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Abstract

In this paper we analyze the notion of a finite.mean from an axiomatic point
of view. We discuss several axiomatic alternatives, with the aim of establishing
a universal definition reconciling all of them,and exploring theoretical links to
some branches of Mathematics as well as to/multidisciplinary applications.

Keywords: Means; Axiomatics; Iterativity; Totally ordered sets; Lattices;
Semigroups; Topological spaces; Binary operations; Functional equations;
Social choice; Ranking sets of objects; Fuzzy set theory.

1. Introduction

The search for a suitable definition of a mean is indeed an old question
(see e.g. [44,%6, 28, 16, 31, 24]), on which we want to analyze new trends and
possibilities, coming from several branches of Mathematics (see e.g. [40, 41, 23])
as well as from a miscellaneous wide set of interdisciplinary applications (e.g.:
aggregation ofyindividual preferences into a social one, in Mathematical Social
Cheiceyssee [20, 15, 17, 29, 14], or the study of aggregation operators in Fuzzy
Set Theory, see [26, 46, 22, 3, 12, 35]).

Several miscellaneous examples of contexts where some kind of a mean plays
a crucial role are: descriptive statistical studies, where centralization measures
(means of n real numbers, in particular) as well as dispersion measures constitute
a key notion; ordered sets; topological spaces where a continuous topological
mean can be defined (see e.g. [6]); divisible groups, where an algebraic mean
makes sense (see e.g. [40]); sets of profiles of individual preferences, arising
in Social Choice; extensions of orderings from a set to its power set following
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different criteria (see e.g. [7]); aggregation operators arising in fuzzy set theory
(e.g.: triangular norms and conorms, fuzzy integrals, ordered weighted functions
and so on, see e.g. [26, 52, 45, 8, 9, 27]).

One may wonder why a so high number of different definitions are encoun-
tered in the literature. At this extent, we should notice that, depending on the
contexts, there are operations that can not be done, or particular features that
can not be assumed a priori. Notice, as an evident example, that the definition
of a mean on n-real numbers (where we can perform algebraic operations, there
is a linear order, etc.) could actually be much more demanding that the netion
of an n-mean on an abstract set where there is no structure (neithér algebraic
nor topological) given a priori. In a sense, each context has a strongdnfluence
on the definition of an n-mean that we may consider on it.

A glance at the jungle of (existing and possibly new) definitions of the con-
cept of a mean naturally suggests to try putting some fordec-in=the field, by
showing links and hierarchies among the correspondinggcontexts and definitions,
and finally looking for a unified theory.

In our approach we will consider a nonempty, set, X, as well as the set X =
UZO:1 X™ and a map F : X — X, studying the testrietions F;, of F' to each
X"™. Having this in mind, we will talk about finite.means (see Remark 3.1 (ii)
in Section 3). Only finite means will be considered in this paper.

The structure of the paper goes as followss, After a section of Preliminaries
in which we discuss some known definitions‘of an n-mean in different contexts,
in Section 3 we introduce some systemsiof axioms to define means, starting with
the classical definitions on the réakline .and paying a particular attention to the
classical Kolmogorov’s approach. Then we extend the study to totally ordered
sets, lattices, and other topelegical or algebraic settings. In Section 4 we study
additional properties ofdneans, using iterativity and some functional equations
involved. In Section® we describe miscellaneous applications in different con-
texts. To conclude; Sections 6 and 7 discuss the results obtained and contain
further comments and remarks.

2. Preliminaries

In‘this’section we recall different definitions of the concept of an n-mean,
which have already appeared in various mathematical contexts. Then we discuss
the hierarchy among different definitions, and recall some central results.

2.1 Towards a definition of a mean for n elements

The idea of a mean for n elements that belong to a given set (henceforward,
an n-mean) naturally depends on the context involved. Thus, it can be under-
stood from the point of view of order as suitable choices, made on finite subsets
with n elements of a set endowed with some ordering (e.g.: a lattice). From
the point of view of topology we may think about a suitable continuous map
defined on the Cartesian product of n copies of a topological space (X, 1), and
taking values on X. From an algebraic approach, we may consider some n-ary



operation defined on a set. Working in the framework of functional equations,
an n-mean could be interpreted as a solution of a suitable set of simultaneous
functional equations (e.g.: anonymity). Needless to say, many other possible
approaches might be explored.

In this section, we give an account of some of the typical definitions of
an m-mean, arising in different settings. Bearing these definitions in mind, i
next Section 3 we will introduce several notions of finite means, following/the
presentation and relationship of these approaches introduced now, and looking
for a universal definition valid for all of them. This will finally lead to. the
concept of a general mean (see Definition 3.39).

To start with, we analyze different possible definitions of the netion of an
n-mean, which arise when dealing with contexts related to Onder.

Definition 2.1. Let (L, V, A) be a nonempty lattice (i.e., a’partially.ordered set
(L, <) with the property that any two elements z,y € L have both a supremum
xzVy and an infimum z Ay in (L, <)). The binary operationsV (respectively,
A) is usually called the join (respectively, the mieet). An n-mean is a map
F: L™ — L such that y1 A ... Ayp = Fy1,.. . Sn) [yrV ...V yy, for every
(Y1,---,Yyn) € L™

Remark 2.2. This Definition 2.1 is an extension of a very old one (see Definition
2.3). A very important particular case of Defimition 2.1 is Definition 2.5 (see
below), provided that the nonempty set is'éendowed with a total order.

Definition 2.3. Let A C R bera, nonempty subset of real numbers. An n-
mean is a map F : A" — A sueh that min{ai,...,a,} < F(a,...a,) <
max{as,...,a,}, for everys(@an,. .., a,) € A™.

Remark 2.4. This Definition/2.3 is indeed very old. It dates back to A.L.
Cauchy, who introduced”it im" 1821 (see [19]). The property involved in it is
usually called internality (see e.g. [36]).

Definition 2.5. Liet X be a nonempty set endowed with a total order < (i.e.:
the binary‘relation < defined on X is antisymmetric, transitive and total). An
n-meanfis aymap F : X" — X such that min{zy,...,z,} <X F(z1,...2,) =
max{Z1, .4, zp}, for every (z1,...,z,) € X™

Now we recall a classical definition of an n-mean naturally arising in Topol-
0gy.

Definition 2.6. (Aumann [6]; Chichilnisky [20])

Let (X, 7) be a topological space (i.e.: X is a nonempty set endowed with a
topology 7). A topological n-mean is an n-variate map F : X™ — X such that
the following conditions hold:

(i) (Anonymity-neutrality) F'(z1,...,2n) = F(Zo(1),- -, Zg(n)) holds true for
any (x1,...,%,) € X" and every permutation o of the set {1,...,n}.

