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Abstract

This paper provides a general characterization of subgame perfect equilibria for strate-
gic timing problems, where two firms have the (real) option to make an irreversible invest-
ment. Profit streams are uncertain and depend on the market structure. The analysis is
based directly on the inherent economic structure of the model. In particular, the deter-
mination of equilibria with preemptive investment is reduced to solving a single class of
constrained optimal stopping problems. The general results are applied to typical state-
space models, completing commonly insufficient equilibrium arguments, showing when
uncertainty leads to qualitatively different behavior, and establishing additional equilibria
that are Pareto improvements.

Keywords: Preemption, real options, irreversible investment, equilibrium, optimal stop-
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1 Introduction

Preemption is a well-known phenomenon in the context of irreversible investment. In their

seminal paper, Fudenberg and Tirole| (1985) argue that the commitment power of irreversibil-

ity and subgame perfectness together imply that any firm which is the first to adopt a new
technology in some industry can deter adoption by another firm; the second adopter’s ben-
efits will be reduced by competition and thus not worth the immediate adoption cost. In
consequence, the firms try to preempt each other to win the (temporary) monopoly proﬁtH

Such preemption is particularly remarkable when it is costly. In their deterministic model,

[Fudenberg and Tirole (1985) assume that the adoption cost decreases over time, which gener-

ates an incentive to delay adoption and thus a conflict with the preemption impulse. Another
possibility is to introduce uncertainty, so that the option value of investing only in sufficiently
good states would make the firms want to wait. There is already a sizable literature on such
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real-option games that argues for the drastic impact of competition on the valuation of real
options, typically using the principles of |Fudenberg and Tirole, (1985)).

However, transferring arguments from the deterministically evolving “state” time to a
state with stochastic dynamics is only possible to some extent and in fact the arguments often
remain incomplete. Analogies are typically drawn for certain reduced-form value functions on
the state space, which standard Markovian state dynamics conveniently allow to derive, but
current values at different states convey less information than discounted values. Discounting
is simple in a deterministic model but difficult to visualize if it is random which critical state
is reached next and when.

Figure[[]shows the discounted (to time ¢ = 0) values of the firms in the model of [Fudenberg
and Tirole (1985)) if the first adoption happens at ¢ > 0. If a single firm is the first to adopt, its
value is L(t) and that of the other firm F(¢); the value of simultaneous adopters is M (t). The
strategic structure is quite clear: Initially it is optimal to wait, to benefit from the increase
in L if the opponent does not adopt and from F' > L > M else, then there is a phase with
first-mover advantage L > F' that may induce preemption, and all payoffs are eventually
identical and decreasing, so that adoption becomes dominant.
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Figure 2: A typical stochastic model and its deterministic limitﬂ

Left: m(0) = mo(1) = 0, my (1) = 0.03, 1 (2) = 0.012, r = 0.02, c(t) = e~ "™ @ = 0.08. Right: same,
except my(0) = 0.006, (1) = 0.022.

3Model from Sectionwith Doy = Doy =0, Dig = 2.5, Dy = I'=r*= 1, =01, 4 =0.08 0 =0.2
(left) and o = 0 (right); cf. also fn.[11] on the deterministic limit.



Only the same local orders can be seen in Figure [2] showing current values as functions of
the stochastic state = for a typical model, but not the dynamics of discounted values. In the
right panel the volatility is set to zero, so one can add discounting while x grows according to
its law over the shown range, which yields again the left panel of Figure[l] After discounting,
e.g. F is concave, although it is convex in the state. Figure [2reveals the structure of the state
space concerning first- or second-mover advantages, but for a complete equilibrium analysis
the dynamics of discounted values need to be studied in greater detail than is often the case.

Here we formulate a strategic investment model based on revenue streams that keeps
the stochastic dimension completely general, to establish the structure of subgame perfect
equilibria by elementary arguments with immediate economic meaning. By directly comparing
revenue streams and implied opportunity costs, the verification of equilibria with preemption
is reduced to solving a single class of non-strategic optimal stopping problems for one firm.
Thereby, not only incomplete arguments for typical equilibria are amended, but the unified
view also provides more detailed economic insights into their structure; many economically
quite diverse models from the literature can be nested. As mutual preemption destroys value,
we also establish some principles in the general framework for when it can be avoided, and
we identify times when it is impossible to delay investment in equilibrium.

Alongside, important general questions for equilibria of real-option games are addressed,
such as:

e At what times is there a first-mover advantage for both firms that they may fight for
by trying to preempt each other?

e When and how is the first investment affected by a threat of preemption?
e Will a firm ever want to invest when it has a second-mover advantage?

Answers to these questions will be found by studying appropriate optimal stopping problems.
By applying the general results to two typical state-space models from the literature, those
of \Grenadier| (1996) and |[Pawlina and Kort| (2006]), we show how they complete insufficient
equilibrium arguments for these and similar other models, and we identify some neglected
equilibrium behavior that can qualitatively distinguish such stochastic models from determin-
istic ones. The common behavior in equilibrium is that the first investment occurs once the
state reaches a critical value, such as a certain level of demand. That threshold depends on
strategic considerations, but there is no risk to wait for it as no firm can find it profitable
to invest before. More complex behavior can result for higher state levels that are too prof-
itable to deter a follower but where profitability is still growing in the state. Then waiting for
the most profitable state bares a risk in stochastic models, that of investment due to a first-
mover advantage at lower levels, implying feedback effects. We further identify some neglected
equilibria for each model that may be Pareto improvements and thus more plausible.

More generally, some models that can be nested here are the deterministic ones of [Rein-
ganum (1981)) and Fudenberg and Tirole| (1985), the stochastic model of Mason and Weeds
(2010), where revenue is linear in a geometric Brownian motion, as in the model of Pawlina
and Kort| (2006), who add asymmetry in investment costs, which is further extended to an



exponential Lévy process by |Boyarchenko and Levendorskii (2014); the model of [Weeds (2002)
includes Poisson arrivals of R&D success and the model of |Grenadier| (1996) includes a con-
struction delay, but they are both formally equivalent to a symmetric setting with geometric
Brownian motion again.

The paper is organized as follows. The general model is presented in Section[2] Section
characterizes equilibria with and without preemption, providing sufficient and some necessary
equilibrium conditions. The implications for typical state-space models are illustrated in
Section [l Further specific arguments for such models help to analyze their equilibria in
detail, in particular so far neglected aspects. Section [5| concludes. Some technical results are
collected in Appendix [A] and all other proofs in Appendix

2 The model

Consider two firms 7 € {1, 2} that each can choose when to make one irreversible investment.
For instance, firm ¢ may wish to enter some new market, or to improve present operations
by updating technology or expanding production capacity. If the firms’ markets are related
or even the same, then each firm’s investment has a potential effect on both firms’ revenues.
Therefore assume that as long as no firm has invested, the revenues that any firm ¢ incurs per
period are given by some stochastic process (7r? Z) If firm ¢ invests before its opponent, its
revenues switch to the process (ﬂ'tL i), whereas if the opponent invests first, firm i’s revenues

switch to the process (m; ). Once both firms have invested, firm i’s revenues follow the process
(W? “). The revenues 7 and 7" that apply after firm i’s investment are understood net of

any capitalized investment costﬁ All revenues are already discounted to time 0 units.

Time is continuous, ¢ € R, so only accrued revenues in intervals of time matter. Therefore
assume the revenues to be product-measurable w.r.t. a given probability space (2, .#, P) and
the time domain. Assume them in fact to be P ® dt-integrable, i.e. E[fooo|7r?1| dt] < oo ete.,
to ensure finite expectations throughout. Any (in-)equalities between revenue processes are
correspondingly understood to hold P ® dt-a.e. — and any between random variables P-a.s.

Dynamically revealed information about the state of the world is represented by a filtration
F = (%,) satisfying the usual conditions of right-continuity and completeness. Assume that
the past revenues (potentially) accrued up to any ¢ € R, are .#;-measurable, i.e. the processes
(J 7% ds) etc. are adapted to IE‘E|

As a further economic assumption, the following orders are imposed on the revenues. First,
any investment by a single firm rather harms the revenue of the opponent. For both i = 1,2
let thus 7T.Li > Tr.Bi
invests) and also 7 > 77" (e.g. as the first investor steals some business from the laggard).

(e.g. as the first investor loses a monopoly premium when the laggard

4Any investment cost that is strictly decreasing in discounted terms, like ¢(¢) in |[Fudenberg and Tirole
(1985), can be capitalized by a change of variable defined by c(t) = e™ " = fyoo e "rdz. If the discounted
investment cost is stochastic and strictly decreasing in expectation (a strict supermartingale), then one can
use the monotone part of the Doob-Meyer decomposition in place of c(t).

_sThis property holds e.g. if the processes (w? i) etc. are progressively measurable, i.e. if the restricted mappings
7 Q% [0,T] — R etc. are Zr @ B([0, T])-measurable for all T € R,..



The special case 7 = 7 s typical for market entry models and has additional implications
that will be pointed out frequently.
Second, firm 2 rather has a disadvantage in the sense of smaller investment gains relative to

being laggard, formally B2 a7t < 7Bl 2P and 72— 7P < 7M1 —2F That disadvantage

arises e.g. from a higher capitalized investment cost. Given the first part of the disadvantage,
that firm 2’s investment gain as laggard is at most that of firm 1, the second part would also
obtain if 7% — 7" was not greater for firm 2 than for firm 1, which is the first investor’s

revenue loss due to the laggard’s investment.

2.1 The investment timing game

The firms’ investment timing decisions are strategic if some firm’s investment indeed affects
the other firm’s payoff, i.e. if {7 > 7P} or {z” > #%"} have positive measure for some
i € {1,2}. We model the problem as a dynamic game in continuous time.

As continuous time is not well ordered, it is not possible to define consistent outcomes if
one lets the firms choose between the actions “invest” and “wait” at all times as in a game in
extensive form, unless one adds restrictions such as reaction lags (see|Simon and Stinchcombel,
1989, or |Alos-Ferrer and Ritzberger, 2008). We follow the typical approach for timing games
and let the firms form “plans of action”, which are dates when to invest if no other firm invests
before. Any firm whose plan is minimal invests at that planned date, which thus resolves the
strategic conflict of who invests first (cf. [Fudenberg and Tirole, |1985, or Laraki et al. 2005]).
The actual investment date of a firm whose plan is not minimal is determined conditionally
at the first investor’s date, as an optimal reaction to the changed history.

A plan of action is pursued as long as the trivial action history is observed, that no firm has
invested. Here plans may be contingent on other dynamic information: about the uncertain
state. The fundamental mathematical concept to determine a state-depend date dynamically
by the filtration F is a stopping time, a random variable 7: & — R, U{oo} := [0, oo] satisfying
{r <t} e # forallt € R,. The information at any time ¢ must tell if the date 7 (the choice
“stop”) has been reached or not. Let .7 denote the set of all stopping times and thus plans.

Plans of action also have to be formed off the path of play to support subgame perfectness,
in particular past an initial plan. Therefore we also consider any stopping time ¥ € 7 as a
potential date at which no firm has invested, yet, and thus as the beginning of a subgame for
which plans of action are needed (cf. Riedel and Steg), |2014). The latter cannot be assembled
in a measurable way from (.%#;-measurable) plans at deterministic times ¢ € R, , unless .% is
countable. Nevertheless, plans shall be consistent.

A strategy for firm 4 in the timing game is thus a family of plans {r),9 € 7 }, which
is required to satisfy the feasibility condition Té > 1 for all ¥ € 7, i.e. a plan cannot date
in the past, and the time consistency condition ng = Té/ on the event {19/ < Tfy} for any
two ¥ < ¥ € 7, i.e. a plan is not revised while it is not reached, yet. In particular, if the
beginnings of two subgames agree in some states, then the plans must agree there, too.



2.2 Payoffs and equilibrium

To determine an optimal reaction for a firm whose plan is not minimal and thus the resulting
conditional payoffs at the time of the first investment, suppose that the opponent of firm i is
the first investor at arbitrary 7 € .7. Then firm i may invest at any stopping time 7’ > 7,

J@]H 1)

By continuity and integrability of the process [, 7 Figs + S > 1B ds to be stopped, there exists

aiming to attain the conditional follower payoff

. T i 7_/ ) 0
FZ(T)Z/O ngds—i-esssupE[/ 7r52d8+// B
/ T r

T 2>T

a latest optimal — thus uniquely defined — stopping time TF( ) € .7 attaining the value F" ( ).

