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Optimization Problems
with Evidential Linear Objective

Tuan-Anh Vu?, Sohaib Afifi*, Eric Lefevre?, Frédéric Pichon®

% Univ. Artois, UR 3926, Laboratoire de Genie Informatique et d’Automatique de I’Artois
(LGI2A), F-62400 Bethune, France

Abstract

We investigate a general optimization problem with a linear objective in which
the coefficients are uncertain and the uncertainty is represented by a belief
function. We consider five common criteria to compare solutions in this set-
ting: generalized Hurwicz, strong dominance, weak dominance, maximality and
E-admissibility. We provide characterizations for the non-dominated solutions
with respect to these criteria when the focal sets of the belief function are Carte-
sian products of compact sets. These characterizations correspond to established
concepts in optimization. They make it possible to find non-dominated solu-
tions by solving known variants of the deterministic version of the optimization
problem or even, in some cases, simply by solving the deterministic version.

Keywords: Belief function, Robust optimization, Combinatorial optimization,
Linear programming.

1. Introduction

Our paper focuses on a very general class of optimization problems where
the objective function is linear (LOP). LOP covers a broad range of practical
problems in diverse areas such as transportation, scheduling, network design,
and profit planning, to name only a few important domains. In many realistic
situations, one often encounters uncertainty on the coefficients of the objective
function. Various approaches have been developed to model the uncertainty
on coefficients, including robust optimization frameworks that represent uncer-
tainty using discrete scenario sets [19] [10, 12] and intervals [16, 17, 10, 19} [5].
In the former representation, all possible realizations or scenarios of coefficients
are explicitly listed to obtain the so-called scenario set. In the interval represen-
tation, each coefficient is constrained to lie within a given closed interval, and
the scenario set is the Cartesian product of these intervals.

Email addresses: tanh.vu@univ-artois.fr (Tuan-Anh Vu),
sohaib.afifiQuniv-artois.fr (Sohaib Afifi), eric.lefevreQuniv-artois.fr (Eric
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In this paper, we investigate the case where the uncertainty on the coeffi-
cients is evidential, i.e., modelled by a belief function [2I]. More specifically, we
assume that each so-called focal set of the considered belief function is a Carte-
sian product of compact sets, with each compact set describing possible values
of each coefficient. Such a belief function is a direct and natural generalization
of the interval representation, which arises when intervals are extended to com-
pact sets and probabilities are assigned to scenario sets. It can be illustrated as
follows: in a network with three cities A, B, and C, under good weather condi-
tions, it may take 20 to 30 minutes to travel from A to B, and 10 to 20 minutes
to travel from B to C; however under bad weather conditions, the travel times
from A to B (resp. B to C) takes 30 to 40 minutes (resp. 15 to 25 minutes) and
the forecast tells us that the probability of good weather (resp. bad weather) is
0.8 (resp. 0.2).

In the presence of evidential uncertainty on coefficients, the notion of best,
i.e., optimal, solutions becomes ill-defined. In our preliminary WOI‘kH [25], which
considered the shortest path problem (SPP) where each path has an evidential
weight, we drew inspiration from [I0] and utilized decision theory under eviden-
tial uncertainty [7], to define the best paths as those that are non-dominated
with respect to some preference relation over paths built on the notions of their
lower and upper expected weights. Specifically, we studied the cases of the
preference relations obtained from three common criteria for decision-making,
namely generalized Hurwicz, strong dominance, and weak dominance.

Besides [25], optimization problems under evidential uncertainty were ex-
plored recently in [I5] 22] [12]. The authors of [I5, 22] considered various vari-
ants of the vehicle routing problem with different uncertainty factors. In the
resulting optimization problems, solutions had evidential costs and were com-
pared according to their upper expected costs, i.e., using a particular case of the
generalized Hurwicz criterion. Guillaume et al. [12] considered the LOP prob-
lem with evidential coefficients, where each focal set of the belief function on
the coefficients can be any discrete scenario set. They defined best solutions as
the non-dominated ones according to the generalized Hurwicz criterion and they
provided complexity results regarding the problem of finding such solutions.

In this paper, we expand upon the work [25] by investigating a much broader
class of problems, i.e., LOP, and by incorporating two additional well-known cri-
teria from the literature [2]: maximality and E-admissibility. More specifically,
this paper’s primary contributions are summarized as follows:

1. We propose models for LOPs in which the coefficients in the objective are
subject to evidential uncertainty. Here, each feasible solution is regarded
as an act, which is a fundamental concept in decision theory. These models
are based on five common criteria from the literature for comparing acts,
namely generalized Hurwicz, strong dominance, weak dominance, maxi-
mality, and E-admissibility. A key feature of these models is that they

IThis paper is an extended and revised version of [25].
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make use of the expressive nature of the belief function framework as they
allow for incomparability of some solutions due to a lack of information.

2. We provide a characterization for the non-dominated solutions of each
criterion, given our assumption about the focal sets. These characteriza-
tions correspond to established concepts of optimization. This makes it
possible to find non-dominated solutions by solving known variants of the
deterministic version of the LOP or even, in some cases (e.g., the case of
the generalized Hurwicz criterion), simply by solving its deterministic ver-
sion. For instance, we can use SPP-related algorithms to efficiently find
non-dominated solutions for the five criteria in the case of the SPP. In our
opinion, this is the main advantage of our works compared to [15], 22} [12],
where finding non-dominated solutions with respect to the Hurwicz crite-
rion was much harder in general than solving the deterministic version.

We note that the idea of using decision theory under uncertainty, and specif-
ically maximality and a special case of the generalized Hurwicz criterion, to
formalize optimization problems under (severe) uncertainty was first proposed
in [20], where the very general theory of coherent lower previsions is used as
the uncertainty representation framework. However, the resulting models were
studied in detail and connected to their deterministic counterparts only in a few
special uncertainty cases, such as the case of intervals (vacuous previsions); the
case of the evidential representation of uncertainty was not investigated.