(ii) (Unanimity) F(¢,...(n times)...,t) =t, for every t € X.



(iii) (Continuity) F' is a continuous map, considering the topology 7 on X and
the corresponding product topology on X™.

Remark 2.7. The property (i) of anonymity-neutrality is also known as sym-
metry in the specialized literature, whereas the property (ii) of unanimity is
sometimes called idempotence (see e.g. [36]).

Now, we examine some definitions of the notion of an n-mean, coming from
Algebra.

Definition 2.8. Let (S, %) be a semigroup (i.e.: S is a nonempty set“with an
associative binary operation *). A semigroup n-mean is a map &£ : "% —"S
such that sy x...%8, = F(81,...,8,) %...(n—times)...x F(s1477 , 8p) for any
(S15...,8,) € S™

Definition 2.9. (Candeal and Indurdin [16]) Let G be a gonemptysset endowed
with a binary operation *. An algebraic n-mean is an n-ary*operation F : G" —
G such that the following conditions hold:

(i) (Anonymity-neutrality) F'(g1, ..., 9n) = F(@g(1)s: - - ¥90(n)) holds for every
(91,---,9n) € G™ and every permutation o ofithe set {1,...,n}.

(ii) (Unanimity) F(¢,...(n times)...,t) =t, for every ¢t € G.

(iii) (Algebraic stability) F(g1*hi,...,gnxbn) = F(g1,...,gn)*F(h1,..., hy),
for every (g1,...,9n), (h1,..., hp) € G™.

It is plain that Definition 2.3'is.a particular case of Definition 2.5. Besides,
Definition 2.5 is a particular case of Definition 2.1.

In addition, n-means in"the sense of Definitions 2.3 to 2.1 satisfy the con-
dition of unanimity stated in Definitions 2.6, 2.8 and 2.9. However, n-means
in the sense of Definitions 2.3 t0 2.1 do not satisfy, in general, the condition of
anonymity-neutrality. LObserve that in Definitions 2.3 to 2.1 the order of the
elements in an n~tupleicould be relevant.

Now we mention some deeper results, also related to the previous definitions.

Theorem 2.10. (Eckmann [28]) Let (Y, 7) be a connected topological space. If
11, (Y)sstands_for the k-th homotopy group of Y, the existence of a topological
n-mean on Y immediately induces an algebraic n-mean on I (Y).

SimilapTesults to that furnished by Theorem 2.10 hold if we consider homol-
ogy or cohomology groups instead of homotopy groups.

Theorem 2.11. (Keesling [41]) A connected, compact and Hausdor[f topological
group (G, *,7) admits a topological n-mean if and only if it admits an algebraic
n-mean.

Theorem 2.12. (see e.g. Candeal and Indurdin [16]) Let (G, *) be a group,
and suppose that an algebraic n-mean F : G™ — G exists. Then, the group
G must be Abelian (i.e.: xxy = y*x, for every z,y € X) and n-divisible
(i.e., for every x € G there exists a unique element y € G such that y" =
y*...(n—times)...xy =x). Moreover, F is also a semigroup n-mean.



Theorem 2.13. (Aumann [6]; Chichilnisky [20]) Let (X,7) be a finite CW-
compler. Then X admits a topological n-mean for every n if and only if (X, 1)
is contractible. The n-means here can be interpreted as retractions of the arith-
metic mean defined on some Euclidean space R*, such that X C RF.

Theorem 2.14. (see Candeal and Indurdin [16]) Let (G, *) be a group. If G
admits an algebraic n-mean for every n, then (G, %) is isomorphic to a vector
space over the field (Q,+,) of rational numbers. In particular, if (G,*) i .not
trivial it must, a fortiori, be infinite.

2.2. From bivariate means to n-variate means

We wonder if we can get n-variate means from m-variate onesyif # m. In
particular, we ask ourselves about the possibility of defining/n-means‘for any
n > 2 just from bivariate means, using some suitable procedure, when possible.
A crucial particular case, namely iterativity, will be analyzed®in Section 4 for
general finite means.

Here we introduce a list of miscellaneous results relating n-means and m-
means provided that n # m.

Proposition 2.15. In the context of Definitions 2.6 to 2.9, the existence of
an n-mean F, implies the existence of an m-mean F,, provided that m divides
n. Also, the existence of an n-mean F,{‘and a k+mean F} with k = #Ln),
implies the existence of an m-mean.

Proof. To prove the first fact, if n = k.. m we may define Fy,,(z1,...,Tm) =

Fo(x1,...,%m,... (repeated k times),...z1,...,%m) for any (z1,...,2m) €
X™. To prove the second one, for any (Z1,...,Tn), we define F,, (z1,...,2m) =
Fy(F,(a1),...,Fy(ag)), where{a, . .., ax} is the family of all the combinations
of n elements taken from the set {z1,...,2m}. O

Theorem 2.16. (see Campién et al. [14]) Let X be a nonempty set. Suppose
that X admits a2-mean F4 X% — X in some of the contexts of Definitions 2.5,
2.7 and 2.8. Assume in'addition that F is associative, that is F(z, F(y,z)) =
F(F(x,y),2) for every x,y,z € X. Then F induces an n-mean F, for every
n € N inlthe corresponding context, through the recurrence Fy(x1,...,x,) =
F(Fn_l(xl, Q ,xn_l),xn) ((xl, R ,.’L'n) S Xn)

Moréovers in the context of Theorem 2.16, F' can be viewed here as an al-
gebraic bimary operation x defined by F(z,y) = x x y, for every z,y € X. This
operation * is associative, commutative, and such that every element is idem-
potent. Indeed, * is a semilatticial operation, i.e.: * acts as the join operation
of'a lattice. Notice also that the n-means so obtained can directly be expressed
in terms of the 2-mean we had at hand.

3. Axiomatics for finite means

Before introducing several sets of axioms, we discuss how the axioms should
be, paying attention to several remarkable aspects (e.g.: the possibility of reck-
oning means through a computer algorithm).



3.1. Some helpful results based on functional equations

Let X be a nonempty set. Roughly speaking, we understand an n-mean as
amap F, : X™ — X. Thus, we intend to define those n-means for every n,
looking for some sort of compatibility between n-means and m-means if n # m.
Bearing in mind some idea of recurrence or compatibility, so that we could
someway use the computation of an n-mean to that of an m-mean if n < m, we
will directly consider maps defined on X = |J,~; X™ and taking values ondX.

Remarks 3.1. (i) The idea of working directly on X is not new. It comes
back at least to 1930, when A. Kolmogorov introduced a system of axioms
to define a mean in the real line R, disregarding the amount efnumbers
involved (see [44]). Many other authors have used this idea in recent works
(see e.g. [32, 35, 18]).

