,}.

Sufficiency. If D is totally bounded in X, then Dis in K(X). So, by
Theorem 23] (K (ﬁ), H) is compact, and thus D C K (ﬁ) is totally bounded
in (K(D), H). So D is obviously totally bounded in (K (X), H). O

Theorem 7.3. E] Let (X, d) be a metric space and D C K(X). Then D
is relatively compact in (K(X),H) if and only if D = (J{C : C € D} is
relatively compact in (X, d).

Proof. If D = (), then the desired result follows immediately. Suppose that
D # (.

Necessity. To prove that D is relatively compact it suffices to show
that each sequence in D has a convergent subsequence in (X, d).

Given a sequence {z,} in D. Suppose that z,, € C,, € D forn =1,2,....
Since D is relatively compact in (K(X), H), then {C,} has a subsequence
{C,, } which converges to an element C' in (K(X), H). Clearly {C,, } con-

verges to C' in (K(X), H). Hence, by Theorem [71] UiSS O, is in K(X)

(Indeed, %;/C’nk is in K (X)). So {x,, } has a subsequence which converges

to z in (J 25 Cp,, and thus x € C' = lim,(:i)oo Cn, C X.
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Sufficiency. 1If D is relatively compact in X, then D is in K(X), and

therefore (K (D), H) is compact. Thus D C K (D) is relatively compact in
(K(D), H). So clearly D is relatively compact in (K(X), H). O

Lemma 7.4. Let (X, d) be a metric space and D C K(X). If D is compact
in (K(X),H), then D =|J{C : C € D} is compact in (X,d).

Proof. If D = (), then the desired result follows immediately. Suppose that
D +# (). To show that D is compact, we only need to show that each sequence
in D has a subsequence which converges to a point in D.

Given a sequence {z,} in D. Suppose that z,, € C,, € D forn =1,2,....
Since D is compact, then {C),} has a subsequence {C,, } converges to C' €

D. Clearly {C,,} converges to C' in (K(X), H). Hence, by Theorem [T.],

o, is in K(X) (Indeed, UEQ\LQS in K(D)). So {x,,} has a sub-

sequence which converges to = in (J% C,,. Thus € C = limlg‘i)oo Ch, €
D. O

Remark 7.5. The converse of the implication in Lemma [7.4] does not hold.
Let (X,d) =R and D = {[0,z] : z € (0.3,1]} C K(R). Then D = [0,1] €
K(R). But D is not compact in (K (R), H).

Theorem 7.6. Let (X,d) be a metric space and D C K(X). Then the
following are equivalent:

(i) D is compact in (K(X), H);

(ii)) D =J{C : C € D} is relatively compact in (X,d) and D is closed in
(K(X), H);

(i) D =|J{C : C € D} is compact in (X, d) and D is closed in (K(X), H).

Proof. Note that D is compact in (K(X), H) if and only if D is relatively
compact and closed in (K (X), H). Then from Theorem [[.3] we have (i)<>(ii).
Clearly (iii)=-(ii). We shall complete the proof by showing that (i)=-(iii),
which can be deduced by Lemma [7.4] O

Remark 7.7. Theorem [T.3]is Proposition 5 in ﬂé] We cannot find the proof
of Proposition 5 in B] Some of the results in this subsection may be known.
We cannot find the results of this subsection other than Theorem in the
references that we can obtain. So we give our proofs here.
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7.2. Characterizations of compactness in (Ffgoa(X), Hond)

In this subsection, we give characterizations of total boundedness, relative
compactness and compactness in (Flgoq(X), Hond)-

Suppose that U is a subset of Flgr(X) and o € [0,1]. For writing
convenience, we denote

e U(a) = Uyeylula, and
o U, :={[u]o:uecU}.

Theorem 7.8. Let U be a subset of Fgoq(X). Then U is totally bounded
in (Flsoa(X), Hena) if and only if U(«) is totally bounded in (X, d) for each
a € (0,1].

Proof. Necessity. Suppose that U is totally bounded in (F{goq(X), Hena)-
Let o € (0,1]. To show that U(«) is totally bounded in X, we only need to
show that each sequence in U(«) has a Cauchy subsequence.

Given a sequence {z,} C U(«a). Suppose that z, € [up|a, u, € U,
n=1,2,.... Then {u,} has a Cauchy subsequence {u,,}. So given ¢ € (0, ),
there is a K (e) € N such that Hena(un,, un,) < € for all I > K. Thus by
Proposition [5.6]

H () [t Jae) < 2 (1)

for all [ > K. From ([7) and the arbitrariness of &, ;=5 [tn,]o is totally
bounded in (X, d). Thus {z,, }, which is a subsequence of {z,}, has a Cauchy
subsequence, and so does {z,}.

