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A bstract

T hispaperstudiesamodelofhowpoliticalpartiesuseresourcesfor
campaigningtoinformvoters. W eshowexistenceofequilibriumunder
mildassumptionsforanarbitrarynumberofparties. T hemainresult
isthatifthepartiesaremoreextreme, thentheyspendlessresources
oncampaigning(onaverage), comparedwithmoderateparties. T he
reasonisthefollowing. Considervotersthatareinformedbyoneparty
only, sayparty1 . Ifbothpartiesmoveclosertoeachother, thenthe
actualand expected platform moves closertothe indi¤erentvoters
peak. Byconcavityofpreferences, theincreaseinpayo¤ ofvotingfor
thepartythatinformedisbiggerthantheincreaseinpayo¤ ofvoting
fortheotherparty. T hus, thepreviouslyindi¤erentvoternowstrictly
prefersparty1 . T hee¤ectmakespartiesgainmorevotesbyinforming
whenpartiesaremoderate. Sincespendingincreases, votersare(on
average)moreinformedwhenpartiesaremoderates.
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1 Introduction

Inpoliticalscience, animportantissueis informationtransmissionbetween

politicalrepresentatives andtheelectorate. T his issuehas severalaspects.

O neisthequestionwhetherparties sendtruthfulinformationtovoters, or

not. T his issuehasbeenstudiedbyBanks (19 9 0) andothers. Banks…nds

that, iftherealizedplatform ofapartyisfarawayfrom themedianofthe

voterdistribution, voters areabletoinferthetrueplatform ofthatparty.

Iftheplatform is closetothemedianofthevoterdistribution, this is not

thecase. M artinelli (19 9 7 )hasstudiedwhethervoterscanlearnfromparties

thathaveprivate informationduringtheelectoralprocess. Schultz (19 9 6)

studies asituationwhereparties posses more information aboutthetrue

stateoftheworldcomparedwithvoters. H e …nds thatpolarization leads

tonon-revealingsequentialequilibria. H owever, innoneofthesepapersis it

costlytosendmessages tovoters. A n importantaspectincampaigningis

thatitiscostlytosendinformationtovoters. T hismotivatesthestudyofa

modelwithcostlyinformationtransmission.

T hemainaim ofthis paperis toanalyzehowparties useresources for

campaigningtoinformvoters. W edescribehowtheresourcesspentoncam-

paigningdependonhowclosepartiesaretoeachotherandhowthis inturn

a¤ectsvoters.

W estudyageneralmodelandareabletoshowexistenceofequilibrium.

Inthemodelthereisanexogenouslygivennumberofparties. Eachpartyhas

apredeterminedideologythatisdrawnfromsomedistribution. T hisideology

couldbedeterminedbythehistoryofthegroup, forexample. T heparties

careaboutthenumberofvotesaswellastheconsumptionofsomeprivate
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good. Eachpartyhasaccesstoresourcesthatcanbeusedforcampaigning.

Initially, votersdonotknowtheplatformoftheparties. Toa¤ectthevoters

theparties usecampaigningtoinform thevoters aboutthepolicyofthe

party. T heparties areassumedtouseonlytruthfulmessages. Ifavoter

is informedbysomeparty, itisassumedthatheknowstheplatformofthe

partywith certainty. T his, combinedwith riskaversion, makes informed

votersonaveragemorepositivetotheparty. G iventheplatformsandthe

strategiesoftheparties, votersupdatetheirbeliefsandthenvotesincerely

fortheparties.

T henwestudyasymmetricmodelwithtwoparties and…ndthat, the

fartherawaypartiesarefromeachother(onaverage), thelessinformationis

supplied(onaverage) inequilibrium. N otethatinformingavotereliminates

theriskofvotingforthatparty. T hen, considervoters thatare informed

byonepartyonly, sayparty1, andassumethattheplatform ofparty1 is

closetothemedianvoter. Fortheindi¤erentvoter, theexpectedplatform

ofparty 2 is closertothevoters’peakthantheactualplatform ofparty

1. Sincevoters arerisk-averse, thevoterwouldotherwisestrictlypreferto

voteforparty1. Ifbothpartiesmoveclosertoeachother, thentheactual

and expected platform moves closertothe indi¤erentvoters peak. Since

voterpreferencesareconcave, theclosertothepeakaplatformis, the‡atter

preferences are. T his implies thatthe increase in payo¤ ofvotingforthe

partythatinformed is biggerthantheincrease inpayo¤ ofvotingforthe

otherparty. T hus, thepreviouslyindi¤erentvoternowstrictlyprefersparty

1. T hee¤ectmakes partiesgainmorevotesbyinformingwhenpartiesare

moderate. Sincespendingincreases, votersare(onaverage) moreinformed
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whenpartiesaremoderates. T hus, extremismleavesmorevotersuninformed.

A lso, theuninformedvotersaregoingtobemoreuncertainifthepartiesare

furtherawayfromeachother. T hereasonisthatthevariabilityofspending

goesdown.

O neofthe in‡uences ofthis paperis H arringtonand H ess (19 9 6). In

H arringtonandH esscampaigningisexplicitlymodeled. Partiesareassumed

tohave a …xed ideology. Parties can use resources eithertomove their

platform closertothe opponent(positive campaigning) ortomove their

opponents platform furtherawayfrom theparty’s ownplatform (negative

campaigning). H owever, thereisnoexplicitmodelofwhyexpenditurescan

a¤ectvoter’sperceptionsoftheparties. T hus, themodelofin‡uencingvoters

ismodeledasablackbox.

T hepaperbyChappell(19 9 4) has amoresophisticatedmodelofvoter

behavior. Inthemodelcampaigningis assumedtobetruthful. T hereare

twoparties thatcanchooseeithertospendanendowmentoncampaigning

ornot. T hus, onlytwopossiblelevelsofcampaigningareallowed. Existence

ofequilibrium cannotbeproveneven inthis simplesetup. Incontrast, in

themodelpresentedhere, equilibriagenerallyexist.

In section 2 themodelis describedand in section3 existenceofequi-

librium is analyzed. In section4westudyhowspendingdepends onhow

extremepartiesareandhowthisa¤ectsvoters. Finally, section5 concludes.
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2 TheM odel

L etY µ<denotethepolicyspace. T hereisa…nitesetofparties, denoted

byP, andacontinuum ofvoters. L etX k µ Y denotethesetofpossible

platformsforpartyk. Forallk2P, X k iscompact. L etX = £k2PX kdenote

thesetofplatformpro…les. A lso, forallS½P, letX S = £k2SX k. Foreach

k2P, theplatform isdrawnfromaprobabilitydistributiongk :X k ! <+ .
L etpk2 X kdenotetheplatformthatisdrawn. L etp = (pk)k2P andforall

S½P, letpS = (pk)k2S. T heplatformsarenotnecessarilyknowntovoters.

Instead, theyareperceivedasuncertain. H owever, voters(andparties)know

thedistributionfromwhichtheplatformsaredrawn. L etg(p) =
Q

k2Pgk(pk)

andforallS½P, letgS(pS) =
Q

k2Sgk(pk). T hus, theprobabilitythata

platform pk is drawnforpartyk is independentoftheplatformsdrawnfor

thepartiesotherthank.

T hepartiescanuseresourcestoinformvotersoftheirplatformbycam-

paigning. T heparties truthfullyrevealtheirplatforms. T hus, avoterthat

is informedbypartykknows pk withcertainty. A motivationforthatas-

sumptionisthatpartiesrepeatedlytakepartinelections. Byobservingthe

actions oftheparties in parliament, voters can inferwhetherparties have

toldthetruth. T hecostintermsoflossofreputationbysendinguntruthful

messagesdeterpartiesfromusingsuchmessages. Empiricalevidenceseems

tojustifythisassumption. SeeforexampleBudgeandH o¤erbert(19 9 0).

Each partykhas access tosomeresource !k ¸ 0 , whichcan beused

eitherforinformingvotersorforconsumption. L et!max = maxk2P!k. L et

ck2 [0 ;!k]denotetheresourcespartykspendsoncampaigningandvk the

votesharereceivedbypartyk. A partyisconcernedaboutgettingasmany
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votesaspossible, aswellastheconsumptionofsomeprivategood. Partyk

hasthefollowingutilityfunction, de…nedoverpairs(ck;vk),

uk(ck;vk) = !k¡ck+ ºvk;

whereº > 0 isaweightre‡ectingtheimportanceofpower.1 A motivationfor

theassumptionthatpartiescareaboutthenumberofvotesisthatthepower

ofapartydepends positivelyonthenumberofseats itcontrols. A nother

motivationisthatthedistributionoftheelectoratemaybeuncertain. T hen

vk istheprobabilityofwinning.

Votersvotesincerely, i.e. voteforthepartythatgivesthem thehighest

expectedutility, giventheirbeliefsconcerningtheplatforms. Sincethereis

acontinuum ofvoters, strategicvotingis notanissue. L etP rk(pk) denote

thevoters(common) posteriorbeliefthatthetrueplatformofpartykis pk.

Posteriorbeliefsaredeterminedinequilibrium.

T hepreferencesforvotersaresinglepeaked. L etxidenotetheidealpoint

ofvoteri. A llvoterswiththesameidealpointhavethesamepreferences.

T henthepopulationofvoters canbedescribedbythedistributionofthe

voters’idealpoints. L etthedensityfunctionbedenotedbyf : Y ! <+
andthecumulativedistributionfunctionbyF :Y ! [0 ;1]. L etx denotethe

lowerboundofthevoterdistribution, ifalowerboundexists. O therwise,

letx = ¡1 . L etx denotetheupperboundofthevoterdistribution, ifan

upperboundexists. O therwise, letx = 1 . T he…gurebelowdescribesthe

modeliftherearetwoparties.
1T heresultsalsohold ifuk(rk;vk)is concave, increasinginbotharguments, u1 2 > 0

andvk=µk(ck)whereµk is increasingandconcaveinck. T hen, ifrk=!k¡ck, itfollows
thatthefunctionW (ck)=uk(rk;µk(ck))isconcaveinck.
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L etV :<! <beaconcavefunctionthatissymmetricaroundzeroand

continuouslydi¤erentiable. T hefunctionV :<! <isassumedtorepresent

voters’preferences. W eassumethatV is concave, symmetricaroundzero

andcontinuouslydi¤erentiable.

