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A bstyackt

T his pgperstudies amadel ofhovpoitical parties use resaurcs or
Gampagiingirnom volers. W eshonvexdstence ofecp ibrium under
mild assumptias Toran abitrary number ofparties. T he main resullc
is thatifthe parties are more extrang then they spad Ess resourass
an ampaging (an aerage), ampared with maderate parties. T he
reesm is the Ollbning Cansidenvoters thattare infkamed by aeparty
aly say partyl . ITboth parties moe closar o eedch other; then the
actal and epected plEtiam moves doser 1o the indiz erent Volers
pesk By aaxaity ofpreEraxes the inaeese in payoer ohvoting or
the party thatinformed is bigger then the inaesse in payar ohivoling
Tothe otherpaty T hus the previasly indic eratvoternovstrictly
preEsparty! . T heer ectmakes parties gein mare Voles by informing
when parties are moderate. Since spaeding inaesess, \Volers are (an
aerage) mare informed when parties are moderaies.
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1 Inoductian

In pditical sdencs an impartantissie is infomatian tansmissian betnean
poitcal rpresantatives ad the ebctarate. T his issue hes several agpects.
0 neis the question Whether parties sad truthiul information o \olers ar
not T his issue hes been studied by B anks (1990) ad others. B anks ..nds
that, ifthe realized platiom of aparty is franay fian the median of the
voler distribution, \oters are ebk 1o infer the true platiom of that party.
ITthe platiam is dose 1 the median of the \oler distributian, this is not
teae || atirgl (199 7) hes studied whethenvoters aan bean fram parties
that have private infamatian during the elbectoral procsss. Sduliz (199 6§
studies a Stuation whare parties pcsses mae informatian ebaut the true
state of the world compared with volers. H e ..ncs that polarization etk
oM revealing seguential equilibria H onever; innane ofthese pgpers is it
acstly 1 sad messagss o \olars. A N impartant agpect in ampaging is
theatitis astly tosad infomatian oovolers. T his motivates the stiudy ofa
madel with acstly infomation traremissian.

T he main am of this pgperis 1 analyze how parties use resaurcss Tor
canpaging infom voless. W e desatbe honvthe resaurass spetan cam-
paging dgpad an howvdose parties are 1o eedh otherand hovthis in tum
& ects \volers.

W e study ageneral madel and are eblke o showvedstanae ofequ ibrium.
Inthe madel there is an exagaasly gven numberofparties. Eadh party hes
apredetermined ideology thattis drann fram samedistibution. T hisideology
auld be determined by the histary of the gap, Toreanpke. T he parties
care abaut the number ohotes as Welll a6 the asumption ofsame privale
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good. Eadh party hes aoasss 10 resaurcss thak Gan be used Torampaiging
Initially, voters do notknonvthe platfom ofthe parties. T oae ectthe voters
the parties use campaiging 1o infom the volers ebaut the policy of the
party T he parties are assumed 1o e anly truthilul messagss. [Fa\voler
is infmed by same party; itis assumed thathe knons the platiom of e
paty with cartainty. T his, camnbined with risk aersian, makes infomed
\volers an aarace mae paitive o the party, (¢ iven the platioms ad the
strateges of the parties \olers ypdate tharbeliek and then vole sincarely
o the parties.

T hen we study a synmetric model with ®\o parties ad ..nd that;, the
theranay parties are from eadh other (on aeragp), tre Ess infomatianis
supplied (onaarae) inequilibrium. || ofe thatinkaming avotereliminates
the risk ofvoting for et party,. T hen aasider volers that are informed
by ae party oy, say party 1, ad assume that the platiorm ofparty 1 is
doe 1o the median oler: Forthe indic erent\voler; the exqpecied platiom
of party ! is doser O the volers” pesk then the actual platform of party
1. Sine\olars ae riskaerse the voler wauld othernise strictly prefer to
voie Torparty 1. [Tboth parties mowe dosar to eech other; then the actial
and epected platiom moves doser 1 the indic erent \volers pegk Sine
\olerprekerancs ae aae te dsarothe peskapbtiom is the fatier
prebBraxas ae T his implies that the inaeese in payor ofvoling Tor the
party that infomed is bigger then the inaeese in paya ofvoling Tor the
otherpaty T hus the praviassly indic erattvoter novstrictly prefss party
1. T he e ectmakes parties gan mae Voles by informing when parties are
maderate. Since spading inaessss, \Wolers are (N aerage) mae informed



when parties aaemoderates. T hus, exttamiam baves mare\volers uninformed.
A BQ the uninfomed volers are gang to be mare uncertain ifthe parties are
TUrtheranay fran eedch otber: T he reesm is that the \aricbi Ity ofFspaxding
goes donn

0 ne of tre intuenass of this pgperis H anington ad H ess (W9 6. In
H amington andH ess ampagingis eplidtly madeled. P arties are assumed
1O hae a.>a&d ideolgy. Paties an use resaurcss ather 1 moe tdar
patiom doser 1o the gopaatt (pasitive Gampaging ar o moe thar
gopaats platiam frther anay fram the party’s onn platiom (necatinve
canpaging). H onever; there is no eplidtmadel ohwhy ependtures an
ar ectwvoler’s paagptias oftre parties. T hus, themadel ofint uendngvoters
is madeld as abld<box

T he pagper by Chappell (199 4) hes a mare sophisticaied model o voler
behaviar: In the madel caampaging is assumed 1o be truthiul T hare are
™o parties that can doose athar o spad an endonment an ampaging
anot T hus anly o passibe bek ofampaiging are allonsd. Exdistence
of equilibrium amot be proen even in this Impke sstwp. 1N anisst;, In
the madel presented hare el ibria generally edst

INn sectian 2 the madel is desaibed ad In section 3 edstance of equl-
ibrium is analyzad. 1N sectian 4 we study howv spending dgpands an how
extrane parties are and howvthis a0 ects volers. FHnally sectian 5 aondldes.



2 Thel ocel

LetY p<daoke tre poicy oae T hereis a..nite setofparties, danoted
by P, and a antiruum ofvolers. L etX ¢ Y daote the setof passibe
patiomstopatyk Farallk2 P, X isampact L etX = HopX danoke
the sstofpltiom pro. Es. A bBg Trall SY2P, EtX s= HoX . Foreadh
k2 P, the platiom is drann fran a prdocbi ity distributian gy - X ! <.
L etpk 2 X  danote the platiom thatis drann. L etp = (e ad Torall
SY2P, Etps= (es- T he platioms are notnecessari ly knoan tovokers.
Insteed they are pacaved as uncartain. H onever; \volers (and parties) knowv
thedstribution from whidh treplatioms axredrann. L etg(p) = Q,Q,ng(pk)
ad frall Sz P, Etgs(s) = Qlesgk(pk). T hs the prdoability thata
plEtlam py is drann Tor party K is indgpendant of the platiams drann o
the parties ather ten k

T he parties Gan use resaurcss o infom \olers of trarplatiom by ame
paging T he parties tuthitlly eeal tarpblatioms. T hus avoler that
is infamed by party k knons p with certainty. A motivation or that ss
sumptian is that parties regpeatedly Ee partin ebdias. B y doserving the
actias of the parties in paiament volers éGan infer whether parties have
tod the tuth. T he astin &ms of ks of igputatian by ssding unruthil
messages deterparties fram using sud messages. Empincal eddanae seans
1O justify this assumption. See Treanpke B udge andH o abart (199 0).

Eadh party k hes aoess o some resaurae 1. _ 0, vwhidh éan be used
atherforinfoming \volers arforasumption. L et ! = maXep k. L et
G: 2 [0; 1] danote the resaurcss party K spends an ampagingad v the
\Ole shaxe reEived by party K A party is aconcamed abaut getting as mary
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\Oies a6 passible as well as the aasumptian of sane prate good. P arty k
hes the Tolloning uti ity TUNctian, de..ned oerpairs (G; Vi),

W@&Gvi) = T i1 Gt v

where© > ( isawdditieteding theimpartance ofponer! 4 motivatian or
the assumption thatparties care sbautthe rumberoNoiss is thattthe poner
of a party dgpacs paitively an the number of seats itaaok. A nother
maotivation is that the distributian of the electiaratie may be uncartain. T hen
Vi is the prdosbi ity ohwinming.