In the following, we give a detailed proof for the above conclusion that

[t ] is totally bounded in (X, d). To show that (J; "> [un,]a is totally

bounded in (X, d), it suffices to show that for each A > 0, there exists a finite
weak A-net of ;" [tn,]a-

Let A > 0. Set ¢ = min{\/2,«/2}. Then € € (0,«). Hence there is a
K (¢) such that (I7) holds for all [ > K. Since U{il[um]a_a is compact, there
is a finite & approximation {z;}72; to UK, [tn,Ja—e. We claim that {z; FiL, s
a finite weak A-net of ;= [um]a

Let 2 € U [un]o- If 2 € U [tn,]a, then clearly d(z, {z1h) <e <A
If z € U v 1 [tn]a, then by (I7), there exists a y. € [uy,]a_ such that
d(z,y.) < ¢, and hence d(z,{z;}7,) < d(2,¥.) +d(y., {z}/L) < 26 < A
Thus d(z, {ZJ}J 1) < A for each z € |, [tn,]a- So {2172, is a finite weak
A-net of ;= [t ]a-
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Sufficiency. Suppose that U(a) is totally bounded in (X, d) for each a €
(0,1]. Then U(«) is relatively compact in (X, d) for each o € (0, 1]. So from
the sufficiency part of Theorem [L.9, we obtain that U is relatively compact

in (Flsca(X), Hena). Then U is totally bounded in (Fjgoq(X), Hena), and
so U is totally bounded in (Ffgoq(X), Hena)- O

Theorem 7.9. Let U be a subset of Flgoq(X). Then U is relatively compact
in (Flsoa(X), Hona) if and only if U(a) is relatively compact in (X, d) for
each o € (0, 1].

Proof. Necessity. Suppose that U is relatively compact. Given a € (0, 1].
To show that U(«) is relatively compact in X, we only need to show that
each sequence in U(a) has a convergent subsequence in (X, d).

Let {x,} be a sequence in U(«a). Suppose that x, € [up)a, un € U,
n=1,2,.... Then there is a subsequence {u,, } of {u,} and u € Flgro(X)
such that Hena(un,,u) — 0. So, by Theorem 520l H ([un,]a,[u]la) — O
holds a.e. on a € (0,1), and therefore there is a 5 € (0,«) such that
H([tn,) 3, [u]s) — 0. Hence by Theorem T3} ;5 [un, ] is relatively compact
in X. Thus {z,,} has a convergent subsequence in X, and so does {z,}.

Sufficiency. Suppose that U(«) is relatively compact in X for each
a € (0,1]. Note that U(a) = |U{D : D € U,} for each a € [0,1]. So, by
Theorem [T.3] we obtain that U, is relatively compact in (K (X), H) for each
a € (0,1]. This means that the following affirmation (a) is true.

(a) Given a sequence {w, : n = 1,2,...} in U and o € (0,1]. Then
the corresponding sequence {[w,], : n = 1,2,...} has a convergent
subsequence in (K (X), H).

To show that U is relatively compact in (Figoq(X), Hena), we only need
to show that each sequence in U has a convergent subsequence in (Ftgoq(X), Hena)-
Suppose that {u,} is a sequence in U. Based on the above affirmation (a)
and Theorem [£.20, and proceeding similarly to the proof of the “Sufficiency
part” of Theorem 7.1 in ﬂﬂ], it can be shown that {u,} has a subsequence
{v,} which converges to an element v in (F{goq(X), Hena)-

A sketch of the proof of the existence of {v,} and v is given as follows.

First, we construct a subsequence {v,} of {w,} such that [v,], converges
to an element u, in (K(X),H) for all ¢ € Q, where Q" = QN (0,1]. For
a € (0,1], we define vy = [,y gcqr Ug- Then we define a fuzzy set v in X
by using {v,, @ € (0,1]}. At last, we show that v € F}goq(X), [v]a = v, for
each a € (0,1], and Hepa (v, v) — 0. O
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Theorem 7.10. Let U be a subset of Fgoq(X). Then the following are
equivalent:

(i) U is compact in (Flgoq(X), Hona);

(ii) U(«) is relatively compact in (X, d) for each o € (0,1] and U is closed

in (Fysoa(X), Hena);

(1ii) U(«) is compact in (X, d) for each a € (0,1] and U is closed in (Fg06(X), Hend)-

Proof. By Theorem[7.9 (i) < (ii). Obviously (iii) = (ii). We shall complete
the proof by showing that (i) = (iii). To do this, suppose that (i) is true.
To verify (iii), from the equivalence of (i) and (ii), we only need to show that
U(a) is closed in (X, d) for each o € (0, 1].

Let o € (0, 1] and let {x,} be a sequence in U(«) with z,, — x. Suppose
that z,, € [u,), and u,, € U for n = 1,2, .... Then there exists a subsequence
{un, } of {u,} and v € U such that Hepg(tp,,u) — 0. So by Remark
lim,(:loo upn, = w and therefore by Theorem 3] limsup, . [tn,]a € [U]a-
Hence = € [u],, and thus z € U(«).