Figure1:A nexamplewithtwoparties.
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Considerpartykandsupposethatvoteriis notinformedbypartyk.
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:
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2.1 Campaigning

T hetimingisthefollowing. First, theplatformsarerevealedtotheparties.

T hentheparties choosecampaignexpenditures. Partieshavecompletein-

formation. Campaignexpendituresandinitially, platforms, areunobservable

byvoters. O therwise, voterscouldinferthetrueplatformofapartybyob-

servingtheresources spent, sincetheygenerallydependontheplatform of

theparty.

Tosee this, consideran examplewith twopoliticalparties. Suppose

thestrategyofparty 2 assigns adi¤erentspendingleveltoeachplatform

pro…le. Consideravoterinformedaboutthepolicyofparty1 andknowing

thespendinglevelparty2 butnottheplatform. T hevotercan, byobserving

thecost, theninfertheexactplatform ofparty 2 . T heparties canobserve

theotherparties’expenditurechoices, aswellastheplatformsoftheother

parties.

Voters are informedaboutthepolicyofpartykwithprobability ½(ck)

where ½ :<+ ! [0 ;1]. W eassume ½(0 ) ¸ 0 , ½(y) < 1 and ½0(y) ¸ 0 for

ally 2 [0 ;!max]. A lso, forally > !max wehave ½(y) = ½(!max). T his

assumption ismadefortechnicalconvenienceonly. A lso, ½ is concave. A

motivationfor½(0 ) > 0 isthatavotercouldreceiveinformationfromother

sourcessuchasnewspapersandtelevisionbroadcasts. Sincethepopulation

islarge, ½(ck) isalsothefractionofthepopulationinformedbypartyk.

M essagescannotbedirectedtospeci…cgroupsofvoters. A lso, theprob-

abilitythatavoteris reachedbypartyk is assumedtobeindependentof

theprobabilitythatheisreachedbypartyj6= k.
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3 Equilibrium

Inthissectionvotersupdatetheirbeliefswhenobservingsignalsfromparties.

Sincevotersneedtocomputeexpectedutilityofvotingforpartiestheyhave

notbeen informedby, weneedtorestrictthestrategies fortheparties to

integrablefunctions. L etL 2 [X ]denotethesetofmeasurablefunctionsonX

suchthatkfk=
£R

X jfj
2¤12 isbounded. L etthesetofstrategiesforpartyk

be

Tk = ff 2L 2 [X ]j0 ·f(x)·!k fora.e. xg:

T hus, thestrategyspaceforeach partyconsistofallintegrablefunctions

thataresmallerthantheendowmentalmosteverywhereandboundedinthe

L 2 norm. A strategyforpartyk isdenotedck. L etT = £k2PTk.

L et¸k(A) denotetheL ebesguemeasureofAµX k. ForallSµP, let

¸S(A) denotetheproductmeasureofasetAµX S. A lso, let¸(A) denote

theproductmeasureofasetAµX .

Convexityandcompactnessofthestrategysetsisshowninthefollowing

L emma.

L emma1 Forallk2P, thestrategyspaceTk is convexandcompact.

Proof. Step 1: Convexity.

L etck;d k 2 Tk. T henthereexistsasetX cµX suchthat¸(X c) = 1,

where forallx 2 X cwehaveck(x) · !k. Similarly, there exists a set

X d µX suchthat¸(X d ) = 1, whereforallx 2 X d wehaved k(x)·!k. L et

ek = ®ck+ (1¡®)d kforsome® 2 [0 ;1]. N otethat¸(X c\X d ) = 1. Clearly,

forallx 2 X c\ X d wehave0 ·ek(x)·!k.
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Itremainstoshowthatek2 L 2 [X ]. Sinceck and d k aremeasurable, ek

ismeasurable. A lso,
R
e 2k = ® 2

R
c2k+ 2 ®(1¡®)

R
ckd k+ (1¡®)2

R
d k2 . Since

R
ck2 < 1 and

R
d k2 < 1 and, moreover,

R
ckd k·

R
! 2k, wehave

R
ek2 < 1 .

T hus ek2L 2 [X ].

Step 2 : Compactness.

L etB = ff jkfk·!kgbetheballofdiameter!k. T hisballcontainsTk.

B yA laoglus’T heorem, (R oyden, (19 8 8)), itis compact. T hus, weneedto

showthatTk isclosed. L etfcnkg1n= 1 beasequenceoffunctionssuchthatcnk !
ckand, foralln , cnk2Tk. T hen, asacorollaryoftheR iesz-FischerT heorem

(A liprantis andBurkinshaw(19 9 0) p. 206), thereexistasetX̂ µX such

that¸(X̂ ) = 1 andasubsequencefcnlk g1l= 1 thatconverges pointwiseon X̂ .

Supposeck =2Tk. T henthereexistsasetU = fz 2 X jck(z ) > !kgsuchthat

¸(U) > 0 . N otethat¸(U\X̂ ) > 0 and
R
U\X̂ ck > ¸(U\X̂ )!k. Sincefcnlk g1l= 1

convergespointwiseon X̂ , wehave
R
U\X̂ cnlk !

R
U\X̂ ck > ¸(U \ X̂ )!k. T his

contradictsthefactthatcnlk 2Tk foralll.

3.1 Voters A lwaysR eachedwithPositiveProbability

Inthis section, weonlyallow½(0 ) > 0 . T his assumptionis relaxedinthe

nextsection.

Considertheupdatingofvoterbeliefs. G iventheinformationvotersget

theyusetheinformationtorevisetheirbeliefs abouttheparties. Clearly,

ifapartyinformsavoter, thenthevoterknowstheplatformofthatparty

withcertainty. H owever, ifavoterreceives informationfrom partykbut

notfrom partyj, thenthevoterknows thatpartyjtakestheplatform pk

as givenwhenchoosinghis strategy. Foreachpossibleplatform pj, given
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thestrategypro…leofpartyj, there is someprobabilitythatthevoteris

notinformed. G ivensomeplatform pj, iftheprobabilitythatthevoteris

informedbyjis lowerthantheaverageprobabilityofbeinginformedbyj,

thenthevoterincreases theweightonthis platform pj. T his follows, since

beinguninformedismorelikelywhenpj is true. A similarargumentshows

that, given pj, iftheprobabilitythatthevoteris informedbyjis higher

thantheaverageprobabilityofbeinginformedbyj, thenthevoterdecreases

theweightontheplatform pj. T hus, thevotercanuseBayesruletoupdate

beliefs overthetypes ofpartyj. T his process ofrevisingbeliefswould in

generalbedi¤erentfordi¤erentpk, sincethestrategyofpartyjingeneral

varieswithpk.

L etc= (ck)k2P. Since½(0 ) > 0 , thereisapositiveprobabilitythatvoters

areinformedbytheparties inSwhen pS is true. T henBayesrulecanbe

appliedandwehavethefollowingresult. ForallS½P, allk=2S, allz 2 X k,

pS2 X Sandallc2T , theposteriordensity, denotedP rk(z jS;c;pS), is

P rk(z jS;c;pS) =
R

y2X PnfS[kg

Q
j2S

½(cj(pS; z ;y))
Q

l2PnS
[1¡½(cl(pS; z ;y))]g(pS; z ;y)d y

R
x2X PnS

Q
j2S

½(cj(pS;x))
Q

l2PnS
[1¡½(cl(pS;x))]g(pS;x)d x

: (1)

Iftheexpressionabovecanbeusedtode…neaprobabilitymeasure, the

correspondingmeasureisdenotedP rk(S;c;pS). IfS= ?, thenthis isawell

de…nedprobabilitymeasure, sincecismeasurableonX . T hen, whenS6= ?,
thisisalsoawellde…nedprobabilitymeasure(B illingsley(19 86), section33).

W henstudyingconvergenceofmeasures, weusetheweak¤topology.

Toseehowexpression1 isderived, letp(Sjc;x) denotetheprobability
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thatavoteris informed byexactlytheparties inS, givencand x 2 X .

B ayesrulegives

P rk(z jS;c;pS) =

R
y2X PnfS[kg

p(Sjc;(pS; z ;y))g(pS; z ;y)d y
R

x2X PnS

p(Sjc;(pS;x))g(pS;x)d x
: (2)

Since theelectorate is large the shareofthepopulation ofvoters thatis

informedabouttheplatformsfortheparties inS, foragivenx 2 X , is

p(Sjc;x) =
Y

j2S
½(cj(x))

Y

l2PnS
[1¡½(cl(x))]: (3)

Combiningexpressions2 and3givesexpression1.

T hefollowingL emmashowsthat, forallS½P, ifcn ! cthenthereexists

asubsequenceoffcng1n= 1 suchthat, foralmostallpS2 X S, thesubsequence

convergespointwisea.e. onX ¡S.

N otethat, iffcng1n= 1 isasequencesuchthatcn ! c, then, bytheR iesz-

FischerTheorem, there exists a set ~X µ X such that¸( ~X ) = 1 and a

subsequence, fcnlg1l= 1, thatconvergespointwiseon ~X .

L emma2 L etfcng1n= 1 be a sequence suchthatcn ! c. ForallS½P,

thereexists aset ~X Sµ X S suchthat¸S( ~X S) = 1, a set ~X ¡S(pS) = fy 2
X ¡S j(pS;y) 2 ~X g suchthat, forallpS 2 ~X S, ¸¡S( ~X ¡S(pS)) = 1 anda

subsequencefcnlg1l= 1 suchthat, forallpS2 ~X S, allx 2 ~X ¡S(pS) , cnl(pS;x)

convergestoc(pS;x).

Proof. L etfcng1n= 1 beasequencesuchthatcn ! c.

T hen, let ~X ¡S(pS) = fx 2 X ¡S j(pS;x) 2 ~X g. By T heorem 22.4 in

A liprantis and Burkinshaw(19 9 0) there exists a setYS µ X S such that

¸S(YS) = 1 and, forallpS2 YS, ~X ¡S(pS) ismeasurable.