The rest of this paper is organized as follows. Sections [2] and [3] present nec-
essary background material on the LOP and belief function theory, respectively.
Sections [ and [{ are devoted to the formalization and resolution of the LOP
with evidential coefficients, respectively. The paper ends with a conclusion in
Section [61

2. Optimization problems with a linear objective (LOP)

Many real-world problems have variables that are either integers or a mixture
of integers and real numbers. In this paper, we mainly focus on the following
optimization problem:

max / min ¢’z

LOP
s.t. x € X CZY, x RY) with ny +ng = n. ( )

where X # () is a set of feasible solutions and c is a vector of objective function
coefficients ¢; € R.

A very important class of Problem [COP|is linear mized-integer programming
(MIP) problems:

max /min ¢’z

MIP
s.t. ngb,a:EZ;“O XR;%. ( )
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where M is a m x n matrix and b is a m-vector. We require that M and b have
rational entries [28]. A practical instance of Problem is the uncapacitated
lot sizing problem (Example .

Example 1 (Uncapacitated lot sizing). The problem is to decide on a produc-
tion plan for an n-period horizon for a single product. The parameters of the
problem are:

e f;, which is the fized cost of producing in period t;
e p;, which is the production cost in period t;

e h;, which is the unit storage cost in period t;

e dy, which is the demand in period t.

The problem can be modelled by the following optimization problem:

n n n
mianta:t + Z hise + Z frys
t=1 t=1 t=1

Sim1F+r=di+s (t=1,2,...,n) (ULS)
<My, (t=1,2,...,n)
so=0,8;,2¢ > 0,9, € {0,1} (t=1,2,...,n)

where the decision variables are:

e 1, which is the amount produced in period t;

e s;, which is the stock at the end of period t;

e y; = 1 if production occurs in t and y; = 0 otherwise;
and where M is a big constant value.

Problem [LOP)] is referred to as a 0-1 combinatorial optimization problem
(01COP) when X C {0,1}™

max /min ¢’z

01COP
st. e X C{0,1}". ( )

This class includes many important problems. Below, we provide two of the
most notable examples.

Example 2 (The shortest path problem (SPP)). Let G = (V, A) be a directed
graph with set of vertices V, set of arcs A and weight ¢;; > 0 for each arc (i, j)
i A. Let s and t be two vertices in V called the source and the destination,
respectively.
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Finding a s-t shortest path, i.e., a s-t path of lowest weight, can be modelled
as the following optimization problem:

min E CijTij

(i,5)€A
DL SIS
(s,i)€A (4,8)€A
Z Tty — Z Ijtzfl (SPP)
(t,0)eA (4, t)eA
Yo owki— Y wr=0, VkeV\{s1}

(k,i)€A (j,k)eA
Lij € {07 1}7 V(Zaj) €A

where each s-t path is identified with a set x = {x;;|(i,7) € A} of which element
zij =1 if arc (i, ) is in the path and x;; = 0 otherwise.

Example 3 (The 0-1 knapsack problem (01KP)). Suppose a company has a
budget of W and needs to choose which items to manufacture from a set of
n possible items, each with a production cost of w; and fixed profit of p; (all
values are numbers in unit €). The 01KP involves selecting a subset of items to
manufacture that maximizes the total profit while keeping the total production
costs below W. The 01KP can be formulated as

n
maXZpia:i

i=1

n
s.t. Zwixi <Ww

i=1

z; € {0,1} (i=1,2,...,n).

(01KP)

The sets of feasible solution in Examples |2 and [3| are described by linear
constraints. However, it should be noted that Problem [0TICOP]is not limited to
problems with linear constraints as X can be any set.

When X is a convex subset of R, Problem becomes a convex opti-
mization problem (CV):

max /min ¢’z

. (CV)
st.xe X C Rzo is convex.

This class includes linear programming as a particular case.

3. Belief function theory

Let © be the set, called frame of discernment, of all possible values of a
variable of interest w. In belief function theory [21I], adapting the presentation
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of [27], partial knowledge about the true (unknown) value of w, when Q is
a closed subset of R™ as will be the case in this paper, is represented by a
mapping m : C — [0, 1] called mass function, where C is assumed here to be a
finite collection of closed subsets of 2, such that ) , .. m(A) = 1 and m(0) = 0.
Mass m(A) quantifies the amount of belief allocated to the fact of knowing only
that w € A. A subset A C Q is called a focal set of m if m(A) > 0. The set of
all focal sets of m is denoted by F.

The mass function m induces a belief function Bel and a plausibility function
Pl defined on B(£2) the Borel subsets of

Bel(A)= > m(B), Pl(A)= > m(B). (1)

BeF:BCA BeF:BNA#D

A probability measure P on B(€2) is compatible with m if Bel(A) < P(A) VA €
B(£2). We denote by P(m) the set of all probability measures that are compatible
with m. The upper expected value E,,(h) and lower expected value E,,(h) of a
bounded, measurable function function A :  — R, relative to m, are defined as

En(h):= sup Ep(h), E,(h):= inf Ep(h). (2)
PeP(m) PeP(m)

A well-known result [27, Section 2.4] states that the upper and lower expected
values of h can be computed as:

E,(h) = Z m(A) sup h(w;), (3)

AeF wi€A
Ep(h) = m(4) inf h(w). (4)
AEF ‘

When mass function m is clear from the context, E,,(h) and E,,(h) may be
simply written E(h) and E(h), respectively.

Assume ) represents the state of nature and its true value is known in the
form of some mass function m. Assume further that a decision maker (DM)
needs to choose an act (decision) f from a set Q. The outcome of each act can
vary based on the prevailing state of nature. Denoting by O the set of possible
outcomes, each act can thus be formalized as a mapping f: Q — O.