V oters vole sincerely; i.e. vole Tor the party that gves them the highest
epacted utiity, gven tharbelek ancaming the platiams. Sinae there is
aaaitinuum ofhvolars, strategc \voting is notan isste. L etP r(pr) daote
the volers (anman) pasteriarbeliefthat the true platiam of party Kis py..
P csteriarbeliek are determinad in equi ibrium.

T he prefrencss Tonvoters aresingke pesked. | et denote the ideal pdnt
ohvoter 1. A IIhoters with the same ideal pant have the same preferencss.
T hen the populatian of volers Gan be desaibed by the distribution of the
volers® ideal pants. | et te dasity uncdionbedaoied by £ :Y | <
and the amubtive distribution Tnctionby F :Y | [0;1]. | etx daoethe
bner baud of the voler distributian, ifa baerbound edsts. 0 thernise
kEtx = jl. !l etx daote the upperbaud of the voler distributian, ifan
upperbaud exdsts. 0 terniss EtX = 1 . T he..gure bebow desaibes the
mackel ifthare are 1o parties.

1T he results abo hod ifu@i;vid) is aacae, inaessing in both algumeatts, b, > 0
and v = @Gowhere L is inaessingand aaxaein G Then ifrc= Y j G, itDllons
tatthe UncionVV! @Y= uic @) is AL in G
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LetV <! <beacxaendio thatis synmetricarard zexoad
antiruasly dic erentisbe. T hetindianV 1 <! <<is assumed 1o Igpresait
\volers” preeraaes. | e assume thatV is axxae synmmetric araund zero
and aatinuasly dic erertisble.

Hgure 1:4 neanpke wth 1o parties.

Casidar party k ad suppcee that voler 1 is not infkamed by party k
T hen the epected uti ity Torthe voler; when \voting tarparty K is gven by
Z
i C
V z ix"Prdz)z:
ZZXk

Ifparty k hes infomed the \oterthe paya when\voling tork is

i c
V o piX' =



21 Campagirg

T heimingis the Tolloning. First. the platioms are revealed 1o the parties.
T hen the parties doose ampagn epadturss. P arties hae anpkete in
Tamation. Campaigh epadtures and inttially plbatioms, are undoservebe
by voters. 0 therwise volers auld infer the true platiom ofaparty by do
sering the resaurass spatt, since they ganerallly dgpad an the platiam of
e party.

To see this asEder an eampke with o poiical parties. Suppcse
the stralegy of party ! assigs a div erant spending bvel 1 eedh platiom
pro. B Casidara\oter infkamed sbaut the pdicy ofparty 1 and knoning
the oeding belparty? butnotthe platform. T hevotercan, by doserving
the asst. then iner the eact platfom of party ? . T he parties can dosere
the other parties’ epadture daas, as well as the platioms of the other
parties.

V oters are infamed ebaut the pdlicy of party k with prdosbi ity (G)
wereh 1< ! [0;1]) Weasume®k(0) _ 0, ¥ < 1 adiyy) . 0 ©r
aly 2 [0;1nad 4 B Brally > 1. wehaeh®ly) = %(1nsd. This
assumptian is mede Tor tednical aveniexxe aly. A Bg % is axae A
motivation T2 () > 0 is thatawvolerculd recave infomatiaon fran other
saurcss sudh as nengpgpers and telbvsian braedcssts. Sinee the pgoulatian
is e %(q) is abo the fractian of the population informed by party k.

I essages caannottbe diredtied to sped.cgragps ohvolers. A Bg the prdo
abi ity that a voler is reeded by party K is assumed 1o be indgpaedent of
the prdoabi ity thathe is reeded by party 6 k



3 Eouilibrium
N this section voters ypdate tha rbelie when doservingsigals fran parties.
Sine volers nesd 1 aampute epected uti ity ohvoting Torparties they hae
not been infimed by, we nesd 1O rsstrict the strateges Tor the parties 1O
integebEe unctias. L et [X ] daote the sstofmessurebe Tincias an X
such that kfk = fRX j‘jmg_l is baunded. | et the setof strateges Torparty k
be

Te= FF2L,[X 130 - FX) - I« Trae xg:

T hs the strategy pace Tor eech party aasist of all integebke fnctias
thatare analker then the axdonmeantalnacsteversyinhere ad baunded in the
L, nom. A stratlegy Trparty Kisdanoled Gz L et T = £opl.

L et, (A) daote ttel éesge messure of A X . FarallS 1P, Et
. s(A) daoke the product messure ofFa setA X s. A Bg Et, (A) daoke
the praductmessure ofFasstA X .

Canvedty and ampeactness of the strategy sets is shonn in the Tollloning

L emma
L emmal Forallk2 P, te stralegy soae Ty is anex and ampect

P roof Step 1: Canvexdity.

L et Gl 2 T Then there edsts asetX X suchthat, (X 9 = 1,
whare Brall x 2 X Swe hae G(x) - !« Similrly there exsts a st
X! X suchthat, (X 0)= 1, whereBrallx 2X ! wehaed (x) - 1w L et
= BGt (1 §0) « Trsaned® 2[0;1] | oethat, (X \X )= 1. Charly
Trallx 2X A\X ' wehael -eX) -



Itrenairslosl*n/vitatekz L, [X ] Sinceq; add aemeewlabla ek
ismeasumblaA Ique2 = @’ ¢+ 201 .®) q;dk+ (W 0); d . Sinee
qﬁ<1ardek<1a’dmaeoer Wi - loV\eha\eRek<1

Thsec2L,[X ]

Step 2 . Canpactress.

L etB = fF jkfk - 1,gbetheballofdameter! .. T hisballan@irs T,
By lboghs’ T hearam, (R o/den, (1988)), itis ampact Thus weneed ©©
shovthat Ty isdosad. | etfididl . ; beassguene offunctias sudh that G |
G ad foralln, ¢ 2 Tk. T hen as acaxdiry oftreR iesz Fisder T heoram
¢ Bprantis and B urkirshaw (199 0) p. 206, there edstasetX” X sudh
tat, () = 1 ad a subsaquence fid'gl , thataonvergess pdnnise an X
Supcee G 2 T Thsnihereedslsasetu = 222X ja@)> 'gsxhtat

.U)> 0.1 oetar, U\XY) > Oand e &> L UL Sinefgigl
aneags pdntisean X, vehae [ ¢! (&> .U NN Ths
antredics te ottt g 2 T oralll. B

31 Voersh MWaysR eeded wth P aaitine P rdosbi ity

In this secian we anly allov%2(0) > 0. T his assumptian is relaed in the
nextssction.

Casiderthe updating ohvoterbeliek. 6 iven the infrmatian volers get
they Lee the infomation © revise thar belieb ebaut te partiss. Clarly
ifa party infams a\oker, then the voler knons the platfom of that party
with cartanty. H onever; ifa\voler rea\ves infomatian from party k but
not fran party_j then the voler knons that party j tekes the platform py
a6 gvaen when doasing his strategy. For eedh passible platfom pj, gven
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the strategy pro. E of party § thare is same prdosbi ity that the voleris
notinfomed. ¢ iven same platiom p;, iFthe prdoebi ity that the voler is
infmed by j is bnerthen the average prdocbi ity ofbeing infomed by 3
then the \voler inareesss the waditan this platiom p. T his Ollons, since
being uninformed is mare lkely whenpj; is tiwe. A similbaralgumant shons
that, gven p;, ifthe prdosbility that the \voteris infoimed by j is higer
then the average prdoabi ity ofbeinginfimed by § then the volerdeaessss
thewvaditan the platiom p;. T hus thevoter can use B ayes ruke o update
belieE oer the types of party J. T his proasss of revising belieb waul in
greral be dic ergat for dic ergitpy, SN the stralegy of party j in ganeral
\aries With p ..

L et (Qep- Sineek(0) > 0, thereisapaitve prdosbi ity thatvolers
are infamed by the parties in Swhenps is e, T hen B ayes ruke an be
gopled adwvehaetteOlningresult ForallS2P, allk2 S allz 2 X
ps2X sadallR2 T, thepsEriardadty, daoledP rn(z JS Gps), is

Priz 1S Gps) =

° HGPsZY) ° I RIC CEERY)] [CETAY 3Y

y2X m.sg,gﬁ% %%
TGRS )) ¢ I i %(GQhs))]9 (s XN X

x2X s 2S 2Ps
ITthe eqoressian ebove Gan be usad o de. e a prdosbi ity messure the
arespading messure is denoted P (S Gpg). 1TS= 2, ten thisisawell
cde..ned prdoabi Ity messure, sinceds messurcbEanX . T hen whenS6 2,
this is aboawell de.ned prdoebi ity messure (B i lincskey (19 8 §, sectian 33).