We can also show z € [u], C U(«a) in the following way. From Theorem
BI8 H([ung]a, [t]oa) = 0 holds for a € (0,1)\ Po(u). If a € (0,1) \ Po(u),
then = € [u],. If @ € {1} U Py(u), then for all 5 € (0, ) \ Py(u), x € [u]s.
Thus = € [u]q. O

7.3. Characterizations of compactness in (Phgop(X), Heena) and (Fgog(X), Heena)

In this subsection, we give the characterizations of totally bounded sets,
relatively compact sets and compact sets in (Phgop(X), Hsena). Then, by
treating (Flgop(X), Heena) as a subspace of (Phgop(X), Heend), we give the
characterizations of totally bounded sets and compact sets in (F}gc5(X ), Heend)-
The characterization of relatively compact sets in (Fjtgop(X), Heend) has al-
ready been given in ﬂg]

Suppose that U is a subset of Pleo(X) and o € [0,1]. For writing
convenience, we denote

0 U(@) = Uyey (t)a, and
o U, :={(u)y:ueU}.

Theorem 7.11. Suppose that U is a subset of Plgog(X). Then U is totally
bounded in (Phgop(X), Hsena) if and only if U(0) is totally bounded in (X, d).
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Proof. Necessity. Suppose that U is totally bounded. By clause (ii) of
Theorem B2 Uy is totally bounded in (K(X), H). From Theorem [(.2], this
is equivalent to U(0) is totally bounded in (X, d).

Sufficiency. Suppose that U(0) is totally bounded. To show that U
is totally bounded in (Plgr5(X), Hsena), we only need to prove that each
sequence in U has a Cauchy subsequence with respect to Heng.-

Let {u,} be a sequence in U. Note that U(«) is totally bounded for each
a € [0,1]. Then by Theorem [Z.8, {&,} has a Cauchy subsequence {v,} in
(Flsop(X), Hepa). From Theorem 7.2, {v,} has a subsequence {w,} such
that {[w,]o} is a Cauchy sequence in (K(X), H). Thus by clauses (iii) of
Theorem B2l {w,} is a Cauchy sequence in (Plgo5(X), Heend)- O

Theorem 7.12. Suppose that U is a subset of Ftgcp(X). Then U is totally
bounded in (Fgop(X), Heena) if and only if U(0) is totally bounded in (X, d).

Proof. Note that U is totally bounded in (F}gop(X), Heena) if and only if

U is totally bounded in (P}gop(X), Heena), and that U(0) = ﬁ(O) So the
desired result follows from Theorem [T.11] 0

Theorem 7.13. Suppose that U is a subset of Plgop(X). Then U is rela-
tively compact in (Plgcp(X), Heena) if and only if U(0) is relatively compact
mn X.

Proof. Necessity. Suppose that U is relatively compact. Then by clause
(ii) of Theorem B2l Uy is relatively compact in (K (X), H). By Theorem [T.3]
U(0) is relatively compact in X.

Sufficiency. 'To prove that U is relatively compact, it suffices to show
that each sequence in U has a convergent subsequence in (Plgcg(X), Heend)-

Let {u,} be a sequence in U. Since U(0) is relatively compact in X, then
U(a) is relatively compact in X for each a € [0,1]. By Theorems and
[T3] there is a subsequence {u,, } of {u,}, au € Figoa(X) and a ug € K(X)
such that Hend(zm,u) — 0 and H ((un, )0, uo) — 0.

(K)

By Theorem B.4] and Remark [3.5] limg_{oozm = w and lim; "/ (u,,)o =
K)

ug. By Remark B [u]y C lim infy, o[t Jo € iminf_o (tn, Do = liml(g_mo(unﬁo =
up. So we can define w € Py 5(X) by putting

jom { [l 2 €0

(Ww)a ug, «a=0.
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Then v = W, Heng(tn,, w) = Hepa(ton,,u) — 0 and H((up,)o, (w)e) =
H((up, )o,up) — 0 for n = 1,2,... Thus from (iii) or (iv) of Theorem [B.2]
{un, } converges to w in (Plgcp(X), Heend)- O

o u € [}y (X)issaid to be right-continuous at 0 if limgs o, H ([u]s, [u]o) =
0.

o U C F¢o(X) is said to be equi-right-continuous at 0 if for each £ > 0,
there is a § € (0, 1] such that H([u]s, [u]o) < € for all u € U.

Let 0 € (0,1] and § € [0,0]. Then H([ule, [ulo) = H*([u]o, [ule) <
H*([u)o, [u]s) = H([u]s, [u]o). So U C Flgn(X) is equi-right-continuous at 0
if and only if for each € > 0, there is a 0 € (0, 1] such that H([u]e, [u]o) < e
for all w € U and £ € |0, 4.

Theorem [.T4] below is presented in ﬂg]

Theorem 7.14. B] Suppose that U is a subset of Fhg5(X). Then U is rel-
atiwvely compact in (Flgog(X), Hsena) if and only if U(0) is relatively compact
i X and U is equi-right-continuous at 0.

—

Fl ¢o5(X) need not be a closed set of Plgo5(X). For instance, Ffhg5(D)
given in Example is not a closed set of Plgop(D). We can see that
v O 1 . .

Floop(X) is a closed set of Plgop(X) if and only if X has only one element.

For a set U in F{hgop(X), suppose that
(a) U is relatively compact in (Fgop(X), Heend);

(b) T is relatively compact in (Pleop(X), Heena);
(c) The topological closure of U in (P gop(X), Heena) is a subset of Fl g 5(X).

Then (a) holds if and only if (b) and (c) hold.

ﬁ . . 1 . . . 1

Flgop(X)isclosed in P g-p5(X) if and only if for each set U in Fy g0 p5(X),
(c) holds.