Depending on the context, outcomes induce either utilities or costs. Utilities
(resp. costs) of outcomes can be quantified by an utility function v : O — R
(resp. cost function ! : O — R). We assume that for any f, uo f (resp. lo f)
is a bounded real-valued map. In the following, to keep the discussion concise,
we concentrate on presenting the treatment when the outcomes are associated
with an utility function since a cost minimization can be turned in a utility
maximization by taking the negative. Moreover, to enhance comprehension, we
will use a specific problem, the[SPP} to illustrate the results of the cost function
case in Section Bl

In this framework, the DM’s preference over acts is denoted by >, where
f = g means that act f is preferred to act g. The preference relation is typically
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assumed to satisfy the reflexivity property (f = f for any f) and the transitivity
property (if f > g and g = k, then f > k for any f, g, and k), making it a
preorder. Furthermore, if the relation is antisymmetric (f = g for any f and g
such that f > g and g > f), then it becomes an order. Relation > is complete if
for any two acts f and g, f = g or g = f, otherwise, it is partial. Additionally,
f is strictly (resp. equally) preferred to g, which is denoted by f > g (resp.
f~yg),if f = gbut not g = f (resp. if f = gand g = f).
Typically, the DM seeks solutions in the set Opt of non-dominated acts:

Opt= {f € Q: Ag such that g = f}. (5)

If relation > is complete, finding one solution in Opt is enough since solutions in
Opt are preferred equally between each other and strictly preferred to the rest
O\ Opt. In this case, solutions in Opt are also called optimal acts. On the other
hand, if relation > is partial, the DM may need to identify all solutions in Opt.

Usually, the DM constructs his preference over acts based on some criterion.
We denote by >, his preference according to some criterion cr and by Opt,,
its associated set of non-dominated (or best) acts. In this paper, we consider
five common criteria defined as follows for any two acts f and g [7]:

1. Generalized Hurwicz criterion: f =%, g if
aBp(uo f)+ (1 - a)E,,(uo f) > aBp(uog) + (1 - a)E,(uog) (6)

for some fixed parameter a € [0, 1], representing an optimism/pessimism

degree, and where E,,(u o f) and E,, (u o f) denote, respectively, the
upper and lower expected utilities of act f with respect to mass function
m. Relation =}, is complete and we have f >3, g if @ is strict. The set
of non-dominated acts with respect to =%, is denoted by Opty,,.

2. Strong dominance criterion: f =g, g if
E,,(uo f) 2 En(uog). (7)

Relation =g, is partial and we have f >4, g if is strict. The set of
non-dominated acts with respect to >, is denoted by Optsy,..

3. Weak dominance criterion: f =eqr g if
Ep(uo f) > Ep(ucg) and E, (uo f) > E, (uog). (8)

Relation =eq is partial and we have f =,cqk g if at least one inequality
in is strict. The set of non-dominated acts with respect to = eqr is
denoted by Optyear-

4. Maximality criterion: f =42 g if
E,(uof-uog)>0 <= VP eP(m),Ep(ucf)> Ep(ucg), (9)

Relation =4, is partial and we have f =40 g if E,,(uo f —uog) > 0.
The set of non-dominated acts with respect to =4, is denoted by Opt,,qz-
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5. E-admissibility criterion: Let Optqqm be the set of non-dominated solu-
tions with respect to E-admissibility criterion, then f € Opt,gy, iff there
exists P € P(m) such that Ep(uo f) > Ep(uo g) for any act g.

Note that Optegm € Optmasr and Optyeark € Optimar © Optg with usually
strict inclusions (see [§]).

We can observe that E-admissibility differs from other decision criteria, as
it directly defines a set of non-dominated acts (choice set), without the need
for explicitly defining a preference relation. However, we can still construct a
preference relation from the choice set (see [1]).

Given these criteria, a relevant question for the DM is which criterion should
be chosen. The choice of the criterion depends on factors such as its proper-
ties or its associated computational cost of determining non-dominated acts.
For instance, when comparing strong dominance and maximality, the computa-
tional cost associated with maximality is generally higher than that of strong
dominance, but strong dominance is more conservative than maximality since
Optimaz C Optgt.. However, dealing with this question is beyond the scope of our
paper. We refer to the excellent review papers of Troffaes [23] and Denoeux [7]
for comprehensive discussions of these criteria.

4. LOP with evidential coefficients: modelling

In this section, we formalize what we mean by best solutions of Problem[LOP)|
when coefficients in the objective function are evidential, i.e., are known in the
form of a mass function, and we also describe a particular assumption about
the focal sets of this mass function.

Let us assume that the coefficients ¢;, for all i € 1,...,n, in the objective
of Problem [LOP)] are only partially known. More specifically, we consider the
case where information about the coefficients is modelled by a mass function.
Formally, let £2; be the frame of discernment for the variable ¢;, i.e., the set of
possible values for the coefficients ¢; and let 2 := x}_;€;. Any ¢ € Q will be
called a scenario: it represents a possible assignment of values for all coefficients
in the objective function. A mass function m on 2, with set of focal sets denoted
by F ={Fi,..., Fk}, represents uncertainty about the coefficients.

Example 4. Consider the Problem let ¢* and c* be the two scenarios
represented by Figures[Id and[IY, respectively. The mass function m such that
m(Fy) = 0.4 and m(Fy) = 0.6, with Fy = {c',c*} and F» = {c'}, represents
partial knowledge about arc weights.

As will be seen, making a particular assumption about the nature of the
focal sets of m is useful. This assumption relies on the following definition.

Definition 1. Given a subset A C Q, we denote by AY' its projection on ;.
We say that A is a rectangle iff it can be expressed as the Cartesian product of
its projections, that is: A = x7_, AY.

The assumption about the focal sets of m is the following:
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Figure 1: Two possible assignments of values, i.e., two scenarios, for the arc weights.