Now suppose on the contrary that firm 4 is the first investor at 7 € 7. Then the other
firm j € {1,2}\ {i} is assumed to follow suit at T}];(T) to realize FV(7), which yields firm i the
conditional leader payoff

. T . ) (7') oo .
L) = /0 7 ds + E[/ " Ligs + Bids 9}]. (2.2)

TF(T)

Finally, if both firms invest simultaneously at 7 € .7, firm ¢’s conditional payoff is

Mi(T):/ wgids+E{/ 7Bl ds
0 T

ga] < min{F(7), L'()}. (2.3)
In particular, if no firm invests in finite time, then firm ¢ realizes the payoff
. oo 0i . .
Mi(o0) = / 2% ds = F'(o0) = Li(o0).
0

Remark 2.1 (Regulanty of the payoff processes). By Lemma in Appendix there are
processes (L), (F}) and (M;), that, if evaluated at any stopping time 7 € .7, yield the right-
hand side of (| n, and , respectively. We will use them in the following as it is
much more convenient to work with processes than families like {F'(7),7 € .7}. Indeed, by
Lemma [A74] we may assume those processes to have right-continuous paths and thus to be
well measurable. The payoffs are also sufficiently integrable to be bounded in expectation and
such that pathwise limits at any stopping time induce the corresponding limit in expectation.

Given two plans 75,73 € 7 for the subgame beginning at ¥ € 7 with no firm having
1nvested yet, the first investment happens at Hlll’l{ﬂg, 7'19} and firm i becomes leader where
Ty < 13, follower where 7y > 73}, and otherwise simultaneous investment occurs. Thus, given
the conditional payoffs at the first investment, firm ¢’s conditional expected payoff at 1 is

E[L 1 5 +Fyl. 5 +M, R

19<T19 19 Ty >T, 19

|- (2.4)

A random variable is measurable w.r.t. .Z, = {A € .Z |Vt € R, : AN {r <t} € %} if its value is known
whenever 7 has occured. The value of a stochastic process at 7 is an %, -measurable random variable if the
process is progressively measurable (cf. fn. , which holds for ( f; ng ds) by adaptedness and path continuity.




Obviously firm ¢ can only become leader before any given Tg; otherwise it will at most become
follower at Tg.

Two strategies {75, Ve Ty, {Tg .0 € T} are a subgame perfect equilibrium if there is no
i € {1,2} and ¥ € .7 such that (| can be increased with positive probability by choosing
any stopping time 7 > 1 instead of 719, i.e. if any two plans 719,73 are an equilibrium for the
subgame beginning at .

3 Equilibrium characterization

The assumed orders between different revenues have important consequences for equilibria
of the timing game, independently of any more specific model for the uncertainty. This
section illuminates the structure of possible equilibria just by comparing revenue streams, to
provide more detailed economic insights than analyses based on reduced functional forms of
the payoffs for specific state-space models, and to provide complete equilibrium arguments.
We show that it suffices to solve one particular class of constrained optimal stopping problems
to construct subgame perfect equilibria with preemption about any first-mover advantage. As
mutual preemption may destroy option values unnecessarily, we then identify times past which
investment cannot be delayed in any equilibrium. We finally consider alternative equilibria
that avoid preemption and provide arguments simplifying their verification.

3.1 Sufficient equilibrium conditions

In order to construct subgame perfect equilibria, it is first determined in which subgames
immediate investment is an equilibrium, possibly due to a mutual preemption scheme.

3.1.1 Simultaneous investment

Immediate investment by both firms is an equilibrium at ¥ € 7 if both firms’ follower options
are worthless, i.e. if F,ﬂ = M19 for both ¢« = 1,2. If a firm ¢ deviated to any plan 75 > 9, it
Would become follower and actually invest at TF(’19), which still attains F19 In particular, if
9= TF (9) for both ¢ = 1,2, then a unilateral deviation from simultaneous investment would
not even change the physical outcome and both firms ¢ still obtain Lfg = Ff; = Mf,. Note that
even in this case — when any follower would merely forego profitable revenue by hesitating —
either firm ¢ may nevertheless only be willing to invest proactively by the plan Té = 1 because
the other firm does so. If a firm i’s investment was only triggered by Tlir(ﬂ) =9 < Té, then
the opponent might want to delay investment (see Section below).

B2_ . F2 - Bl_

than firm 2’s, so simultaneous investment is an equilibrium at ¥ € .7 if 7' = 0 attains Fg .

Given the assumption 7. .Fl, firm 1’s follower option is not more valuable

Similarly, firm 1’s follower reaction time will never exceed firm 2’s.

Lemma 3.1. 7(7) < 77(7) and F} — M} < F2 — M? for any 7 € .
Lemma is based on the fact that a follower’s opportunity cost of waiting is - 7T.Fi,
which is not less for firm 1 than for firm 2. Thus, if firm 1 is follower, it cannot wait longer



than firm 2 could. More generally, firm 1 cannot gain more from waiting until any time than
firm 2 could, so firm 1’s option value Fﬂ} — MT1 as follower is at most what firm 2’s would be.

3.1.2 Preemption

Critical phases of a timing game are when both players have a first-mover advantage, i.e. the
set P :={L' > F'}yn{L? > F*} ¢ Q x R,. If any player plans to become leader in such
a phase, e.g. because there is no subsequent continuation equilibrium promising at least the
same payoff in expectation, then a preemption scheme is triggered with both players trying to
stop waiting before each other to become leader. Therefore P will be called preemption region.
If simultaneous stopping is not an equilibrium, and if each player would prefer to wait without
preemptive pressure, then there may be no equilibrium at all, not even for deterministic, very
regular models and considering mixed strategies (see e.g. [Fudenberg and Tirole, [1985).

As the players cannot plan to stop “immediately after” each other in continuous time,
additional outcomes have to be facilitated for plans to stop at the same date. The aim is to
sustain the preemption effect that if anyone hesitates, the respective other player becomes
leader. A player prefers to “exert pressure” by planning to stop at the same date as the other
rather than later if the former yields at least the follower payoff in expectation.

For modeling simplicity we here assume that if both firms plan to invest at any first hitting
time of the preemption region 7p(¥) := inf{t > 9| (L; > F}) A (L} > F?)} € .7, then this
is due to mutual preemption, and thus each firm obtains its follower payoff. These expected
payoffs arise from a suitable distribution over who invests first at 7p(9), i.e. firm 1, firm 2
or both. Then any firm i becomes leader (the best outcome, by right-continuity of L' — Fi),
follower or simultaneous investor (the worst outcome) with respective probabilities. Such a
distribution can be endogenized by extending the strategy spaces to capture outcome limits
from mixed strategies in discrete time; see [Fudenberg and Tirole| (1985) for deterministic
models and [Riedel and Steg| (2014, Proposition 3.1) for a generalization to stochastic models.
An exception is made if one firm is indifferent to become leader or follower at 7p(1); then the
other firm becomes leader. Now the plans 7§ = 73 = ¢ are an equilibrium where ¥ = 7p ().

Here, given 75(-) < 7(-) and the assumption 7°' — 77 > 752 — 7F2 firm 1’s first-mover
advantage is never less than firm 2’s, so P = {L? > F?} and 7p(9) = inf{t > 9| L} > F}}.

Lemma 3.2. L' — F' > L2 — F? forany 7 € 7.

Lemma (3.2 uses the fact that the revenue difference between being leader or follower is
7k — 7F until any follower would invest, which is not less for firm 1 than for firm 2. Firm 1
further prefers to be leader between its own follower reaction time and that of firm 2, because
it earns 77! instead of 721, Firm 2, on the contrary, cannot gain from being leader between
those two times, as it can only realize 752 instead of 7T_F2, which a follower never prefers before
its own reaction time.

Firm 2 can only have a first-mover advantage when B —7F1 is not too profitable for firm

1: if 9 = 75(9), then L3 = Mj < F§[| However, investment must be sufficiently profitable in

Y = (9), then it is indeed not even on the boundary of P if 7' = ¥ does not attain F3, as then



terms of the revenue difference 72 — 72 — firm 2’s potential gain from being leader instead

of follower — and firm 2 can in fact only have a first-mover advantage if it still does at the
optimal times to start xl? _ 7T.F2, see Appendix As 82 — pf2 < 7Bl _iF 1, % must

exceed 722 enough. In particular, P = () if ol gt < Bl 7r.F1, because then firm 1 would

L2 _F2

follow immediately at the latest optimal time to start = m. . The latter nonstrategic

stopping problem is firm 2’s monopoly problem (3.4) considered below if 2 = 5F 2, like in
typical market entry models. For state-space models that admit threshold-type solutions for
these problems, it may even suffice to look at one threshold to see if P = () (instead of at a

whole half-space where stopping is optimal), like for the applications in Section

3.1.3 Subgame perfect equilibrium with preemption

The subsequent equilibrium construction is facilitated by the fact that independently of what
happens in the preemption region, no firm ever wants to invest when it has a second-mover
advantage. This finding is driven by the assumption that investment does not benefit the
other firm. In contrast to some suggestions in the literature, a second-mover advantage alone
does not suffice to delay investment in general.

Lemma 3.3. Investment is never optimal for any firm i € {1,2} where F'> L. Further,
waiting until min{rp (), 7']%(19)} does not restrict firm 2’s payoff in the subgame at 9 € T for
any (even mized) strategy of firm 1.

Where F' > L?, firm ¢ can realize at least the preferred follower payoff in expectation by
planning to invest at its follower reaction time. Indeed, the follower payoff is nondecreasing
in expectation (a submartingale) until that time — if the opponent invests in the meantime,
that does not affect firm 4’s reaction and can only defer the laggard revenue F < 7% —and
at the own reaction time, investing regardlessly is at least as good as becoming follower.

By Lemma we may let firm 2’s plan for ¥ be to invest at min{7p(0), 75(¥)}, where
preemption or simultaneous investment is an equilibrium. In case of symmetric revenues,
the same plan is then a best reply for firm 1, but in general, firm 1 may have a strict first-
mover advantage before 7p (1) and may want to exploit it. Given the preemption payoffs from
Section at 7p(¥) and L} = F' = M at 77(9), firm 1 can realize L' anywhere before or
at min{7p(9), 77(9)}, except where L? > F? at 7p(¥): there firm 1 will get F'. As L? > F?
in fact only at 7p(19), the best reply problem for firm 1 at any ¥ € .7 is

ess sup E [Li 1 + FT1 1
I<r<rp () AT (9)

ot |7 o

{L2<F2}

If problem ([3.1)) has a solution 7} (9), then its value is firm 1’s equilibrium payoff at ¥, and that

of firm 2 is E[Ff: ) |.Z4], who gets the follower payoff also where 7, () = min{7p(9), 77.(9) }.
We can summarize as follows.

L3 = Mj < Fj and hence ¥ < 7p (%) by right-continuity of the processes.



Theorem 3.4. If there is a family of solutions {7'*1 (¥),9€ T} to that satisfies the time-
consistency condition for a strategy, then it is firm 1’s strategy in a subgame perfect equilibrium
in which firm 2 uses the strategy {72 (9),9 € T} given by 72(9) = min{rp(9), 75(9)}.

If all revenues are symmetric, then there is a symmetric subgame perfect equilibrium in
which both firms use the given strategy of firm 2.

Time consistency can be ensured whenever there are solutions to , because then there
are respectively earliest ones due to right—continuityﬁ It holds similarly if respectively latest
solutions can be chosen and for state-space models if the 7} () are of threshold-type.

The existence of a solution to is generally not clear, however, because the process
to be stopped has a discontinuity at 7p(9) if ¥ < 7p(9) < 74(9) and szw) > sz(ﬁ); then

also Li ) > FTlp(lg) by Lemma and preemption causes a drop. A solution will exist if the

P
process L — F” is lower semi-continuous, because then Lip @) = FTQP () on {¥ < 7p(¥)}, such

that (3.1)) reduces to

ess sup E [Li
<1 <7p (O)ATH (D)

7). (3.2)

Proposition 3.5. Assume that L?— F? is lower semi-continuous from the left. Then there ex-
ists a subgame perfect equilibrium as described in Theorem with each Tj () the respectively
earliest solution of

T o0
ess sup E [/ 7r21 ds + / Wfl ds
I<r<rp(@)ATp(9) 0 T

%} . (3.3)

The solutions of problem are the — by continuity existing — solutions of the concep-
tually much simpler constrained monopoly problem because the follower reaction time
77(7) in L! remains constant for 7 € [, 73 (19)], cf. also Lemma [3.7 below.

In this equilibrium the firms either plan to invest because the respective other does (as
soon as both have a first-mover advantage or both would invest as follower), or firm 1 exploits
that waiting is dominant for firm 2 and it thus acts like a constrained monopolist.