The following Proposition illustrates the role of the condition “U is

equi-right-continuous at 0” in the characterization of the relative compactness
for a set U in (F}gop(X), Heena) given in Theorem [T14]

Proposition 7.15. Let U be a subset of F}go5(X). Suppose the following
conditions (i), (it) and (iii):
(i) U is relatively compact in (F}gop(X), Hyena);
(i1) U is equi-right-continuous at 0;

_—
(111) The topological closure ofﬁ2 in (Proon(X), Heena) is a subset of Fhgop(X).
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Then the condition (i) implies the condition (ii), and the condition (ii)
implies the condition (iii). ]fﬁ is relatively compact in (Plgcp(X), Heend),
then the conditions (i), (ii) and (iii) are equivalent to each other.

Proof. By Theorem [[.T4] we have that (i)=-(ii).

Now we show that (ii)=-(iii). Suppose that {u;} is a sequence in U which
converges to an element u in (P}goz(X), Heena). Then by Theorem B.2)(iv),
limy, oo H((u2)0, (1)) = 0; that is, limy, . H([un]o, (u)o) = 0.

Let e > 0. Since & € Flgop(X), by LemmaBA(v), lima_or H([%]a, [%]0) =
0. Note that U is equi-right-continuous at 0. Then there is a 6 > 0 such that
for all @ € [0,0] and n € N, H([un)o, [tun]a) < £/3 and H([W]a, [W]o) < /3.
By Theorem B2(iv), {u,} converges to & in (F}gop(X), Hena). Then by
Theorem 520, H ([tp]a, [%]a) — 0 holds a.e. on a € (0,1). So we can
choose an ag € (0,68) with H([up]ay, [7]a,) — 0. Thus there is an N such
that for all n > N, H([tn]ag, [W]ay) < €/3, and hence H([u,)o,[%]o) <
H ([tn)o, [tn]ag) + H ([tn)ags [T ag) + H([@ay, [@]o < €. Since £ > 0 is arbi-
trary, we have lim,, o, H([un]o, [%]0) =0.

s

Thus (u)y = [%]o, and hence by Proposition Bl u € Flgoz(X). So
(il)=(iii).

It U s relatively compact in (Phgop(X), Heena), then clearly (iii)=-(i),
and thus the conditions (i), (ii) and (iii) are equivalent to each other. O

Remark 7.16. For conditions (i), (ii) and (iii) in Proposition [L.15] (ii) does
not imply (i); (iii) does not imply (ii).

Let {u,} be a sequence of fuzzy sets in Flg-p(R) defined by wu, :=
0,n]pm®), n = 1,2,.... Then {u,} is equi-right-continuous at 0 but {u,}
is not relatively compact in (Ffhgog(X), Heena)- So (ii) does not imply (i).

Let {v,} be a sequence of fuzzy sets in g 5(R) defined by

1, xe€]|0,n],
vp(z) =< 1/n, x € [—n,0], n=12,....
0, zeR\[-n,nl|,
Then {2, } has no limit in (Pl g 5(X), Hyena) and hence is closed in (P} g 5(X), Heend)-
However {v,} is not equi-right-continuous at 0. So (iii) does not imply (ii).
Remark 7.17. Theorem and Proposition imply Theorem [.14]
This is because by Proposition we can obtain that for a subset U of

Fleop(X), U is relatively compact in (F}gop(X), Heena) if and only if U is
relatively compact in (P}gr5(X), Heena) and U is equi-right-continuous at 0.
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Theorem 7.18. Suppose that U is a subset of Phgog(X). Then the follow-
ing are equivalent:

(i) U is compact in (Plgcp(X), Heend);

(ii) U is closed in (Plgop(X), Heena), and U(0) is relatively compact in
(X, d);

(1) U is closed in (Phgop(X), Heena), and U(0) is compact in (X, d).

Proof. By Theorem [[.I3] we obtain that (i)<(ii). Clearly (iii)=-(ii). We
shall complete the proof by showing that (i)=-(iii). To do this, suppose that
U is compact in (Phgop(X), Hena). Then U is closed in (Phgop(X), Hsena)-
To verify (iii), we only need to show that U(0) is compact in (X, d).

By clause (ii) of Theorem B2l Uy is compact in (K (X),H). Thus by
Lemma T4 U(0) = J{D : D € Uy} is compact in (X, d). O

Theorem 7.19. Suppose that U is a subset of Fftgop(X). Then the following
are equivalent:

(i) U is compact in (Flgon(X), Heend);

(11) U is closed in (Flgop(X), Hyena), U(0) is relatively compact in X and
U is equi-right-continuous at 0;

(iii) U is closed in (F}gop(X), Hyena), U(0) is compact in X and U is equi-
right-continuous at 0.

Proof. By Theorem [[.14] we obtain that (i)<(ii). Clearly (iii)=-(ii). We
shall complete the proof by showing that (i)=-(iii). To do this, suppose that
U is compact in (Fgop(X), Heena). Since (i) implies (ii), to verify (iii) we
only need to show that U(0) is compact in X.