Assumption 1 (Rectangular with Compact projections (RC)). FEach focal set
of m is a rectangle where each of its projection is a compact subset of R.

Let m be a mass function satisfying the RC assumption and let F, be a
focal set of m. The minimum and maximum values of its projection F¥' will be
denoted hereafter [ and u], respectively.

While assuming focal sets to be rectangular may seem restrictive, it has
been argued in [I] that such focal sets arise in many practical situations, such
as in the example given in the Introduction and, for instance, it results from the
combination of marginal mass functions m® defined on €; under the assumption
of independence [6]. The compactness assumption is also rather mild as it allows
FV¥ to be, e.g., any closed (real) interval or any finite set of real numbers (and
thus the practical situation of independent marginal mass functions m* having
closed intervals or finite sets as focal sets, fits the RC assumption). RC focal
sets are further illustrated by Example [5| in a particular case where they are
Cartesian products of intervals.

Example 5. Consider the Problem[SPP, Let m be the mass function such that
m(F1) = 0.5 and m(Fy) = 0.5 with focal sets F1 and Fy, depicted in Figure@,
such that

31 :[lsaausa} X [lsb7usb] X [lst7ust] X [latauat] X [lbtaubt]
=[2,3] x [1,3] x [4,5] x [1,2] x [2,4].

and, similarly,
Fy =[3,4] x [2,4] x [5,6] x [2,3] x [3,5].

Each focal set is a subset of Q. For instance, the scenario ¢ = {Csa, Csb, Cst, Cats Cot }
With cgq = 2,Csp = 3,Cs¢ = 4,¢cqr = 1 and cpy = 2 is included in Fy.

When coefficients are evidential, i.e., there is some uncertainty about them
in the form of a mass function m on €2, the preference over feasible solutions
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(a) Focal set Fi (b) Focal set F

Figure 2: Two focal sets which are Cartesian products of intervals.

with respect to the (uncertain) coefficients can be established using the decision-
making framework recalled in Section [3] Specifically, the set © of scenarios
represents the possible states of nature. The set of feasible solutions X’ repre-
sents the possible acts. By a slight abuse of notation, each solution z can be
interpreted as a function z :  — O such that x(c) = ¢’z and the intended
interpretation should be clear from the context.

If Problem is a maximization problem (resp. minimization), the value
St ciw; of x € X under scenario ¢ = {¢;|i = 1,...,n} € Q represents the
utility u o (c) (resp. cost [ o z(c)) of solution (act) x for the scenario (state of
nature) ¢, with u (resp. [) being the identity function. From here on, we will
use the notation x to represent u o x and [ o z for convenience.

The preference over feasible solutions, and the associated best solutions, can
then be defined using any of the five criteria recalled in Section [3] In the next
section, we provide the main results of this paper, which concern best solutions
with respect to these five criteria and under assumption RC.

Remark 1. In [12], Problem with evidential coefficients is also considered.
The essential diﬁerenceﬂ between [12] and the present paper is the nature of the
focal sets of the mass function m on the coefficients: in [12], they are assumed
to be discrete scenario sets, whereas here we assume them to be RC. Hence, for
instance, the mass function in Example ﬁts the setting of [12] but does not fit
ours, whereas the mass function in Ezample [ fits our setting but does not fit
the one of [12].

5. LOP with evidential coefficients: solving

In this section, we provide methods for finding best (non-dominated) solu-
tions, with respect to the five criteria presented in Section [3] of Problem [LOP|

2 Another important difference with [12] is that only the generalized Hurwicz criterion is
considered in this latter paper, whereas we consider four additional criteria.

10
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when coefficients in the objective function are evidential, i.e., are known in the
form of some mass function m on Q with set of focal sets F = {Fi,..., Fk}.
For i € {1,...,n}, let m; be the map from Q to R such that m;(c) = ¢, i.e.,
7;(¢) is nothing but coefficient ¢; of scenario ¢ € 2. As will be seen, the upper
E(m;) and lower E(;) expected values of 7; with respect to m are central in
our characterizations of the non-dominated solutions for the five criteria. These

values can be computed easily under assumption RC:

Proposition 1. Under assumption RC, we have

K
E(m;) =Y m(F)ul, (10)
r=1
K
E(r;) =Y m(F)l} (11)
r=1
Proof. We have
B K
Ewnzg;mw}ggm@) (12)
K
= Zm(Fr) max c¢;. (13)
r—1 [} EFru
Similarly, we obtain E(m;) = Zle m(F;) min, . pii G The proposition follows
from the fact that under assumption RC, the projection F¥ of focal set F,. € F,

has maximum value ] and minimum value [}. O

To simplify the exposition of our results, £(m;) and E(m;) under assumption
RC will be denoted hereafter by @; and [;, respectively, i.e., we have

K
;=Y m(F)ul, (14)

K
L=y _m(F)I}. (15)

Example 6 (Example [5| continued). Consider the Problem and the mass
function in Ezample[d, with evidential weighted graph in Figure[2 We have for
instance for arc s-a:

Usa = M(F1) - Ugq +m(Fy) - u3, (16)
—0.5-3+0.5-4=35, (17)
lea=05-2405-3 =25 (18)

We treat in this section the five criteria in the order that they were introduced
in Section [3} Note that, as is the case for Proposition |1 above, all the following
Propositions require assumption RC to hold, and thus, for conciseness, we will
no longer explicitly state this assumption in the Propositions.

11
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5.1. Generalized Hurwicz criterion

We give a characterization for non-dominated solutions with respect to the
generalized Hurwicz criterion.