12



Step1: Findingmeasurablesets ~X Sand ~X c
Ssuchthaţ S( ~X S)+ ¸S( ~X c

S) =

1, and, forallpS2 ~X S, wehave¸¡S( ~X ¡S(pS)) = 1 andallpS2 ~X c
S, wehave

¸¡S( ~X ¡S(pS)) < 1.

a)Finding ~X S.

Considerthesets X̂ S = fpS2 YSj¸¡S( ~X ¡S(pS)) = 1g and X̂ c
S = fpS2

YS j¸¡S( ~X ¡S(pS)) < 1g. If X̂ S is measurable, let ~X S = X̂ S. Suppose

X̂ S is notmeasurable. L et¸¤ denote theoutermeasure associatedwith

¸. B y T heorem 12.11 in A liprantis and Burkinshaw(19 9 0) thereexists a

measurablesetE ¶ X̂ c
S suchthatE µ YS where ¸¤(E) = ¸¤(X̂ c

S). T hen,

let ~X S = YSnE½YSnX̂ c
S = X̂ S. Since ~X Sµ X̂ S wehave, forallpS2 ~X S,

¸¡S( ~X ¡S(pS)) = 1.

T hus, ~X SµYSisasetofplatformsfortheparties inSsuchthat, given

anypS2 ~X S, fcnlg1l= 1 convergespointwise, foralmostallx 2 X ¡S.

b)Finding ~X c
S.

IfX̂ c
S ismeasurable, let ~X c

S = X̂ c
S. Suppose X̂ c

S is notmeasurable. A s

ina), there exists ameasurable setE0¶ X̂ S such thatE0µ YS where

¸¤(E0) = ¸¤(X̂ S). L et ~X c
S = YSnE0½ YSnX̂ S = X̂ c

S. Since ~X c
S µ X̂ c

S we

have, forallpS2 ~X S, ¸¡S( ~X ¡S(pS)) < 1.

T hus, ~X c
S½YSisasetofplatformsfortheparties inSsuchthat, given

any pS 2 ~X c
S, fcnlg1l= 1 converges pointwise on a set Z ¡S ½ X ¡S where

¸¡S(Z ¡S) < 1.

c) Provingthat¸S( ~X S)+ ¸S( ~X c
S) = 1.

N otethatsince¸S(YS) = 1 wehave¸S( ~X S) = ¸¤(YSnE) = 1¡¸¤(E).

A lso, wehave ¸S( ~X c
S) = ¸¤(YSnE0) = 1 ¡¸¤(E0). A lso, byde…nitionof

theoutermeasure, wehave ¸¤(E) = ¸¤(X̂ c
S) = 1¡¸¤(X̂ S) = 1¡¸¤(E0).
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Combiningtheseconditionsgives ¸S( ~X S)+ ¸S( ~X c
S) = 1. A lso, froma)and

b), wehave ~X S[ ~X c
SµYS.

Step 2 : Provingthat¸S( ~X S) = 1.

Supposethat¸S( ~X c
S) > 0 . L et ¹X = [ pS2YS(fpSg£(X ¡Sn~X ¡S(pS))). If ¹X

ismeasurable, letX̂ = ¹X . If ¹X isnotmeasurable, thereexistsameasurable

setE00¶ ¹X where¸¤(E00) = ¸¤( ¹X ). M oreover, since ¹X µX n~X and ~X is

measurablewehave¸(E00) = ¸¤( ¹X )·¸¤(X n~X ) = ¸(X n~X ). L etX̂ = E00.

T henweget¸(X nX̂ ) = 1¡¸(X̂ )¸¸( ~X ).

Consider

¸(X̂ ) =
Z

z 2X̂

d ¸(z )¸
Z

pS2 ~X S

¸¡S(X ¡Sn~X ¡S(pS))d ¸S(pS)

+
Z

pS2 ~X c
S

¸¡S(X ¡Sn~X ¡S(pS))d ¸S(pS) =
Z

pS2 ~X c
S

¸¡S(X ¡Sn~X ¡S(pS))d ¸S(pS):

wheretheinequalityfollowsfromFubini’sT heorem, andthesecondequality

since, forallpS 2 ~X S, we have ¸¡S(X ¡Sn~X ¡S(pS)) = 0 . Since, forall

pS 2 ~X c
S, wehave¸¡S(X ¡Sn~X ¡S(pS)) > 0 , if¸S( ~X c

S) > 0 then ¸(X̂ ) > 0 .

Since1¡¸(X̂ )¸¸( ~X ), thiscontradictsthede…nitionof ~X . T hus, wehave

¸S( ~X S) = 1.

Inreality, partiesveryseldomchangetheirrelativeranking. Forexample,

democrats always aretotheleftoftherepublicans. T hus, weassumethe

following.

SeparabilityassumptionForallj;k2Psuchthatj6= k, forally2 X j

wehaveeitherz < yforallz 2 X korz > yforallz 2 X k.
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N owconsideravoterwhois indi¤erentbetween twoparties jand k.

G ivenpS2 X Sandc2T , letxjk(S;c;pS) denotethepeakofthevoterwho

is indi¤erentbetweenvotingforpartyjandpartykwheninformedabout

thepartiesinS, ifsuchavoterexists.

T hefollowingL emmashowsthat, forallS½P, ifcn ! candV isstrictly

concave, thenthereexists asubsequence, fcnlg1l= 1, suchthatxjk(S;cnl;pS)

convergestoxjk(S;c;pS) foralmostallpS2 X S.

Togiveahintoftheintuitionbehindtheproofassumethaty< xi< z

forally2 X jandall z 2 X k. Considervoters informedbytheparties in

someSµP. T hen, giventhatwehavefoundsomevoteriwithpeakxi

thatis indi¤erentbetweentwoparties, movingclosertothepartywiththe

highestplatformalwaysmakesthevoterlikethatpartymore. A lso, moving

awayfrom thepartywiththelowestplatform makes thevoterlose. T his

implies uniqueness ofthe indi¤erentvoter. A lso, asequencefcnlg1l= 1 that

convergespointwisealmosteverywherea¤ectsthevoterpayo¤ continuously

almosteverywhere. T his inturnimplies thattheindi¤erentvoterchanges

continuously. N otethatstrictconcavityisnotusedinthis informaldescrip-

tionoftheproof. Strictconcavity is neededwhen itis notthecasethat

y< xi< z forally2 X jandallz 2 X k.

L emma3 L etSµPandj;k2P suchthatj6= kbegiven. L etfcng1n= 1
beasequencesuchthatcn ! c. Supposexjk(S;cn;pS) exists foralln. If

theSeparabilityassumption is satis…edandV is strictlyconcave, thenthere

existsaset ~X SµX S suchthat¸S( ~X S) = 1 andasubsequencefcnlg1l= 1 such
thatforallpS2 ~X S , xjk(S;cnl;pS) convergestoxjk(S;c;pS).
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Proof. Step 1: T heindi¤erentvoterisunique.

Fixc. Supposej;k =2 S. T heindi¤erentvoteris givenbyxjk(S;c;pS)

= xiwherexi ischosensuchthat
Z

z 2X k

V
¡
z ¡xi

¢
P rk(z jS;c;pS)d z =

Z

y2X j

V
¡
y¡xi

¢
P rj(yjS;c;pS)d y: (4)

Supposewithoutloss ofgeneralitythat, forall z 2 X k andally 2 X jwe

have z > y. D i¤erentiatingbothsidesofexpression4withrespecttoxigives

thechangeinutilitywhenvotingforkas

¡
Z

z 2X k

V 0
¡
z ¡xi

¢
P rk(z jS;c;pS)d z

andthechangeinutilitywhenvotingforjas

¡
Z

y2X j

V 0
¡
y¡xi

¢
P rj(yjS;c;pS)d y:

Consideranyxi, yand z . Since z > yweknowthatz ¡xi> y¡xi. Strict

concavityimpliesthatV 0(w ) > V 0(w 0)wheneverw < w 0. T his impliesthat
Z

z 2X k

V 0
¡
z ¡xi

¢
P rk(z jS;c;pS)d z <

Z

y2X j

V 0
¡
y¡xi

¢
P rj(yjS;c;pS)d y:

T henanyvoterh wherexh > xistrictlypreferspartyj. A similarargument

worksforanyotherS.

Step 2 : Continuityinc.

B y Fubini’s T heorem (R oyden p. 307 ) there exists a set X I
S where

¸S(X I
S) = 1 suchthat, forallpS2 X I

S, thefunctioncj(pS;y) isintegrableon

X ¡S. Since½ is continuous, ½(cj(pS;y)) is integrable. A lso, since½(0 ) > 0 ,
1

½(cj(pS;y))
is integrable. T hen, let ~X ¡S(pS) = fx 2 X ¡Sj(pS;x)2 ~X g. A lso,
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from L emma2, thereexistsaset ~X S suchthat¸S( ~X S) = 1, aset ~X ¡S(pS)

suchthat¸¡S( ~X ¡S(pS)) = 1 andasubsequence, fcnlg1l= 1, suchthatforall

pS2 ~X Sandally2 ~X ¡S(pS), cnl(pS;y) convergestoc(pS;y).

Considerany pS 2 ~X S\ X I
S. From theassumptions on ½, thereexists

some¹bk2<+ suchthat, forall z 2 X k, wehaveP rk(z jS;cn ;pS)·¹bk < 1 .

SinceP rk(z jS;cn ;pS) ismeasurable, bytheL ebesgueConvergenceT heorem

(R oydenp. 267 )wehave
Z

z 2X k

V
¡
z ¡xi

¢
P rk(z jS;cnl;pS)d z !

Z

z 2X k

V
¡
z ¡xi

¢
P rk(z jS;c;pS)d z

(5)

forallpS2 ~X S\X I
S. N otethatexpression5 impliesthatxjk(S;c;pS)exists.

Since
R

z 2X k

V (z ¡xi)P rk(z jS;c;pS)d z is continuous inxi, thesolutionfor

xi in4 iscontinuous, forallpS2 ~X S\ X I
S.