Note that U is compact in (F}gop(X), Hsena) if and only if T is compact
in (Plgop(X), Hyena). Thus by Theorem [TI8, U(0) = ﬁ(O) is compact in
X. O

Remark 7.20. For a subset U of F}tgop(X),
(a) U satisfies (i) of Theorem if and only if T satisfies (i) of Theorem

~
»
0

H

(b) U satisfies (ii) of Theorem if and only if U satisfies (ii) of Theorem

‘
2

(c) U satisfies (iii) of Theorem if and only if U satisfies (iii) of Theorem
13l
Clauses (b) and (c) can be obtained by using Proposition and The-
orem [T.I13] Theorem [T.I8 and clauses (a), (b) and (c¢) imply Theorem [Z.19

‘
2
d
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Since U is compact in (Fbgop(X), Heena) if and only if U is compact in
(P} gop(X), Heena), we can use Theorem [TI8 to judge the compactness of a
set U in (Fhgop(X), Heend)-

8. Completions of (F}¢-5(X), Hsend)s (Frgoa(X)s Hena) and (Figo5(X), doo)

In this section, we show that (P} e (X)), Hena) is a completion of (F g 5(X ), Haena),
(Flsoa(X), Hena) is a completion of (Flgpp(X), Hena), and (Ftoop(X), doo)
is a completion of (Fffgop(X),ds).

We can see that for z,y € (X, d),

~ P P = =
d(l’, y) = doo(xay) dp(zay) = Hsend(zay) - Hsend( €T,y )a (18)
= = o .
Hena(Z, U) = Hena(Z,y) = min{d(z,y), 1}. (19)

Theorem 8.1. Let (X, d) be a metric space. Then the following are equiva-
lent:

(i) (X, d) is complete;

(ii) (Flgca(X), Hona) is complete.

Proof. (i) = (ii). Assume that (i) is true. To show that (ii) is true,
we only need to show that each Cauchy sequence in (Fhgoq(X), Hena) is a
convergent sequence in (Flgoq(X), Hona). Let {u,} be a Cauchy sequence
in (Freoa(X), Hena). Then U := {u,,n = 1,2,...} is total bounded in
(Froca(X), Hena). By Theorem [T.8, for each o € (0,1], U(a) is total
bounded in (X, d). Since (X, d) is complete, it follows that for each a € (0, 1],
U(a) is relatively compact in (X, d). Thus by Theorem [[.9] U is relatively
compact in (F}gon(X), Hena). So {u,} has a convergent subsequence in
(F}goa(X), Hena), and thus {u,} is convergent in (Fpgoq(X), Hena). So (ii)
1s true.

(ii) = (i). Assume that (ii) is true. Let {z,} be a Cauchy sequence
n (X,d). Then by ([[3), {z,} is a Cauchy sequence in (Figcq(X), Hona)-
So {Z,} is a convergent sequence in (F}gon(X), Hena). Hence by Remark
(i), there exists an x € X such that Hena(Z,,Z) — 0. Then by (I9),
d(x,,z) — 0. Thus {x,} is a convergent sequence in (X,d). So (X,d) is
complete; that is, (i) is true. O

Remark 8.2. Define X := {7: 2 € X}. ThenX —{:5 re X}
(i) If S satisfies X C S5 C Flgn(X), then X is closed in (S, Heng)-
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(ii) (i) remains true if H,q is replaced by each one of dog, Hsena and dj;.

(iii) If S satisfies X C S C Plso(X), then X is closed in (S, Hsena)-

We claim that for u € FI}SC(X) if for each a € (0, 1], [u], is a singleton,
then u € X. To show u € X, we only need to show that [u], = [u]s for
all o, 6 € (0,1]. This is true since otherwise there exists «,  such that
0 <a<f <1 and [y [u]g, which contradicts that [u], and [u]g are
singletons. R

To show (i), we only need to show that X is closed in (Fgo(X), Hona)-
Let 2,p,q € X and a € [0, 1]. Then d((p, @), end ) = min{d((p, ), (z, a)), a} =
min{d(p, z), a}. And max{d(p,z),d(q,x)} > 1d(p, q) since d(p, z)+d(q, z) >
d(p,q). Given u € Fjgo(X) \ X. Then there exist py, ¢ € X and oy € (0,1]
such that p; # ¢ and p1,q1 € [ul,. Thus for each T € X, Hepa(u,z) >
max{d((p1, a1),end z), d((q1, 1), end )} = max{min{d(p1, z), o }, min{d(q1, ), } } =
min{1d(p1, ¢1), a1 }. This implies that u is not in the closure of X in (F} g (X), Hend)-
Since u € Flgo(X)\ X is arbitrary, X in closed in (Flgo(X), Hena). So (i)
1s true.

By (), each one of the d., convergence and the Hg.,q convergence implies
the Henq convergence on Fjjgo(X). Theorem B.2says that the d) convergence
implies the Henq convergence on Flgn(X). So (ii) follows from (i).

To show (iii), we only need to show that X is closed in (Plge(X), Hsena)-
—
Given u € Plgo(X )\X If ue Ploc(X)\ Flgo(X). Then (u)y has at

—) P
least two points. If u € Fg(X) \ X, then there exists a € (0,1] such that
(u)q has at least two points. So there exist p;,q € X arg)i ag € [0, 1] such

D)
a Z

- = -
that p1 # ¢ and p1,q1 € (u),,. Thus for each * € X, Hgepa(u, ) >
max{d((pr, @), ), d((qr, 00), D)} = max{d(py, @), dlgr,2)} 2 3d(pr, q0)-
This implies thai u is not in the closure of X in (Plgo(X), Hyena). Since

u € Ptoo(X)\ X is arbitrary, X in closed in (Phgo(X), Heena). So (iii) is
true.