(ii) The term finite is used here to distinguish this appreach)to other ones
that involve an infinite set of elements of which a certainanean or average
value is computed. A typical example here is¢he concept of gravity center
of a body, arising in Physics.

In this direction, first we introduce some definitions.

Definition 3.2. Let X be a nonempty set'and X = (J;° ; X™. Consider a map
F:X — X. Let F}, be the restriction of F\to X™. The map F' is said to satisfy
the condition of:

(i) anonymity-neutrality!, if fon.every n € N and (x1,...,2,) € X™ it holds
true that F,(z1,...,2n) = Fo@s), .- To(n)) for any permutation o of
the set {1,...,n},

(ii) wnanimity, if for eyery. ' € N and z € X it holds true that F,(z,...(n
times) ..., )=

(iii) compatibility, if for any m,n € N and (z1,...,Tmin) € X™, it holds

that B (215%. - Tingn) = Fogn (T, ... (mtimes) ..., T, Tt 1, -+ -y Tontn )
where Z= Fp,(x1,...,%m),

(iv)Cgeneralized bisymmetry?, if for every (z1,...,2Tg, T11,.- ., Tnn) € X'tk
it holds that Fo ik (Fn(z11y--32Z1n)s -« Fn(@nty ooy Ton), T1, ..o, X)) =
Fn+k(Fn(x11a .. 7xn1)7 ce 7Fn(x1na .. '7xnn)7$17 ce ,xk)a

(V) associativity, if for every xy1, x2, 23 € X it holds that Fy(z1, Fa(x2,23)) =
FQ(FQ(.’L’l, $2),-T3),

LAs already commented in Remark 2.7, this property is also called symmetry by some
authors.

2A function F' : R? — Ris said to be bisymmetric if F(F(a,b), F(c,d)) = F(F(a,c), F(b,d))
holds true for every a,b,c,d € R.



(vi) selection, if for every n € N and (z1,...,2,) € X™ it holds true that
Fn(l'l, cee 7x7L) S {$17 ce 7xn}7
(vii) replicability, if Fy(x) = x for every x € X and, in addition, for every n,k €

Nand (x1,...,2,) € X™ it holds true that F,(z1,...,2n) = Fur(z1,... (k
times) ..., Z1,...,Zp,...(k times)..., x,).

Theorem 3.3. Let X be a nonempty set, X = J;—; X". Let F: X — X be
a map that satisfies anonymity-neutrality. The following statements are, equiv-
alent:

(i) F satisfies replicability and compatibility.

(ii) F satisfies unanimity and generalized bisymmetry.
(iii) F satisfies unanimity and compatibility.

(iv) F satisfies replicability and generalized bisymmetry:

Proof. We will follow the schema: (i) = (ii) = (i) = (iv) = (1).

First we prove that (i) = (ii):

Let 2 = (Fu(z11,---5Z1n)s s Fu(Tnty - 5&nn), 1, ..., 1) € X"TF By
replicability, we have that Fj, 11 (2) = F,40mm(Z, . - #(n? +kn times) . .., z). Call-
ing &; = Fp(zi1,...,%in) (1 <7< n), and using systematically the hypotheses
of anonymity-neutrality and compatibility, it follows that: Fy2 . (2, ... (n?+kn

times) ..., 2) = Fpzip1n(T1,. .. (0 times)s. ., T1,..., Ty, ... (n times) ..., T,z
...(ntimes)...,x1, ..., &, ... (RGMES). .., xx) = Frzipn(T115- -, T1ns - - - Tnds
ey Ty, T1 - . (1 times) .. &y, ..., By, ... (0 times) ... xg).

In the same way, if &= (F (@11, Zn1),- s Fn(@1n, -« o Ton ), 1y« - Tk),
we will also arrive at By 1w(f) = F 2 xn(T11, -+ Tuly oy Tlny -y Tpns 1, - - - (0
times) ..., 21, .., Tk, ..4n times) ..., zr) = Foeipn (@11, Z1n, - o5 Tnd, .-,
Tm, T1, - - - (0 timges) 0, xgf . .., ok, . .. (n times) ..., zk).

Then we prove the implication (ii) = (iii), where the assumption of anonymity-
neutrality isnot necessary:
Let min €N. Let (z1,...,Tmin) € X™™. Then, by the unanimity condi-

tion, wé get that Fryyn (21, ... Tman) = Fnam(Fa(x1, ... (n times)... z1),...,
E (T . (n g1mes) ..., &), Tnt1, - -+, Tntm). Using now the generalized bisym-
meétry condition, we finally arrive at Fiim(Fn(z1,-..,2n),...(n times)...,
Eo(z1, 0 .,%0), Tty - ooy Trpm)-

Now we prove that (iii) = (iv): On the one hand, given z € X, Fi(z) =
z ffollows from unanimity. On the other hand, by anonymity-neutrality and
compatibility, given n, k € Nand (x1,...,z,) € X" it follows that Fx(z1, ... (k
times) ..., T1,...,Tn,...(k times)...,z,) = Fug(x1,...,2p,...(k times)...,
T1yeooy@n) = Fup(Fo(z1, ..., Zn), ... (nk times) ..., F,(x1,...,2,)). Then, by
unanimity, this yields Fy,(x1,...,%,).

Finally, the implication (iv) = (i) is entirely analogous to (ii) = (iii).

This finishes the proof. O



Remark 3.4. The conditions in Definition 3.2 depend on functional equations.
This is the approach followed by some authors as, e.g., J. Aczél in [1].

Now we introduce a new definition for the particular case in which the set
X is endowed with a total (also known as linear) order <. In this case, some
kind of compatibility between the order =< and the mean is usually demandeds
This gives rise, in particular, to different notions of monotonicity that play a
crucial role in this setting (see e.g. next subsection 3.2, devoted to analyzeithe
Kolmogorov’s approach to define finite means on real numbers).

Definition 3.5. Let X be a nonempty set endowed with a total erder/=. Let
X=U,_, X" Amap F: X — X is said to satisfy the condition,of:

(viii) monotonicity, if the restriction of F' to X", that we denote F,,}; is mono-
tone in each variable as regards =, for every natural numbern: that is,
1 XYty Ty S Yn = Fu(z,. .0 2,) 2 Fo(ys, - w®,) holds for every
($17...,£L’n,y1,...,yn) S X2n.