N ote that, ifthere does notexista voterthatis indi¤erentbetween

partyjandpartykforallltheredoesnotexistavoterthatis indi¤erent

betweenpartyjandpartykwhenthestrategypro…le isc. Tooseethis,

supposethattheexpression
R

z 2X k

V (z ¡xi)P rk(z jS;cnl;pS)d z islargerthan

theexpression
R

z 2X j

V (z ¡xi)P rk(z jS;cnl;pS)d z foralll. T hen, byexpres-

sion5, the…rstexpressionmustbelargerthanthesecondwhenthestrategy

pro…leisc.

Tocomputethevoteswe…rstde…ne

U(k;xijS;c;pS) =

8
>>>><
>>>>:

¡V (pk¡xi) ifk2S

¡
R

z 2X k

V (z ¡xi)P rk(z jS;c;pS)d z otherwise.
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G ivenpSandc, U(k;xijS;c;pS) istheexpectedpayo¤ foravoterwithpeak

xi ifheis informedbythepartiesinS½Pandvotesforpartyk.

Foranyc2T , let

O k(S;c;pS) = fxi2 Y jU(k;xijS;c;pS)¸U(j;xijS;c;pS)8j2Pg:

G ivenS½P, pS2 X Sandc2T , O k(S;c;pS) isthesetofidealpointsofthe

voterswho, ifinformedbyjusttheparties inS, wouldpreferpartyk. N ote

thattheexpression
R

x2O k(S;c;pS)
f(x)d x thenisthemassofvotersthatprefer

partyk.

A lso, notethattheseparabilityassumptionimpliesthatO k(S;c;pS) isan

interval. T his follows, sinceifanytwovotersprefertovoteforpartyk, by

strictconcavityofV , anyvoterinbetweenthesetwovotersstrictlypreferto

voteforpartyk.

A ssumethatO k(S;d ;pS) is nonempty. Supposeminfx2 O k(S;d ;pS)g
andmaxfx2 O k(S;d ;pS)g exist. T hentherearepartiesj;l2Psuchthat,

givenS, thereis avoterthatis indi¤erentbetweenvotingforpartykand

votingforparties jand l, respectively. N otethattheseparties mightbe

di¤erentfordi¤erentS.

T hen, forsomej2P, wehavexjk(S;d ;pS) = minfx 2 O k(S;d ;pS)gand
forsomel2Pwehavexlk(S;d ;pS) = maxfx 2 O k(S;d ;pS)g. T hen

Z

x2O k(S;d ;pS)

f(x)d x =

xlk(S;d ;pS)Z

xjk(S;d ;pS)

f(x)d x:

Ifminfx2 O k(S;d ;pS)g ormaxfx2 O k(S;d ;pS)g donotexist, replace

xjk(S;d ;pS) orxlk(S;d ;pS) with x and x, respectively. IfO k(S;d ;pS) has

measure0 orisempty, then
R

x2O k(S;d ;pS)
f(x)d x = 0 .
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T hen, letvk(ck;c¡kjd ;p)denotethevotesforpartyk ifpartykchooses

ck, theotherpartieschoosec¡k, andvotersupdatebeliefsaccordingtod 2T ,

forsomep 2 X . W ehave

vk(cjd ;p) = ½(ck(p))
X

SµP
k2S

Y

j2S
j6= k

½(cj(p))
Y

l2PnS
[1¡½(cl(p))]

Z

O k(S;d ;pS)

f(x)d x

+ [1¡½(ck(p))]
X

SµP
k=2S

Y

j2S
½(cj(p))

Y

l2PnS
l6= k

[1¡½(cl(p))]
Z

O k(S;d ;pS)

f(x)d x: (6)

N otethat, byseparability, twoparties cannotbeperceivedas identical

byvoters.

L et

wk(cjd ;p) = uk(ck;vk(cjd ;p)):

Sincevk(ck;c¡k jd ;p) canberewrittenas ½(ck)A(c¡k jd ;p)+ B (c¡k jd ;p)
and½ is concave, wk(cjd ;p) isquasi-concaveinck. Tooseethis, …xp and

…rstassumethatA(c¡kjd ;p) > 0 .

B yconcavityof½ wehave

@ 2 wk(ck(p);c¡kjd ;p)
@c2k(p)

= ºA(c¡kjd ;p)
@ 2 ½(ck(p))
@c2k(p)

¡1 < 0:

T his impliesthatwk isconcave.

Second, supposeA(c¡kjd ;p)·0 . Since @½(ck(p))
@ck(p)

> 0 wehave

@wk(ck(p);c¡kjd ;p)
@ck(p)

= ºA(c¡kjd ;p)
@½(ck(p))
@ck(p)

¡1 < 0:

Sincethefunctionwk isdecreasinginck(p), itisquasi-concave.

A nequilibrium isastrategypro…leforthepartiessuchthat, …rstly, each

partychooses anoptimalstrategy, takingtheotherparties’strategies and
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voterbeliefsasgivenandsecondly, votersrevisetheirbeliefsgiventhestrat-

egypro…leoftheparties.

D e…nition1 A nInformationalN ashEquilibrium isac¤2T suchthat

i) forallk, c¤k(z ) = arg max
e2[0 ;!k]

!k¡e + ºvk(e;c¤¡kjc¤;z ) foralmostall

z 2 X ;

ii) forallz 2 X k, allSµP, allk=2SandallpS2 X S posteriorbeliefs

aregivenby P rk(z jS;c¤;pS).
(7 )

T he…rstconditionmeansthatc¤ is abestresponsealmosteverywhere.

T hesecondmeansthatvotersuseBayesianupdating, accordingtothepro…le

c¤.

N owconsiderthebest-replycorrespondenceforpartyk2P, giventhat

theotherpartiesusethestrategypro…lec¡kandvotersupdatetheirbeliefs

accordingtoc. T hus, forallc2T , let

h¤k(c) = ffk2L 2 (X )jfk(z ) = arg max
e2[0 ;!k]

!k¡e+ ºvk(e;c¡kjc;z ) a.e. onX g:

Clearlyh¤k :T ! Tk. L eth¤= (h¤k)k2P. T henh¤:T ! T.

Sinceexpressionwk(cjd ;p) isquasi-concaveinck, convex-valuednessof

h¤follows.

T hefollowingL emmashowsthath¤hasaclosedgraph.

L emma4 IftheSeparabilityassumption is satis…edandV is strictlycon-

cave, h¤hasaclosedgraph.
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Proof. Step 1: vk(fk;c¡kjc;p) continuous in(fk;c)a.e. onX .

A gain letfcng1n= 1 beasequencesuchthatcn ! candletffnkg1n= 1 be

asequence such thatfnk 2 h¤k(c
n) foralln and fnk ! fk. T hen, bythe

R iesz-FischerT heorem, thereexists asubsequencefcnrg1r= 1 thatconverges

pointwise a.e. on X . Correspondingtofcnrg1r= 1 there is a subsequence

ffnrk g1r= 1. A gain, bytheR iesz-FischerTheorem, thereexistsafurthersubse-

quenceffnr0k g1r0= 1 thatconvergespointwisea.e. onX . T hen, letX̂ µX de-

notethesetofplatformssuchthatcnr0andfnr0k convergepointwise. Clearly,

¸(X̂ ) = 1.

A sinL emma3thereexistsasetX I
Swhere¸S(X I

S) = 1 suchthat, forall

pS 2 X I
S andallj2PnS, thefunctioncj(pS;y) is integrableonX ¡S. L et

~X (S) = f(pS;y)2 X jpS =2 ~X S\X I
Sg. FromL emma2wehave¸( ~X (S)) = 0 .

L et ~X ¤= X̂ nf[SµP ~X (S)g. Since¸( ~X (S)) = 0 forallSµPandPis…nite,

¸( ~X ¤) = 1. T hen, sincecnr0 convergepointwise, xjk(S;cnr0;pS) converges

to xjk(S;c;pS) by L emma 3. Since ½ is continuous vk(f
nr0
k ;cnr0¡k jcnr0;p)

convergestovk(fk;c¡kjc;p) forallp 2 ~X ¤ suchthat¸( ~X ¤) = 1.

Step 2 : f 2 h¤(c).

Step 1 impliesthat

fk(p) = arg max
e2[0 ;!k]

!k¡e + ºvk(e;c¡kjc;p)

forallkandallp 2 ~X ¤nU whereU ½ ~X ¤and¸(U) = 0 . Suppose¸(U) > 0 .

T hen, forallp 2U ,

fk(p)6= arg max
e2[0 ;!k]

!k¡e + ºvk(e;c¡kjc;p):

Clearlyfnr0k andcnr0convergespointwiseonU \ ~X ¤where¸(U \ ~X ¤) > 0 By

Egoro¤ ’sT heorem, thereexistsasetÛ µU \ ~X ¤suchthat¸(Û) > 0 where
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fnr0k andcnr0 convergeuniformlyon Û. T hus, forallp 2 Û , thereexists a

numberr̂ suchthat, forallr0> r̂ wehave

fnr0k (p)6= arg max
e2[0 ;!k]

!k¡e + ºvk(e;c
nr0
¡k jcnr0;p);

contradictingthede…nitionofffnr0g1r0= 1. T hus, f 2 h¤(c). T hus h¤ has a

closedgraph.

B yusingL emma4wearenowabletoshowexistence.

Proposition1 IftheSeparabilityassumption is satis…edandV is strictly

concave, thereexistsanInformationalN ashEquilibriumc¤.

Proof. N otethatbyL emmas 1, 4 aboveandT heorem 14.49 in A liprantis

andBorder(19 9 4), a…xedpointc¤ = h¤(c¤) exists. T hen, forallp 2 X , all

SµPandallk2P, byconstructionofh¤, thebeliefsaregivenby

P r(z jS;c¤;pS) =
R

y2X PnfS[kg

Q
j2S

½(c¤j(pS;z ;y))
Q

l2PnS
[1¡½(c¤l(pS; z ;y))]g(pS; z ;y)d y

R
v2X PnS

Q
j2S

½(c¤j(pS;v))
Q

l2PnS
[1¡½(c¤l(pS;v))]g(pS;v)d v

:

A lso, giventhesebeliefsandbytheconstructionofthemappingh¤, c¤ sat-

is…esi) forallk2P. T husc¤ isanInformationalN ashEquilibrium.