Only the constraint 7 < 7p (1)) matters in if et — 7% > 7Pt 2 F1 ke for market
entry with 7°! = 7| because then the solution is to invest no later than at 7(9) < 73 (9)
(cf. the discussion after Lemma. More generally, it is of course optimal to invest in
whenever it is so for ¢ = 1 in the unconstrained monopoly problem

T 0i e8] Li
esssupE{/ 7T81d8-|—/ 7y ds
0 T

>0

%} . (3.4)

®The families {Tp(ﬁ),ﬁ € 3} and {7’%(19),19 € 9} satisfy the time-consistency condition by construction
and thus also {7'*2 ), € T } As the latter are the constraints in (3.1), any family of earliest solutions
{7*1(19), 9 € ﬁ} will then be time consistent, too.
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3.2 Necessary equilibrium conditions

In the equilibria derived above, it may often be that investment is only optimal because the
other firm plans to invest at the same date. Possibly other equilibria exist with both firms
investing later, which then both prefer, but on which they have to coordinate. Now some
times are derived when investment is indeed unavoidable in equilibrium.

Equilibria are obviously related to optimal stopping of the leader payoff processes, typically
subject to certain constraints, cf. . The next lemma shows that given the assumptions
k> 7B and 7% > #f i, equilibrium investment must not happen later than when firm 4
would invest if it had the exclusive right to invest first, i.e. if it considered the unconstrained
problem of when to become leader.

Due to the dynamic follower reaction in Li, this is a complex problem. It may for instance
not be optimal to invest when the general circumstances are so favorable that any monopolist
or follower would invest immediately: When only 75" can be realized, it may be better to
invest when the follower will react with a lagﬂ To become leader optimally, it is however

necessary that a monopolist would invest, too.

Lemma 3.6. Wherever T = 9 is the latest stopping time attaining

esssup K {LZT
T>9

7] (3.5)

for some i € {1,2}, some firm must invest immediately in any equilibrium for the subgame
beginning at ¥ € 7. Further, where T =9 attains (3.5)), it also attains (3.4).

Lemma [3.6] rests on the observation that if it is optimal to become leader immediately in
, then there is no superior future follower payoff, either: If firm 4 had the choice when to
become follower, it would generally prefer times T]i:(T) to avoid the low revenue w7 ' < 7%, At
any T;:*(T), however, becoming follower is not better than becoming leader due to B < ol

The problem becomes much easier by fixing continuation equilibria like simultaneous
investment at T%(ﬁ) that prevent becoming leader later. By such a constraint, firm 2’s follower
reaction will always be the same and firm 1 will not cannibalize any revenue rl past 7'1% (9) if it
invests before. Thus, firm 1’s leader problem becomes equivalent to a constrained monopolist’s
problem. For the following constrained version of Lemma [3.6] it is also important that firm 1

will not regret to receive 8 from 7‘%(19) on by investing before

Lemma 3.7. Suppose that firm 2’s strategy in an equilibrium for the subgame at 9 € T
induces investment no later than at 72(19). Then investment must happen immediately where
T =1 is the latest stopping time attaining

esssup E {Li
7€[0,77 (V)]

%9] ; (3.6)

See Remark in Appendix on the monopolists’ and leaders’ problems for standard diffusion models.

"“Firm 2, on the contrary, may prefer to become follower at 7 (9) and effectively invest later. If firm 2 can
become leader up to 7 (d9), it may expect a delayed follower reaction and high revenue 7% in (74 (9), 73 (9)]
and the problem cannot be simplified.
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which has the same solutions as

T o0
esssup F {/ 7 ds + / Hds 9’4 . (3.7)
refdrp@) 0 T
If a monopolist’s investment gain 7 — 7% is not less than a follower’s, Bl gl (like in

typical market entry with 7°! = rF 1), then the latest solution of does not exceed T (9),
where any delay only means foregone revenue for a follower in , and firm 1 would now
lose no less as prospective leader. In this case has the same solutions as .

Another continuation equilibrium that potentially induces earlier investment is preemption
at 7p (1) as in Section[3.1.2] Given preemption in P (or P = ()), firm 2 can never realize payoffs
exceeding F_2, and the game has to end immediately at all respectively latest optimal times
to become follower. Indeed, such times have to satisfy 7 = 7'1%(7') (as it is otherwise no loss
to become follower at T]%(T) and receive 72 > 7l longer), and then firm 2 can enforce the
payoff FT2 = Lz = Mz by investing regardlessly.

A stopping time satisfying ¢ = Tfm(i?) can only maximize firm ¢’s follower payoff if it also
maximizes the simultaneous investment payoff. Conversely, an optimal time for simultaneous
investment must also be optimal to become follower, as the opportunity cost of waiting for

the former, B _ 7T.Oi, is at most that for the latter by 7% >

Lemma 3.8. Every stopping time T]i\/[ > 19 that attains

. T . e°] .
esssup &/ {Mi fﬁ} = esssup F [/ 7 ds + / Bids L%g} (3.8)
>0 >0 0 T
for some given 9 € 7 and i € {1,2} also attains
ess supE[Fi 9’79}. (3.9)
T>9

If T}W > 1 attains (3.9)), then T}(T}w) also attains (3.8). In particular, the respectively latest
solutions of (3.8)) and (3.9) agree.

Thus, (3.8) and (3.9) have a latest solution T > 72(19). That inequality may be strict in
general. If 7% = 7T.FZ, however, like in typical market entry models, then (3.8) equals Fjj and
7r(9) is the latest time attaining (3.9)).

3.3 Equilibria without preemption

There can be other equilibria without preemption, even if both firms have a strict first-mover
advantage at some times, i.e. if the region P of potential preemption is non-empty. Preemption
can be avoided by sufficiently profitable continuation equilibria, and this will then constitute
a Pareto improvement. For instance, joint investment at a future stopping time 7; can be
an equilibrium if that yields at least the same expected payoff as becoming leader at any
earlier time, like in the right panel of Figure[I] The firms can also plan to invest sequentially
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if one accepts to become follower when the other invests. Such equilibria depend on the
relative magnitudes of the revenue processes, however, so existence cannot be ensured by
i 0

=7,

simple regularity properties like continuity in Proposition On the contrary, if rr
then F' is nonincreasing in expectation (a supermartingale), as becoming follower later only
leaves less possibilities to invest optimally. Thus, if L;ig > Ff;, then firm ¢ strictly prefers
immediate investment to waiting until firm j invests at some 7; > 9, because waiting would
yield at most E[Fﬁ] | Z9] < Fy.

It is therefore necessary that 7 < 7% oceurs (e.g. due to the first investment stealing
business) to have firm 4 wait until 7; despite earlier first-mover advantages. Then it suffices
to check for deviations at very specific times identified in Proposition in Appendix
which also avoids to maximize the complex leader payoff directly, but uses simpler problems
like . For state-space models, it may even suffice to consider deviations at one threshold,
like for the applications in Section [

Proposition can be applied to candidate times 7; > ¥ for joint investment, which
for both i = 1,2 need to satisfy FTZ'J = Mij and to maximize the expected joint investment
payoff E[M;] ‘ Zg| as considered in Lemma at least up to some constraint. If delayed
joint investment is not feasible, then preemption may still be avoidable in an equilibrium with
sequential investment. In the equilibria of Theorem for P = 0, firm 1 becomes leader
at an optimal time before simultaneous investment would happen at 74 (9). Simply ignoring
preemption in a non-empty P, firm 1’s problem becomes . Any solution 79 € .7 of
or is a best reply for firm 1 against 74(9). Optimality of the latter for firm 2 against
T¢ < 72(V) can be verified by a further simplification, Corollary in Appendix Under
an additional revenue order, it suffices to check that [7g] is not in P.

4 Applications

As an illustration, the previous general results will now be applied to two typical models from
the strategic real options literature, in order to provide complete proofs for basic equilibrium
outcomes that are discussed extensively in the literature, to derive neglected equilibria that
may constitute Pareto improvements or actually display behavior that qualitatively differs
from deterministic models, and to argue that some equilibria analyzed in the literature only
exist under additional restrictions, if at all. The model of |[Pawlina and Kort| (2006]) first serves
as the main vehicle. Here we allow for weak orders among its parameters so that the models
of |Weeds| (2002) and Fudenberg and Tirole| (1985) can be nestedB Afterwards the results of
Grenadier| (1996) will be revisited using the same arguments, although his economic setting

"In [Weeds (2002)), investment starts an R&D project with success arrival rate h > 0. The expected payoffs
are equivalent to those from with augmented discount rate r + h instead of r, Dyg = Dg; = 0, Do = h,
Di; = h(r+h—p)/(r+2h—p) and I' = I? = K. The model of Fudenberg and Tirole (1985) with their concrete
discounted cost function c¢(t) = e Tt ig equivalent to with Doy = m(0), Doy = mo(1), Dyg = m1(1),
D, = m(2), p = a, augmented discount rate r + a instead of r and o = 0. The solutions in Section
converge to the solutions for the deterministic case as ¢ — 0. In particular, 8, from fn. increases to r/(u" ),
so the investment thresholds converge to those for the deterministic case by 8;/(8; —1) — r/(r — ™), as does
the expected discount factor for the first time that the state x, exceeds a threshold z > z, (zo/z)"".
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is quite different.

4.1 Irreversible investment with asymmetric costs

The model of |Pawlina and Kort| (2006)) is quite prototypic for the real options literature,
but the equilibrium analysis is not completeE Theorem yields proper subgame perfect
equilibria. We will analyze them in detail, to show some remarkable neglected behavior and
to make the arguments applicable to other models. The revenue streams for firm ¢ € {1,2} in
Pawlina and Kort| (2006) are

02 —rt Li —rt 7
T =e 1Dy, m =e (x Dy —rl),

Fi —rt Bi —rt % (41)
T =e x Dy, ™ =e€ (xtDll —rl )>

with discount factor » > 0 and demand uncertainty reflected by a geometric Brownian motion
(z4) satisfying
dr, = px, dt + ox, dBy, (4.2)

where (B;) is Brownian noise, u < r the expected growth rate and o > 0 the volatility.
The constants Dqq > Dy and Doy > Dy, capture a negative impact of investment on the
opponent’s revenue, and [ 2> I' > 0 are the firms’ constant investment costs, here capitalized.
The leader and follower processes are then continuous (as functions of the state x;), and the
present instances of the follower problems and the monopoly problems are solved
by investing when z; exceeds some thresholds a:}w and :L‘iL, respectively@ Thus, simultaneous
investment is an equilibrium for all states x4 > x%

If the preemption region in this model is non-empty, it is characterized by an open interval
(z,7) of the state space R, with z < x}: < x% (where both inequalities are strict if r’>r
and Dy > Dq; > Dgy), such that one can simply call (z,Z) preemption region. The proof of
the following proposition generalizes to other models driven by a continuous Markov process
that affects revenues monotonically.

Proposition 4.1. Consider the specification (4.1)). There are two numbers x < T € (O,x}:]
such that L? > Ft2 &y € (z,z) forallt e Ry, with x = x% if ' =12

By Lemma [A] in Appendix [A.]] and the discussion thereafter it is enough to check if
Lg —F02 > 0 for zy = 24, the threshold solving (A.1]), which is the case if the cost-disadvantage
I? /1 is not too large; otherwise firm 2 prefers to invest much later than firm 1 and the pre-
emption region is empty (in particular if xi > x};, where firm 1 would follow immediately)ﬁ

" Their proposed preemption equilibrium investment, with the high cost firm 2 investing at its follower
threshold mQF, can only be seen as an outcome, but not as an equilibrium strategy, because firm 1 is only willing
to invest at the preemption point if there is a preemption threat. Equilibrium verification is also incomplete
because — as in other papers — the argument of a current second-mover advantage is insufficient to justify
waiting, and only subgames with low initial states are considered despite the aim for subgame perfectness.

If D, > Dy, then s = Bfil . I;ZT:D#O)N where 3; > 1 is the positive root of %O’QB(B —1)+uB—r=0.

If Dy, < Dy, then 2% = co. Analogously, zh = 5;811 . ﬁ. These are standard from option pricing.

"The precise condition (I*/1')"1 ™" < ((1 4+ )" —1)/(Bic) if ¢ := (Dyg — D11)/(D1; — Doy) € (0,00) is
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We can now characterize the equilibria of Theorem for this model, which also have
remarkable outcomes not captured in Pawlina and Kort| (2006). Existence is guaranteed by
Proposition thanks to continuity, and it suffices to solve the simpler constrained monopoly
problems . By the strong Markov property, this amounts to finding the region in the state
space R, where immediate investment is optimal in the problem for ¢ = 0,

sup E {/ e " (x4(Dyg — Dyo) — r1") ds|. (4.3)
© =7

T<Tp (0)/\7'?7

The constraint here takes the form min{rp(0),77(0)} = inf{t > 0|z, € (z,Z) U [z}, 00)} =
inf{t > 0|z, € [z,7] U [z}, 00)} (P-a.s.). Problem is then solved by investing once the
state x; hits the investment region {z € R, |7 = 0 attains for zy = x} from time .