(ix) strict monotonicity, if the restriction of £ tonX",/that we denote F,,
is strictly monotone in each variable as regards =, for all n € N: that
is, 1 X Y1,y Tn X Yn = Fp(z1, . 920) = Fo(y1,...yn) holds for
every (T1,...,%n,Y1,---,Yn) € X%, andif in addition (zi,...,7,) #
(y1,---,yn), then F,(z1,...,2,) # E(y1y>. ., yn) holds, too.

(x) internality, when, for any n € Njyand any (z1,...,x,) € X™, the restric-
tion of F to X", that we dénete F,, accomplishes that min{zy,...,z,} <
F,(z1,...,2,) = max{z1,. %, x,}. Here the minima and maxima are
taken as regards thestotal order <.

The proof of next Theorem 3.6 is similar to that of Proposition 2.54 in [36].
We just include it here with the aim of providing an easier reading.

Theorem 3.6. Let X0bé a nonempty set endowed with a total order <. Let
X=U,_, X% Let F: X — X be a map that satisfies monotonicity. Then F
satisfies unanimity if and only if it satisfies internality.

Proof#Againylet F, stand for the restriction of F' to X™. First notice that if

F satisfies monotonicity and unanimity, then, given (ai,...,a,) € X" and
a'= min{a,,...,a,}; b = min{as,...,a,}, we have that a = F,(a,...(n
times) ..., a) X Fy(a1,...,a,) = Fy(b,...(n times)...,b) = b. Conversely, if F
satisfies internality and monotonicity, then £ = min{z,...(n times)...,z} =<
F(z,...(n times)...,z) = max{z,...(n times)...,z} = x. So F(z,...(n
times) ..., z) = x holds for every z € X. O

3.2. Kolmogorov’s approach

Now we pass to discuss some aspects of the classical Kolmogorov’s setting
to define means on the real line R.

Endowing the real line R with the usual Euclidean topology 7,, we may
introduce an idea of continuity for means defined on R.



Definition 3.7. Let R = |J,—; R™. A function M : R — R is said to satisfy
the condition of

(xi) continuity, if, for every n € N, the restriction of M to R™ is a continu-
ous function with respect to the usual topology on the real line, and the
corresponding product topology on R™.

Definition 3.8. (Kolmogorov, 1930 [44]) Let R = |J,—;R™. A funétion
M : R — R is said to be a regular mean on R if it satisfies the conditions
of anonymity-neutrality, unanimity, compatibility, strict monotonicity=(with. re-
spect to the usual order < on R), and continuity. In Kolmogorov’s@otation, M

is a sequence (M,,)$%; of functions M, : R" — R.

Example 3.9. For any n € N, define m,, : R” — R by.m,(z1,...,2,) =
min{z1,...,z,}, for all (z1,...,2,) € R". Let M : R 4 R be defined as the
sequence of functions M = (m,,)5%,. It is straightforward t6'see that M satisfies
the conditions of anonymity-neutrality, unanimity, compatibility, monotonicity,
and continuity. But it fails to be a regular mean, since.it is not strictly monotone.
To see this just observe that m2(0,1) = 0 = m2(0,2), whéreas (0,1) # (0, 2).

Theorem 3.10. (Kolmogorov, 1930 [44]; Nagumo, 1930 [48]; Aczél, 1948 [1])
If M = (M,,)52, is a regular mean, thethere eZists a continuous and strictly
increasing function f : R — R such_ that Mz (a1, ... a,) = f’l[M]
holds true for every n € N and (a1, .. %a,) € R™.

Remarks 3.11.

(i) In an independent waymand simultaneously to Kolmogorov’s work, M.
Nagumo also introduced a system of axioms for means involving real num-
bers. (See [48]). That axiomatics is almost identical to Kolmogorov’s
one. The main difference is that Kolmogorov worked on the real line, and
Nagumo worked onsa real interval. In fact, the regular means given as
stated in Theorem 3.10 are usually known as Nagumo-Kolmogorov means.

Kolmogorov defined a mean as a map M : US2 ;R™ — R that obeys the fol-
lowingiaxioms: K1) M is continuous and increasing in each variable; K2)
M is symmetric (i.e., it satisfies anonymity-neutrality); K3) M (z,...,z) =
oy K4)YM(xq,...,x) = M(M(21,...,2),...(r times)..., M(z1,...,2.),
Titr1s ..., &p) for any 1 <r < n.

Nagumo defined a mean as a function p : U2 ;[a, b]™ — [a, b] accomplish-
ing the following conditions: N1) p satisfies anonymity-neutrality; N2)
wxy, .o my) = plp(er, .. zp), .. (1 times) ..o, (T, ooy Tpy Tog 1y e -y
Zn) for any 1 < r,< m; N3) p is continuous; N4) if x; < o, then
x1 < p(x1,m2) < w23 NB) p(a,...,a) =a.

Comparing both systems of axioms, we see that K1 is equivalent to N3
plus N4. Also, K2 (respectively, K3, K4) is identical to N1 (respectively,
to N5, N2).
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(ii) Kolmogorov’s approach was then extended to the infinite case, to deal
with distributions of probability, by B. De Finetti in 1931 (see [30, 47]).

(iii) Theorem 3.10 still remains true if we adopt Definition 3.8 to similarly
define the concept of a regular mean (M,,)22; on the set [ J;~; J", where
J is an interval of R. The functions M,, go now from J" into J. A typical
situation, encountered in the study of aggregation operators in fuzzy.Set
theory, appears when J = [0, 1] (see e.g. [36, 35]).

(iv) Regular means can be used to define suitable means on topological spaces
that are homeomorphic to R, as follows: Let (X, 7) be a topolégical space,
homeomorphic to the real line endowed with the usual topology 7. Let H :
(X,7) = (R, 7,) be an homeomorphism. Let M = (M,)22; bejaregular
mean on the real line. Given n € N, define the mapvF, : X — X as
Fo(z1,...,m,) = H Y (M, (H(z1),...,H(z,)) for dny (#1,...,2,) € X",
The sequence of maps (F},)22; can be now considered as asregular mean”
on X. It is straightforward to see that the,analogous of the properties
in Definition 3.10 are now accomplished by the function F' = (F,,)0%,
defined on X = (J;~; X" and taking values on X, provided that on X"
we consider the product topology induced by*r; and X is endowed with
the linear order < given by z <y & H(x) < H(y) (z,y € X).

3.3. Finite means on totally ordered sets

Let us analyze now what could happen if we adopt Kolmogorov’s axioms
to work in a more general setting, Instead of dealing with real numbers (and
consequently with the set R), suppose that we start with an abstract nonempty
set X endowed with a total order <. Obviously, we cannot expect an analogous
of Theorem 3.10 to bertrue here, since operations as addition or dividing by a
natural number n are not defined a priori on the abstract set X. Moreover, to
handle some kindrof eontindity, X should also be endowed with a topology.