T hemainideabehindtheproofistostartwithsomearbitrarystrategy

pro…le forthe parties and letvoters revise theirbeliefs accordingtothis

strategypro…le. G iventhispro…leandtherevisedbeliefs, eachpartychooses

anoptimalstrategy. T hus, weconstructamappingfromthesetofstrategy

pro…lestoitself. T hena…xedpointtheoremcanbeappliedtoshowexistence.
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3.2 A llowing½(0 ) = 0

N otethat, if½(0 ) = 0 , theprobabilitymeasuresde…nedinexpression1 need

notbewellde…ned.

L et

½n(y) = ½(y)+
1¡½(!max)

2 n

forally2 [0 ;!max].
Since ½(!max) < 1 wehave 0 < ½n(y) < 1 forally 2 [0 ;!max]. A lso,

@½n(y)
@y = ½0(y)¸0 forally2 [0 ;!max]. T hen½n convergespointwiseto½ as

n ! 1 . Since½ isconcave, ½n isconcave.

Saythatcis an IN Ea.e. ifthepro…lecsatis…es therequirementii) in

expression 7 almosteverywhere. T hus, werequirethatbeliefsareupdated

accordingtoc¤almosteverywhere.

D e…nition2 Thepro…lec¤2T isanInformationalN ashEquilibrium

a.e. if

i) forallk, c¤k(z ) = arg max
e2[0 ;!k]

!k¡e + ºvk(e;c¤¡kjc¤; z ) foralmostall

z 2 X ;

ii) forallz 2 X k, allSµP, allk=2Sthereexists Z SµX S where

¸S(Z S) = 1 suchthatforallpS2 Z S, posteriorbeliefsaregivenby

P rk(z jS;c¤;pS)whenBayesruleapplies.
(8)

T hefollowingresultshowsexistenceofanIN Ea.e.
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Theorem1 If½(0 ) = 0 thereexistsac¤2T suchthatc¤ isanIN Ea.e.

Proof. Step 1: T hecandidateequilibrium pro…leandbeliefs.

Considerasequencef½ng1n= 1. Since½n is concave, foreach n , anequi-

libriumc¤n 2 T existsbyProposition1. L etfc¤ng1n= 1 denoteasequenceof

suchequilibria. SinceT is compactthereexists aconvergentsubsequence,

fc¤ngg1g= 1 with limitc¤ 2 T. A lso, foralln , allS½P and allk =2 S,

thereexistsaprobabilitymeasure, P rk(S;c¤n ;pS)de…nedasinexpression1.

N otethat, sinceX is compact, anysuchmeasureis tight. A lso, notethat,

bytheR iesz-FischerTheorem, thereexistsafurthersubsequencefc¤nhg1h = 1
thatconvergespointwisea.e. onX .

Step 2 : Existenceoflimitprobabilitymeasures.

Considerthe subsequence fc¤nhg1h= 1. FixS ½ P and k =2 S. Take

the subsequenceofmeasures correspondingtothis subsequence. D enote

theelements ofthis subsequence P rk(S;c¤nh ;pS). T hen, by H elly’s T heo-

rem (B illingsley(19 86), p. 39 2) thereexistsafurthersubsequenceofmea-

sures thatconvergesweaklytosomewellde…nedmeasure, P r¤k(S;pS). L et

fc¤nhlg1l= 1 denotethesubsequenceofequilibriacorrespondingtothesubse-

quenceofmeasures. Clearly, this sequence is asubsequenceoffc¤nhg1h= 1.
T hus, P rk(S;c¤nhl;pS) convergesweaklytoP r¤k(S;pS). Byrepeatingthisar-

gumentforallS½Pandallk =2 Sthereexists asubsequencefc¤nhqg1q= 1
suchthat, forallS½P, allk =2 S , P rk(S;c¤nhq;pS) convergesweaklyto

P r¤k(S;pS).

Step3: Proofthatc¤ isabestresponse, givenlimitbeliefs.

Considerthesubsequencefc¤nhqg1q= 1. T hissubsequenceconvergespoint-

wiseon ~X , suchthat¸( ~X ) = 1. N otethat, sincec¤nhq(v) convergestoc¤(v)
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foranyv 2 ~X then½n(c¤nhq(v)) convergesto½(c¤(v)). Sincethesequenceof

measuresconvergesweakly, forallS½P, forallk=2SandallpS2 X S, we

have, bytheweak¤topology
Z

z 2X k

V (z ¡xi)P rk(z jS;c¤niq;pS)d z !
Z

z 2X k

V (z ¡xi)P rk(z jS;pS)d z

forallxi2 Y .

W henvoterbeliefs aregivenby P r¤k(S;pS) forallj;k2 P, allS½P

andallpS2 X S, letx¤jk(S;pS)denotethepeakoftheindi¤erentvoter, when

informedbyjusttheparties inS½PandwhenpS2 X S istrue.

B yacontinuityargumentsimilartostep 2 inL emma3, forallSµPand

allpS 2 X S, xjk(S;c¤nhq;pS) convergestox¤jk(S;pS) forallj;k2P. A lso,

forallv 2 ~X , sincec¤nhq(v)convergestoc¤(v)and½n convergespointwiseto

½ itfollowsthat½n(c¤nhq(v)) convergesto½(c¤(v)). T henvk(c¤nhq jc¤nhq;v)
converges tovk(c¤ jc¤;v) forallv 2 ~X . B yanargumentidenticaltothe

argumentinStep 2 inL emma4, c¤2 h(c¤).

Step 4 : Proofthatlimitbeliefsresultfromc¤.

Considerthesequencefc¤nhqg1q= 1. ForanyS½P, k=2S, let

C (S;c¤;pS) = fv¡S2 X ¡Sjc¤k(pS;v¡S) > 08k2Sg:

T hus, C (S;c¤;pS) consistsofalltheplatformsofthepartiesnotinSsuch

allparties inSspendsapositiveamount, givenc¤andpS.

FixsomeS½PandpS2 X S.

Case1: ¸¡S(C (S;c¤;pS)) = 0 .

Since¸¡S(C (S;c¤;pS)) = 0 , B ayesruledonotapplyandanybeliefscan

beapplied. T hen, forallS½PandpS2 X Ssuchthaţ ¡S(C (S;c¤;pS)) = 0 ,

weassumethatbeliefsaregivenbyP r¤k(S;pS).
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Case 2 : ¸¡S(C (S;c¤;pS)) > 0 .

L et ~X ¡S(pS) = fv 2 X ¡S j(pS;v) 2 ~X g. Furthermore, as in L emma3,

welet ~X S = fpS 2 X S j¸¡S( ~X ¡S(pS)) = 1g. Clearly¸S( ~X S) = 1. T hen,

foranypS2 ~X S suchthat¸¡S(C (S;c¤;pS)) > 0 wehaveP rk(z jS;c¤nhq;pS)
convergestoP rk(z jS;c¤;pS), forallk =2Sa.e. onX ¡S. T hen, bySche¤é’s

T heorem (B illingsley(19 68), p. 224), P rk(S;c¤;pS) = P r¤k(S;pS) forallpS2
~X S.

T hus, forallS½P , allk =2 SandallpS 2 ~X S wehavethatbeliefs

derivedfromc¤aregivenbylimitbeliefs.

T he ideabehindtheproofis thefollowing. Foreach n , anequilibrium

c¤n 2T existsfrom Proposition1. SinceT iscompactthereexistsaconver-

gentsubsequence, fc¤nhg1h= 1 withlimitc¤ 2 T. T hen, byrepeatedlyusing

H elly’s T heorem, thereexists asubsequencefc¤nhqg1q= 1, such that, forall

SµP, allk=2SwehaveP rk(S;c¤nh q;pS)convergesweaklytosomemeasure

P r¤k(S;pS). T henthepro…lec¤2T andthebeliefsgivenbythelimitmeasure

isanIN Ea.e. Ifthiswherenotthecase, thenforq su¢cientlylarge, c¤nhq

cannotbeanequilibrium.

3.3 Q uadraticPreferences

Sincethemodelingeneralistoocomplicatedtosolveanalyticallywerestrict

theanalysis intheremainderofthepapertoquadraticpreferences. T hen

V (z ¡xi) = ¡(z ¡xi)2 :
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G ivensomeSµP, c2 T and pS, letE [pkjS;c;pS]denotetheexpected

platform ofpartyk and letV AR [pkjS;c;pS] denote thevarianceofthe

platformofpartyk. N owconsidertwopartiesjandk. Q uadraticpreferences

impliesthat

xjk(S;c;pS) =

E [pkjS;c;pS]+ E [pjjS;c;pS]
2

+
V AR [pkjS;c;pS]¡V AR [pjjS;c;pS]
2 (E [pkjS;c;pS]¡E [pjjS;c;pS])

:

(9 )

Tooseethis, notethatthepayo¤ whenvotingforpartyjis

¡E
£
(xj¡xi)2 jS;c;pS

¤
= ¡(E [xjjS;c;pS]¡xi)2 ¡V AR [pjjS;c;pS]:

(10)

Similarly, thepayo¤ whenvotingforpartyk is

¡E
£
(xk¡xi)2 jS;c;pS

¤
= ¡(E [xkjS;c;pS]¡xi)2 ¡V AR [pkjS;c;pS]:

(11)

Settingexpression10 equalto11 andsolvingforxigivesexpression9 .

4 Extremeversus M oderateParties

T hemain issueinthis paperiswhathappenswithcampaigningandvoter

ambiguityifparties becomemoreorless extreme. Tostudythis, letf be

symmetricwithmean 0 . W ealsoassumef0(x) > 0 wheneverx < 0 . W e

restrictattentiontoasituationwithtwopartieswheretheSeparabilityA s-

sumptionissatis…ed. Furthermore, letX k = fpkL;pkH gwherepkH = pkL+ 2 l,

l > 0 and p 2 L = ¡p1H . L etX = X 1 £X 2 . N otethatthis is notaspecial

caseofthesetofadmissibleplatforms described in section3 above. T he
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strategyspaceforpartykisthen ¹Tk = fcjc:X ! [0 ;!]g. L et¹T = ¹T1£¹T2 .