First consider a non-empty preemption region (x, z) that is connected to the unconstrained
monopoly investment region [le, 00), as it holds for the market entry variant of the model with
Dy = Dy, cf. Lemma Then immediate investment is optimal in for any state xq >
T > a:lL, as it is in the unconstrained problem. For states xy < x the preemption constraint
in is a constant upper threshold, so it is optimal to wait there until x; exceeds either
the constraint x or the unconstrained threshold le, see Lemma in Appendix The
subgame perfect equilibrium is complete in this case: no investment for states strictly below
min{z, ] }, preemptive investment in [z, Z] as described in Section firm 1 investing as
the leader in [z}, 2%) \ [z, Z], and simultancous investment for all states in [z%, 00).

Next, if the preemption region is empty, then firm 1 only faces the upper constraint a:% in
. Again by Lemma it is then optimal for firm 1 to invest as soon as x; exceeds either
the constraint x%ﬂ or the unconstrained monopoly threshold :):i Note that for the market
entry variant with Doy = Doy < Dy, xi < x]lp < x% < 00. However, even if firm 1 uses the
unconstrained monopoly threshold, it is still constrained by firm 2’s plan. Firm 1 can only
maximize the leader payoff subject to firm 2 investing also proactively in [x%a, 00).

If Dyg = Dy, as for market entry, then preemption cannot be avoided and thus neither
simultaneous investment in [x%’, o0) by Lemma and the equilibrium in each of the previous
cases is unique. Indeed, if the preemption region is non-empty, it must contain the optimal
stopping region for the continuous process Lf — FE, which takes positive values only there.
Then one also has to stop L? in that stopping region, the problem considered in Lemma
because L7 = (L7 — F?)+ F}? and F} is nonincreasing in expectation (a supermartingale) now.

So far, with le < z or P = (), investment occurs if and only if demand is high enough, i.e.
if the state is at least min{z, le} or min{w%, 27 }. This behavior is the same for the stochastic
model and its deterministic version, e.g. that in [Fudenberg and Tirole| (1985) (cf. fn. [L1]).

2
obtained by plugging A = % . ﬁ (cf. fn. into the explicit functional expressions for Lz(xo)

and F? (z9), (8) and (9) in [Pawlina and Kort| (2006)), who obtain the same condition by a graphical argument.
The condition implies zA < . The constraint on the cost ratio strictly exceeds 1 and is strictly increasing
in ¢ to infinity by gy > 1. If Dy > Dy; > Dy, then mjlp = oo and the preemption region is non-empty for all
I’ > I'. Finally, if D1q < max{D;, Dy, }, then xQA > x}w and the preemption region is empty.
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4.1.1 Preemption when demand falls

Qualitatively different behavior can be observed in the remaining case, a monopoly threshold
lying above a non-empty preemption region, le > x > x, which requires a sufficiently high
pre-investment revenue level Dy, > Dg;. Firm 1 may then remain inactive even where it
would invest immediately as follower (in states above m}m), because it has higher opportunity
costs as prospective leader. This phenomenon is not addressed by Pawlina and Kort| (2006),
who only consider states below x, where the same behavior as before holds: firm 1 waits
until x; hits the constraint x < :ElL Problem becomes more interesting for states in
(i,x%), where both constraints may be binding if that interval intersects the continuation
region |0, aclL) of the unconstrained problem, and behavior may be more complex.

A lower constraint like presently  has a much stronger effect than any upper constraint
as considered before. Two cases can be distinguished for the problem of delaying the revenue
change 7' —mpt = € " (2,(D1g— Dog) —r1") in [Z, 2F]. The easier one is that z:(Djg— Dgg) >
rI' on all of (z, x%) Then it is optimal to invest immediately everywhere, as any delay is a
loss of revenue. The more difficult case is that (Dq— Dyg) < r1 ! near the preemption region.
Firm 1 must wait where this inequality holds, in order not to start with running losses, so
one has to determine the investment region towards the upper constraint x% Nevertheless,
it may now be optimal to invest far before the constraint is reached.

Proposition 4.2. Consider the specification and suppose the corresponding preemption
region (z,Z) C (0,2f] from Proposition is non-empty. If T(Dyy — Dog) = 71, then
the solution of problem for all states xqy in (Z, x%) s to invest immediately, whereas if
Dy — Do < 0, the solution is to wait until the state exits (Z,x7).
If 0 < Z(Dyg — Dog) < rI', then there is a unique threshold 2 € [rI*/(Dyo — Do), 1)
solving
(B, — DA@)" + (8, — 1)B(x)a’ = I (1.4)

A 1 B2 _ =B 7D10=Deo _ 1
) ] (2 )RR
B(x) —zt p=e—200

T—p

with

and B; > 1 and By < 0 the roots of %025(6 — 1)+ pp —r =0, and the solution of problem
[@3) for all states xo in (Z,x%) is to invest when (z,) exits (2,4 A z%).

The “smooth-pasting” condition that is frequently used to guess value functions only holds
in the last case and only if Z < m2F If :L‘%(Dlo — Dy) < rIl, then & > :E2F and the solution is
to wait until the state exits (z, a:%) It is easy to calculate the solutions & of , which are
typically much lower than the upper constraint x% or the unconstrained threshold le Thus,
the risk of getting trapped at z by preemption induces much earlier investment, as illustrated
in Section .T.4] below. This effect cannot be observed in the deterministic version of the
model with a growing market (or falling cost).
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4.1.2 Joint investment equilibria

If Doy > Dy, then there are potentially many more equilibria than those from Theorem [3.4]
as one can now drop the premise that preemption occurs in the preemption region, and/or
that simultaneous investment occurs everywhere above x%

First, Proposition[A.2]is now applied to verify equilibria of delayed joint investment, which
cannot happen below x% for firm 2 to invest simultaneously. The highest expected value of
joint investment can be achieved by solving , which yields a maximal threshold, say f}\/[ for
firm 1. But one can also consider constrained versions of that problem, with some investment
threshold x; € [x%, 3311\4] Joint investment triggered by x; is an equilibrium if firm 1 does not
want to become leader at the threshold solving problem , which is min{z, le} again
by Lemma Specifically, the cost difference cannot be too large, such that firm 1 cannot
enjoy a leader’s monopoly revenue for too long, which limits its leader payoft.

Proposition 4.3. Consider the specification and let x3; > 1 € [0,00] denote the
threshold solving problem for firm 1E Suppose x}\/f > x% Then there exists a subgame
perfect equilibrium of simultaneous investment triggered by the threshold x; € [:v%, 93]1\4] iff that
yields firm 1 at least the expected payoff L(l) for xy = le < :B2F, which is iff

IZ?E Z LL'%‘ = DlO S DOO or

or if
<I2>ﬁ11 [1 + (xi>ﬂl (ﬂl —1- ﬂﬂl Dy — DOO)} < B Dy — Dy ((Du - 1701)+>ﬁ11
It Ty zr' Dig—Doy /] =" Dig— Doo \ Dig— Dy
(4.6)

with By > 1 from Proposition . The LHS of (4.6)) is strictly positive and strictly decreasing
inxy € [le,a:}w] if vh <z

Note that xi < a:zp implies D1y > Dgy. Then the second restriction on [ 2 /1 Uin the
proposition is weaker than the first if setting z ; = :clL, and it is further relaxed if x; increases.
If z; = z}; < oo, then (4.6) coincides with the bound on I 2 /1 ! identified by a graphical
argument in Pawlina and Kort| (2006), who impose Dy, > Doom Proposition also applies
for D1; < Dgyg, when the firms, after both have invested, end up no better than before. Then it
can still be optimal to invest at some threshold z ; only because the other firm does, although
both prefer that neither invests.

Indeed, there may be many equilibria with “inefficient” joint investment in states above x%
and where the expected joint investment payoff could be improved. If (D — Doo)m% <rl',
then the drift of M; is positive for states in the interval [z%, 71" /(Dy; — Dgo) "), and hence
it is optimal to wait in any constrained version of problem . Therefore one can partition
the latter interval into arbitrary subintervals of alternating joint investment and waiting.

151 By I'(r—p)
Ty = 31*1 7(D11—D00)+7 Cf. fn. 13
mx}u <00 Dy > Dy and then z; = x}vf implies xJ/x}; = (D19 — Dqgg)/ (D11 — Dgg)-
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4.1.3 Sequential investment equilibria

Sequential investment without any preemption may also be an equilibrium if the preemption
region is non-empty, which is a Pareto improvement compared to the equilibria of [Pawlina and
Kort| (2006)) if delayed joint investment as in Section is not feasible. Such an equilibrium
can be verified by Corollary [A-3] and it exists for the current specification if and only if firm
2 does not have a strict first-mover advantage at :plL, where firm 1 first invests.

Proposition 4.4. Consider the specification (4.1) and suppose ﬂle < JJ%‘ (whence Dyg > D).
Then there exists a subgame perfect equilibrium with firm 1 investing as soon as x; exceeds aclL
and firm 2 planning to invest when x,; exceeds x%a iff mlL & (z,x) from Proposition which
s iff

xp >ap & (Dyg— Doo)" < (Dyy — Do)t

or

(51_1)ﬂ+<ﬁ>1_51 ((Du - 1701)+>B1 > 8, {Dm —Dy1 Dy — Dy ((Du - D01)+>61_1}
It It D19 — Dy N Dyg— Doy D1p — Doo \ D1o — Do (w7

4.7

with B; > 1 from Proposition . The LHS of (4.7)) is strictly increasing in I2/I1 and the

RHS is strictly positive if $1L < :c}v

Finally, there may be equilibria with sequential investment as in Proposition [£.4] or pre-
emption as in Propositionwhere the joint investment is delayed to some threshold = ; > x%;,
such that firm 1 can optimize over larger intervals to become leader. This may separate the
investment regions in the sequential equilibria into one where firm 1 invests as leader and
one where simultaneous investment occurs, with a gap in between. Such equilibria are more
difficult to characterize explicitly. If x%ﬂ is between two investment regions, the non-constant
follower reaction prevents the simplifications used in the previous propositions.

4.1.4 Comparison of leader investment regions

To illustrate the potentially strong impact of preemption on states in (f,m%) for varying
parameter values in Figure [3] the model is re-parameterized as follows. First, r, u and o
determine f3; 5 and together with the ratio I ! /(D11 — Dg) also firm 1’s follower threshold Th,
which we fix and which is an upper bound for z.

The distance between x and x%, which is the region where firm 1 can invest as leader,
is growing in I°. Indeed, z% obviously grows with I, and if the preemption region (z,7) is
non-empty, it is strictly shrinking if 1> growsﬂ (z, ) collapses when I 2 /1 1= x%ﬂ / x}; reaches
a bound given in fn. [14]in terms of ¢ = (Dyg — Dy1)/(D11 — Dy1), the loss of a monopolist
relative to the gain of the follower when the latter invests. We pick those limit values for I 2

17Suppose Ty < m%, such that firm 2’s first-mover advantage Lg — FO2 is non-trivial. If I? is increased, that
has two negative effects on Lg — F02. First, it increases the investment cost stream e trI? up to firm 2’s
former follower investment time 7'12:(0), which reduces Lg. Second, it delays 7'1%(0). The new revenue stream
difference e " (z,(Dy; — Do1) —rI°) (with increased I”) between the former and the new 74 (0) has non-positive
expectation by optimality of the new 75 (0), and thus reduces L — Fj.
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Figure 3: Constrained leader stopping regions.

and :p% for simplicity, thus making both functions of ¢, although then just z =z = wz, the
threshold solving (A.I). Now c also determines Z by A = a%/(1+ ).

Equation for & can be reduced to the parameters 3; o and m};, the unconstrained
monopoly threshold, which is an upper bound on Z and itself satisfies :1:}; = x}:x /(c+ d) with
d := (D11 — Dyg)/(D11 — Dg1). The latter ratio comes close to 1 if the leader’s investment has
not much influence on the follower’s revenue, like in a market entry situation; it becomes small
when the leader steals considerable business from the follower, like by a drastic innovation. d
also controls the best simultaneous investment threshold by CL’}\/[ = .CL'%? /d.

In the equilibria from Theorem firm 1 can freely decide when to invest in the interval
(Z,x%). Without the threat of preemption, it would not invest below min{z},z%}. However,
given the threat of preemption, firm 1 already invests when the state exceeds #, which may
be much earlier as Figure [3| shows. In the upper panel with a low value of d, the threat
of preemption strongly matters for ¢ > 0.45. Firm 1 never chooses to wait at all in the
lower panel with a moderate value of d. Joint investment at x}vf is an equilibrium avoiding
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preemption if l’i > ac%; it is not an equilibrium for d = 0.6 and ¢ > 0.45.