W hen studying anvergence ofmessures, e Lee the weelK tpology

Tosehovepressan l is demed Etp (S Jox) daote the prdosbi ity

)
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that a\oleris infamed by ecactly e paties In S gvencad x 2 X .
B ayes uk g\es

o p(SIChs z;))0s; Z; Y Y
- _ Prfpikg .
R e e T T () e L

X2X s
Sine te ebcate is bEge the dare of the pqoulatiaon of volers that is

informed ebaut tre platiams ortte parties inS Tragvenx 2X , is

Y Y
pEIe)=  W(GK) 1 iH@C)]: ©)

»Ss 2Ps

Canbiningejpresias 2 ad 3 gwes epressian 1.

T hredbningl enmashons et TorallS 2P, if¢é | cahenthereedsts
asubsaquene of fiéég) -, sudh that, Torainastallps 2 X s, the subssguenee
AONaIOES pdrinise ae anX ;s.

| ote thet, iffg ., isassguenesudh tatE! ¢then by treR iesz
Fischer T heoram, there exiss asetX X suhthat, (X) = 1 ad a
subsegene gy |, thataonergss pdntnise an X

Lemma2 Letféd ., krassgenesuhtat¢ ! c FarallS 2 P,
tere edsk a sotXs X s sudh tat, s(Cs) = 1, asetX,; s(ps) = T 2
XisJPsy) 2Xgsuhtat Orallps 2Xs, . ;s(X;s(s) = 1 ada
susapene féigy ; such et orallps 2 X, allx 2X;s(0s) , ¢'(Ps; X)
CNeIgEs © d@s; X).

Proof | et g ., beassgpaesudhtatd! c

Then EtX,s(s) = X 2 X ;5 J0s;X) 2 Xg. By T heorem 224 in
A prantis and B urkinshaw (199 0) there exists a setYs L X s such that
.s(Yg)= lad forallps 2Ys, X';s(ps) is messureblke.

12



Step1: FindingmessurebesstsX s andX Ssudhthat, s(C )+, s(XS) =
1, ad forallps 2X's, wehae, ; s(X;s(Ps) = 1 adallps 2X § wehae
.isCis(e)) < 1.

a) FindingXs.

CasidertesstsX\'s= Hs2VsJ, ;s ;s0s) = lgadX'S= hs2
Ys 3. ;s(;s0s) < 19. IFXs is messursbk ktXs = X's. Suppoe
X's is not messurebe | et | ” denote the auter messure assodated with
.- By Theaam 12.11 in A lprantis ad B urkdirnshaw (1990) there edsts a
meesurebe set E 97 XS such that E 1Y s whare | %(E) = |, °(("9. T hen
EtXs= YorE Yo S= X SineX s uXs wehae frallps 2 X,
.isXis(s)) = 1.

Ths X's Y sis asstofplatioms for the parties in S sudh that, gven
ayps 2Xs, T&igL ;, anvergs pdntniss foraincstallx 2X ; s.

b) FndngX &

IFX°S is messureble, EEX S= XS Suppae XS is notmessurebke. 4 s
in 8, thare exists a messurebke set E° 17 Xs sudh et E° 1 Ys where
VEY = ). Leex = YarEC Y as = XS Sine X S puX'Swe
hae Torallps 2Xs, , ;s(X;sPs)) < 1.

T hus X §Y2Y sis asstofplatioms forthe parties in S sudh that, gven
ayps 2 X§ f&igL, anvags pdntise an asetl ;s 2 X ;s wae
.isC ig)< 1.

O Proingtat, sXs)+ , s = 1.

I oe tetsine , s(Ys) = Lvwehae, sXs)= ,"(YsrE) = 1 i, (B)-
Ay vehae K9 = .°(OsrE) = 1 i.%E). 4 bo by de.nition of
the astermessure vehae ") = ,"K'9 = 1. = 1 i ,°EY.

13



Cambining tese aodiias gves , s(Ks) + . s(XS = 1. 4 bo fran & ad
b), wehaeXs[ XSHUYs.

Step?2: Projngthet, s(Xs) = 1.

Suppcethat, sX > 0. L et = [ers(MsIEX ;K ;@) 1K
ismessureble EEX = X I is notmessurebe there exdsts amessurcble
€tE@q X where  “(E® = _°0¢). Il asoer; sinee X X K ad X is
messursbkevehae  (E9 = °¢) - "X K) = . X iX). LeeX = E®
Thenweget, X )= 15,0 ., ).

Casider
Z Z
L) = i,@) . Lis(X X PN, s(s)
2" pPsX's
Z Z
+ LisX s s, s(Ps) = LisX s s, s(Ps):
ps2XE ps2XE

vhere the inecuality olons fram Fubini’s T hearem, and the seaond ecpelity
sng Torallps 2 X's, we hae | ;s(X ;5K ;s(ps) = 0. Sineg orall
ps2X§ vehae, ;s ;X ;s(s) > 0, if, k9 > 0 then, X) > 0.
sinel i, () _ . (<), thisantredicts the ce.niiocn of X" . T s, we hae
.sXs)= 1.1

In reality parties vary seldonm dnange trarreltine rankiing Fareampke
demaaats alhnays are 1 the Eft of the republicas. T hus we assume the
lbning

Separebi ity assumption Forall gk2 Psudhtat J6 k forally 2 X
wehaedterz< ytrallz2X caz> yfrallz 2X .
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N avww aasider a voler Who is indic erant betneen tho parties §j ad k
tvenps2X sad 2T, Etx(S Gps) daote the pesk of the volervwho
is indiz erent betnean voting Tor party _j and party k when informed ebaut
tepatiesinS ifsud avoleredsts.

T hedllbAningl enmashons that, TrallS 2P, ifé! cadV isstrictly
aae then there exists asubseopene féigy |, sudh hatx (S Eps)
aanargs XS ¢ps) Taraimcstallps 2 X s.

T od\e ahintofthe intuitian behind the proofassume thaky < x'< z
frally 2 X jadallz 2 X . Casidervolers infamed by the parties in
sane S (L P. T hen gven thatwe have Toud sane voler | with pesk x*
thatis indic erant betinean 10 parties moving doser 1 the party with the
hidestplatiom alnays makes the voler ke thatparty mae. A b moing
angy fian the party with the bnest platform makes te voler e, T his
implies uniquaness of e indicerentvoler: |+ bg assquence félgh |, that
anasgss pantnise almcst everyihere ae ects the \oler payer antiruasly
amcsteaynhere T his in twm implies that the indic erat voler dhangss
antiruasly, || ote that strictaocaity is notused in this informal desaip
ton of te proof. Strict ancavty is nesded when itis not the Gase that
y< x'< z frally2X jadallz 2X .

Lemma3letSpuP adjk2 Psuhtatj6 ke gwen. Letféd
eassgpeesuh et ! © Supose XS E;ps) edss Toralin. If
te Sgoarda ity asssumptian is sais.ed adV  is stricly aaxag, ten teare
edsk asetX s UX s suhtat, s(Xs) = 1 and asussagence féigl ;| sudh
tatorallps 2 X's , X§dS &' ps) anergs D XS G s).-

15



P roof. Step 1: T he indic erent\voleris unigLe.
Fixc Suppae gk 2 S. T he indizerat\voleris gven by X3S Gps)
= x"where x* is dsen sudh that
Z . ¢ Z . ¢
1 = - 1 = -
V Zix!' PnzjScops)iz= V yix' PryyiScrs)y: 9
22X Y2X
Suppae withaut Iss of grerality et Torallz 2 X c ad ally 2 X j we
haez > y. D it eratiating both sides ofexpressian 4 with respect tox ' gves
the dage in utiity when voling trk as
Z .
i c N
i VOzZix'"PrnziScope)z

ZZXk

ad the dance in utiity when\voting for j s
Z ]
ol ¢ =
i VYiXx PryiyiScps)y:
Y2X §
Casiderany x', yadz. Sincez > yweknovthatz j x'> y j x. Strict
aavity implies thatV () > V (w9 wheneverw < w@ T his implies that
Z . Z ]
ol ¢ = ol ¢ =
VEPZ ix!' Prz JSeps)iz< VEYiax PrilyISceps)y:
72X Y2X §
T hen anyvoterh wherex" > x' strictly prefrs party j. A similbaragumant
warks Torany other S.
Step?: Catinutyinc
By Rlbinis Theaem Royden p. 37) thare edst a st X § whae
.sX &= 1suhthat orallps 2X §, teftndian Gps; y) is integebkean
X ;s- Sinee% is aatiruas, %(GPs;y)) is integebke. A Bg since%(0) > 0,
Wls;y)) iSinHJbe. T hen th*is(ps)z ™= 2X isj(pS;X)ZX'g.A S0)

16



flon L enma?, thaeedsts asetX' s sudh that, s(X's) = 1, asetX ; s(Ps)
sudh that, ; s(X;s(Ps)) = 1 and asubsequeneg &gy ;, sudh tattorall
ps2Xsadally 2X;s(ps), S (s y) aOnerigs D @s;Y).