However, dependingyon the topology considered on a nonempty set X, it
could happenthat no regular mean satisfying Kolmogorov’s axioms exists on X.
In fact, as commented in Theorem 2.13 above, continuity can be incompatible
with anonymity-neutrality plus unanimity. This happens, for instance, in a
special kind of topological spaces known in the literature as non-contractible
finité cellulat CW-complexes® (see [6, 20]).

To start with, we may define a mean “a la Kolmogorov” on a nonempty set
endowed with a total order <, as follows:

3Roughly speaking, a CW-complex is made of cells, such that each of them is homeomorphic
to the interior of a sphere in the Euclidean k-dimensional space R¥ | for some k € N. The precise
definition prescribes how the cells may be topologically glued together. The C stands for
“closure-finite”, and the W for “weak topology”. They were introduced by J.H.C. Whitehead
to meet the needs of homotopy theory. In addition, contractibility means that the whole space
could be continuously deformed to become a single point.
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Definition 3.12. Let X be a nonempty set endowed with a total order <. Let
X =U2, X" Amap F : X — X is said to be a universal mean on X if
it satisfies the conditions of anonymity-neutrality, unanimity, compatibility and
monotonicity (with respect to the total order < on X).

Remark 3.13. We may wonder why in Definition 3.12 we have used the cons
dition of monotonicity instead of the strict monotonicity that is inherent/to
Kolmogorov’s Theorem 3.10. The reason is that strict monotonicity is an enorz
mously restrictive condition. Notice, for instance, that given two elements = #
y € X such that z <y, if strict monotonicity is imposed we should have a priori
an infinite and order dense-in-itself* set of elements in X located between/zrand y
as regards the linear order <. To see this we may just notice that; for any n € N,
x=F(z,...(n times)...,z) 3 F(z,...(n—1 times)...,z,y) 2 F(zy...(n—2
times) ..., z,4,y) 2 ... 3 F(y,...(n times)...,y) = ygbut all the interme-
diate elements should be pairwise different because of striet' monotonicity. In
particular, the set X must a fortiori be infinite. In spite ofsthe real line R,
endowed with its usual linear order, allowing the existence of all these interme-
diate elements, we may not expect this to happenion a,general total ordered set
(X, =<). An evident example of this situationsappears when X is finite.

Definition 3.14. Given a nonempty set=X, a total preorder < on X is a binary
relation that is transitive and total. The binarywrelation ~ defined by z ~ y <
3y 3z (z,y € X) is said to be the symmetric part (also known as the
indifference) associated to 3.

Now we furnish a characterization of the existence of a universal mean on a
totally ordered set (X, <) dn"terms of a suitable extension of the total order <
to a total preorder X defined on X = J;~; X" and satisfying some properties
ad hoc.

Theorem 3.15./Lety(X, %) be a totally ordered set. Let X =, X™. Then
there exists aumgversal'mean F on X if and only if the total order < admits
an extension te a total preorder 3 defined on X and satisfying the following
properties:

(i)dForgevery x,y € X it holds true that x <y < x 3 y.

(i1) Foreveryn € N and (z1,...,x,) € X", there exists a unique x € X such
that (z1,...,z,) ~ ).

(#ii) For any n € N, and (x1,...,2,) € X" it holds true that (z1,...,2,) ~
(To(1), -+ Ton)) for any rearrangement o of the set {1,...,n}.

(tv) Foreveryx € X, andn € N, it holds true that (x,...(n times)...,z) ~ .

4A totally ordered set (X, =) is said to be order dense-in-itself if given = # y € X with
z Xy, there exists z € X such that z # z,y # z and z X z < y holds true.
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(v) For any n,k € N, z € X, and (21,...,%nsr) € X"F* it holds true that
(1, y&p) ~ x = (z,...(n times) ..., T, Tpy1 ..., Tnyr) ~ (T1,...,

1‘n+}€).

(vi) For any n € N, and (z1,...,2n), (Y1,.--,Yn) € X" it holds true that
zi 2y (1<i<n) = (21, 20) 3 (W1, Un)-

Proof. To prove the direct implication, let F' be a universal mean on X. Denote
by F, the restriction of F' to X" (n € N). Given n,k € N, (z1,...52,)0€
X" and (y1,...,yx) € X*, we declare that (z1,...,7,) 3 (Y1, com¥h) <
F(z1,...,2n) 2 F(y1,...,yk). It is straightforward to check that 3 is a te-
tal preorder on X that accomplishes the properties (i)-(vi) of thestatément.
To prove the converse implication, we define a map F : A/— X asifollows:
Given n € N and (z1,...,2,) € X", we take the unique element z/€ X such
that (x1,...,z,) ~ x and declare that F(xy,...,z,) = f With this definition,
it is now routine to see that F' is a universal mean on<X. O

Examples 3.16.

(i) Let X = {a,b,c}, with the total order < given by a < b < ¢. We may
extend this linear order < to a total preorder™='defined on X = J;- ; X"
by declaring that for any n € N, 2 €.X, andy(x1,...2,) € X™ it holds true
that (x,...(n times)...,z) ~ z and (@1w..,2,) ~bif b e {z1,...,2,}
or a,c € {x1,...,x,}. It is straightforward to see that 3 satisfies the
conditions (i)-(vi) of the statement of Theorem 3.15. In addition, the
corresponding mean F' is associative. However, it fails to be a selection
because F'(a, c) = b. Finally, netice also that neither F is given by “taking
maxima” nor by “takingiminima” (see Remark 3.26 (ii) below).

(ii) Once more, let X =¥a, b;c}, with the total order < given by a < b < c.
We may extend this linear order < to a total preorder =X defined on X =
UoZ, X™ by declariug that for any n € N, z € X, and (21,...,2,) € X"
it holdsftrue that (x,...(n times)...,z) ~ z, (z1,...,2,) ~ aif a €
{z1, £ 2.}, and (21,...,2,) ~cif ¢ € {z1,...,2n},a & {z1,..., 20}
Again, it'is straightforward to see that 3 satisfies the conditions (i)-(vi)
in Theorem 3.15. Moreover, the corresponding mean F' is an associative
selection. But F' is not given by taking maxima or else by taking minima,
since/F'(a,b) = a whereas F(b,c) = c.

Proposition 3.17. Let X be a nonempty set endowed with a total order <. Let
Xe= U, X™. Let F : X — X be a universal mean on X. Denote by F, the
restriction of F' to X" (n € N). If F' is a selection, then it is impossible to find
a,b,c € X such that a #b,a # ¢,b# ¢, a 3b=¢, and F3(a,b) =b = Fy(b,c).