4.2 Strategic real estate development with construction time

Similar reasoning as before shows on the one hand that equilibria discussed in |Grenadier
(1996)) only exist under certain parameter restrictions and on the other hand that there exist
additional equilibria that are Pareto improvements.

Grenadier| (1996) models a real option game between two symmetric real estate owners,
who may each invest to redevelop their property in order to earn higher rents. His model needs
a slight translation to fit into the current framework, as it includes a delay of construction: if
an owner invests, it takes § > 0 time units until the new building yields any revenues. Before
investment by any owner, both earn the deterministic rent R > 0. Investment at cost I > 0
terminates that rent, reduces the rent of the opponent to (1 —+)R with v € [0, 1] and initiates
new own rent Dz, after the delay §. (x;) is a geometric Brownian motion as in . Once
both new buildings are completed, each owner earns the rent Doz, with 0 < Dy < D;.

Grenadier’s model is strategically equivalent to specifying

=R, k= e_rt(Dle_(r_“)axt —rl),

= e 1 — )R,  all=e T (Dye "M%, — 1)

in the general framework. The equilibria proposed in (Grenadier| (1996) are justified by the
insufficient argument that waiting is optimal if the current follower payoff exceeds the current
leader payoff. Nevertheless there exists a subgame perfect equilibrium as in Theorem [3.4] by
symmetry; it can be characterized as follows. The follower problems are again solved
by investing once x; exceeds a threshold xp > 0, whence simultaneous investment is an
equilibrium for all states zy > « FE Problem is solved by a threshold xp = xpDy/Dy
and the preemption region P is in fact non-empty if and only if Dy < D;. P can be represented
by an interval (z,z) of the state space by the same arguments as in the proof of Proposition

where now z = xp.

4.2.1 Qualification of further equilibria

Depending on the parameter values, there may be other equilibria with delayed simultaneous
investment and/or no preemption. Let x; denote the threshold solving the present instance
of the unconstrained monopoly problem H For states above £ = xp, any investment will
be simultaneous. Contrarily to the claim made in |Grenadier| (1996)), simultaneous investment
cannot be delayed past the threshold z); = x;D;/Dy > x solving problem . Indeed, in
any equilibrium with preemption in P, by symmetry both firms get at most the follower payoff
at the time of investment. The same holds for any equilibrium with only joint investment. In

Bep = % T 4 (1= y)R/r)(r — p) /Dy with B; > 1 from fn.
Yo = %e(’“_”)a(l + R/r)(r — p)/D; with 8; > 1 from fn. This should not be confused with X in
Grenadier| (1996)), which corresponds to the present z.
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either case investment must occur as soon as the state exceeds z,;, because any delay would
be a loss by Lemma |3.8

With preemption occuring in P, one can only consider delaying simultaneous investment in
the interval [Z, ], i.e. delaying the revenue change 77" — )" = e " (Dye MO, —pl — R).
This problem has the same form as the one with two-sided constraint considered in Proposition
(recall also the illustration in Section , with Dge_(r_“ )8 replacing Dyg— Dgg, I+ R/r
replacing I' and x s replacing x% Thus, given now T = xp, if DQef(P“)éa:F > rl+ R, which

() )

then investment cannot be delayed at all for states above xp, which is not recognized in

means if

Grenadier| (1996)). In this case the preemption region extends to such high states that any
foregone revenue above it is a loss. Note that the RHS of is strictly positive.

Only if fails, there will exist a solution & € [(r] + R)e" ™° /Dy, x5,) to the current
version of , such that investment can be held back in (zf, ). Only then the phenomenon
discussed extensively in Section V of |Grenadier| (1996) can arise, that preemption occurs when
demand falls to xp.

However, if « is sufficiently large to violate , then delayed joint investment may be
attractive enough to avoid preemption altogether, which will be a Pareto improvement w.r.t.
Grenadier| (1996). By the same arguments as for Proposition preemption can be avoided
in an equilibrium of joint investment with the threshold x;; > xp if and only if that yields
firm 1 at least the expected payoff L[l) for xy = x;, < xp, which is if and only if

rl D2
T2 Tp & Y2 E+1 1-—=

1
rl Dl - .D2 Bt
R 2 1Df1 _ D§1

with 5; > 1 from fn. The last restriction on -y is indeed weaker than the previous one.

or if

5 Conclusion

The equilibrium analysis of the general model in Section |3| was based directly on its primitives
and not on derived analytic properties of value functions, as it frequently happens in the
growing literature on real option games. By that more general perspective, there is on the one
hand less risk to neglect any verification problems for equilibria and on the other hand a more
detailed view of their economic structure. For models that satisfy the general assumptions
made here, the number of equilibrium verification problems has been reduced considerably
by elementary economic arguments and it remains to solve a single class of optimal stopping
problems for one firm. Theorem applies to many more examples from the literature
than the ones revisited in Section {4 (e.g. to those listed in the Introduction). The presented
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applications, which have quite distinctive economic properties, show how the general results
act in typical state-space models. By the more complete approach, some neglected equilibrium
behavior has been identified that qualitatively distinguishes stochastic from deterministic
models. In particular two-sided constraints induce feedback effects when the state evolves
randomly. The arguments developed for the identification of additional equilibria that may
be Pareto improvements also generalize to other models, e.g. for the source of uncertainty.

Thus the general perspective taken here provides a foundation for a more complete analysis
of models of preemptive investment that fit into the framework and a guideline for the analysis
of further models that do not satisfy the revenue orders assumed here.

A Appendix

A.1 Characterizing the preemption region

To see if the preemption region is empty, it suffices to consider stopping times that are optimal
for some sirnple stopping problems They are the solutions of firm ¢’s permanent monopoly
problem ([3.4) if 7" = 7% " (like in a market entry model).

Lemma A.1. For any v € , L129 > Fg only z'fE[in — F? | > 0 for all times TheT
A

attaining
T Fi * Li
esssup F T, ds+ g ds
T>9 0 T

for some i € {1,2}. Where 7a = ¢ attains (A1) for i =2, there L3 — Fj > E[Lz . | Z]
for all 7 € [0, 71(V)].

%} (A1)

Lemma rests on the fact that for any 7 € [, 74(9)], the difference between L3 and
Fg on [¢, 7] is that between the monopoly or duopoly revenue and the laggard’s revenue, i.e.

L2 _ FQ. That difference is nonpositive in expectation up to any solution of (A.]] -,

at most .
where indeed TA < T%(ﬁ) by k2 > nB2, Further, the revenue difference between ng and Flg
[TA, 00) is at most that between L 2 and F >, because firm 2’s follower reaction remains
the same and, by becoming leader later firm 2 receives the monopoly revenue at least until
the same time.
For state-space models like in Section [4], we get the following characterization. First, as

noted in Subsection [3.1.2 L a follower threshold for either firm ¢, say xF € R, is never contained

in the preemption regionlﬂ not even in its closure if investment at # is not optimal for firm 2.
As L% < F? for all states above such z F, the latter must lie above any non-empty preemption
region. Second, by Lernrna any non-empty preemption region must intersect the stopping
regions from for both ¢ = 1,2; a threshold solving that problem, say xiA € R, cannot
lie above the preemption region. In particular, if xi > x}:, the preemption region must be
empty. Third, if firm 2 has no first-mover advantage at xi, then it has none at any value that
the state will attain before crossing a:}: Thus, if the state, starting from some xZA < a:}:, will

**Here “the preemption region” refers to an area in the same state space in which the thresholds are defined,
which is of course an abuse of terminology regarding the previous definition of P.
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attain any intermediate value before reaching 3:}:, then it suffices to check whether there is a
first-mover advantage for firm 2 at xQA; otherwise the preemption region is empty, because ."L‘2A
cannot lie above it.

Proof of Lemma [A.1l First note that there are solutions 74 < 7(9) < 77(9) to (A1) for
i = 1,2 as the respective process to be stopped is continuous and integrable. The estimate
follows from the assumptlon TI'LZ —mt > wBl —xf ‘. cf. the proof of Lemma

By the optimality of T4 in E'[ TA( Li_aFhy ds | #9] < 0. Therefore, as k2 _ g2 <
- 7T.FZ, B.1)) can only be strlctly positive if

1

7r(9) 7'F(79
E[/ ( 2_gfF ds+/ 2 _nl?%yas| .z, }>0
A
(which can in fact only be the case if P[rh < 75(19)] > 0), and which implies
7r(TA)
E[LiZ—FfZ %] :EU (nl? — E?) ds—i—/ (7P xl?ds |z } >0
TA

as TH(Th) > Th(9), TH(TA) = n%w) and 752 > 7B

For all stopping times 7 € [, 74(9)], indeed 75 (7) = 75 (1), i = 1,2, and thus L — Fjj —
E[L2 — F2| %] = E[[5 (xL? — xl?) ds| #y] > 0if 72 = 0 attains (A.1). O

A.2 Verification of equilibria without preemption

The following proposition helps to reduce the search for times at which firm ¢ may want to
preempt firm j and thus to verify a best reply 7'1 > Tf. It avoids to maximize the leader
payoff directly, which is a complex problem due to the follower reaction. Applied to state-
space models, it may suffice to consider deviations at a single threshold.

Proposition A.2. Consider any given ¥ € T and i,j € {1,2}, i #j. If ﬁrm J plans to
invest at the stopping time 7'* > 19, then 7, > 7! is a best reply for firm i if F" b= Mij on

{7:k = 7'*} and

(i) E[FTZJ | #9] > esssup E[M!|Zy] and

76[19,7'5]

(i) for each stopping time O > 9, on {9 < 71} one of the solutions Tj(9') € T of the

problem
ess sup E[/ ds+/
76[19,,71\/19/}

} (A.2)

satisfies either T (V') > T}]}('ﬁ/) or Ll < E[sz | 7 i

D (")
Where ¢ attains (A.2)), it holds that Lé/ —E[FTZ: | Zy] > E[L’T —F:j | Z 4] for all stopping
times T € [V, h(9")].
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Further, if ot 70> L2 77.02, Bl 70 > B2 _ 7r.02, ng = Mfz and hold

fori=1, then ’I'*l = 7*2 are mutual best replies.

Condition is obviously also necessary, as the terminal payoff is at most F (without

preemption modeled as in Section and L' > M'. Condition n says that it Sufﬁces to
check for deviations by firm ¢ at solutions Tf)(ﬂ') < TI;—‘ 9') of ( (A.2), so there is nothing to
check where ¢ = TF(19 ). The subsequent sentence implies that for threshold-type models, it
is typically enough to consider ¥’ = TD(19). If firm ¢ does not want to become leader there,
it does not at any value that the state process will attain before crossing firm j’s follower
threshold that determines 7'%(19). For states above that threshold, no deviations need to be
considered.

Proposition can be applied in particular to equilibria of joint investment at some time
Ty = 7'*1 = 7*2 > ¢}. Then on the one hand FTZJ = MEJ is necessary, which automatically implies
F:J = MTlJ by Lemma H On the other hand, |(i)|is then the clearly necessary condition that
77 must be an (at least constrained) optimal time for maximizing the expected joint investment
payoff £ [M;J | #9] as considered in Lemma Given such 75, an equilibrium can be verified
by condition |(ii)l, where it suffices to consider firm 1 if the additional revenue order holds.