(ii) = (i) in Theorem can also be shown as follows. (X,d) is com-
plete if and only if (X, d*) is complete, where d*(z,y) = min{d(x,y), 1} for
xz,y € X. Note that Hea(Z, y) = d*(z,y). So the desired result follows
from the fact that (X, d*) is isometric to the closed subspace (X, Henq) of

(Fisoa(X), Hena)-
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Proposition 8.3. Let (X, d) be a metric space. Then the following are equiv-
alent:

(i) (X,d) is complete;

(ii) (Fheop(X),ds) is complete.

Proof. By (I8), (X, d) is isometric to (X, ds), which by Remark (ii) is
a closed subspace of (Flgrp(X),ds). So (ii)=(i) is proved.

To show (i)=-(ii), suppose that (X, d) is complete. Let {u,} be a Cauchy
sequence in (Flgop(X),ds). Then for each a € [0,1], {[un]a} is a Cauchy
sequence in (K (X), H), and hence by Theorem 23] there is a u(a) € K(X)
such that H ([uy)a, u(a)) — 0. We have that:

(a-1) For 0 < 8 < a < 1, u(a) C u(pf) since by Theorem B4 u(a) =
1) e € 1m0 )5 = u(8);

(a-2)  Timy, o0 SUPGepo 1) H ([Un)a, u(a)) = 0; that is, {H([un]a, u(a))} con-
verges uniformly to 0 on « € [0, 1];

(a-3) For each a € (0,1], limg_y0— H(u(B),u(a)) = 0;

(a-4) lim,_o+ H(u(vy),u(0)) = 0.

Given e > 0. As {u,} is a Cauchy sequence in (F} go5(X), dw), there is an
N(e) € N such that for all n,m > N, sup,e(o1] H([tn]as [ma) < €. Let a €
[0,1] and n > N. Then for each | € N, H([up]a, u(a)) < H([tn)as [nti]a) +
H ([t u(@)) < 2+-H (sl u(0)). S0 H([unlar 0(@)) < & a5 iy soo H([tns1las u(@)) =
0. Asa € [0,1]and n > N are arbitrary, we obtain that sup ,co 1) H ([tn]a, u(a)) <
e for all n > N. Since € > 0 is arbitrary, we have that (a-2) is true.

Let a € (0,1]. Given € > 0, by (a-2), there is an N such that for n > N,
upecion) H(linler u(€)) < /3. By Lemma E), limg o H([uxla, [uxs) =
0. Then there is a ¢ > 0 such that for all 5 € [a—0, a|, H([un]a, [un]s) < €/3.
Thus for all 8 € [a—0, o], H(u(a),u(8)) < H(u(a), [un]a)+H ([un]a, [un]s)+
H([un]p,u(f8)) < e. Since € > 0 is arbitrary, it follows that (a-3) is true. Sim-
ilarly, by using (a-2) and the fact that for n € N, lim,_,o4 H([ty)]+, [un]o) = 0,
we can show that (a-4) is true.

If there is a u € Flgo5(X) such that [u], = u(a) for all a € [0, 1], then by
(a-2), doo(un,u) — 0, and so the proof is complete. As {u(a): a € [0,1]} C
K(X), to prove the existence of a such u € Fgop(X), by Proposition 2]
we only need to show that {u(a),« € [0, 1]} has the following properties:
(b) for each o € (0, 1], u(er) = g, u(B), and (c) w(0) = U, u(7)-

By Remark B.@land (a-1), (b) and (c) follow from (a-3) and (a-4), respec-
tively. This completes the proof.

(b) and (c) can also be shown in the following way. From (a-1), [J ., u(7y) C
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u(0) and then |, ,u(y) € K(X). By Lemma B3 for each a € (0,1],

>0 (
li05sa (), Ny () = 0, and Tim, o, H(u(), U= ul)) = 0 (see
the proof of Lemma [B.4)(i)(v)). Combined with (a-3) and (a-4), we obtain

that (b) and (c) are true. O

Even if (X, d) is complete, (F{gop(X), Hsena) need not be complete. See
Example below.

Example 8.4. We use p; to denote the induced metric on {0,1} by the
Euclidean metric on R. Let D denote the metric space ({0,1}, p1). Then D
is a subspace of R and D is complete. For n =1,2,..., let u, € Flgop(D)

be defined by
1, x =0,
un(7) = { 1/n, =1

—
Define u € Plyo5(D) \ Flsop(D) by putting

_J {0}, ae(01]
(u)a = { (0.1}, a=0.

Then {u,} converges to u in (Plgep(D), Hyna). Thus {u,} is a Cauchy
sequence in (Flgop(D), Heena) and has no limit in (Fgop(D), Hend). SO
(F}oop(D), Hyena) is not complete.

We can see that (Fbgop(X), Hena) is complete if and only if X has only
one element.