Proof. If there exist a,b,c € X such that a # b,a # ¢,b# caswellasa <b=<¢
and Fy(a,b) = b = F5(b, ¢), then F(a, c) must be a or ¢ because F is a selection.
However, if F5(a, c) = a we could not have that Fy(a,b) = b since F' is monotone
by hypothesis. So Fy(a,c) # a. But, if Fy(a,c) = ¢, again by monotonicity of
F we could not have that Fy(b,c) = b. Thus we arrive to a contradiction. [
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Last Examples 3.16 show that on a totally ordered set (X, <) an associative
selection that is a universal mean might still not coincide with the mean given
by taking maxima nor with the one given by taking minima. To characterize
these two special means, we introduce next definition.

Definition 3.18. Let (X, <) be a totally ordered set. Let F: X x X — X be &
selection (i.e: F(x,y) € {x,y} holds true for every z,y € X). Then F is saidto
agree with the total order < if either F(x,y) = x for every z,y € X with % y
or F(z,y) =y for every x,y € X with z < y.

Remark 3.19. In Examples 3.16 (ii) we show a universal mean Ffon a totally
ordered set (X, <) such that F' is a selection, but F5 does not agreerwith < since
F(a,b) =a,F(b,c) =cand a # b,a # ¢,b # ¢, whereas a < b X c.

Theorem 3.20. Let X be a nonempty set endowed with a totalvorder <. Let
X =U,_, X" Let F: X — X be a universal mean on X Denote by F,, the
restriction of F' to X™ (n € N). The following statements are equivalent:

(i) F is a selection such that Fy agrees with the, total order <.

(it) Either Fy(x1,...,2,) = min{x1, ..., z, hholdstrue for every n € N and
(x1,...,2,) € X" or else, alternatively, F(®,...,T,) = max{zy,..., Ty}
holds for allm € N and (z1,...,zn) € X®. In particular, the universal
mean F' is associative.

Proof. Since the converse impli¢ation follows directly from definitions, we only
prove the direct implication (i) =(ii). To do so, we follow an iterative process.
Let n € N and (z1,...,za)m€ X"." Assume without loss of generality that
1 2 ... 2 x,. Let x; We the first element (if any) that is different from x; in
{z1,...,zn}. (If all the elements were equal, then obviously F,(z1,...,z,) =
x1). Suppose that Fs (21, xp) = x1. Let x; be the first element (if any) that is
different from both zyiand . Then Fh(zk, ;) = x), because F is a selection
compatible with <. (Here, if 2, = zx41 = ... = xp, then obviously Fs(zy,x;) =
xy if k < 1)¢ Thus using the property of compatibility of the universal mean F, it
follows that, Fs(x1, xp, ;) = Fs(z1, 2k, o) = F3(x1, 21, 21) = F3(x1,21,21) =
x1. Following, an inductive process, we obtain that F,(z1,...,2,) = 1 =
min{#y<. ., 2} In an entirely analogous way, if Fy(z1,2;) = xx we would
finally arrive at F,(z1,...,2n) = 2, = max{xy,...,T,} (alternatively, we may
also use Proposition 3.17 to easily prove this last claim).

To conclude the proof, suppose that there exist n,m € N,(x1,...,z,) €
X" (y1,-- . ym) € X™ such that z; = ... 2z, and also y1 <X ... <X Ynm.
Suppose also that z; # =, and y; # y,. Finally assume, by way of con-
tradiction, that Fy,(x1,...,2,) = x1 but F,(y1,...,Ym) = Ym. Notice that
Fy(x1,2,) = 21 by compatibiliy of F', and the agreement of F» with <. Sim-
ilarly Fs(y1,Ym) = ym. But this contradicts the fact of F» agreeing with the
linear order <.

O
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Next battery of Definitions 3.21 to 3.23 and Theorem 3.24 will be used to
prove that in some particular cases of total orders, universal means can always
be defined following the steps of Remark 3.11 (iv) above.

Definition 3.21. Let X be a nonempty set endowed with a total order <. The
total order < is said to be representable if there exists a function u : X — Ry
known as a wutility function, such that x <X y < wu(z) < u(y) holds truefor
every x,y € X. The asymmetric part of <X, that we denote <, is definedyby
a<b&a=xba#b (a,b € X). The total order < is said to be perfectly
separable if there exists a countable subset D C X such that for every zy € X
with © < y, there exists an element d € D such that x < d < y holds true:

Definition 3.22. Let X be a nonempty set endowed with/a total,order <.
Given z € X, the sets L, = {z € X : 2 < 2} and R, ={6. € X : z < t}
are respectively said to be the left and right contour set! of a#7as regards <. A
pair of elements a,b € X such that a < b and R, Nk, = 0 i said to define
a gap. The topology 7< on X, a subbasis of which isigiven by the family
{0y U{X} U{Ls : z € X} U{Ry : y € X}, is called the order topology on X.

Definition 3.23. Let X be a nonempty set‘endowed, with a total order <. A
nonempty subset Y C X is said to be bounded byrabove with respect to < if there
exists some element a € X such that y <a helds for every y € Y. The element
a is said to be an upper bound of as If a'smallest upper bound of y exists, it
is said to be the supremum of Y. Finally, X is said to be Dedekind-complete if
every subset Y C X that is boutided by above has a supremum.

Theorem 3.24. Let X be_a nonempty set endowed with a total order <. The
following statements aredequivalent:

(i) The total order < is perfectly separable.
(ii) The total order'X isrepresentable.

(i4i) The totaborder. < is representable through a real-valued utility function U :
(X, 7<) = (R, 7,) which is continuous with respect to the order topology
7% on X and the usual topology T, on the real line.

Incaddition, (X, 7<) is homeomorphic to an interval of the real line endowed with
the usual topology if and only if < is perfectly separable, Dedekind-complete and
without gaps.

Proof. These results are classic in the theory of numerical representations of
ordered structures. See e.g. [25], the first three chapters in [11], p.3 in [34] and
p. 52 in [38] for several proofs and further details. O

Corollary 3.25. Let X be a nonempty set endowed with a total order < that
is perfectly separable, Dedekind-complete and without gaps. Then there exists a
universal mean on X.
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Proof. By Theorem 3.24, the topological space (X, 7<) is homeomorphic to an
interval J of the real line endowed with the usual topology 7,. On the interval
J we can consider a regular mean in the sense of Remark 3.11 (iii) (for instance,
the classical arithmetic mean suffices). Then a universal mean can be obtained
on X following the ideas of Remark 3.11 (iv). O

Remarks 3.26.