Casiderany ps 2 Xs\ X 5. Fran the assumptias an¥%, there exdsts
someh 2 < suchthat Brall z 2X , wehaeP rn(z jS &;ps) - be< 1.
SiNEP nd(z JS &;ps) ismessurabke by thel ébesge Canvargenee T hearam
R odmnp. 26) vehae

Z Z

- ¢ 1 N0
V2 ixX Pr@ziSe&pizt Vv 'z ix Priz iScps)z

22X 22X K
®)

forallps 2 X's\X 5. | oe taetepressian 5 implies thatx3(S Gps) exdst.
R ) _
Sine V 2 iXDPrdz JS gps)z is antiruas in X', the solution or
ZZXk
x'in4is atinuas Trallps2X s\ X 5. H

| ote that; if there doss not exdist a voter that is indic erenit betneen
paty j ad paty k orall | thare doss notedst a \voler thatis indic erant
bethnean party j ad party k when the strategy pro. ke is € Too see this
uppce thatthe epressian R V 2 i XDPn(z jS &;pizis lgerthen

R 22X
te epressan V(Z i XDPrndz 3S &;psyz Tralll. Then by eqres
z2X §
a5, ﬁersteqjoleeacn mustbe rgerthan the sscod when the stratlegy
pro.Eisc

TocnnpulegE\UESV\e...rstde..re
§ iV Ok ixH ifk2S

Ukx"'JScpg) = § R _ ] _
i VZixXDPrz jScGps)iz othernise.

B ZZXk

17



6 ivenpsand U (K x!' jS Gpo) is theeqpedted payar Toravotenaith pesk
x' ifhe is informed by the parties in S¥2 P and \votes Trparty k.
ForayT, Et

OSere) = &'2Y jukx'IScops) . UEX' IS op9)8i2 Pu:

6 MeNSY2P, ps2X sad 2T, 0 (S Gpg) is the setohideal pants ofthe

volers whg ifinformed by just the parties in S would preBErpaty k | oie

that the epressan R T(X)I x then is the mass ohvolers that preler
x20 (S s)

paty k

A B Note thattthe separabi ity assumptian implies that0 (S Gps) isan
internal T his ollons, sinae ifany o \olers preler o \ole Torparty Kk by
striccancaity ofV , any \voterin betinean these tho\olers strictly preerto
vole Torparty k

A ssume et 0 (Sd ;psg) is naampty, Suppae miINfx 20 (S ;ps)g
admaxtx 20 (Sd;ps)g edst T hen thare are parties 1 2 P sudh that;
gwen S thareis avoler thatis indic erent betneen voling Tor party k ad
voting for parties j ad |, respectively. || ofe that these parties midt be
dic eratfordic el @it S.

Then forsone j2 P, vehaex(St;ps) = minfx 20 (St ;ps)g ad
Trsarel 2 Pwehaex(Si;ps) = maxix 20 (St ;ps)g. Then

Z X3l ps)
TX)x = T x:
x20 1(SH ps) XS ps)

ITmiINfx 20 (S ;ps)g armaxtx 2 0 (S ;ps)g donotedst replbe
Xgp(S;ps) arxu(St;ps) V\iihR>_< ad X, respectively. 110 (St ;ps) hes
messure () aris enpty, ten TX)x=10.

X20 1 (St ps)

18



T hen Etvi(qs; Gk ji ;p) danote the voies Torparty k ifparty k doosss
G, theotherparties docse Gy, and\olars update belle acoordingtod 2T,
Txsanep 2X . W ehae

) X Y Y Z
Vit ;p) = %(G(p)) () B I R (0 (D)) FOO x
%gfﬁ 12Ps 0 (Sips)

X Y Y Z
+[1 i %(g(p))] w(GM) [1 §%(q@®))] fix: (@G

%g »S '2:[(8 0 (Sipg)

\ ote that, by separebiity tho parties cannotbe perasivad as idartical
by volers.

L et

wi(Gh5p) = WG Vil ;p)):

SinE V(& G J1;p) Gan be rewrrtien a8 % (QA(GK 0 ;p) + B (G 31 :p)
ad¥ isaxae wi(Ccjl;p) isqes-an@aein . Toosse tis . xp ad
.1Istasume that A(G Jd;p) > 0.

By caxaity of: we hae

0'wi(G(P); Gk I 5p)
0G(p)

T his implies thatw « iIs aaxae.

Secod, sUpPaER A(G i 3p) - 0. Sinee L& > ) vehae

Owi(G(); G 31 ;p) 0Ap))
0 o) ()

Since the TUNAliON w ¢ is deaessing in G(p), itis ques-axae.
A negulibrium is astrategy pro. ke orthe parties sudh that; . istly eedh
party doosss an gotimal strategy, B8king the other parties” strateges ad

0*%(q()

pap) 10

= °A(Gk11;p)

<0:

= °A(GkJI;p)
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\olerbeliek as gvan and sacodly, voters revise tharbeliek gven the strak
egy pro. ke ofthe parties.

D e.niian1 A ninfomaticall eashEqulilriumisac2 T sudh et

) orallk gi(z) = arg ggoaxk]! k 18+ °Vie; G JC 2) oramcstall
e o
22X

i) orallz 2X \, allSUP, allk2 Sadallps 2 X s posterior keleb
are gven by P n(z JS G;ps)-
)

T he ..istaaditian mears thak € is a best respase aincst evaryinhere
T hesaaod means thathvolers LseB ayesian ypdating accadingtothepro. E
c.

N avwaaxsiderthe best reply aonrespadace orparty k2 P, gven that
the other parties use the strategy pro. ke G and \olers update tharbelieb
aaaadngtocThs ral 2T, Et

hi(g= 2L, X) Jfi2) = argeggoa?i]! kiet °Vk(e; Gk JGz) ae anX g:

Ceayhp :T! T.leth®= PDiep- ThHENK® T T.

Sine epressan w i (Cjd ;p) Is gueds-aaaAe in G, avex\aledness of
h = Hollons.

T he Olloningl. enma shons thath © hes a dosed greph.

L emma4 ITte Separda ity assumptian is safis.ed adV is strictly an
&k h*® hes a dosed ggph
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P rook Step 1: vi(fi; Gk JGp) attiruas in (ficgae anX .

A cgin Etfég ., beassgeesudh tat ¢! cad Etffd ., be
a ssquence such et f! 2 h3(E) Bralln ad £ | fi. Then by tre
R iesz Fisder T hearam, there exists a subssquenee gl ;| that aonvergss
pdrnthise ae. an X . Canespading o férgl.; there is a subssquenee
ff'g. ;. A gain by theR iesz FisderT heoram, thereexists a furthersubse
quenee gl , thatanvargs pdniseae. anX . Then BeX pX de
note the sstofplatioms sudh that &° and T ° aanverge pdrtnise. Clearly
.00 = 1.

A sinl enma3 thereedsts asstX s where | s(X ©) = 1 sudhthat, Trall
ps 2X L ad all j 2 Pri, the fnction G(s; y) is inegebk anX ;s. | et
X (S = fhsy) 2X Ips2Xs\X gg. Aol enmaz wvehae, (X' () = 0.
L etx == X' 5.X (S)g. Sine, (¢ (9) = | TrallSpPadPis..ne
LX) = 1. Then since &° aanvarge pdntniss XS &9 ps) canerges
O X3S Gps) by L enma 3. Sine % is axrtinuas vi(f"% G § &°p)
anvergs DVt Ge JGp) Torallp 2 X" sudh thet, (X°) = 1.