First, we can remark that this criterion relies on the notions of upper and
lower expected utilities of acts, acts being here feasible solutions. The upper
E(z) and lower E(x) expected utilities of a solution  can be computed easily
under assumption RC:

Proposition 2. (Under assumption RC) We have
E(z) = Zﬁﬂi, (19)

E(z) = Z lix;. (20)

Proof. By definition and since each focal set is compact, the upper and lower
expected utilities of = are

K
E(z) = (F}) i 21
(2) ;m CrTnea%( cix;) (21)
K
E(z) = ;m - Fglelg cra;) (22)

The inner maximum and minimum in and are obtained when each
component ¢ in ¢” equals u] and [], respectively. By regrouping terms we get
the desired result. O

Since =%, is complete, it is sufficient to find one solution of the set Opty,,,
as explained in Section To find one such solution, we need to solve the
optimization problem,

max /min aE,,(z) + (1 — a)E,, () 93
re X, (23)
for some specified value of « € [0, 1].

In the case of general focal sets, solving Problem is usually much more
challenging than solving its deterministic counterpart Problem [LOP] For in-
stance, the deterministic Problem [SPP] can be solved efficiently in polynomial
time, but if @ = 1 the Problem is weakly NP-hard already in the case
when mass function m has a single focal set containing two elements [30]. The
situation worsens if « = 0, as the problem becomes strongly NP-hard and not
approximable [12] Theorem 1]. However, under assumption RC, the complexity
of Problem remains unchanged compared to Problem since it is a
direct consequence of the following characterization.
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Proposition 3. A solution x is in Opty, iff x is an optimal solution of Prob-

lem with coefficients ¢; = ati; + (1 — «)l;.
Proof. Using Proposition the Problem becomes

max / min Z(aﬂi + (1 — )l (24)
i=1
reX (25)
O
a+ 2.5 a+1.5
a—+4.5 @
S >
20+ 1. 200 + 2.5

Figure 3: The parametric weighted graph associated with Opt, .

Example 7 (Example [5 continued). To find a best path in Opt§,, for the ev-
idential weighted graph in Figure[3, we need to solve the deterministic SPP in
the graph showed in Figure|3, for some specified value of o (we have for instance
for arc s-a, using Example |6} atigq+(1—a)lss = a-3.5+(1—a)-2.5 = a+2.5).
For example, if a = 0 then the corresponding shortest paths are s-a-t and s-b-t,
while the shortest one is s-t, if a = 1.

Remark 2. Thanks to Proposition[3, we can establish that best acts with respect
to the generalized Hurwicz criterion for various a are solutions of a parametric
LOP. Hence, methods from parametric optimization can help to solve a whole
family of problems parameterized by a. For instance, the standard approach for
solving parametric linear programming is the parametric simplex method [2]),
Chapter 7]. In the parametric SPP from Figure @, as the DM wvaries his opti-
mism/pessimism degree from 0 to 1, the break-point (point where a change in
the parameter a causes a sudden change in the solutions) is 0.5. More precisely,
for all o € [0,0.5] the best path is s-a-t, while for all o € [0.5, 1] the optimal one
is s-t. We refer to the work of Gusfield [13] for a comprehensive discussion of
parametric combinatorial optimization problems.
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5.2. Strong dominance criterion

In the same spirit as Proposition [3] we give now a characterization for non-
dominated solutions with respect to the strong dominance criterion when Prob-
lem [LOP)| is a maximization problem.

Proposition 4. A solution x is in Optgy, iff x is feasible with respect to the
following constraints:

re X (26)
i=1

where z is the optimal value of Problem in which ¢; = 1;,1=1,2,...,n.
Proof. By definition,

x € Optgy, < Py € X such that E(y) > E(x) (28)
& Vy € X then E(y) < E(x) (29)
E(z) (30)

& E
gneagf(y)

IN

As a special case of Proposition when a = 0, z = max,cx E(y) is obtained
by solving Problem with ¢; = [;. From Proposition [2, we have E(z) =
2?21 u;;, and thus the result follows. O

We also have a similar result when Problem [LOP)|is a minimization problem.

Proposition 5. A solution x is in Opts., iff x is a feasible with respect to the
following constraints:

reX (31)
Ziﬂ% <z (32)
i=1

where z is the optimal value of Problem in which ¢; = 43, (1 =1,2,...,n).

Problem is called a lower bound feasibility problem since it is the
feasibility problem with the additional constraint Y-, @;z; > 2 (see [28, Section
1.5.5)).

Since the relation >, is partial, it may be necessary to identify all solutions
in the set Optgs,-, meaning all feasible solutions of . The complexity of
this task depends on the structure of Problem [LOP]itself. In a specific case
mentioned in our previous works [25], enumerating Opts;,. for the amounts
to finding all paths in G' with arc weights ¢;; = Zij, whose weights are lower
than or equal to the lowest weight of a s-t path in G' with arc weights ¢;; = ;.
Hence, we can use efficient algorithms such as the ones in [3| [4], where the
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authors studied a problem of determining near optimal paths; for example, they
wished to find all s-t paths in a directed graph whose weights do not exceed
more than 5% the lowest weight, which is equivalent to finding all paths whose
weights are less than or equal to a given threshold.

Figure 4: Two graphs associated with Opts¢.

Example 8 (Example [5| continued). To find the paths in Optsy, for the evi-
dential weighted graph in Figure[3, according to Proposition [5 we first compute
the lowest weight of a s-t path in the graph in Figure [Jb, which is 5.5. The set
Optsyr comprises then the s-t paths in the graph in Figure[fa that have weights
no more than 5.5, which are the paths s-t, s-a-t, and s-b-t.

5.8. Weak dominance criterion

There is a strong connection between the weak dominance criterion and bi-
objective optimization. A bi-objective optimization problem can be expressed as

max /min fi(z) (33)
max /min fo(z) (34)
reX (35)

As the objectives are typically conflicting, there is usually no solution
x that maximizes (resp. minimizes) simultaneously fi(z) and fa(z). Instead,
we seek to find all so-called efficient solutions of ([33|[35): a solution x is efficient
if there is no feasible solution y € X such that fi(y) > fi(z) and fa(y) > fo(x)
(resp. f1(y) < fi(z) and fo(y) < fo(z)) where at least one of the inequalities is
strict.