D e…ne± = Efp 2 g = ¡Efp1gasthemeanofthepriordistributionforparty

2 . T hus, apartyis eitherfarawayfrom themedianvoterorclosetothe

medianvoter, relativetotheexpectedplatform. A lso, bytheSeparability

A ssumptionwehavep 2 L > 0 > p1H whichimplies ± > l. Eachplatform is

drawnwithprobability 1
2 . T his implies thatthepriorvarianceoftheplat-

formsforbothparties is l2 . T hepartieshaveaccesstothesameamountof

resources. T hen, welet! = !1 = ! 2 . L etck(p1i;p 2j) bedenotedckij. G iven

somep 2 X , andc;d 2T , thevotesforparty1 is

vk(cjd ;p) = ½(c1ij)½(c2ij)

x12 (12 ;d ;p)Z

x

f(y)d y+ ½(c1ij)[1¡½(c2ij)]
x12 (1;d ;p1)Z

x

f(y)d y

+ [1¡½(c1ij)]½(c2 ij)
x12 (2 ;d ;p 2 )Z

x

f(y)d y+ [1¡½(c1ij)][1¡½(c2ij)]

x12 (?;d ;p?)Z

x

f(y)d y:

(12)

T hefollowingL emmagivesposteriorvariancesandexpectationswhena

voterisreachedbyonepartyonly. T henweareabletocomputeindi¤erent

voterswhenavoterisreachedbyonepartyonly. Sincewestudysymmetric

equilibria, wecandeducethattheindi¤erentvoterisat0 , whenvotersare

informedbynoneoftheparties.

L emma5 L etcbeastrategypro…le. SupposeS = f2 g. Ifp 2 = p 2 i and

c2ji> 0 forsomej2fL;H g then

E [p1 jS;c;pS]= Efp1g+ l
½(c2 H i)[1¡½(c1H i)]¡½(c2 Li)[1¡½(c1Li)]
½(c2 Li)[1¡½(c1Li)]+ ½(c2 H i)[1¡½(c1H i)]
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and

V AR [p1 jS;c;pS]= 4 l2
½(c2 H i)½(c2 Li)[1¡½(c1Li)][1¡½(c1H i)]

(½(c2 Li)[1¡½(c1Li)]+ ½(c2 H i)[1¡½(c1H i)])
2

foreachi2fL;H g.

Proof. U pdatingofvoters. Sincec2ji> 0 forsomej2 fL;H g Bayesrule

applies.

L etS= 2 . Bayesrulegivesus

P r1(p1L j2 ;c;p 2 ) =
½(c2 Li)[1¡½(c1Li)]12

½(c2 Li)[1¡½(c1Li)]12 + ½(c2 H i)[1¡½(c1H i)]12
fori2fL;H g. L etA1 = ½(c2 Li)[1¡½(c1Li)]andB 1 = ½(c2 Li)[1¡½(c1Li)]+

½(c2 H i)[1¡½(c1H i)]fori2fL;H g. T henP r1(p1L j2 ;c;pS) = A1
B 1

and

E [p1 j2 ;c;pS]= ¡± + l
B 1¡2A1

B 1
:

A lso,

V AR [p1 j2 ;c;pS]= 4 l2
A1 [B 1¡A1]

B 2
1

:

SubstitutingintheexpressionsforA1 andB 1 givesthedesiredresult.

A similarresultholdsforparty2 .

N owconsidertheoptimalspendingchoicewhenapartyisfarawayfrom

themedianvoter, relativetothevotersprior.

L emma6Supposec¤ is a symmetric IN E. Foreach i2 fL;H g wehave

c¤1Li= 0 andc¤2iH = 0 .

Proof. Considerparty1. Bysymmetry, asimilarargumentholdsforparty

2 . L etcbeanarbitrarysymmetricstrategypro…le. B yhypothesis, wehave

p1 = p1L.
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Step 1: x12 (1;c;p1)·x12 (?;c;p?)andx12 (12 ;c;p12 )·x12 (2 ;c;p 2 ).

Case1: x12 (1;c;p1)·x12 (?;c;p?).
W ehave

x12 (1;c;p1)¡x12 (?;c;p?) =
[p 21L ¡p 22 L P r[p 2 L j1;c;p1]¡p 22 H P r [p 2 H j1;c;p1]]

2 (p1L ¡E [p 2 j1;c;p1])
:

Since p1L < p 2 L < p 2 H and P r[p 2 L j1;c;p1]+ P r[p 2 H j1;c;p1] = 1 thenu-

meratoris nonnegativeand since p1L < E [p 2 j1;c;p1] thedenominatoris

negative. T henx12 (1;c;p1)¡x12 (?;c;p?)·0 .
Case 2 : x12 (12 ;c;p12 )·x12 (2 ;c;p 2 ).

W ehave

x12 (12 ;c;p12 )¡x12 (2 ;c;p 2 ) =
p1L ¡E [p1 j2 ;c;p 2 ]

2
¡ V [p1 j2 ;c;p 2 ]
2 (E [p1 j2 ;c;p 2 ]¡p 2 )

=
(p1L ¡p1H )p1H P r[p1H j1;c;p 2 ]+ p 2 (E [p1 j2 ;c;p 2 ]¡p1L)

2 (E [p1 j2 ;c;p 2 ]¡p 2 )
:

Since (p1L ¡p1H ) < 0 , p 2 > 0 , p1H < 0 andE [p1 j2 ;c;p 2 ]¡p1L ¸ 0 the

numeratorisnonnegative. A lso, sinceE [p1 j2 ;c;p 2 ]< p 2 , thedenominator

isnegative. T henwehavex12 (12 ;c;p12 )¡x12 (2 ;c;p 2 )·0 .
Step2 :c¤1Li= 0 . Sincex12 (1;c;p1)¡x12 (?;c;p?)·0 andx12 (12 ;c;p12 )¡

x12 (2 ;c;p 2 )· 0 byStep 1, party1 losesbyinforming. N otethatthisholds

foranysymmetricstrategypro…le. T henc¤1Li= 0 . A similarargumentholds

forparty2 .

T hus, eachpartyspendsnothingiftherealizedplatform isfarawayfrom

themedianvoter, comparedwiththeprior. T hereason is that, when in-

formingvoters, thevotersbecomeawareoftheplatformoftheparty. Even
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thoughvoters perceivetheplatform withcertainty, thereductioninriskis

notsu¢cienttocounterthee¤ectthattheplatform is farawayfrom the

medianvoter. T his resultmakes iteasytocomputeexpenditures forthe

party.

N owconsiderthe expenditures when parties havearealization ofthe

platform thatis closetothemedianvoter, comparedwiththeprior. T he

followingL emmashowsthatthespendinglevelofapartyis independentof

therealizedplatformoftheotherparty.

L emma7 Supposec¤ is asymmetricIN E. Foreachi;j2fL;H gwehave

c¤1H i= c¤2jL = c¤m 2 [0 ;!].

Proof. L etcbeanarbitrarysymmetricstrategypro…le. Considerparty1.

B yhypothesiswehavep1 = p1H .

Step 1: T hevotesforparty1.

N otethat, sincex12 (?;c;p?) = 0 , wehave
x12 (?;c;p?)R

x
f(y)d y= 1

2 .

Case1: p 2 = p 2 L.

B yusingexpression12 thevotesforparty1 is

½(c¤1H L)½(c
¤
2 H L)

·
1
2

¸
+ ½(c¤1H L)[1¡½(c¤2 H L)]

2
4 1
2
+

x12 (1;c;p1)Z

0

f(y)d y

3
5 +

[1¡½(c¤1H L)]½(c
¤
2 H L)

2
64 12 ¡

0Z

x12 (2 ;c;p2 )

f(y)d y

3
75 + [1¡½(c¤1H L)][1¡½(c¤2 H L)]

1
2
:

Case 2 : p 2 = p 2 H .

T henc¤2 H H = 0 and½(c¤2 H H ) = 0 . T hevotesforparty1 isthen

½(c¤1H H )

2
4 1
2
+

x12 (1;c;p1)Z

0

f(y)d y

3
5 + [1¡½(c¤1H H )]

1
2
: (13)
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Step 2 : O ptimalspendingchoice.

B ysymmetry, wehavex12 (2 ;c;p 2 ) = ¡x12 (1;c;p1). T hen, bysymmetry

ofthevoterdistribution, wehave(inCase1)

x12 (1;c;p1)Z

0

f(y)d y=
0Z

x12 (2 ;c;p 2 )

f(y)d y:

FromCase1 and 2 inStep 1, the…rst-orderconditionis

º½0(c¤1H i)

x12 (1;c;p1)Z

0

f(y)d y¡1 = 0 (14)

foralli2 fL;H g. Sinceexpression 14 onlydependonc2 throughbeliefs,

theoptimalchoiceforparty1 is independentofthechoiceofc2 , givenvoter

beliefs. T his impliesc¤1H L = c¤1H H . T hen, letc¤m = c¤1H L denotethesolution

to14. Bysymmetry, wehavec¤m = c¤2 H L = c¤1LL.

Inparticular, wefocusattentiononstableequilibria.

4.1 Stability

Toanalyzestability, weconsideranequilibriumandperturbtheequilibrium

pro…le. T he players take the newpro…le as given and reoptimize. T his

againgives anewpro…le. G iventhis pro…le, theplayers reoptimizeagain

andsoforth. T hisgivesasystemofdi¤erentialequationsbyusingthe…rst-

orderconditions. L etc0 denotethestartingvalueofc. L etthesystem of

di¤erentialequations bedenotedc(t). Forallc;d 2 ¹T , letkd ¡cke denote

the(euclidian) distancebetweencand d . L etasolutiontothesystem of

di¤erentialequationsbedenotedÁ(t;c0 ).
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D e…nition3 A nequilibriumc¤ islocallystableifthereexistsa´ > 0 such

that
°°c0 ¡c¤

°°
e ·´ ) lim

t!1
Á(t;c0 ) = c¤:

L et¢ µ<+ + denotethe(open)setofpossibleparametervaluesof±. T he

followingL emmashowsexistence. T heconditionson½ andthedistribution

aretechnicalconditionsthatguaranteestheexistenceofaninteriorsolution.

L emma8 Supposeº½0(0 )
z (0 )R
0
f(y)d y¡1 > 0 , º½0(!)

z (!)R
0
f(y)d y¡1 < 0 and

½0(0 ) < 1 . Thereexistsasymmetric, locallystableIN Ea.e. on ¢ .