(i) Coming back to the search for universal means on a general totally or-
dered set (X, <), we cannot expect things to be as easy and diregtras inythe
previous corollary, even in case of representability through adutility func-
tion u. Despite identifying each x € X to the real numbersu (%), it may
happen that, given x1,...,x, € X™, a typical “mean” of'the real numbers
u(zy),...,u(xz,) € R as, for instance, its arithmetic afiéan M7
does not belong to u(X), so that we are impeded to_identify it to an ele-
ment of the set X. An appealing particular case appearswhen the set X
is finite.

(ii) Fortunately, universal means always exist onna totally ordered set (X, X).
Perhaps the most evident examples are‘the'selections of minima and max-
ima. Thus, foranyn € Nand z1, ..., 2z, € X", we define my(z1,...,z,) =
min{z1,..., 2.}, and M, (21,...,%,) =wmax{x,...,z,}. The map m
(respectively, the map M), from X into X, whose restriction to X™ is m,,
(respectively, M,,) is actually a umiversal mean on X. By the way, both
of them are selections.

(iii) The existence of a universal mean F' = (F},)5% on a representable totally
ordered set (X, <X)’extends the total order < on X to a total preorder
on X, as statedsin Theorem 3.15. But now, since = is representable, an
alternative way toextend =< is the following: if u is a utility function that
represents X, then thie binary relation < on X defined by (z1,...,%m) 3

(Y1, e wWFn(r1, .o 2m)) < w(Fro(y1,-.-,yn)), for all mn € N
and (@7, ., Ty, Y1, - - -, Yn) € X", is indeed a total preorder on X, and

it is‘elear that < extends <. In particular, this idea can straightforwardly
be alsoused to extend the linear order < in X to a total preorder <* on
the'power set of X. The study of extensions of rankings from a set to its
power’ set accomplishing some criteria previously established is typical in
Mathematical Economics and Social Choice (see e.g. [7]).

3.%. Finite means on lattices

Generalizing a further step the ideas analyzed in the previous subsection for
total orders, now we discuss the definition of suitable means on lattices.

Definition 3.27. Let (L, V,A) be a nonempty lattice, whose associated partial
order is <. Let £ = (Jo—, L™. A function F : £ — L is said to be a latticial
mean on L if it satisfies the conditions of anonymity-neutrality, unanimity, com-
patibility and, in addition, its restriction to each L™ is monotone in each variable
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with respect to the partial order < that generates the latticial operations V and
A.

First we may notice that, as in Remark 3.26 (ii), we have at least two suitable
means on any lattice.

Remark 3.28. Observe that if (L, V, A) be a nonempty lattice whose associated
partial order is <, and £ = |J,; L", then the function \/ : £ — L (respectively
and dually, the function A : £ — L), given by \/(l1,....ln) = L1 V4. Vi,
(respective and dually, given by A(l1,...,0,) =l A... Aly) for any smee Nyand
(lh,...,0n) € L™, is a latticial mean on L.

At this stage, it is important to pay attention to the follewing‘key fact:
Unlike the case of a total ordered set, now latticial means, defined through the
operations V (meet) or A (join) on a nonempty lattice (L, yA), may fail to be
selections. Notice that given n € N and (ly,...,1,) € L%, itamay happen that
V(l,... 0n) or A(l1,...,1,) could be different from any.element'in {l1,...,1,}.

3.5. Finite means on semigroups

A lattice (L, V, A) can, in particular, be considered as an algebraic structure,
in which the nonempty set L is endowed withytwo binary operations, namely
the join V and the meet A. Both of themmare associative, and, of course, they
are related between them (e.g: each of themis distributive with respect to the
other one). From an algebraic point of view, we may pass to consider weaker
structures, in which a nonempty set ‘X is endowed with a binary operation *
that satisfies some structural properties. We will focus here on the structure of
a semigroup.

Definition 3.29. Let, (S, *) be a semigroup. If there exists an element e € S
such that e x s = s#e = shholds for every s € S, then the semigroup is said
to be a monoid, and the element e (which is unique) is called the neutral (or
“identity”) elemdent of the' monoid. If the operation * is commutative, then the
semigroup is.also said to be commutative (or “Abelian”).

Given a,semigroup (S, *) we had already given a definition of a semigroup
n-mean in,the previous section (see Definition 2.8 above). But each n-mean is
only defified for a fixed n. So, we pass to consider S = J2_; S™, and define the
goncept of@a semigroup (global) mean, as follows.

Definition 3.30. Let (5, %) be a semigroup. Consider a map F : § — S. Let
Fj stand for the restriction of F' to 8™ (n € N). The function F is called a
semigroup mean on S if it satisfies the conditions of anonymity-neutrality and
unanimity, and, in addition, for every n € N, and (s1,...,s,) € S™, it holds
true that sy %...% s, = s*...(n times) * s, with s = F},(s1,..., Sn)-

Examples 3.31.

(i) The arithmetic mean on the additive real line (R, +) is a semigroup mean
on the structure (R, +), which is, in particular, a semigroup.
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(i) If (L,V,A) is a lattice, both the structures (L,V) and (L,A) are semi-
groups. Moreover, the meet latticial mean (respectively, the join latticial
mean) is a semigroup mean as regards (L,V) (respectively, as regards

(L,N)).

Proposition 3.32. Let (S, x) be a semigroup. If there exists a semigroup mean
F on S, then the semigroup (S,*) is commutative.

Proof. Let s,t € S. Let € S be such that F(s,t) = x = F(t,s). Notice that,
by definition of a semigroup mean, we have that sxt =x xx =1t * s. 0

The definition of a semigroup mean inspires a new concept. of a general
associative mean on nonempty sets, without any structure givén a priori.

Definition 3.33. Let X be a nonempty set. Let X = [J 2, X”. A map
F : X — X is said to be a general associative mean on.X if it satisfies the
conditions of anonymity-neutrality, unanimity, compatibility,and associativity.

Remark 3.34. Let X be a nonempty set and X. =1 X™. Let F: X — X
be a general associative mean on X. Denote by, the restriction of F' to
X™ (n €N). Then X becomes a commutative semigroup when equipped with
the binary operation * given by x x y = Fa(x,y) = Fa(y,z) (x,y € X).

Definition 3.35. Let X be a nonemptysset and X = (Jo—, X". Let F :
X — X be a map that satisfies the conditions of anonymity-neutrality, una-
nimity and compatibility. ThénwE is said to be iterative if for every n >
2 € N and every (z1,...,%,) E8X™, it holds true that F,(x1,...,z,) =
FQ(Fn—l(‘Tlv s 79371—1)7 xn)

Theorem 3.36. Let X be.a nonempty set and X =J;° | X™. Let F: X — X
be an iterative geneéral dssociative mean on X. Denote by Fy the restriction
of F to X%, and endow X with the binary operation * defined by x xy =
Fy(z,y) (z,y/€X). Then F is actually a semigroup mean on the semigroup
structure (X7%).