Example 9. The bi-objective SPP is a particular bi-objective optimization prob-
lem. Assume that each arc (i,j) in G has two deterministic attributes c;; and
t;; that describes, e.g.,, the cost and the travel time from i to j, respectively. The
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goal is to find all efficient solutions, i.e., s-t paths, of the following problem:

min Z CijTij (36)

(4,5)€A

min Z tijTij (37)
(i,5)€A

x s a s-t path (38)

We now give a characterization for solutions in Optyeqr in terms of efficient
solutions of a bi-objective optimization problem.

Proposition 6. A solution x is in Optyeqr iff T is a efficient solution of the
problem:

n
max / min E lix;
i=1

n 39
max / min Z W; T (39)
i=1

reX

Proof. 1t is easy to see that x € Optyear iff = is an efficient solutions with
objectives fi(x) := E(z) and fz(z) := E(x), which, using Proposition leads
to Problem . O

From Proposition [6] identifying solutions in Opt,eqr is equivalent to finding
solutions for Problem . Considering again Problem as an example, we
can remark that the bi-objective SPP has been extensively studied in the liter-
ature. Hence, we can apply off-the-shelf fast methods developed specifically for
the bi-objective SPP, such as [L], to find solutions in Optyeqr for Problem [SPP]

Figure 5: The graph associated with Optycqr of which each arc (i,5) has two attributes
(Lij, Wij)-
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Example 10 (Example [5| continued). Fach path in Optyear s an efficient s-t
path in the graph in Figure @ Optyear. consists of paths s-t and s-a-t (s-b-t is
dominated by s-a-t).

Remark 3. It should be noted that any generalized Hurwicz optimal solution
with 0 < a < 1 is also a solution of Opt,, ... As a result, determining such solu-
tions for various o values can provide an inner approzimation of Opt, .- This
stems from bi-objective optimization theory, where these solutions are known as
supported efficient solutions: they are the solutions of mingex A1 f1(x)+ A fo(x)
for some A1, Ao > 0.

5.4. Maximality and E-admissibility criteria

Contrary to the other criteria, identifying characterizations for maximality
and E-admissibility relies on the nature of Problem [LOP} As will be seen, solu-
tions in Opt,q. and Optaqn, are closely related to the notion of possibly optimal
solution in robust optimization, where a solution z is referred to as possibly
optimal if it is an optimal solution to a problem P for at least one scenario
in the set of all possible scenarios I'. This notion appears in various works in
the realm of minimax regret optimization with interval data, such as in [16]
for linear programming problems, in [29] for the minimum spanning tree prob-
lem (where the authors called a possibly optimal spanning tree a weak tree),
and in [I7] for other combinatorial optimization problems. To emphasize the
importance of the notion, we frame it in the following definition.

Definition 2. A solution x is a possibly optimal solution of Problem[LOH with
respect to the set C := xT_|[l;,@;] if x is an optimal solution for at least one
vector ¢ in C. The set of these possibly optimal solutions is denoted by Optgos.
5.4.1. The general case

In the general case, i.e., the Problem [LOP] with evidential coefficients, we
are not able to provide similar characterizations for solutions in Opt,,., and
Optyam as for previous criteria. Instead, we offer partial answers by providing
a sufficient condition for solutions of Opt,,.. (Proposition @ and a necessary
condition for solutions of Opt 4., (Proposition .

Proposition 7. If x € OptS,, then © € Optymaz.

pos
Proof. If x is optimal under c® where ¢ € [I;,%;], for all i € {1,...,n} then,
VyeX, 0> fyi—xi)= > Syi—x)+ Y, fyi—z)  (40)
=1 LY X 1Y <T;
=0> > Lilyi—z)+ Y Wiy — ;) (41)
Y > T 11y <T;
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On the other hand,

n

]~

E(y—z) = m(F}) min ci(y; — ;) (42)
r=1 ccFy i=1
K
Z Z Li (y Z ug (yi — ;) (43)
r=1 LY > T 11y <T;
= Ly =)+ Y @y — ) (44)
1Y > T 1:y; <3
From (41]) and (44 ., we have that Vy € X, E(y —x) <0, and thus = € Optpaz.

O
Proposition 8. If x € Optaam then x € OptC

pos*
Proof. Recall that an act z is a map from  to R such that z(c) = > | zc;.
Note that z(c) = Y i, @;m;(c). Let P € P(m). By linearity of integration, we
have

Ep(z) = /Q AP = Y /Q m(OAP(E) = Y wiBp(m). (45

Since P € P(m), we have E(m;) < Ep(m;) < E(m), i.e.,
If € Optogm then IP € P(m) such that Ep(z) > Ep(y) Vy. From Equa-

tion ([5), Y1, Ep(m)xz; > Y.~ Ep(m)y, and thus z is optimal under ¢
where ¢ := Ep(m;). By Equation (46]), we have c? € [I;, u,). O

A direct consequence of Propositions [7] and [§]is the following result.
Corollary 1. Optagm C Optpos C Optimaz-
In the important case of Problem the sets OptC

coincide:
Proposition 9. For Problem. Optadm = Optpos = Optmaz-

Proof. As the set of acts X' is convex, by the result in [26] Section 3.9.5],
Optagm = Optimaz- The result follows from Corollary O

Optadma and Optmaz

pos?