SEp?: F2h7%0.

Step 1 implies that

fip) = arg max Lic i e+ “Vide; G IGP)

Trallkadallp 2X U waeU Y2X'"ad, (U)= 0. Suypaoe, (U) > 0.
Then Trallp 2U,

() 6 argeggoa?i]! kit OV Gk IGp):

Charly T, and &° aonvergss pdrinise an U \ X “where, U\X®)> (0 By
Egoo s T heorem, thereedsts aset' U \ X2 such that, (0) > 0 where

21



f.° and &° anvarge uifomly an . Ths Brallp 2 (), there ediss a
rumbertsudh that, Trallr®> rfwe hae

f."°() 6 arg max licie+ ovie; G JE&Op);
e !
aredidiing the de.ritian ofF ff"r gl . This £ 219 Thish® hes a
dosdgeph B

By =gl @anma4 we are now ebke to shovedstence

P rpasitian 1 ITte Separda ity assumptian is safis.ed andV  is strictly
an@Ae tere edst an Informatiaall ash Equibrium E.

P roof. | oe thatbyl enmas 1, 4 eboe ad T heoram 144 inA Eprantis
adBader(1994), a.>xedpantc= h(E) edsts. Then, Trallp 2X , all
SuP adall k2 P, by astructian ofh °, the beliek are gven by

PrzjScps) =
_Ql/z(q(ps;z;y)) N [1 §i%(F0sZ;90s Z; Ny
)prnﬁ;ggﬂ% s )

0O
S wGesv) - L i (GOsV)gPs vV
2P s

VX o 2S

A Bo gven these beliek ad by the aastrudtian ofthe magppingh =, € sak
is.esi) Trallk2 P. T hus € is an Infomatiaalll ash Equiibrium. B

T he main idea behind the praofis o startwith some asbitrary strategy
pro. E for te parties ad Et\olers revse thar beleb acooding 1o this
strategy pro. E ( iven this pro. Ead the revised belleB, eedh party daosss
an gotimal strategy. T hus we aarstructa mgpping fram the setof strategy
pro. Esoitself T hana.. >ed panttheaam anbe goplied toshavedstene
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32 A Ibaing®%@)= 0

\ olethat; if:(0) = 0, the prdosbi ity messures de.ned in epressian 1 ned
notbe well de..ned.
L et

= (1
W (Y) = %(y)+ 71 1 /;(n-max)

Trally 2[0;! nad-

Sineh(Inad) < 1 Vehael < ") < 1 Trally 2 [0;nad 4 B9
E59 = 4qy) .0 Trally 2[0;! o] Then’" covergss pannise oY a6
n! 1.Sine%isaae " iIsame

Say taetcis an il E ae ifthe pro. ke csatis. . es the reguiramanttii) in
epresssicn 7 aimcstevarynwhere T hus we reguire that bellek are updated
acoading o € aincsteverywnwhere.

De.ntian2 Thepro.EC2T isan Infomatical ash Equi lbrium
ae if
i) Trallk &)= arg ggoaxk]! ki€t Ve G JC 2) oramcstall
e o

22X ;

i) orallz 2X , allSUP, allk2 S tae edsk . s X s weare
.s s)= 1 suchtatiorallps 21 s, posteriorbeliek are gven by

Prdz JS &;ps) Wen B ayes ruk goplies.
®)

T he olloning resultshons edstence ofan Il E ae
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Theoem 1l IT%(0)= 0 tareedssac2T suhtatCisan Il E ae

P roof. Step 1: T he caadidate equiibrium pro. ke ad beliek.

Casidarassquence £i'gl_ ;. Sine " is aaxxae Treadhn, an equ-
fbriun & 2 T edsts byP ripasitian 1. L et f& gl , danote asequae of
sudh equlibria Sine T is ampact there exdsts a aanvaergant subssoLaece
f(.‘i”ggézl wth imtc 2 T. A bg Tralln, alS 2Padallk2 S
there edsts a prdosbi ity messure P (S C';ps) de.ned as in eressian 1.
\ ofe that, snee X is aampact, ay sudh messure is igit A g noke that,
by theR iesz Fisdher T hearam, thaere exists a further subsequence f& g _ |
thatcovargss pantnise ae anX .

StEp 2. BExdstence of imitprdosbi ity messures.

Casider the subsaqpenee féhg.,. FixS»“2 Pad k2 S, Tae
the subssgquacee of messures aonrespading  this subssguene. D aoke
the elbamants of this subssquEN®E P (S E;ps). Than by H elly’s T heo
rem Bilingsky (Y86, p. 3 2) thare edsts a Turther subsauene ofFmea
sures that anvergss weekdy o sane welll de.ned messure Pri(Sps)- L et
&gt , daote the subssguencee of eqpi ibria aonespading 1o the subose
qgene of messures. Clarly this seguence is a subseguene of féh gl .
Ths P (S E™Mi;ps) aanvergs weekly P r(Sps). By repeating this ar
gmeitfrall S P adallk 2 S there edsts a subsequene T g,
suh et frallSY%: P, allk2 S, P (S &Ma;ps) anvargs weekly o
Pr(Sps)-

Step 3 P raofthat € is abest respass gven Eimitbeliek.

Casiderthe subsegence f&E'ag_ ;. T hiis subseqpence aonverges pdrie
wem X, sudhthat, (X)) = 1. | oethat, sinee E'"a(v) anvags o E(V)
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rayv 2X ten%"(C'"a(v)) anags oh(E(V)). Sine the ssopae of
messures anvargs Weekly Trall S2P, Trallk2 Sadallps 2 X 5, we

I’Bezbyﬂ"EV\waw -
VE i X)Prz jISSu;ps)iz! V@ i xXDHPrdz jSpa)z
22X 22X
Trallx'2y .

W hen voter beliek are gven by Pri(Sps) orall gk2 P, allS 2 P
adallps 2X s, Bt} (S ps) danote the pesk of the indic ereitvoler; when
infrmed by just the parties iIn SY2P adwhenps 2X s is ttue

B yaatimnutyagumattsmibrtosEp? inl enma3 trallSp P ad
allps 2 X s, X3S E"a;ps) aanvargs OX(Sps) Torall gk2 P. 4 b
orallv 2 X, sine &a(v) anvags o E(v) ad iy anvagss partnise to
% it follons thath" (E'a(v)) anvargs B%(EV)). Thenv(E'ra J&E'a;v)
anags bv(C JGEv) Torally 2 X. By an agmaittidaitical o te
agmaitinSEp? inl enma4, €2h(SE).

Step 4 : P rooftat imitbelet resultfion C.

Casidar e seqence fiChag . Forany S¥%:P, k2 S ket

CESCps)= F;s2X ;s iGsv;s)> 18k29:
Thuss C (S &ps) axsists ofall the platfams of the parties notin S sudh
all parties in S gpatks apaitive anaunt gven € adps.

FixsoneS»”2Padps2X s.

Caeel: | ;sC(ESCpg)=0.

Sinee, ;s(C (S Sps)) = 0, Bayes ruke donotgpply and any belieb ean
begoplied. Then TrallS¥2Paxdps 2X ssudhttet, ;s(C (S S;psg)) = 0,
we assume thatbeliek are gven by P ri(Sps)-
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Cael: , ;sC(ESSps)> 0.

LetX ;s(ps) = v 2X ;sJ(0s; V) 2X 9. Furttermare a8 inL enma3
ve EtX's= Bs2Xs ], ;sK;is(Ps) = 19. Clarly ,s(X's) = 1. Then
rayps2Xssuhtet, ;sC (S Eps)> 0 vehaeP n(z JS Ca;ps)
anvags P Rz JSEpg), rallk2 Sae anX ;s. Then bySde &s
T hearem B ilingsky (18 8), p. 224), P (S &;ps) = Pr(Sps) Trallps 2
X s.-

The rallS¥»2P, alk2 Sadallps 2 X s we hae that belieb
derived filon € are gven by imitbelieE. B

T he idea behind the proofis the lloning Fareadh n, an equiibrium
C 2T edss fran P ipaatian 1. Sine T is anpactthere edsts aaaner
gtsubsagpene, &g, with ImitE 2 T. T hen by repeatedly using
H elly’s T heoram, there exists a subsequene TE™M g, sudh that, forall
SuP, allk2 SwehaeP n(S E'a;ps) anvags weskly tosane messure
PriSps)- Thentrepro. ECE 2 T ad thebelieE gven by the imitmessure
isan Il E ae Ifthis whare not the a2 then Trq sut dently lagg &'
Gamnotbe an equilibrium.