Theorem B35 below discusses the completeness of (Plgog(X), Hyena) and
then Theorem B.G below gives the completion of (Fjlgr5(X), Heend)-

Theorem 8.5. Let (X,d) be a metric space. Then the following are equiv-
alent:

(i) X is complete;

(ii) (Plocp(X), Heena) s complete.

Proof. (i) = (ii). Let {u,} be a Cauchy sequence in (P}gop(X), Hsena)-
Then {f,} C F}opp(X), and by (i) of Theorem B2, Hend (T, ) = Hena (U, ) <
Hgena(Un, ) for nym = 1,2,.... Hence {QZ} is a Cauchy sequence in
(F}soa(X), Heng). From Theorem R there is a u € F{h (X)) such that

{fi,} converges to u in (F}grq(X), Hena)-
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By (ii) of Theorem B2, H({un)o, (tm)o) < Hgena(tn,uy) for n,m =
1,2,.... So {{(un)o} is a Cauchy sequence in (K (X),H). From Theorem
23] there is a ug € K(X) such that {(u,)o} converges to ug in (K(X), H).

By Theorem B4 and Remark B3, lim" __ &%, = u and hm,(fi)oown)o = .

By Remark B4] [u]p C liminf,, [un] C liminf,, o (un)o hmn _200 (Un)o =
ug. So we can define w € Py 5(X) by putting

(W), = { (U)o, a >0,

Up, a=0.

Then u = W, Hepq(tin, w) = Hong (I, w) and H((u)o, (w)o) = H({un)o, uo)
for n =1,2,... Thus from (iii) or (iv) of Theorem B2l {u,} converges to w
in (Pjsep(X), Heena)-

(ii) = (i). Note that d(z,y) = Hgenal ). So the desired result follows

Fi
from the fact that (X, d) is isometric to(X, Hsena), which by Remark B2 (iii)
is a closed subspace of (Phgop(X), Heend)- O

=
T,
—
X,

Theorem 8.6. (Ploqp(X), Heena) is a completion of (Fbgep(X), Hyenda)-

Proof. From Theorem BH, (Plsop(X), Hena) is complete. To show that
(Plgep(X), Hyna) is a completion of (F[}ECB(X),HSGM), we only need to
verify that Fbgop(X) is dense in (Phgop(X), Heend)-

We claim the following affirmations (a) and (b):

(a) For each u € Plyyp(X) and each & > 0, there exists a v € Fpgop(X)
such that Hgeng(u, 7) <e.

(b) For each v € Flg.p5(X) and each £ > 0, there exists a w € Fgopz(X)
such that dy (v, w) < e (so by (), Hena(v,w) < Hgena(v, w) < g, and

by ([@3), dy(v, w) = d;(v,w) < €).

If affirmations (a) and (b) are true, then for each u € Plgep(X) and each
£ >0, thereis a v € Flgop(X) and w € Fhgop(X) such that Hena(u, ) <
e/2and Hyna(V, W) = Hyena(v, w) < /2. Thus Heena (v, W) < Hyena(u, V)+

Hena(U, W) < e. So for each u € Plgop(X) and each e > 0, there is a
e
w € Flrgep(X) such that Hyena(u , W) < e. This means that Fgqp(X) is

dense in (Plgog(X), Heend)- So to show the desired result, it suffices to prove
affirmations (a) and (b).
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Let u € Plgop(X) and € > 0. Define u. € F} o p5(X) by putting

_ <u>a7 (S (87 1]7
[uele = { (e, @€ [0,¢].

Then Hyena(u, u2) < . So affirmation (a) is proved.

Let v € F[}SCB()?) and € > 0. We can choose a finite subset C of X such
that H (Cy, [v]y) < € as follows. Since [v]y € K (X), there is a finite subset A of
[v]o such that H (A, [v]o) < £/2. As X is dense in (X, d), there is a subset Cj of
X such that H(Cy, A) < /2. Thus H(Cy, [v]o) < H(Co, A)+ H(A, [v]o) < e.

Define

Co:={x € Cy:d(z,[v]a) <e}, a€(0,1]. (20)

We affirm that {C,, : a € [0, 1]} has the following properties
(i) Cy # 0 for all a € [0,1].

(i) H(Ca,[v]a) <€ forall a € [0, 1].
(ili) Co =(Ngen Cp for all a € (0, 1].
(1V> Ua>0 C Ua>0 C :

For each y € [v]a, there exists z, € Cy such that d(y, z,) = d(y,Cp) < ¢
Hence z, € C, and thus C, # 0. So (i) is true.

To show (ii), let a € [0,1]. If @ = 0, then (ii) is true since H(Cy, [v]o) <
e. Assume that 0 < o < 1. From @0), H*(Ca,[v]a) < €. So to show
H(C4,[v]a) < ¢, it suffices to show that H*([v]a, Ca) < €.

Let y € [v]q. From d(y, z,) > d(y,Cs) > d(y, Cy) and d(y, z,) = d(y, Cy),
we have that d(y, z,) = d(y, C,) = d(y, Cy). Thus

H*([v]a,Cy) = sup d(y,C,) = sup d(y,Cy) < sup d(y,Co) = H*([v]o, Co) < H(Cy,[v]o) < €.

y€[v]a y€[v]a y€[v]o

So (ii) is proved.