In the following two sections, we study these inclusions in Corollary [1| with
respect to two other wide class of optimization problems besides Problem [CV]
namely Problems[MIP|and[0TCOP] As will be shown, the three sets also coincide
for OICOP|, whereas only the sets Optpm and Opt,gy, coincide for There-
fore, overall, our findings are that the inclusion between Optpog and Opt,,q, in
Corollary |1 can be strict, whereas the inclusion between Opt,q4,, and Optpo9
actually an equality for three important particular [CLOPE, i.e., Problems [CV]
[MIP] and 0ICOP} it remains an open, non-trivial, question whether there exists
an instance of Problem@lfor which the inclusion between Optggrm and OptS
in Corollary [I]is strict.

pos
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5.4.2. Problem [MIP
Let S be the feasible set of Problem [MIP} consider the following optimization
problem:

max /min ¢’z

CMIP
s.t. z € conv(S) ( )

where conv(S) is the convex hull of S.

A fundamental result in integer programming states that Problem [CMIP|
is a linear programming problem and we can solve Problem [MIP] by solving
Problem [CMIP} To make the paper self-contained, we will state the result here
without providing a proof. Further information and a detailed proof can be
found in standard textbooks such as [28, Theorems 6.2 and 6.3].

Proposition 10. Assume that Problem [MIP is a mazimization problem. For
any ¢ € R™, if x* is an optimal solution of Problem[MIP, then x* is an optimal

solution of Problem [CMID

We can now provide a characterization of E-admissibility for Problem [MID)]
by proving that the converse of Proposition [§| also holds.

Proposition 11. For Problem 2 € Optagm iff x € OptS

pos *

Proof. If z is an optimal solution of Problem [MIP] under some ¢® € C then
by Proposition [I0} x is also an optimal solution of Problem [CMIP] under c¢°.
As Problem [CMIP] is convex, by Proposition [0 x is an E-admissible act of
Problem [CMIP| Moreover, since S C conv(S), then z is also an E-admissible
act of Problem [MIPL O

Corollarystates that if x € OptgoS then x € Opt g, for Problem LOP|and
thus also for Problem [MIP] The next example shows that for Problem we

can have x € Optq, but x & Optgos (even when the mass function has a single

focal set), i.e., the inclusion between Optfw5 and Opt,q, in Corollary (1] can be
strict.

Example 11. Consider the following optimization problem where each coeffi-
cient c1, ca, c3 and ¢y in the objective is known to lie in an interval: ¢; € [1, 3],
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co €11,3], c3 =0 and ¢y = 0.

max C1T1 + CaZy + C3T3 + C4X4
—2331 — T2 S —6
x1+212<H

—T1 — 2.’E2

|
<

x1 — 1023
—x1 + 10z3
To — 1024
—x9 4+ 10x4 <6
x1,29 €{1,2,3,4}
x3, x4 €{0,1}

VAN VAN VAN VAN
IO Y

It can easily be checked that the set of feasible solutions X is X = {z =
(2,2,0,0),y := (1,4,0,1),z := (4,1,1,0)}. An easy computation gives E(y —
z) = —1 and E(z —x) = —1, thus © € Optpay. Assume x € Optpos, which
means that there exists ¢ € [1,3] x [1,3] x {0} x {0} such that cTx > Ty and
cTx > cTz. It implies that

2¢1 4+ 2¢5 > ¢ +4cs and 2¢1 + 2¢9 > 4eqp + co (47)
& e > 2¢9 and ¢y > 2cy. (48)

Since @ cannot be true, we get a contradiction and thus ¢ Optpos.

5.4.3. Problem[01COP

We give the characterizations for non-dominated solutions with respect to
the maximality and E-admissibility criteria for Problem [JICOP| In this case
the set of feasible acts X is not convex. Somewhat surprisingly, as we are going
to show, the two sets of non-dominated solutions still coincide.

For any = € X, let ¢*" be the scenario associated to x in focal set Fi., such
that

T =u; ifx; =1, & =1 ifx; =0. (49)

Lemma [T)is simple but it is the key element to uncover the characterization

of the maximality criterion.

Lemma 1. For any xz,y € X,

min ¢’y —cTz = @)y — (&) .
ceF,
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Proof. For any c € F,,

CTy —cle= Z ci(yi — ;) = Z ci(yi — i) + Z ci(yi — ;) (50)
i=1 i:x;=0 ;=1
>3 Fyi—z)+ Y, ui(yi—x)  (51)
1:x; =0 ;=1
=(@)Ty— (@) (52)
where the inequality holds because if ; = 0 then y; —z; > 0 and if z; =1
then y; —z; <O0. O
K

Denote by ¢® the set of coefficients in which ¢ = >~ m(F,)éf". Hence,
we have:

& =a;ifz; =1, & =1; if v; = 0. (53)
A characterization of solutions in Opt,, .. is given as follows.

Proposition 12. For Problem a solution x € Optmas iff x is an
optimal solution under c®.

Proof. By definition,

x € OPtmas < Py such that y =4, = < Py such that E(y —x) >0 (54)

K
(¢Tay— T o) <
& Vye X, ;m(FT)Pellp%(C y—c x)<0 (55)
K
= Vyed, Zm(FT)((E”)Ty —(@")'z) <0 (Lemmall) (56)
r=1
K n K n
e VWeX, m(F) Y ety <Y o m(F)> ey (57)
r=1 i=1 r=1 i=1
< VyGXaZEfyiSZEfJM (58)
i=1 i=1
Hence, © € Optipq, iff x is an optimal solution under ¢*. O

Proposition offers a method to check if a given feasible solution x be-
longs to Optimaes- To do so, one first calculates the optimal value, z,, of Prob-
lem with ¢; = & and then compares ., ¢fx; with z,. Moreover, the
following characterization provides a way to identify a solution in Opt,,.. by

solving Problem under some ¢° € C.