Proof of Proposition Given 77 > ¥, firm i’s expected payoff from any stopping time
T >0 E[LL1 s+ Ml _ +F il | P < E[LTilkTi +FT£17izrﬁ | Z9]. The
latter is attainable by the stoppmg tlme T 1 i + 00l i i, sO 7. is a best reply to 7/ iff

7 7
Ffﬁ =M i on {7'* = 7'*} and 7 = 7/ attains

ess sup FE |:LZ-17_<7_j + FTij 1

I<r<r]

r2ed | Z ”9}'

By iterated expectations, this is equivalent to Lfy — E[Fj_z | Zy] < 0 on {¢ < 7} for all
stopping times ¢ > . To establish the latter under conditions and fix arbitrary
V' > 9 and let 7p(¢) €  attain (A2) (such 7 (') exists by continuity and integrability of
the process to be stopped), whence EU;/Dw V(i = 70 ds| Fy] <0. On {¥' < 77} we then
have

W ACA . 7l : :
yﬂ,} - FE / " (wfl —w?’)ds%—/_ (7rfz — 7 ds
19/ P 19’
L 7 (9)

r b )V () T , ,
<FE / " ? (w — 7% ds +/ (@B 2% ds
L' e ﬁ’)vTDw/)

- (19/)\/7'i (19’)
SE/.F 7 (wlt — 70 ds+/ ” (7B — 7 ds | F
Dl VTD

Ly — B[M,

)
=E|L )ert o) (Llﬁ'ng - M)
L s (M oy — M3 ) | Zy]-
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The ﬁrst equahty uses the convention [ -ds = — f -ds for a < b. The first inequality is due
to 7 > 78" and the second due to the optimality of TD(19 ). The last equality is analogous
to the first, using iterated expectations and (¥ < Tf(ﬁ) = TF(TD(15l ) = T}];('l?/). After
replacing M by F' J in the first and last terms of ((A.3] -, conditions |(i)|and ” make the last

nonpositive (taking iterated expectations at 75 (1)), and thus also Lﬂ/ —E[F;|Zy] <0

To prove the next claim, note that for any stopping time 7 € [, le}(ﬂl)] we have T%(T) =
71(9') and thus Li/ ~E[LL|F,] = E[ [y (7 L nlyds| 7 o] > 0 where 9’ attains

For the final claim consider any stopping time 7-3 > 1} such that F 2 = M 2 then also F 2 =
M 2 by Lemma Suppose further that . 11 ) hold for i =1, so 7'*1 = 7'*2 is a best reply for

ﬁrm 1. To prove that 7*2 is also a best reply for firm 2 to 7'*1 = 7'*2 if 7t — 70 > 7l2 292 and

7B > B 2—77.02, we show that then (A.3)) is not greater for i = 2 than for i = 1. Therefore
note that for each i = 1,2, Fi*g = Mif implies E[1,4 f:fF(ﬂ )(Wfi —rFy ds | F4] =0 for any set
A C {rh(¢) > 72} (taking iterated expectations at 72), in particular for A = {rr(¢) > 72}
as 7p(0) > 75(¢'). Further, E[l 109/ 5r2 fTF(i9 752 _ 72l ds | Fy] < 0 by optimality of
2(9') (and iterated expectations at TF(’l9 )), SO E[l 1 (g2 f ( B2 _ 2?4 | Fy] >0
Now, rewriting (A.3)) for i = 2, we obtain

2

FICOTE . T B2 02
E{/ﬂ, (-2 ds+1 1(19)<T/ (g " —mg ) ds

TF
1 /
W) 1o B
+1 L0y / s — 7 )ds ﬂﬂz]
() L1 o1 m Bl o1
§E|:/19/ s S)d5+11(19/)<7_*2\/7}‘(19,)(8 - S)ds
1 /
)y F2
+171(19')>7-3/7_2 (my™ —mg ") ds yﬂ/]
1 / 2 2
TRINT 01 T Bl 01
< [/ﬁ/ Ty —mg )ds+1 1(19/)<T3/T;(79,)(8 —my )ds
1 /
Tr(9)
L1 F1
+17'1(19/)>3/[_2 s — Tg )dS
2 /
Tr(9)
4 / T — a By ds ,%,] (A4)
Tr(9)
The last inequality uses the assumption ol gtV > 212 2P ag well as T}ﬂ(ﬁl) < 7'%(29')

. . T 79 Bi Fi .
and 7t > 751, Rearranging (A.4) using E[IT}W'PTQ rfF( )(Ws "7l ds | Zy) = 0 yields

*

-forZ:l. O

Proposition [A.2) simplifies as follows for sequential investment.
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Corollary A.3. Consider any ¥ € 7 and let 7q € T solve (3.6). Then it is an equilibrium
in the subgame beginning at ¥ that firm 1 plans to invest at 7'*1 =719 and firm 2 at 7'*2 = T}%(ﬁ)
if condition of Proposition is satisfied for firm i = 2.

Further, if ot 7O > B2 292 ihen 7'%(19/) = 1¢ attains (A.2) where ¥’ < — Tg.

Note that in the setting of Corollary it suffices for condition of Proposition
to hold that firm 2 does not have a local first-mover advantage where 7',23(19/) < T}(ﬁ/) attains
(A2), as (F}) is a submartingale on [¢, 772(¢')]. Under the additional revenue order in the
corollary, this simply amounts to 7¢ not being in the preemption region P.

Proof of Corollary We only need to verify optimality for firm ¢ = 2 by applying
Proposition |A.2| with 7! = Tg < 7'1%(19) = 72. Then indeed FT22 = Mfg. Further, condition

is satisfied as M? < F? and (F}) is a submartingale on [0, 73(0)] by 772 < 72, Hence 77 is
optimal if the remaining condition is satisfied.

For the second claim note that if 77! — 7% > 752 — 7%2, then E[[Ts (7% — 7%%) ds | Z,] <
E[[Ts (wlt — 79y ds | Z,] < 0 for any stopping time 7 € [, 75] by the optimality of 7g, cf.

Lemma and thus 77 (¢') = 7¢ V' attains the current instance of (A.2). O

A.3 Technical results

Lemma A.4. In the setting of Section@ consider four processes (m;") € Ll(dt ® P), m =
0,L,F, B, such that each process (fg T, ds) is adapted, and let {to(T),7 € T} be a family
of stopping times satisfying T < 70(7) < T70(7) a.s. for all 7,7 € T with v < 1’ a.s. Then
there exist optional processes (L;) and (Fy) that are of class (D) and which satisfy

T To(T) 00
LT:L(T)::/ wgds+E{/o 7T5Ld8—|-/ 78 ds
0 T 7o(7)

and

T ’T/ oo
F.=F(r) ::/ ﬂgds—i—esssupE[/ Wfds—i—/, 75 ds
0 T T

/
T 2>T

a.s. for every T € 7. In particular, the process (F}) can be chosen right-continuous. If
lim7o(7") = 170(7) a.s. for any 7 € T and sequence (7")peny C T with " \( T a.s., then
also (L;) can be chosen right-continuous.

All conditions are met when letting each To(7) be the latest stopping time attaining the
value of F(T), or when letting each 7o(T) = T.

Proof. First rewrite F'(7) as

/

.
ﬁT] +esssupE{/ (Wf—wf) ds
0

/
T 2>T

F(T):/ (772775)d5+E[/ 78 ds
0 0

y} (A5)

The first term on the RHS is a continuous process evaluated at 7 which is by assumption
adapted and bounded by [ (|mt| + |72|) ds € L'(P), hence optional and of class (D). The
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second and third terms are (super-)martingale-systems (cf. |El Karoui, 1981, Proposition 2.26)
of class (D) — particularly the latter bounded by the family {E[fooo(lwﬂ + |7rf|) ds|Z.], 7 €
T} of class (D). Thus there exist optional processes of class (D) that aggregate the two
(super-)martingale-systems, respectively. The former, being a martingale, may be chosen
right-continuous. The latter is in fact the Snell envelope Uy of the continuous process (Y;) :=
( fg(wf — 75)ds), whence Uy is (right-)continuous in expectation and thus may be taken to
have right-continuous paths, a.s.

L(7) can be written like (A.5), with a third term X(7) := E] OTO(T) (nl —7Pyads| #.].
Suppose first that 7rSL — ﬁf > 0 for all s € R, a.s. In this case

To(7)
E[X(T’)L?T}:X(T)—FE[/T (nl —nPyds

o(7)

7| = x()

for all stopping times 7' > 7 (as 7o(7') > 70(7)), so X := {X(7),7 € T} is a submartingale-
system. X is bounded by { E[[5° (72| + |xP|) ds| #.],7 € 7}, hence of class (D). In general,
the last argument applies separately to (7rSL — B )" and (7rSL — B ), showing that X is the
difference of two submartingale-systems which can be aggregated by two optional processes
of class (D).

If lim 75 (7") = 75(7) a.s. for any sequence (7"),,cy C 7 with 7" \ 7 a.s., then X — being
of class (D) — is right-continuous in expectation and the aggregating submartingales can be
chosen with right-continuous paths.

Finally, as the process (Y;) defined above is continuous, the latest stopping time after
7 that attains F'(7) — 7p(7) — is the first time the monotone part of the Snell envelope Uy
increases. That monotone part inherits continuity from (Y;). Thus chosen, 7 < 7p(7) < 7p(7")
on {7 < 7'/} for all 7,7" € 7. Now consider a sequence of stopping times 7" \, T a.s., whence
also 7p(7") decreases in n. By construction we can only have lim 7(7") > 7p(7) > 7 where
the monotone part of Uy is constant on (7x(7),lim7p(7")]. By continuity it must then be
constant on [7p(7),lim7(7")]. However, the monotone part of Uy increases at 74(7) by
definition, so we must have 7(7) = lim 7p(7") a.s. O

Remark A.5. As the proof of Lemma [A]] relies on the aggregation of supermartingales of
class (D), we may further assume that the processes (L;) and (F}) have left limits at any time
t (see |[El Karoui, 1981, Proposition 2.27).

Remark A.6. The solutions — and in particular the stopping regions — for the monopoly
problem and the problem of when to become optimally the leader typically differ.
Consider a model in which the profit streams are driven by a diffusion (Y;) such that each firm
i has a follower threshold, say v solving with 7';:(7') =inf{t>7|Y; > yfp}, and firm 1
also has a monopoly threshold, say yi < y}: solving , and where Ltl can be represented as
a continuous function of the state Y;. Now one can apply arguments of |Jacka, (1993) relying
on the semi-martingale property of (Lt1 ), which the proof of Lemma actually establishes.
Denote the finite-variation part of (L}) by (A4;). The Snell envelope (S;) of (L;), i.e. the value
process of optimally stopping (L% ), now is continuous (as a function of the state) as well and
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its monotone decreasing part (B;) is given by dB, = 1, _ 1dA; + %dL?(St — Lj). The last
t—Ht
term is the local time of (S; — L%) spent at 0 (i.e. in the stopping region), which is absolutely
continuous w.r.t. 1, 1dA; <0.
t—

Now suppose the stopping region {S. = Ll} is that of the monopoly problem, {Y. > yi},
whence dL}(S, — L}) lives on the boundary {Y. = yi} For Y, € [yi,y%) (L}) has a drift
given by the foregone monopoly profit stream, dA; = —7rt dt whence st (S, — ) =0 if
(Y;) has a transition density, cf. Theorem 6 of |Jacka| (1993)).

As (Ly) is of class (D), so is (S;), which thus converges to Soo = L, = 0in L'(P) as t — .
Therefore the martingale part of () is simply E[— B, | %] and S; = E[— [ 1o g dA, | F).
Noting further that for Y, > y%, (L% ) has a drift given by the foregone duopoly stream,

dA;, = —715 ! dt, we then obtain

St:E[/OO(l I | 27r$ ds—/ 1,
t Ye[yLvy) Y> s—Y

By applying similar reasoning to firm 1’s monopoly problem (B3.4)), which is solved by 7} (t) =
. . . L L .
inf{s > ¢|Y, > yi}, its value is E[folo Has | 7] = E[f> 1Y82yi7rslds | F], ie.
E[ffo(t) y.< L7TS Yds|#,] = 0. Thus, if v, > y1, (A.6) can be rewritten as

o‘*]'

L
o L1
St:E[/t (1Y<27r3 271’5 ds—/ 1 %

In this hypothesized stopping region for (L%), also S, = L% , in particular for Y; > y%ﬂ > yi,

StzE[/ ﬂ'flds
t

With yF in the stopping region, *ly, 2 dA, > 0, and by assumption ot > 7P . Further,

ly_ 2 is a P ® dt nullset if Y has a tran81t10n density, such that equating the two last

expressmns for S, implies indeed

> L1 _Bl
E[/t 1YS<y2F(7rS — T )ds

(and E[— [~ 1Ys=y2F dA, | ;] = 0). This contradicts the typical strict ordering ol s o

} (A.6)

ol

yt:| - 0
B1

Lemma A.7. Let (z;) be a geometric Brownian motion on (2, %, P), satisfying
dxy = pxydt + ox, dB,;

for a Brownian motion (By) adapted to F. Further let 7z := inf{t > 0|z, > &} for any given
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constant T € R,.. Then the problem

sup F [/ e "(Dx, —rI)dt (A7)

T€T,7<T;
with > max{u,0}, D € R and I > 0 is solved by 7" := inf{t > 0|z, > & Az"}, where

* 51 I(T_:U’)

= .
pr—1 Dt

and B1 > 1 is the positive root of %a2ﬁ(ﬁ —1)+uB—r=0.