33 Q uedraticP referaass

Sinee themadel in general is oo aamplicated o sohe analytically e restrict
the analysis in the emaindar of the paperto guedratic preferencss. T hen

VE ixH= i@ ixY:
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6 vensameS P, c2 T adps, ELE[pk JS Ghs] daoke the epected
pltiom of party k and BtV AR [p JS Gps] daoe te \ariance of te
platiom ofpaty k | avarsidertnoparties jad k Q uedraticpreerancs
implies that

X3S Gps) =
EpxJS cpsl+ E[pjjSCps]+ VAR kIS cGpsl i VAR [pjjSCps]:
2 2 EpdSorsliElpjIScpsh

@)
T oosee this note that the paya when\voling torparty jis

£ i} o] ,
iE (XY ISops = iEX;ISopslixy i VAR p;ISopsl:
(10)

Simibrly the payo wWhen \oting Torparty K is

£ - o _
iE c ixY JSops = iEXISps]ixY iV AR peiSops]:
1)
Setting expressian 10 equal 1011 and soMing Torx! gves expressian 9 .

4 Bxtrame\arsus il oderate P axties

T he main issLe in this pgperis what hgppas with ampaging and voler
ambiguty ifparties becone mae ar Ess exttane. Tostudy this, ELT be
symmetricwith meen 0. W e albo assume T{x) > 0 whenevlerx < 0. W e
rsstrict atientiaon to a situation With tho parties where the Separabiity ) s
sumptinissatis..ed. Furttermare BtX = Mg ;P gwWherepy = pg + 21,
1> 0 adp,. = ipw-LetX = X1 £X,. | oetattis is notaspedal
e of the set of admissibe pltfoms desaibed in sectian 3 aboe. The
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stalegy pae BrpatykisttenTi= fgjaX | [0;1p. LetT = T, £T;.
De.ret= Ef,g= jE g asthe meaen ofthe priardstribution Torparty
2. Ths aparty is ather fr anay fran the median voler a- dose o tre
median \voley; reltive 1o the epected platiom. A bBo by the Separcbi ity
A ssumptiahwe hesep,,. > 0 > pyy whidnimplies+ > 1. Eadh pltiam is
drann with prdocbi Ilyzl . T his implies that the prarariance of the plak
fams forboth parties is F . T he parties have aaess 1o the same anaunt of
resauras. Then we ket! = 1, = 1, | et (15 p: p) be denoted G5. 6 iven
sanep 2X ,adcd 2T, the\voes Trpatyl is

X1 QA p) X2 @ 1)
Vil ;p) = H(@p)(Gip) T v+ (epll ik(ep] L\7.0Y%

X

IX

X1 P p2) x12 G p2)
+[1 it (epl(cw O y+ [1 i%(@pll i%(ey)] TN y:

(12)

T he DllbAingl enma ghves pasteriananancs and eectatias When a

\oleris reeded by ae party anly. T hen we are ebke 1t aaompute indic erant

\volers When a\oleris reeded by ae party anly: Since we stiudy symmetyic

el ibrig we can deduce that the indic erent\voler-is atl, when volers are
infmed by none of the parties.

IX
IX

Lemmab Letclke asttategy pro. B Supose S= fg. Ifp, = p;i ad
Gji> 0 orsane j2 fi;H g ten

DI CED FREDIIECED)
W@ D[l i (@Dl (@ DL i (G )]

Ep: IS epsl= Efpig+
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ad

) gy (@)l i@ dlll i %(e Dl
V AR [p; = 4F
P IS Gsl= G ol i @0l %@ L 1 %G O]

Toreecnh 12 1L;H Q.

P rook U pdating oihvoters. Sincee g > 0 Torsane J 2 1t ;H g Bayes uke
goplies.

LetS= 1. Bas ukgws s

@l i@l

@Dl i@l + W@ DL i%(@ ]
ori2fLH g. L etA = %(@ D[l i%(adladB, = (@)l i%(adl+
h(@ )L i%(@ )] Tori2fiH g. ThenP (. i2;cps) = & ad
Bi1 i2A _

1

Pri(ow §2;:Gp;) =

Elps §2;Gps]= ix+ |
' K
_ Ai[B;1 1 A
VAR [y 2 Goel= #2202 1A,
1

Substituting in the eressias TorA; adB; gves the desired resullt B

A amilrresultholcs Torparty? .

I avwaosiderthe gotimal spending dxace when aparty is faranay fran
the median \voter; reltie 1o the \olers priar:

L emma&Suyppcse C is asynmetric IV E. Foreech 1 2 1L ;H g we hene
G;-ladg, =0.

P roofE Casderpartyl. By synmetry, asmilbragumentholss torparty
2 . L et che an abiraxy symmetric strategy pro. . By hypothesis we hae
P1= PiL-
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Step 1 X (1;6p1) - X (2, 6p-) andxy, (12;Gpn) - X @ Gp:).

Case 1 X (1;6p1) - X2 (75 Gp-2)-

W ehae

X1 (1;601) i Xn (2, Gp2) =
[P w P Pripoe §15Gpad dpry Pripow 315 Gpall.
2w i Elp 311D

Sinepy < por < oy @dPrip; J1;Gpa]+ Pripy Jl;6p1]= 1 e
merakr is naneative ad sine py. < Efp; j1; Gp:] the denaminatoris
necatinve. T henxy (1; 6p1) 1 X (Z;Gp-») - 0.

Cae?: X, (12;6pn) - X @ Gp:).-

W ehae

- E '2’ V _2’
Xp2;6py) i X (@;Cp)= Pu 1 [glj sl iz(E[pEp_ljZJ'c,‘:pcf?lz::pz)

_ (1 5P )P Pripw 31601t po (Elpr 32:G0: ] i Pa).
2 Elpr B2:cp:1ip) ]
Since Q1. iPpw)< 0,p>0,pw <0 adE[p:32;em]ipn -0 the
numeratoris narecaine A Bg sneEp; J2;6p; 1< p;, the danaminator
is necative. Thenwehaexy, (12;Gpy;) i Xu Q;Gp;) - 0.

SEP2: G ;= 0. Sinexy (1 6p1) i%u (7 6p2) - 0 andxy; (12;Gpr) i
xuQ:Gp) - 0 byStEp 1, party 1 kses by infiming || oe that this holds
oray synmetricstrategy pro. B Then @ ;= 0. A similerasgumentholcs
rpaty!. B

T hus, eedh party spends nothing ifthe realized platiom is franay fran
the median voler;, aampared with the priar: T he reesn is that when in
Taming \olars, the volers beaome anare of the platiom of the party. BEven

D



though olers padEie the platfom with cartainty the reductian in riskis
not su¢ dant 1 counter te e ect that the platiam is Branay fron the
median \voler: T his result makes it essy 1 ampute epaditurss Torthe
party.

\ awwv aasider the epaditures when parties hae a realizatian of the
platiom that is dose 1o the median \volery; aaompared with the prior. T he
Hlbningl enmashons that the spading el ofa party is indgpendatof
the realized platfom of the otherparty.

L emma?7 Suppose Cisasynmetric Il E. Foreech g J2 fL;H g we hene
Gi- G = G 2[05!1]
P yooF | et cbe an abittary synmetric straiegy pro. k. Casiderparty 1.