Proposition 13. For Problem |01COP, a solution x € Optgos iff x is optimal
under ¢*.
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Proof. One direction is obvious. We only need to show the other direction.
Assume that z is optimal under ¢° € C. Then for any y, we have

En: x> E”: cyi (59)
i=1 i=1

:x;=1,y;=0 1:y;=1,2;=0
- Y Y (61)
:x;=1,y;=0 1y =1,2,=0
v:x;=1,y;=0 1x;=y;=1 1y =1,2,=0 1T =y;=1
n n
& Zcfxl > Z clyi (63)
i=1 i=1
Hence, x is optimal under ¢*. O

Remark 4. The proof of Proposition is essentially the same as the proof
of [29, Theorem 2.1] where the authors characterize weak trees.

We are now in the position to provide a characterization for E-admissibility.
We remark here that although the feasible acts X of Problem [JICOP| may not
be in the form Mz < b, the convex hull conv(X) is still a bounded polyhedron

as X is a finite set. Hence, it still follows from Propositions and that
hOlCOP

x is E-admissible iff z € Optgos. However, the nature of Problem

makes it possible to derive a proof for this fact, without relying on the powerful
Proposition [I0] We feel that it is useful to present a simpler proof here.

Proposition 14. For Problem a solution x is in Optegm iff T is an
optimal solution under ¢*.

Proof. If © € Optaam, then & € Optyqz, by Proposition[I2]z is a optimal solution
under ¢”. Assume that = is an optimal solution with ¢; = ¢;. We construct an
allocation map a of m as:

(@, F.) =m(F,), Vr € {1,...,K}. (64)

We define a discrete probability measure P such that

P({c}) = > a(@" F,). (65)

T =c

Thanks to [27, Theorem 1], we have P € P(m). It is easy to see that Ep(m;) = u;
if z; =1 and Ep(m;) = I; if ©; = 0. Since x is optimal and by Equation ,
Ep(xz) > Ep(y) for any y. Therefore, x is E-admissible.

O
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Consequently, we arrive to the main result.

Proposition 15. If Problem [0ICOH is a maximization problem then the fol-
lowing are equivalent:

(i) x € Optimaz-
(ii) © € Optadm.
(iii) x is an optimal solution under ¢®.
(iv) x € Optgos.
Let ¢ be the set of coefficients, defined as follows:
c=lifr; =1, & =u; ifr; =0. (66)
Likewise, we have the next result.

Proposition 16. If Problem is a minimization problem then the fol-
lowing are equivalent:

(i) © € Optimas-

(”) T e Optad?n-

(iii) x is an optimal solution under c®.

(iv) x € Optgos,

Figure 6: The graph associated with Optmae and Optggr, in which weights of arc (4, ) are in

the interval (I, @s;).

Example 12 (Examplecontinued). The graph in Figure@ contains informa-
tion about Optya. (or, equivalently, Optagm ). For instance, s-a-t € Optimax
since it is optimal under the set of arc weights csq=2.5, cqt=1.5, cst=5.5,
csp=3.5, and cpr=4.5. By setting the arc weights to csq=3, Cqt=2.5, cst=5,
cshb=3, and cpr=4, the optimal path is s-t, which also belongs to Optyas. The
set Optimay consists of s-a-t, s-b-t, and s-t.

The characterization we provided is particularly valuable for E-admissibility.
As noted in [2], verifying whether an act is E-admissible typically involves solv-
ing a large linear programming problem. However, Propositions[15and [16]imply

that if Problem [01COP]|can be solved efficiently (e.g., Problem [SPP)), checking
E-admissibility is also efficient.
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Remark 5. Since =42 18 a partial relation, Opt,,qa. may need to be enumer-
ated. For some problems, such as the the size of Optyear (and therefore,
the size of Optimaz) grows exponentially with |V| [T4)], making the enumeration a
very time-consuming process. Preprocessing can be applied to speed up the pro-
cess by eliminating the elements x; which are never in any solution of Opt,qz-
We note that determining whether x; = 1 is part of a possibly optimal solution
(i.e., solution in Optmqz) is NP-hard for many polynomially solvable problems
such as the or the assignment problem [17]. Nonetheless, for an important
class of combinatorial optimization problems, i.e., the matroidal problem (which
includes the minimum spanning tree problem), Kasperski et al. [18] showed that
this determination can be done efficiently.

6. Conclusion

In this paper, we have considered a very general optimization problem with
a linear objective function (LOP). When coefficients of the objective are ev-
idential, the notion of optimal solution is ill-defined. Therefore, we propose
extensions of the notion of optimal solutions to this context, as the sets of non-
dominated solutions according to the generalized Hurwicz, strong dominance,
weak dominance, maximality and E-admissibility criteria. By considering the
particular case where focal sets are Cartesian products of compact sets, we are
able to characterize the non-dominated solutions in terms of various concepts in
optimization. This makes it possible to find non-dominated solutions by solv-
ing known variants of the deterministic version of the LOP or even, in some
cases, simply by solving the deterministic version. Specifically, non-dominated
acts with respect to generalized Hurwicz are solutions of the deterministic LOP.
Non-dominated acts with respect to generalized Hurwicz under unknown opti-
mism/pessimism degree are solutions of the parametric LOP. Non-dominated
acts with respect to strong dominance are solutions of a lower-bound feasibil-
ity problem. Non-dominated acts with respect to weak dominance correspond
exactly to the efficient solutions of the bi-objective LOP problem. Lastly, non-
dominated acts with respect to maximality and E-admissibility are linked to the
robust optimization framework via the concept of possibly optimal solutions of
the LOP.

Topics of future research include i) finding a characterization of the maxi-
mality criterion for linear mixed integer programming problems; ii) providing a
polynomial representation of all non-dominated solutions with respect to max-
imality and E-admissibility for combinatorial optimization problems or at least
for matroidal problems. Since these latter solutions are also possibly optimal,
one possible direction is to expand the works of [9], in which a compact repre-
sentation of possibly optimal solutions is given for the item selection problem
(a special case of matroidal problems).
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