Proof. If D <0, then the integrand in is always negative and the latest feasible stopping
time is optimal, which indeed satisfies 7; = 7" as now 2" = co. For D > 0, Lemma is a
special case of Proposition 4.6 in |Steg and Thijssen| (2015)), setting their Yy = Dxq, py = u,
oy =0,Xg=cyg=cg=0and yp = (r — uy )(I —cy/r) = Z. O

B Proofs

Proof of Lemma [3.1l The stopping problem in (2.1]) is — up to a constant — equivalent to

ess infT/ZT E[[] (72—l ds | #,]. Optimality of 71(7) and iterated expectations thus imply
EUTT,F(T) (72— 7 ds |.Z./] < 0forall 7 € [r,74(7)] and E[[7; (7B 7l ds E

. v . , i () L)
for all 7" > 74:(7), strictly on {7" > 74(7)} as 74(7) is the latest time attaining (2.1)). Thus,
with 7 = min{rh(7), 76(7)} and 75% — 7f? < 7Bt _ 1

>0

we have

’ /

1 1
T (T) 7p(T)
OSE[/F (WSBZ—W§2>dS ﬁTf}SE{/F (WsBl—ﬂfl>ds

ﬁ,:|<0,
IS

The first inequality is strict on {75(7) < 73(7)} (up to a P-nullset), so 7j(7) < 74(7) (P-a.s.).
Finally, F! — M. = ess sup_ro_E[[] (wf" — 78%) ds| Z.] is not greater for i = 1 than for

1=2. U

Proof of Lemma [3.2l We have

1
[ 7e(7) 75 (7) 1
2-F2—F / T ayas+ [ (7B - aF?)ds| 7, (B.1)
LJ T T (T) J
and
r () 7 () ]
Li—FleE/ (Wfl—TrSFl)ds—F/l (7t — 2BYds| .7, |,
LJ T T (T) J

where 74(7) < 7'}27‘(7') by Lemma By the optimality of TI%(T) for stopping the stream

(7r52 —7752), the second integral on the RHS of (B.1]) has non-positive conditional expectation,

cf. the proof of Lemma The claim now follows from the assumptions kgl > k2 g f?

andTr.LIZW.Bl. O
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Proof of Lemma [3.3l We only use the assumptions ol > 7B and 7% > o (except for
the representation with 7p(9)). Let 7ig(9) = inf{t > 9| Li > F/} (= mp(9) for i = 2), such
that M’ < L' < F' on [, 71 (1)), so investing is nowhere better than becoming follower,
but 1ndeed inferior if the last inequality is strict. Next, by the optimality of TF(19) in Flg
and 7 > 7" F' is nondecreasing in expectation on [, Tp(ﬁ)], so firm ¢ prefers to become
follower as late as possible on that mterval Finally, LZ > F at T = mln{ﬁst ,T}(ﬁ)} -

Bi )
‘. Thus, in case

at 714 (9) due to right-continuity of L' — F' and at TF(QS‘) due to 7" > !
the opponent does not invest before 7 = min{7iy (9), 7}-(9)} (with some probability), firm i
can reach at least its follower value there by the limit from planning to invest at 7+ 1/n and
n — oo (in the limit, firm ¢ obtains FTZ with the probability that the opponent invests at 7

and Li else as L' is right-continuous). O

Proof of Lemma B.6. Where L} > E[L.|.%,] for all stopping times 7 > ¢, there we must
also have Ly > E[F} | #y| for any 7 > ¢, strictly on {r > ¥}, as follows. First note that

F!— E[Fj;(T) | Z,] = E[fo‘”(T)( — Oi) | Z,] <0 because 71(71(7)) = Th(7). Furthermore

note that L;L'_i ) > F Z'z L) by ol > gB ‘. Together with the hypothesis it must thus hold that
F

Ly > E[Fﬂgﬂg] > E[M:.’Jig] on {7 > 9} for any 7 € 7, and L} > F}) > M} using 7 = 0.

Then, in case that the opponent’s plan does not imply immediate investment with prob-
ability 1 (else there is nothing to prove), firm ¢ cannot achieve a higher payoff than Lfg with
the probability that firm j does not invest immediately and Fg with the probability that firm
j invests immediately. Thanks to right-continuity of L?, that upper bound is the limit of firm
i planning to invest at ¢ + 1/n and n — oo, but it is not attainable by any plan that does
not induce immediate investment with probability 1.

For the second claim suppose by way of contradiction that T = ¢ attains , but that

there exists a stopping time 7' > ¥ such that E[ [] (wlt — 7% ds | Zy] < 0 with positive

probability. On that event,

. . 5(9) o0 ,
29:/ TI‘SZdS—FE[/F Ligs + 7B ds (%9}
0 g TF(ﬁ)
9. < 5 (9) . oo )
</ wgzderE[/ w21d5+//F 7r£7’d8+/_ wf’ds yﬂ:|§E|:L:_I }
0 v T 75 (9)
as ’7’%(7’/) > T%(Q?) and 7 > 75" which contradicts the optimality of 7 = ¢ in (3.5). O

Remark B.1. The Z-events on which 7 > ¢ = Ll > E[L%|.%,] a.s. for all stopping times
7 > ¢ can be aggregated into an Fy-event as follows: With A(7) := {r > ¥} € Fy and
B(r) := {Ly > E[L.|.%y]} € .Z, for any stopping time 7 > 1, the given property can be
written as 1) — 14(;) = 0 a.s. for all 7 > 9 (as B(7) C A(7)). The latter holds for any .#-
event if and only if it is a subset of Cy := {essinf > y(1p;) —L4(r)) = 0} (up to a nullset). As
all 1p(;) — 1 4() are Fy-measurable random variables, so is essinf > y(1p(;) — La(r)). Indeed,
as 1p(ry) — Loy > essinf oy(¢), also 1) — 14y = Elessinf >y(-) [ Fy] as. for all 7 > ¢
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and thus essinf > y(-) > Elessinf, > y(-) | #y] a.s. by the definition of essinf(-). However, as
the left and right-hand sides have the same expectation, equality holds a.s.

Further, there exists a sequence of mutually disjoint sets (C,,) and a sequence of stopping
times (7,,) such that JC,, = Q\ Cp (up to a nullset), inf7,, > ¥ and, on each C,, 7, > ¥
and Ly = E[L! . |- 7] a.s. This follows from the fact that the family {1p;) — 1a¢r) |7 > ¥}
is directed downwards, as by all 1p;) — 14(;) being {—=1,0}-valued, for any 71,79 > ¥ also
73 := Ty + (La(ry) — 1B(r,)) (T2 — 71) > ¥ is a stopping time that satisfies 14(r) — 1p(z,) =
min(14¢r) = 15(r)s LA(ry) — 1B(ry))- Thus there exists a sequence (7,,) C 7 with inf 7, > o
and 1g(; ) — 1a¢r) \cessinf >y(1pr) — Lan) as., 0 P[{1g( ) = L)} \ Col N\ 0. Now
one can recursively set C,, = A(7,) \ (B(7,) UC,,_1).

Proof of Lemma [3.7l First note that there exists an optimal stopping time for (and
also a latest one), because the process to be stopped is continuous and integrable. For any
stopping time 7 € [, 7p(9)], Ti(7) = 75(9) and thus Ly — E[LL|Zy] = E[[j (z2" — ") ds|
Fy| is the same payoff difference as that between ¢ and 7 in . Thus, where 9 is uniquely
optimal in (3.7)), there also Ly > E[L! | #y] on {T > ¥}. Regarding the other possible payoffs,
as argued in the proof of Lemma 3.6, M} < F} < E[FTI;(T) | Z,] < E[Li}w(ﬂ_) | #.], where now
(1) < 10(7) = TR(9) for T € [, 77(9)]. Hence Ly is strictly superior to any future payoff on
(9, 77(9)] and the game has to end by the same arguments as in the proof of Lemma O

Proof of Lemma [3.8. First note that there exists an optimal stopping time 74, > ¥ for

and also a latest one, because the process to be stopped is continuous and integrable.
An optlmal 4, satisfies the necessary and sufficient conditions E| [’ Tt (72 — 7B ds | Z,]>0
on {7 < 74} and E[fTZiW (mdt — Py ds | F ] < 0on {r > 74} for all stoppmg times 7 > 9,
the last inequality being strict on {7 > TM} if 7, is the latest solution. We will derive the
analogous properties for the process (F}); thus consider an arbitrary stopping time 7 > 9.

For the first property, note that on {7 < 7),} we have

i i TAATE(7) 0i Fi
E[F’T'}.\/I/\T}(T)|ﬁ7—] —FT:E{/T (mg — s ') ds

7|20

by 70 > 7" and T%(T]i\/[ A T}’:(T)) = 7'}(7‘). Further, on the subset {T]Z\/[ > T}:(T)} we have

. i . . i (Ti/) . .
T |- F = E{/iM (7% — 7B ds + /iF " (7l — 7B ds
T Tn

() (1)

3%(7)] =0

by the optimality of TM and the definition of TF(TM) cf. the proof of Lemma Together,

E[FZ Z ] FZ E[FZM - F77:1\/I/\TF(T) ‘ ] + E[F:'M/\TF (m) ‘97'} _ FZ 2 0.
For the second property, note that E[in( ) | Z.] — F! = EUTTF( (m 775 )ds|ﬁ ] >
again by 70" > 77" and 75 (74-(7)) = 71 (7), hence it is sufficient to show E[ ] . 1] <F 11\4
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on {7 > 74s}. There, where 7(7) > Ti(74s), it holds that

1

T (Ti ) . T () . .
E[T(T|3ZT |- 7_7,‘ :E{/ZF M(WSZ— )d5+/F (WSZ—Ter)ds {g;_i:|
F M M TMY . TF(TM) M
< E () | o () 0i Bi >
< _ (g — my )ds—i— (mg —mg)ds|F i | <0,
T TF(TM) ™

where we have used the definition of T}:(TJZVI) in the first estimate, and the optimality of 7']1‘\/[
in the last. The last inequality is strict on {7‘ > TM} if TM is the latest solution of (3.8).
Now suppose that the stopping time 73, > ¢ optimally stops (F}) from ¢ € 7, ie. it

satisfies E[FL 7. > F! on {7 <7i} and E[F}| 7 } < F _on {r > 71} for all stopping
M
times 7 > 9. As E[F' | Z ] > F';, as noted above, we must then have equality, i.e.
) ) 7 (Tar) ™ ™ | . )
Te(Th) 18 optimal too, and we may set Ty = Tp(7),) for simplicity to show optimality of
Tr(Ty) in . Therefore, consider again an arbitrary stopping time 7 > 1.
On {7 < TM} where 75 (7) < Th(Ths) = Thr, it then holds that

7 T;(T) 07 ]
ﬁT]—FT—E{/ (7% — of ds+/ O _ 7By ds
™ o; ,
SE{/ (nd — 7B ds+/ % _ 2B ds

by the definition of T}a( ), which ylelds the first optimality property for 747 in
On {7 > 74}, where 7h(7) > 74/, we have

0< E[F,

—= i

ozE[Fiyka] FT}M_E[/i (72 — 7 Bh ds+/ Fi_ 7B ds
ZE[/Z (72 — 7B%) ds ﬁﬁiw]
™

again by the definition of Tk (1), yielding the second optimality property for i in (3.8). O

Proof of Proposition 4.1, By the strong Markov property it suffices to consider t = 0. If
the preemption region is empty, one can set z = r and pick any number in (0, z F] The upper
and lower bounds for a non-empty preemption region are obtained as follows. First note that
L§ = Mg < Fj for all zy > xp. Second, for all zq > 0, L§ < E[[° e " (2,Dyy — r1°) ds] =
29D10/(r — p) — I? by Dyg > Dy; and Fy > E[fs° e xyDoy ds] = xgDgy/(r — p), the value
of never investing as follower. Thus, L3 — Fy < xq(Dyg — Do1)/(r — ) — I* < 0 on the
non-empty interval (0, (r — )1 /(D19 — Dop) ™).

Now suppose Lg > F02 for some zy = & € (0, l'%r') and also for some zy = & < &, and assume
by way of contradiction that L§ < Fg for zy = &’ € (&, &). Then we must have 2’ > rI*/(Dyo—
Dy;)", because otherwise Ly — Fy = E[fOTI e " (x4(D1g — Doy) — rI*) ds] + E[Lif - Ff/] <0
if 2o = # and 2’ € (,7I°/(Dyg — Dg1)™ A 2], where 7’ := inf{s > 0|z, > 2’} < 71(0).
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By the same argument, we must also have L3 > Fp for zg = & V r1?/(Dyg — Dy1) < @'
But then, if we set 2o = ' and 7 := inf{s > 0|z, & (& V rI*/(Dyy — Do), &)} < 7(0),
we obtain L§ — F§ = E| Je_rs (x4(Dyo — Doy) — r1%) ds] + E[L} — F2] > 0, whence the set
{z > 0| L3 > F§ given xy = x} is convex. Further, that set is open as L3 — Fy is continuous
in xg.