To show (iii), let ag € (0, 1]. From the definition of {C, : « € [0,1]}, we
can see that C; € C,, for 0 <n < ¢ < 1. Thus C,, C ﬂﬁmo Cp.

By Lemma [5.4] (i), limg_,q,— H([v]a,, [v]g) = 0. Note that for each x € X
and §,n € [0,1], |d(z, [v]e) — d(z, [v],)] < H([v]e, [v],). Thus for each z € X,
d(z, [V]a,) = limpg s, d(z, [v]g). Let € 3., Cs Then d(z,[v],) =
limg 4, d(z, [v]g) < &, which means that z € C,,. Since z € (5_,, Cs is
arbitrary, we have (;_, Cs C Cy,. Hence Cy, =4, Cs. So (iii) is true.

Since C, € Cj for all a € [0,1] and Cj is finite, it follows that
Uo=0Ca € Co. So to show (iv), we only need to show that Cy C J

a>0

oe>0
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Since [v]o = Uas0[v]a, it follows that for each z € X, d(zx,[v]y) =
d(x,Ua>0[v]a) = infasod(z,[v]s). Let © € Cy. Then d(z,[v]p) < e. So
there exists a > 0 such that d(z, [v],) < e, which means that z € C,. Thus
Co € U,»0 Ca and (iv) is proved.

Now, define w € F(X) by putting [w], = C, for all @ € [0,1]. Then by
(i), (iii) and (iv), w € Fgo5(X). From (ii), we have du (v, w) < €, and then
affirmation (b) is proved. This completes the proof. O

Proposition 8.7. (Fleop(X),ds) is a completion of (Fgep(X), ds).

Proof. By Proposition B3, (Ffigep(X),ds) is complete. So from affirma-
tion (b) in the proof of Theorem B.0] we have the desired result. O

Corollary 8.8. (Plgog(X), Hena) is a completion of (Phgop(X), Heend)-

Proof. Note that (Fjgop(X), Heena) can be seen as a subspace of (Pjgop(X), Hend),
and (Plgcp(X), Heena) is a subspace of (Plgcp(X), Heena). So the desired
result follows from Theorem O

Theorem 8.9. (Flooo(X), Hona) is a completion of (Flepp(X), Hena).

Proof. From Theorem Bl (F{igoq(X), Hena) is complete. To prove the de-
sired result, it suffices to show that Flepp(X) is dense in (Flgpq(X), Hena)-
By affirmation (b) in the proof of Theorem B.0] to verify this it is enough to
show that for each u € Flgo(X) and each € > 0, there is a v € Fhgopz(X)
such that Henq(u,v) < e.

Let u € Flgo(X) and € > 0. Define u® € F}go5(X) by putting

el = { [ 21

) [u)e, a€]0,e].
Then Hepng(u,u®) < e. O
Corollary 8.10. (F}goo(X), Hona) is a completion of (F}geq(X), Hona).

Proof. Since Fgop(X) C Flooa(X) C Fleoa(X), the desired result fol-
lows from Theorem [8.9 O

Remark 8.11. If X is complete, then by Theorem B.6, (Plgog(X), Hend)
is a completion of (Ffigop(X), Heena), and thus (Phgop(X), Heena) is com-
plete. So Theorem implies that (Plgop(X), Heena) is complete when X
is complete. Similarly, Proposition B7 implies that (F{hgop(X), dso) is com-
plete when X is complete. Theorem implies that (Ffhgoa(X), Hena) 18
complete when X is complete.
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9. Conclusions

In this paper, we discuss the properties and relations of H.,q metric and
Hg.nq metric on fuzzy sets in a metric space X.

To aid discussion, we introduce the sets Pl (X) and Plgop(X). Plocg(X)
is a subset of Plyr(X). The Flrgo(X) and Flgop(X) can be viewed as
the subsets of Plyo(X) and P}y 5(X), respectively. We define the Hyeng
distance and the Hg,q distance on Plgo(X), and give the relations among
the Hgeng distance, the Hg,q distance and the Kuratowski convergence on
P[}SC(X ). Then, as corollaries, we obtain the relations among the Hgepng
metric, the Henq metric and the -convergence on Fjlgn(X).

We give the level characterizations of H,q convergence and I'-convergence
on Fi¢o(X). By using the above results including the level characterizations
of the Hg,q convergence, we give the relations among the H,.,q metric, the
Hgong metric and the d;; metric.

Based on above results, we give characterizations of compactness and
completions of two kinds of fuzzy set spaces (Firgoq(X), Hena) and (Fr oo (X)), Heena),
respectively. We also investigate characterizations of compactness and com-
pletions of (Phscp(X), Heend). (Ffrgop(X), Heena) can be treated as a sub-
space of (Plscp(X), Heend)-

Note that R is complete and for a set V' in R™, the following are equiv-
alent: (i) V' is bounded; (ii) V is totally bounded; (iii) V' is relatively com-
pact. We can obtain the characterizations of compactness and completions
of (Fjscp(R™), Hend), (Fiscq(R™), Hena) and (Pjgcp(R™), Hena) by using
that of (Fjisop(X), Hsena), (Firsca(X), Hena) and (Pjgep(X), Hsena) given
in this paper.

The results in this paper have potential applications in fuzzy set research
involving H.,q metric and Hg.,q metric.
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