Proof. Symmetricequilibria.

Step 1: T he…xedpointmapping.

L et

z (b) =
l

[2 ¡½(b)]

·
1¡ l[1¡½(b)]

(l¡2 ± + [±¡l]½(b))

¸
:

N otethat, ifcissymmetricandifc2 H L = c2 LL = bthen z (b) = x12 (1;c;pS) =

¡x12 (2 ;c;pS).
Consider

º½0(cm )

z (b)Z

0

f(y)d y¡1 = 0:

T his expressionde…nesamappingk:[0 ;!] ! [0 ;!], suchthatk(b) = cm .

A lso, byconstruction, k(b) is theoptimalcampaignexpenditurelevelfora

partythathasaplatformclosetothemedianvoter, forbeliefsresultingfrom

b.

Since
@ z
@b

=
½0(b)l± [±¡l]

(l¡2 ± + [±¡l]½(b))2
> 0 ; (15)
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½0(cm ) > 0 and ½00(cm ) < 0 foranycm 2 (0 ;!), itfollows thatk is single-

valuedandnondecreasing. T he…xedpointsofthemappingk is thesetof

symmetricequilibria. Since z is continuouslydi¤erentiableand ½ is twice

continuouslydi¤erentiable, ifb2 (0 ;!) andk(b)2 (0 ;!), thenk isdi¤eren-

tiable.

Sincekisacontinuousfunction, thereexistsatleastonesymmetricequi-

librium.

Step 2 : U singkto…ndacandidateequilibrium.

Consideranyinterior…xedpointc¤m suchthat

k0(c¤m ) = ¡
½0(c¤m )f(z (c¤m ))

@z
@c¤m

½00(c¤m )
z (c¤m )R
0

f(y)d y
< 1: (16)

A ny…xedpointsatisfying16isacandidateequilibrium. Sincek(0 ) > 0

andk(!) < !;Proposition8.3.1 inM as-Colell(19 89 )impliesthatthereexists

sucha…xedpointforalmostall± 2 ¢ .

Step3: First, weshowthatwecanrestrictattentiontothestabilityof

partieswheretherealizedplatform isclosetothemedianvoter.

L etB ´(c¤) = fcjkc¡c¤ke < ´g. Supposewestartwithsomec2B ´(c¤)

suchthat, apartywithaplatform thatis farawayfrom themedianvoter

spendsapositiveamount. R ecall½0(0 ) < 1 .

Considerthebestresponse, givensomec. Supposeparty1 is faraway

fromthemedianvoter. L et

¤ 1 = ½(c2 Lj)[F(x12 (12 ;c;p12 )¡F(x12 (2 ;c;p 2 ))]

+ [1¡½(c2 Lj)][F(x12 (1;c;p1))¡F(x12 (?;c;p?))]:
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Ifparty1 choosesapositivespendinglevel, c01Lj, the…rst-orderconditionis

º½0(c01Lj)¤ 1¡1 = 0:

Since symmetryofthe strategypro…le is onlyused in L emma6toshow

x12 (?;c;p?) = 0 ; L emma6implies thatF(x12 (12 ;c;p12 )·F(x12 (2 ;c;p 2 )).

A lso, wehavex12 (1;c;p1) < 0 .

Itcanbeshownthat

x12 (?;c;p?) =
l±

¡
A?2 ¡A?1

¢
¡
(±¡l)B ? + lA?2 + lA?1

¢

where

A?1 = (1¡½(c1LL))(1¡½(c2 LL))+ (1¡½(c1LH ))(1¡½(c2 LH ));

A?2 = (1¡½(c1H H ))(1¡½(c2 H H ))+ (1¡½(c1LH ))(1¡½(c2 LH ))

and

B ? =
X

j2fL;H g

X

i2fL;H g
(1¡½(c1ij))(1¡½(c2 ij)):

Since½(!) < 1, B ? > 0 foranyc·! andA?1 , A
?
2 andB ? arecontinuousin

c, wehavex12 (?;c;p?)continuousinc. M oreover, ifc! c¤thenx12 (?;c;p?)
convergesto0 .

T hen, forany ² > 0 there exists an ´ such that, ifc2 B ´(c¤) then

jx12 (?;c;p?)j< ².

SinceF(x12 (1;c;p1L))· 1
2 wehave

¤ 1 ·
1
2
¡F(x12 (?;c;p?)):

Since½0(0 ) < 1 , thereexistsan ^́> 0 suchthat
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º½0(0 ) >
1

1
2 ¡F(x12 (?;c;p?))

holdsforallc2B ^́(c¤). R epeatthisforallstateswheretheplatformofsome

partyis farawayfrom themedianvoter. L et~́ denotethevalueof´ such

that, forallc2 B ~́(c¤), forallstateswheretheplatform ofsomepartyis

farawayfromthemedianvoter, anysuchpartychoosezerospending. Since

x12 (?;c;p?) iscontinuous incand½0(0 ) < 1 , wehave ~́ > 0 .

L etB 0
´(c¤) = fcjkc¡c¤ke < ´ andc1Li= c2iH = 0 fori= L;H g. T hus,

B 0
´(c¤) is theballaroundc¤, giventhatparties farawayfrom themedian

voterspendzero. Ifc¤ islocallystabletochangesinspendingofpartiesthat

haveplatformsclosetothemedianvoter, thereexistsa ¹́ > 0 suchthat, if

Á(t;c0 )2B 0
¹́(c¤) thenlimt0!1 Á(t0;c0) ! c¤fort0> t.

N owconsiderthesolutiontothe…rst-ordercondition, givensomec0 2
B ~́(c¤). L etthesolutiontothe…rst-orderconditionsbedenotedc0¤. Since

votesforpartiesthathaveplatformsclosetothemedianvoterarecontinuous

inc, forasu¢cientlysmall´ · ~́, denoted ´0, ifc0 2 B ´0(c¤) thenc0¤ 2
B 0
¹́(c¤).

T hus, wecanrestrictattentiontothecasewhenpartiesareclosetothe

medianvoterandshowthatthissystem isstable.

Step 4 : T hesystem ofdi¤erentialequations ofpartieswithplatforms

closetomedianvoter.

G iveni;j2fL;H g, letckij(t)denotethedi¤erentialequationforpartyk.

U singa…rst-orderTaylorseriesexpansionatc¤m ofthe…rst-orderconditions,

givesthesystemofdi¤erentialequationas
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2
6666664

d c1H L
d t

d c2 H L
d t

d c2 LL
d t

d c1H H
d t

3
7777775
=

2
6666664

am m 0 d m m bm m

0 am m bm m d m m

d em bem aem 0

bem d em 0 aem

3
7777775
¢

2
6666664

c1H L(t)¡c¤m
c2 H L(t)¡c¤m
c2 LL(t)¡c¤m
c1H H (t)¡c¤m

3
7777775
: (17 )

L et

E =
½0(c¤m )

(2 ¡½(c¤m ))
l±

((±¡l)(2 ¡½(c¤m ))+ 2 l)

and

D =
±l½0(c¤m )(±¡l)½(c¤m )

((±¡l)[½(c¤m )(2 ¡½(c¤m ))]+ l½(c¤m ))
2 :

N ote that @x12 (?;c;p?)
@c1H H

= ¡E and @x12 (?;c;p?)
@c2 LL

= E. Furthermore, note

that @x12 (1;c¤m ;p1)
@c¤m

= ½(c¤m )D and @x12 (2 ;c¤m ;p 2 )
@c¤m

= ¡½(c¤m )D. A lso, let ¹f =

f(x12 (2 ;c¤m ;p 2 )).

Itcanbeshownthat

am m = ½00(c¤m )

2
64

0Z

x12 (2 ;c¤m ;p 2 )

f(y)d y

3
75 ¡½0(c¤m )D ¹ff1¡2 ½(c¤m )g;

bm m = ½0(c¤m )(1¡½(c¤m ))
©¹f (1¡½(c¤m ))D + f(x12 (?;c;p?))E

ª

and

d m m = ½0(c¤m )(1¡½(c¤m ))
©
½(c¤m )¹fD¡f(x12 (?;c;p?))E

ª
:

M oreover,

aem = ½00(c¤m )
Zx12 (1;c¤m ;p1)

0
f(y)d y+ ½0(c¤m )¹f (1¡½(c¤m ))D;

bem = ¡½0(c¤m )¹f (1¡½(c¤m ))D
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and

d em = ½0(c¤m )¹f½(c
¤
m )D:

Step5: Stabilityofsystem inStep 4 .

Fori= 1;2 ;3;4 , let¸idenotetheeigenvaluesofthismatrix.

Considerthe…rsteigenvalue. Itisgivenby

¸1 = ½00(c¤m )
0Z

x12 (2 ;c¤m ;p 2 )

f(y)d y+
½0(c¤m )D ¹f½(c¤m )

2

¡
¡
½0(c¤m )¹fD

¢

2

s
½(c¤m )2 ¡4 (1¡½(c¤m ))

½
2
f(x12 (?;c;p?))

¹f
E
D

¾
:

W ehavetwocases.

If½(c¤m )2 ¡4 (1¡½(c¤m ))
n
2 f(x12 (?;c;p?))¹f

E
D

o
¸0 , then

¸1 ·½00(c¤m )

2
64

0Z

x12 (2 ;c¤m ;p 2 )

f(y)d y

3
75 + 1

2
½0(c¤m )D ¹f½(c¤m ):

Clearly, byexpression16, ¸1 isnegative.

If½(c¤m )2 ¡4 (1¡½(c¤m ))
n
2 f(x12 (?;c

¤
m ;p?))
¹f

E
D

o
< 0 , thentherealpartof¸1

is

½00(c¤m )

2
64

0Z

x12 (2 ;c¤m ;p2 )

f(y)d y

3
75 + 1

2
½0(c¤m )D ¹f½(c¤m ):

Clearly, byexpression16, therealpartof¸1 isnegative.

N owconsider¸ 2 . Itisgivenby
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¸ 2 = ½00(c¤m )
0Z

x12 (2 ;c¤m ;p 2 )

f(y)d y+
½0(c¤m )D ¹f½(c¤m )

2

+
¡
½0(c¤m )¹fD

¢

2

s
½(c¤m )2 ¡4 (1¡½(c¤m ))

½
2
f(x12 (?;c;p?))