By hypothesiswe heaep; = pyy -

Step l: Thevoiss Trparty 1.
x12 (RSp=)

\ ote that, Sinexy (2;Gp-) = 0, wehae fy= 7.
Case l: P2 = PaL- -
By uwsingeqresssian 12 thevoles Torparty l is 3
- . X1 P 1)
HEOHE D) 5+ HE O KGOS+ TN
2 . 3 :
1§ HE OIS DF] TONYE + [ 4G DI (& DT,
x12 Q ;6p2)
Ceee?: P2 = Pan -
Theng,, = 0 ad%(c, ;)= 0. Thewvotes frparty 1 is then
21 X1 JGp1) 1
1/2(¢HH)42_+ FO)Y + [1 i1/2(C134H)]2—3 13
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Step 2: 0 pimal padingdxac

Bysymmetry vehave X, ¢;Gp;) = ixp (1;Gp1)- Then by synmetry
of the \oter distributian, we hae (inCase 1)

X1 JGp1) pd
fO)y= L\Z0%
0 X12 Q5Gp2)
FAon Caeel ad? inStp 1, e iskaderaadtanis
X1 JGp1)

SR (o) foyNyil=0 19

0
fralli2 fL;H g. Sine epressan 14 aly dgpad an ¢ thraugh beliek,
the gotimal ddce Torparty 1 is indgpedattoftre dxace of ¢, gven \voler
beleB. Thisimplies G, | = ¢, - Then EtG = ¢, daote the solution
©14. Bysymmetty vehae ¢ = &, = G, . B

In partiauler; e Toas atiention an stebke equiibria

41 Stebility

T oanalyze stebi Ity we aasideran equi ibrium and perturb the equi Ebrium
pro.E The plhas tae tte new pro. E as gven ad reptimize. T his
apn gwes arewpro. ke ( iven this pro. E the plhas regptimize agan
and soforth. T his gvwes asystam ofdis erartial equatias by utang the .. 1Isk
ader aadtias. | et ¢ daote tre starting \ale of C | et the system of
dic erentiall equetias be daoted 9. FarallGl 2 T, Btk j dx daole
te (eudidan) distance betnean cad (. | eta solutian 1 the system of
dic erattiall equatias be danoted A (€ &).

2



D e.niian 3 A negilibrium Cis ballysebk iftereedssa” > ( sudh
tat
cid, -7 hnite:= &

L ettt <. daotete(ge) sstofpossibE paranetenalessof:. T he
lbningl enmashons exdstace. T he aaditias an ¥ ad the distributiaon
are ednical adtas thatgarantsss the exdstence ofan interiorsolutiaon.

) Q)
L emmas Suppose °%q0) 0 f)ly 1> 0, °%q1) 0 fM)lyil< 0 ad

$Q0) < 1. T hare ediss asynmetric ballystebk Il Eae. an¢ .

P roofE Symmetriceou ibria

Step 1: T he..>&d pantmegpping
L et

N T RIO) R
2O o P et B i RO)

\ oethat; ifdssymmetricadifg, | = G, = bttenz() = x, (1;Gp) =
iXe (€;Gps).
Casider 20
&) FONyil=0:

0
Thisepressiande.nssamgopingk - [0;1]! [0;1] sudh thatkdb) = G.
A Bg by aastructian, k) is the gotimal campaigh epaditure bel Tra
party thathss aplatiom dose 1o the median voler; Torbelie resuling fran
b.

Sinee
0z _ AOLIEN I
]

b Witer 3 HOY €

3



M) > 0 adi™{(g) < 0 Tray g 2 (;!), itOlons thatk is single
valbed and nadeaessing T he .>&d parts of the mgpping K is the setof
synmetric equilibriia Sinee z is antinuasly dic erericbke and ¥ is thae
aattinuasly dicerartisble ith2 0;!1) ad k) 2 (0;!), tenkis dizeren
ticbke

Sine kis aantinuous Tindian, there exdsts at bsstae symmetricequ-
Ebrium.

Step?2: Usngko..nd aadidate equi ibrium.

Casderany interior.>x&d pant ¢ such that

W(GHF Py
KE)= 3 ;;S?))@q

RG) 0 foxy

< 1: 19

A ny .>ed pantsatisfng 16is a adidate equi ibrium. Sincee k() > 0
adk(!)< ;P rpatand .31 inll as Caell (1989 ) implies thatthereedsts
sudha.>ed pantforaincstall: 2 ¢ .

Step 3 Hirst we shovthatwe an risstrict atientian 1o the stabi ity of
parties Where the realized platiam is dose 1o the median \voler.

L etB- (&) = fgkcij &K < “g. Syppaewvestartwithsane 2 B - (6)
such that, a party with a platiom that is - anay fran the median \voler
spancs apaitive anant R ecall% V)< 1.

Casidar the best respass gven same € Suppae party 1 is Branay
fron the median \voler: | et

oy = (e pFue2;601n) i FXu@scp:))]
+ 1 i %@ pllF e @ ep) i F & (?56p2))]:
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Ifparty 1 doosss apaitive spading bel &€ ., the . iskaderaoditian is

oW G PP il=0:

Sine symmetry of the strategy pro. ke is anly used in L anma 610 showv
Xy (?2;Gp-) = 0; L enma 6implies thatF (X, (12 ;Ghy) - FXu @ Gn)y))-
A B wehaex; (;Gp1)< 0.

ItGan be shonn that

i ¢
. EAGA
XlZ(?1Cp?)_ l(i iI)B?+ IA;?-}- IA;¢
whae

A= Cina)A i@ )+ Ci%Gs DA i%(Gin));
A= Qik@n DA i@ N+ Ci%Gn ) A i %(Gin))

X X
B = Q i%E) U i%(ew):
prrHgeHig

Sineek(1)< 1,B?> ( frayc- ! adA?, A’ adB ? aeatinuas in
cwvehaexy; (?7; Gp-) atinuasincll asoer; ifd  Cthenxy (2; Gp-)
annags 0.

Then rawy2 > ( thae edsts an”~ such tat; ifc2 B-(€) tten
Ko (7 Gp2)i< 2

SineeF (xp (1;Gp1L)) - 7 Wwehae

a, '2} i Fxu (2, 6p2)):

Sineekq0) < 1, thareedsts an”™> ( sudh that

>



012 1
5%0) > 1§ F 0w (2:Gp2)

holts Torall 2 B ~(€). R epeatthis forall states where the platfom ofsame
paty is franay fian the median woler. L et~ daoke teale of” sudh
that, forall c2 B- (&), Torall statss where the platform of same party is
Branay fram the median \oler; any sud party doose zerospeding Sinae
X1 (?;Gp-) isatinuas incad %)< 1, wehae<> 0.

LetB! (A= fTgkci &k < " adaGi= gy = 0 Tri= L;Hg. Ths
BY(A) is tre ball aacund & ghven that parties - anay fian the median
volersoad zaro. ITC is lbally stebke to dangss in gpending ofparties that
hae phltiams doe o the median voler; thereedsts atl > (| sudh tat; i
AE) 2BUA tenina: ABE! ETré> t

\ av asider the solution 1O the . Istader aadiian, gven sane & 2
B-(&®). | etthe soution O the .. Iskader aaditias be danoted &. Sine
\oles Torparties thathae platiaoms dose 1o the median voler are aantinuous
incftrastdatlysmall” - =, daoted "9 ifé 2 B-(&) ten & 2
Bi(O.

T hus we Gan restrict atientian 1o the Gese When parties are doe o the
median volerand shov that this systam is stebke

StEp 4: The system of dic eratial equatias of parties with platioms
dose omedian \oler:

6 iveng 2 fi;H g Etay;(9 daote the die erential equation orparty k
Usnga..istader T aylrsaies epasan at; ofte .. iIskaderaonditias,
g\es the systam ofdic eratial euatian a6



3

HOOOOCOOD) N)
AP P A
ONNNNRN W
1

2 32
An m 0 dmm bnm G;HL(-')iq:
E 0 an m lqnm dmm §§ @L(-')i(an E: (17)

Cen B @m0 a(®ic
Ly B den 0 Qen Gn®iG
| et
E H(G) k

T CaiRE) @ IDC i HE)+ 2D

D = tH(G) ¢ i D¥(SF) .
@ i DIA(S) Q i (S N]+ B(S)Y
| ol e PECE - G ad A0S - E. Furtama o
m@nz(@lq;;?;pl) = (@)D ad 7@"12(@2?;‘)2) = i(&)D. A By Etf =
T Q;Grip))-
Itcan be shonn that

2 3
)
ann = HAE)§ FOXNYE i BASDPR §25(S)g;
X12 Q ;G5 p2)

© A
b = BAS)A i () FQ i #(S))D + Fxw: (?;Gp-))E

ad
© a
o = $AG)A i %(F)) WSHD § F(xu (2;Gp2)E -
1 asoear,
Z x12 (167 1)
8en = HHAR) 0 FO)y+ YIS i %(E))D;

b = iXS)FA §%(SE)D
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den = ¥YGIPR(G)D:
StEp 5 Sty ofsystem inStep 4.
Fari= 1;2;34, Et, ; daoke the aganalles of this matrix
Casidarte .. 1istaganale. Itis gven by

pd
1 14
e oy /‘(q?)l? (G)
x12 ;G p2)
Lqaytn ™ i EDLY

W ehave tho Gaess.
M o
IFH(GY i¢ (L k(@) 1T GODE 0, ten

=

2 3
2
- HAEHE TN YE + THIGIDPHE):
x12 Q3G P2)