Suppose finally that I 2 = I' and that the preemption region is non-empty, i.e., by Lemma
and the discussion thereafter, that the threshold solving satisfies a:QA < :1:} = a:%:

2
Then, for any zy € [z, 2%), Ls — Fp = E[fOTF(O) (z4(Dyg — Dgy) — 7“[2) ds] >0 as 24 solves

(A.1) uniquely. O

Proof of Proposition I < 2% can be any two numbers from (0, 0] in this proof, i.e.,
we only assume Z finite. For initial states zq € (Z, zF), the constraint 7p(0) A75(0) in problem
(4.3) is the exit time from the given interval and (4.3)) is equivalent to

sup E[/ e " (24(D1g — Dgo) — rI") ds|. (B-2)
r<inf{s>0|z,g(z.a7)} 7

If 2(Dyg— Dog) > 11 1, the expected payoff difference between stopping at time 0 and any
feasible 7 > 0 is E[f] ¢ "*(x,(D1g — Dgo) — r1')ds] > 0, such that immediate stopping is
2
optimal. If Dy — Dgg < 0, also EUTTP(O)/\TF(O) e " (z4(Dyg — Dog) — r1')ds] < 0 for any
7 < 7p(0) A 77(0), such that waiting until the constraint is optimal.
Now suppose 0 < Z(D1g — Dyg) < rI', whence Dy > Dgyy and l‘i < 00. Note that

oo Dy, — D

E|:/ e TS($S(D10—D00)—TI1) ds :.’BOM—Il

0 = p

is the value of stopping immediately in (B.2). Letting o = x, we will first verify that the
value function of problem ([B.2) is

A@)2™ + B(#)2® itz e (7, %),

Vi) { (#)a” + B(3) (7,2) B3

Dyg=Doo _ 1

T else,

r—p
and thus (z,2)° the sought stopping region, under the hypothesis that either & € [rI ! /(Do —
DOO),:):QF) solves or “<” holds for & = 2%.. Afterwards we will establish existence of a
unique such z.

V(z) as defined in is continuous because A(Z) and B(&) given by are the
solution to the continuity conditions

Ai% + B = g P10 = Doo I

r—p
Dy —D

AP 4 Bgfr = 20 200t (B.4)
T

V(x) is also twice continuously differentiable on (f,ib%‘), except possibly at £. At & < x5,
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the first derivative of V' is continuous, however, because is the differentiability condition
ﬁlAi“Bl_l +52B:%52_1 = (Dyg— Dqp)/(r— p) multiplied by #, minus the second continuity con-
dition in (B.4]). Therefore one can apply It6’s lemma to see that (e "'V (x,)) is a continuous,
bounded supermartingale until 7 = inf{t > 0|z, & (%,2%)}, with zero drift for z, € (z,#) and
drift e " (rI* —2,(Dyg— Dyg)) dt < 0 for z;, € (2, 2%). As that supermartingale coincides with
the payoff process at 7 = inf{t > 0|z, € (Z,z7)}, it remains to show that V (z) dominates
the payoff process for z € (z, x%), which it does by construction for = € [Z, xQF]

For € (z,2), V"(z) = 2 2[B1(8 — 1) A(&)2™ ™ + By (8, — 1) B(2)]. As (B, —1) >0,
k = 1,2, the difference V (2)—2(Dyo— Dog)/ (r—p)+1" would be convex if A(2), B(z) > 0, and
it vanishes at both ends z,Z. By , that difference’s derivative is non-positive at Z, where
the difference would thus take its minimum. Hence it would vanish on all of [z, ], but V (x)
cannot be affine on non-empty (z, ). So we must have A(%) A B(z) < 0. If we had B(Z) > 0,
then A(2) < 0 and V(x) would be strictly decreasing on (Z, %), contradicting V(z) > V(Z);
thus B(#) < 0. Going back to V" (z), which can switch sign at most once, it must start strictly
negative at Z. If it stays non-positive, the difference V() —2(Dyo— Dqg)/(r—p) 41" is concave
and thus non-negative on (z,#). If V" (2) eventually becomes positive, then the convex part
of V(z) — x(D1g— Dgg)/(r — p) + 1" takes its minimum 0 at 2 as argued before, such that the
difference is non-negative at the transition, and thus non-negative for the first, concave part.
In summary, (ethV(mt)) is a supermartingale until z; leaves (z, x%ﬂ), dominating the payoff
e "(x,(Dyg — Doo)/(r — p) — I"), which it coincides with for z, € {Z} U [#, #7], so the latter
is the stopping set in [z, 332F]

Next, we show that there is a unique threshold 2 € [rI'/(Dyo — Dyg),z1) solving [.4),
and then finally consider the constraint w%

As the first step, note that B(z) < 0 in for all x € (a_c,:clL] Indeed, as the first
term [i’glx’BQ - x’BIE:’BQ]fl < O0forx >z by 5y >1and By < 0, we have B(z) < 0 &
2 [2(Dyg — Do)/ (r — p) — I'] > & P [2(Dyg — Doo)/(r — 1) — I']. The derivative of the
latter function of z can be written as 217! [ﬁlfl — (81 — 1)x(D1g — Do)/ (r — p)] > 0 for
all 2 < wp, = Bi(r — ) I'/((B1 — 1)(D1o — Do))-

As the second step, note that with A = A(z}) and B = B(z}), we have A - (z:)" + B -
(z1)? = TI'/(B, — 1) by using the definition of z} in (B.4), and thus (8, —1)A- (z1)" + (By —
DB (z2)? =I' + (By — 8)B - ()" > I' compared to “=" in (Z.4).

The third step is to show that “<” holds in for the candidate # = I /(Dyo — Dyg) €
(z, :v%), where the inclusion is exactly the current considered case. By similar arguments as
above, using the continuity condition , V(z) then satisfies

Vi(z) = E{/ ™" (wy(Dyg — Dog) —r1') ds|, g =z € [7,4],
where we let 7 := inf{s > 0|z, & (z,#)}. For 2 = rI' /(Dyy — Dyg), the integrand would
be strictly negative until 7, so V(z) > x(Dyg — Doo)/(r — p) — I for all € (Z,2). At

z = &, however, equality holds by (B.4) and thus V'(2—) = 8, A(2)2" ™ + B,B(2)27 7! <
(D19 — Dog)/(r — u). Together with (B.4)), the latter inequality implies also “<” in (4.4)).
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As the last step, as the function (8; — 1)A(z)z” + (B — 1) B(x)z" is continuous, it must
attain I" at some 2 € [rI ! /(D19 — Dqp), :EIL) by the second and third steps. The latter interval
is non-empty by the estimate for xi at the beginning of the proof.

Concerning uniqueness, suppose 21, &y € [rI'/(Dyg — Do), x1.) solve (.4). With either
solution, as we have proved above, V(z) is the value function of problem for any m%ﬂ > a:lL,
and is solved by both 7, := inf{s > 0|z, & (Z,%;)}, k = 1,2. In particular, for any
g € [z1, o],

D1y — Dy

V(zo) = ~I'=E VTOO e " (x4(Dyg — Do) — 1" ds]

2

= :E|:/ 2€7rs($8(D10—D00)—T_[1) d8:|
0

Thus, letting 71 := inf{s > 0]z, < &} < 7 and still 2y € [z, 23],

0= EU C e (wy(Dyg — Do) — 1Y) ds}
0

F A %
= F {/ e " (x4(Dyg — Dog) — r1') ds + e " (x4(Dyg — Dog) — 1) ds].
0 F1 APy
The second integral vanishes itself in expectation, whereas the first integrand is strictly positive
for xy € (Z1,25). Therefore the latter interval must be empty.

The proof is complete for 2 < z%. Finally, if 7I'/(D1g — Do) < a3 < 2, then the
“<” in that we derived above for the candidate z = rI'/(D;q — Dyo) must be strict,
and thus also “<” must hold in for x%, because otherwise z < m% by continuity of
(61— 1)A(a:)a:/31 +(By— 1)B($)x52. Now the verification argument above applies if we consider
instead & := az% with “<” in . O

Proof of Proposition [4.3] The stopping times 7;(9) := inf{t > 9|z, > z;}, ¥ € 7,
satisfy time consistency ¥ < 7;(9) = 7,(9") = 7;(99) for any two ¥ <’ € 7 by construction.
77(9) is a mutual best reply at ¢ if the conditions from Proposition hold. By x; > :L%,

FEJ(ﬁ) = MEJW). Under the current specification it suffices to verify conditions |(i){and |(ii)| for
firm 1.

Condition |(i)| holds as waiting until the threshold z; < x]l\/[ is optimal for the constrained
problem of stopping Mtl up to it by Lemma cf. the unconstrained problem . Analo-
gously, the threshold min{z, x};} solves problem . Thus condition holds if z} > 2%
or, using the strong Markov property, if 0 > D (z) := Lj —E[M;J(O)} given 2y = x € [x],27).

By Proposition if 27 < 2% solves and we let 7(z) = inf{t > 0]z, > 2} < 77(0)
for any x € [z}, 2%), then D (z7) > E[Ll(x) - MTIJ(O)] = E[Dj(z)], where the last identity
is due to x,(,) = z. Therefore it remains to verify D J(z1) <0 for 2}, < x%.

If #; < x%, the former is finite and we can write X := x;/z} € [1,00]. Then also 2] < z;
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and thus (cf. equations (9), (10) in Pawlina and Kort| (2006), accounting for possibly 27 = co)

: 1 _xiDlo_Il_fm—Dn)clL)ﬁl

r—u r—u g

21Dy <5UJ(D11 — Do) Il) <3U1L>Bl
r— i r— i T

_ B o b1 7
pr—1 B1—1 Djy— Dy

_ (/\ Pi_ 1 Dn — Dy _1—1>)\—ﬁ1_
p1—1 Dy — Do

1D1o— D1y (Il (D11 — D01)+)ﬁ1_1
I? Dig— Dy

Rearranging yields condition . The derivative of the square bracket in w.r.t. A
is strictly negative for A € (0,2},/x1) given B, > 1, where it is important to note that
A(Dyy — Dyg) < Diyg — Dy, because Dy > Dy for z, < o and (Dyg — Dyg)/(Dyy — Dgg) =
x}\/j/le > A if Dy > Dgyg. Using the latter fact also shows that for A = x]l\/[/le, the square
bracket is either 1 — (x};/x}\/[)’gl >0or1,if le\/[ is finite or not, respectively.

Finally, necessity of D J(x}:) <0forap <zv<uz 7 is obvious. O

Proof of Proposition By the hypothesis :r:i < :EQF and Lemmas and [A.7] problem
is solved by 7¢(¥) := 71.(9) = inf{t > 9|z, > 1} € T for any ¥ € 7. These stopping
times for firm 1 satisfy time consistency 9" < 7¢(9) = 14(¢9) = 74(99) for any two ¥ <’ € .7
by construction, as do firm 2’s stopping times 74 () = inf{t > 9|z, > a3}.

To verify the equilibrium at ¢ € 7 by Corollary note that now 7t — 7! > 722 —77,02,
whence problem is solved by 77 (¢) = 7¢(9) V¢'. Thus we have an equilibrium if
x] > xp (> &) or, using the strong Markov property, if 0 > Dg(z) := L3 — E[FES(O)] given
T =1z € [x],Tp).

By Proposition if z; < zp and we let 7(z) = inf{t > 0|z, > 2} < 75(0) for any
x € [xr,xF), then Dg(z]) > E[L?.(x) - Ffs(o)] = FE[Dg(z)], where the last identity is due
to z,(,) = x. Therefore it remains to verify Dg(z}) <0 for 2} < f, ie., z1, & (z,Z). The
latter condition is (cf. equations (8), (9) in [Pawlina and Kort| (2006), accounting for possibly
Th =% = 00)

1

1 1 1
’ 1y _ Do 2 zp(Dio — D11) <1»‘L>B1
Tp

0> Dg(xr)
r— i r— i

_ 21 Doy _ (x%?(Dn —Dyy) I2> (C&)ﬁl

[ r—Q x%

_ b 7! Dyg — Doy 2 B1 7! Dy — Dpy ((Dn - Do1)+>ﬁ11
B1—1 Diy— Dy B1—1 Diyg— Do\ Dig— Dy

1 12(11(1)11—1301)4—>ﬁl
By —1" \1? Diy— Dy

36



Rearranging yields condition . The derivative of its LHS w.r.t. I° /1 Lis strictly positive
for le < :r}p given 1 > 1, because then (Dy; — Dog) /(D19 — Dyg) < 1. By the same fact the
RHS of is strictly positive.

To show necessity of z}. ¢ (z, x), suppose the contrary, whence 2} < 2} and DS(:):%) >0
by definition. For any x < a:lL,

Ds(e) = B[Ds(eb)] + 13 - B120) = Dsted) + B[ [ n? 2% as

+ z(D19 — Do) 2 wlL(Dlo — Do) (37)51

r—p r—=p le

which converges continuously to Dg(z}) > 0 as & — x1. Thus Dg(z) > 0 for some z < x}. [
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