¹f
E
D

¾
:

W ehavetwocases.

If½(c¤m )2 ¡4 (1¡½(c¤m ))
n
2 f(x12 (?;c;p?))¹f

E
D

o
¸0 , then

¸ 2 ·½00(c¤m )

2
64

0Z

x12 (2 ;c¤m ;p 2 )

f(y)d y

3
75 + ½0(c¤m )D ¹f½(c¤m ):

Clearly, byexpression16, ¸ 2 isnegative.

If½(c¤m )2 ¡4 (1¡½(c¤m ))
n
2 f(x12 (?;c;p?))¹f

E
D

o
< 0 , thentherealpartof¸ 2

is

½00(c¤m )

2
64

0Z

x12 (2 ;c¤m ;p2 )

f(y)d y

3
75 + 1

2
½0(c¤m )D ¹f½(c¤m ):

Clearly, byexpression16, therealpartof¸ 2 isnegative.

N owconsider¸3and¸ 4 . W ehave

¸3 = ½00(c¤m )

2
64

0Z

x12 (2 ;c¤m ;p 2 )

f(y)d y

3
75

and

¸ 4 = ½00(c¤m )

2
64

0Z

x12 (2 ;c¤m ;p2 )

f(y)d y

3
75 + ½0(c¤m )D ¹f½(c¤m ):

Since ½00(c¤m ) < 0 and ½00(c¤m )

"
0R

x12 (2 ;c¤m ;p 2 )
f(y)d y

#
+ ½0(c¤m )D ¹f½(c¤m ) < 0 , we

have¸3 < 0 and¸ 4 < 0 .
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T hus, therealpartsofalleigenvalues arenegative. T hus, anysolution

c¤m foundinStep 2 is stable.

N otethat¸ 4 ¸0 forany…xedpointsuchthatk0(b)¸1. T hus, thelinear
approximationofthedi¤erentialequationsusedaboveisnotstableforany

such…xedpoint.

N owconsiderthe e¤ects ofchanges in ± on campaign spending. L et

· :¢ ! ! [0 ;!]denotethecorrespondencethatassociatestoeach± theset

ofsymmetricequilibria.

W ehavethefollowingPropositionthatshows thatspendingdecreases

withpolarization.

Proposition2 L etc¤beanystablesymmetricIN E, wherec¤m 2 (0 ;!). W e

have d c¤m
d ± < 0 .

Proof. N otethatastableequilibriumislocallyisolated. Considerthee¤ects

ofasmallchangein ±. L et¹z (c¤m ;±) = l
[2¡½(c¤m )]

h
1¡ l[1¡½(c¤m )]

(l¡2 ±+ [±¡l]½(c¤m ))

i
. A ta

…xedpointwehave

0 = º½0(c¤m )

¹z (c¤m ;±)Z

0

f(y)d y¡1: (18)

Consideralinearapproximationof· at(c¤m ;±). T helinearapproximation

isgivenbycm = ®c¤m ;±±+ ¯c¤m ;±. B yusingalinearapproximationatanisolated

symmetricequilibriumweget

®c¤m ;± = ¡
º½0(c¤m )f(¹z (c¤m ;±))

@¹z
@±

½00(c¤m )
¹z (c¤m ;±)R
0

f(y)d y+ ½0(c¤m )f(¹z (c¤m ;±))
@¹z
@c¤m

:
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Since¹z (c¤m ;±) = ¡ l±
l¡2 ±+ [±¡l]½(c¤m ) wehave

@¹z
@±

= ¡ l
l¡2 ± + [±¡l]½(c¤m )

+
l± [½(c¤m )¡2 ]

[l¡2 ± + [±¡l]½(c¤m )]
2

=
l[± [½(c¤m )¡2 ]¡[l¡2 ± + [±¡l]½(c¤m )]]

[l¡2 ± + [±¡l]½(c¤m )]
2 : (19 )

T hus, @¹z
@± = ¡

l2 [1¡½(c¤m )]
[l¡2 ±+ [±¡l]½(c¤m )]2

< 0 .

Stabilityimpliesthat½00(c¤m )
¹z (c¤m ;±)R
0

f(y)d y+ ½0(c¤m )f(¹z (c¤m ;±))
@¹z
@c¤m

< 0 . If

c¤ isstable, thenexpressions16and19 implythat d c¤m
d ± = ®c¤m ;± < 0 .

T hereasonbehindtheresultisthefollowing. N otethat, for…xedvoter

beliefsaboutc¤m , thepositivee¤ectofreduceduncertaintyonvoters isun-

changed. Considervotersthatareinformedby, sayparty1 only, andassume

thatp1 = p1H . Fortheindi¤erentvoter, theexpectedplatformofparty2 is

closertothevoters’peakthantheactualplatform ofparty1. Sincevoters

arerisk-aversethevoterwouldotherwisestrictlyprefertovoteforparty1. If

bothpartiesmoveclosertoeachother, thentheactualandexpectedplatform

movesclosertotheindi¤erentvoterspeakbyexactlythesamedistance. By

strictconcavity, theclosertothepeakaplatform is, the‡atterpreferences

are. T hen, sincetheactualandexpectedplatform ofthetwopartiesmove

thesamedistance, theincreaseinpayo¤ ofvotingforthepartythatinformed

isbiggerthantheincreasefortheotherparty. T hus, thevoterwithpeakat

x12 (1;c¤;p1H ) strictlyprefersparty1. T hismakespartiesgainmorevotesby

informingifthepartiesaremoderates, whentherealizedplatform iscloseto

zero. T hiscanbeseeninthe…gurebelow, wheretheplatformpro…lechanges

from p top0, bythedistance¢ p.
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Figure 2 :E¤ectontheIndi¤erentVoterInformedbyParty1 onlywhen

PartiesB ecomemoreM oderate(for…xedvoterbeliefs).

0p1H E[p 2 ]

¢ p
z }|{

8
>>>>>><
>>>>>>:

G ainwhen
votingfor1.

p01H E[p02 ]

¢ p
z }|{

9
=
;

8
>>>>>>>>><
>>>>>>>>>:

V AR [p 2 ]

G ainwhen
votingfor2.

x12 (1;c;p1H )

¡(y¡x12 (1;c;p1H ))2

Sincetheparties spendnothingwhentheyarefarawayfrom zerothis

implies thatboththemeanandvariabilityofspendingincreaseswhenc¤m
increases. T heincreaseinspendingalsoreducetheposteriorvarianceassoci-

atedwitheachparty. T hisreducestheincentivestoinformvoters. H owever,

thereductiononlypartiallycounteractstheinitialincrease.

42



4.2 VoterU ncertainty

R eductionofvoteruncertaintyinthismodelcomesfromtwodi¤erentsources.

First, an increasein spendingleads toabiggershareoftheelectoratebe-

inginformed. T hen, sincec¤m increaseas parties getclosertoeachother,

the shareoftheelectoratethatis informed increases. T he second source

is thatuninformedvoters revisetheirbeliefs, giventhestrategypro…les of

theparties. H owbeliefsarerevisedcanbeanalyzedbyusingtheresultin

Proposition2. W ehavethefollowingcorollaryofProposition2.

Corollary1 Ifc¤ is astableIN E thentheposteriorvarianceis increasing

in ±.

Proof. N otethat, givenasymmetricequilibriumc¤, L emma5 impliesthat,

foranySsuchthatk=2Sfork= 1;2 , wehave

V AR [pkjS;c¤;pS]= 4 l2
[1¡½(c¤m )]
(2 ¡½(c¤m ))

2 :

T henwehave @V AR [pkjS;c¤;pS]
@± = @V AR [pkjS;c¤;pS]

@c¤m
d c¤m
d ± . FromProposition2 we

knowthat d c¤m
d ± < 0 . A lso, wehave

@V AR [pkjS;c¤;pS]
@c¤m

= ¡½
0(c¤m )4 l2 ½(c¤m )
(2 ¡½(c¤m ))

3 < 0:

T heconclusionthenimmediatelyfollows.

T hefactthatvariabilityofexpendituresincreasesaspartiesgetcloserto

eachother, makes itpossibleforuninformedvoterstomakeamoreprecise

predictionoftheplatform oftheparty. T his inturnleadstotheposterior

uncertaintyassociatedwithaparticularpartytodecrease. T hus, theuncer-

taintyassociatedwiththepartiesdecrease, evenfortheuninformedvoters.
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5 Conclusions

T hemodeldescribed inthis paperanalyses politicalcampaigning. W eare

abletoshowexistenceofequilibrium undermildassumptions foranarbi-

trarynumberofparties. Ingeneral, itis di¢culttoexplicitlysolveforan

equilibrium. H owever, inasymmetricexamplewithtwopartieswecanshow

thatvotersaremoreinformedwhenpartiesaremoderate, thanwhenparties

areextreme.

T hemotivation is thefollowing. Ifaparty informs avoter, then the

partyknows theplatforms ofthatpartywithcertainty. T hus, theriskof

votingforthatparty is eliminated. Considervoters thatare informedby

one partyonly, say party 1, and assume thatthe platform ofparty 1 is

closetothemedianvoter. Fortheindi¤erentvoter, theexpectedplatform

ofparty 2 is closertothevoters’peakthantheactualplatform ofparty

1. O therwise, sincevotersarerisk-averse, thevoterwouldstrictlypreferto

voteforparty1. Ifbothpartiesmoveclosertoeachother, thentheactual

and expected platform moves closertothe indi¤erentvoters peakbythe

samedistance. By strictconcavity, theclosertothepeakaplatform is,

the‡atterpreferences are. Sincetheactualandexpectedplatform ofthe

twopartiesmovethesamedistance, theincreaseinpayo¤ ofvotingforthe

partythatinformed is biggerthantheincrease inpayo¤ ofvotingforthe

otherparty. T hus, thepreviouslyindi¤erentvoternowstrictlyprefersparty

1. T hee¤ectmakes partiesgainmorevotesbyinformingwhenpartiesare

moderate. Sincespendingincreases, votersaremoreinformedwhenparties

aremoderates. T hus extremism is bad in the sense thatitleaves voters

uninformed.
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