CeEarly byepressan 16, 1r%5 necative. o
IFA(SY 4 @ §#(Q)) 1 TuCE2DE < ghen the real partof, ;

is 2 3
2
LG T Y6 + IS DP(S):
X1 Q367 p2)

Clarly by eressan 16 the real partof, | is necative.
\ awaasider ;. Itisgven by



2z

R (5)) TOXy+ %c@)‘?ﬁ@:)
x12 (2567 P2)
Yeyin”™ PCICEDL,

W ehave tho Gaess.
(@] - O
IFA(EY i¢ (L i%(Q)) 1TuGIDE g fhen

2 3
)
P G FOX S + ¥ F(S):
X1 @ ;G5 p2)

Claarybyeplessimlesbzrijsr@ﬁ\e o
IFA(GY id4 A in(QG)) 1TuEeDE <, ten the real partof

is 2 3
2
49 TN YE + THAGIDFHE):
x12 (3G P2)

Clarly by eressan 16 the real partof , , is necative.
N awvaasider,z;ad . ,. W ehae
2 3
2
,a= BYS)E O
x12 Q567 2)
ad 2 3

)
R G FoXYS + WY@ )DFAS):

X1 3G P2)
mn #

R

Sine $RA) < 0 and 1N(A) Oy + BAES)DFL(E) < 0, we
x12 Q3G P2)

hae < 0ad,, <0.
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T hus the real parts of all agenvalles are necatine. T hus, any soluitiaon
¢ udinStp!? issebk

| olethat,, _ 0 orany.xadpdntsuchthatkib) _ 1. Thus te near
goproadmatian of the dis erential equatias ussd abowe is notstebke Torany
such .. >ed padnt |

\ o asEda e eedts of dags in £ an campaigy spadng L et
- 1¢ 11 [0; 1] daote the anrespadance thatassodates toeadh + heset
ofsynmetric eqi ibria

W e hae the TOlloning P ipaaitian that shons that spending deaeesss
with polarization.

P rapasiian 2 | et C ke any sebke synmetricll E weare g 2(0;1). W e
hae's < 0.

P roof. || ofe tratastebeenyifbrium is bally isolated. Casidertree ects
ofasmall denge in+. L etX(G ;%) = ey L i#% . A ta
.>ed pdntwe hae
2 )
0= °%4x) fOMiyil: (18)

0
Casideralneargpproamatian of- at(c ;+). T he Ineargpprodamation
iIsgVenNby G = B¢ :tt ... Byusngalineargpprodimation atanisolated
symmetric equi ibrium we get
UEFE(F ;D))

24 =

: :
HG) TNy IR )

Py



SINERAG 1) = inmr e Vehae

0z _ I . B [A(E) §2]
0 Va2t [Fa DS [12t+ [+ § QST

_ MEba(er) a2 i aZ+ [+ § (I,
i2e+ [+ Ma(E)T

02 = - POIKE
Ths 0~ Bgos v na(@)f 0.

19)

2R =

Stebiity implies hatvN(G) )f(y)d y+ %C(q;)f(z(qﬁ;i))@@—é <0.IF

0
Cisstebk thenepresias 16ad 19 impythat’s = 0. < 0. B

T he reeson behind the reaultis the Olloning | ote that, Tor . >ed voler
beliek ebaut ¢, the pasitive e ect of reducsd uncertanty an \VolEss is un
denged. Casidanoiars thatare informed by, say party 1 anly and assume
tatp; = pyy - Fortte indic erat\voler; the eqpedted platiom ofparty? is
doser o the \volers” pegk then the actual platfom of party 1. Since volers
are sk aarse tevolerwoud athernise strictly preertovoe tarparty 1. |IT
both parties move dosertoeach ather; then the actiual and expecied platiom
mowes doser 1o the indic erentvolers peek by eadtly the same distance. By
stictanaity the doser o the pegk a pltiam is, the tatter preBrancs
are. T hean sinee the actiual and eected platiom of the 10 parties moe
thesamedistane teinaesseinpayos: ohvoting Torthe party thatinformed
is biggerthen the inaeese T the otherparty, T hus, the volerwith pesk at
Xy (1; G p1y ) strictly prefrs paty 1. T his makes parties galn mae Voles by
inkaming ifthe parties are maderatkes, When the realized platiom is doe 1o
zexa T his anbesaninthe..gaebelon whare the platiom pro. ke dangss
fion p ©op° by thedistane¢ p.
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FHguare? - B ectaon the Indic erentV oer lnformed by P arty 1 anly when
P arties B ecome marell adarate (Tor . >a&d volerbeleE).

¢p
zHL xpiGpw) ~ 3L
| Elp?1Elp:]

iy ixp (1;CD1H ))2

Since the parties goed nothing when they are far anay fron zero this
implies that both the meen and \arisbi ity of speding inaessss wen ¢
inaessss. T he inaeese in spading alko reduce the posterianariance assod-
ated with eech party. T his reducss the incantives oinfom volers. H onever;
the reductian anly partially counteracss the inftial inaesse.



42 VoerlU nceranty

R eduction ohvoteruncertainty inthis madel aomes fram thodis erentsounGss.
First an inaeese in spading kacs 10 a bigger share of the eleciorate be
ing infoomed. T hen sine ¢ inaesse a6 parties get doser 1o eedh otter;
the shaxe of the elbctoraie et is infomed inaeesss. T he seaod souree
is that uninformed \olers revise tharbelleE gven the strategy pro. s of
the parties. H onvbeliek ae resad can be analyzed by Laing the resulitin
P ropaiian 2. W e hae the olloning coroliary of P rpasitian 2.

Cadlixy 1l ITC is astbE Il E ten te poseror variane is inaessing

inzt.

P roof | ofe that;, gven asymmetricequilibium €, L anmab implies that;
Tray Ssuhtaetk2 Stork= 1;2, wehae

. [1 §%(c)]
V AR Cpg]= 412 -
[PIS S;psl ¢ i %@

@VAR pISEps] — VAR pdiSEpsli G
Thenvnehae o = = IE3

. Ao P mipaatan2 we
knovthat’s < 0. 4 g wehae
VAR PkdSSpsl . _HIGHPEG) .

= Y in@))
T he cadilsan ten immediately Olons. |

T he fectthatvariabi ity ofeqendtures inaeeses as parties getdoser 1o
each other; makes itpassible Tor uninformed volers 1 make a more predse
prediction of the platiom of the party. T his in twm kecs 1 the posteriar
uncertainty assodated with a partiaubar party todeaesse. T hus, the uncer
Nty assodated with the parties deaesss even Torthe uninfomed \voless.
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5 Cadi=as

T he madel desaribed in this pgper analysss political ampaging W e ae
abk 1o v exdstence of equi ibrium under mild assumptias Tor an abi-
trary rumber of parties. In gaaral itis dic ailt o eplidtly sohe Tran
equi ibrium. H onever; inasymmetriceanple with tho parties we can showv
that\oters are mare infamed When parties aaie maderate, then when parties
are extlane.

T he motivation is the Olbning 1T a party infms a \oer;, then the
paty knons the pltfams of that party with cartainty, 7T hus, the risk of
voting for that party is eiminated. Casider volers that are infamed by
ae paty oy say paty 1, ad assune tat the platioom of party 1 is
dose 1o the median \voler: Forthe indic erent\voler; the exqpected platiom
of party ! is doser O the volers” pesk then the actual platfom of party
1. 0 herwiss sine\olers are riskaerse the volerwauld strictly prefer to
voe Torparty 1. [Tboth parties mowe dosar to eech other; then the actial
and epected plAtiom moves doser 1 the indic erant voters pegk by the
same distene. By stict aaxaity the doer 1o the pesk a platiom s,
the tatter prebBracs ae. Sine the actiual and eqected platiom of the
w0 parties moe the same distanae the inaesse in paye ohvoling orthe
party that infomed is bigger then the inaeese Iin payar ofvoling Tor the
atherpaty T hus the praviasly indic erattvoter novstrictly prefss party
1. T he e ectmakes parties gan mae Vvoles by informing when parties are
maderate. Sinae gpending inareesss, \olers are mare informed When parties
are moderaies. T hus exdtiamiam is bad in the sarese that it baes \volers
uninformed.
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