Proof. We only need to check that for every n € N, and (z1,...,2z,) € X", it
holds‘truethatvazy x ... x x, = s*...(n times) * s, with s = F,(s1,...,55,). To
seesthisy notice that by iterativity we inductively obtain that F,(z1,...,2,) =
&1 % ..o¥T,. Let s = F,(r1,...,2,). By compatibility of F we obtain
E.(x1,4..,2,) = Fy(s,...(n times)...,s). And, again by iterativity, we con-
clude that Fy,(s,...(n times)...,s) =sx...(n times) x s. O

3.6. Other miscellaneous kinds of finite means

In Section 2 we already mentioned some definitions of n-means in various
contexts. Now we may directly pass to consider the corresponding means as
functions M defined on X = [J°7; X™ and taking values on X.

n=1
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Definition 3.37. Let (X, 7) be a topological space and X = ;- ; X™. A map
F : X — X is said to be a topological mean if it satisfies the conditions of
anonymity-neutrality and unanimity, and, in addition, the restriction F, of F
to X™ is a continuous map for every n € N, as regards the topology 7 on X and
the corresponding product topology on X™.

Definition 3.38. Let X be a nonempty set endowed with a binary opera-
tion o. Let X = | —; X" A map F : X — X is said to be an ‘alge;
braic mean if it satisfies the conditions of anonymity-neutrality and unanims
ity, and, in addition, for every n € N, the restriction F;, of F' to X™ accom-
plishes that F(z1 0y1,...,Zn 0yn) = F(21,...,2,) 0 F(y1,...,Yn), [oreevery
(1, s @n)s (Y1, -, Yn) € X™

A method based on a recursive application of a bivariate' mean in a binary
tree construction has been explored in [9] and [27] for extending that bivariate
mean to n-variated weighted means.

3.7. General means on a nonempty set

To conclude this Section 3 we may try to_choose a definition of a suitable
mean for the general case of a nonempty setwX with no additional structure
given a priori.

Definition 3.39. Let X be a nonempty set and X = |J;—; X". A map F :
X — X is said to be a general mean'if'it satisfies the conditions of anonymity-
neutrality, unanimity and compatibility.

The reasons that support,this last definition are the following: On the one
hand, the conditions imposed to a general mean in Definition 3.39 appear in
the definitions of regularimeans in the real line, universal means on totally
ordered sets, and latticial means. On the other hand, a general mean is also a
semigroup meansif we endow S with a “trivial” operation * defined as follows:
choose an element, e € S'and declare that x x e = e = e x x holds true for every
x € X. In additionywith that operation *, a general mean is also an algebraic
mean in, the sense of Definition 3.37. Furthermore, if X is endowed with the
discreté topology, a general mean also becomes a topological mean, again in
the sense of Definition 3.37. Finally, in order to give a definition as abstract
as$ possibles we should keep to a minimum the restrictions imposed a priori.
Anonymity-neutrality, unanimity and compatibility provide a clear account of
what.we should require to any finite mean, independently from the context.

4. Tterativity and related properties

Despite having considered in Section 3 several kinds of a mean on a nonempty
set X as maps F from X = ;- X™ taking values in X and satisfying suitable
properties, a priori, the restrictions F,, and F,, of F to X™ and X™ might
be unrelated if n # m. Perhaps only the condition of compatibility, when
available for F', establishes a first relationship between different restrictions of
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F to Cartesian products of several copies of X. Nevertheless, no way to obtain
an F,, from other Fj with k # m is given at first hand. Already in Section 2
we gave some ideas about how to obtain Fj, from F5, when possible. Also, in
Definition 3.35 we introduced a concept of iterativity for means. In this Section
4 we pay a deeper attention to this key concept.

Matching Definitions 3.35 and 3.39, a general iterative mean on a nonempty.
set X, is a map F from X = Uf;l X™ into X that satisfies the condition§ of
anonymity-neutrality, unanimity, compatibility and iterativity. Now we intros
duce new conditions that are equivalent to iterativity of a general mean defined
on a nonempty set X, so giving rise to alternative definitions or versions of that
key property.

Definition 4.1. Let X be a nonempty set and X = J;-, X". Let F: X — X
be a general mean on X. Denote by F,, the restriction of F' to, X" (n € N).
The map F' is said to be:

(i) reducible if for every a € X, n,k € N and (xy,...,2%) € X* it holds true
that Fryr(a,...,(n times)...,a,z1,..., 8. =Fpr1(a, 1, ..., T),

(i) shrinking if for every n € N and a,b € X'itsholds true that F,11(a, ..., (n
times) ..., a,b) = Fy(a,b),

(iii) compressible if for every k,n € N and (#1,"..,2Zn+r) € X"* it holds true
that Fn+k(.’L’1, ce 7xn+kv) = Fk+1(Fn(IE1, cen ,xn),xn+1, cee ,.’L‘n+k).

Remark 4.2. Notice that the definition of compressibility extends that of it-
erativity, that corresponds to the case k£ = 1 in the definition of compressibility.
(See Definition 3.35).

Theorem 4.3. Let F be aygeneral mean on a nonempty set X. The following
statements are equivalent:

(i) F is reducible,

(ii) F is(shrinking,

(1ii) &F issiterative,

(tv) Fis dssociative,

(v) E'is compressible.
Proof. We will follow the schema: (i) = (ii) = (iii) = (i) = (v) = (iii) = (iv)
= (ii).

The implication (i) = (ii) is trivial. Just take k = 1.

Let us prove now that (ii) = (iii): Assume that F' is shrinking. Let n € N
and (z1,...,%,) € X™ By compatibility, it follows that F,(z1,...,2,) =
Fo(Fo1(x1,. ..y Tn—1),...(n—1times) ..., F_1(21,...,Zn_1),Zy,). Since F is
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shrinking, we get F, (Fro—1(%1, ..., Tn_1),... (n—1times) ..., F_1(z1,...,Tn_-1),
Tn) = Fo(Fh_1(x1,...,2n_1),2,). So F is iterative.

To prove the implication (iii) = (i), assume that F' is iterative. We will
prove that F' is reducible by induction on k£ € N. If £ = 1, given n € N
and a,b € X, by iterativity it follows that F,ix(a,...(n times)...,a,b) =
Fy(Fy(a,...(n times)...,a),b) = Fy(a,b). Therefore F is, in particularsre-
ducible. Assume now that for a € X, n,k € N and (z1,...,2;) € X* it holds

true that Fp,1x(a,...(n times)...,a,x1,...,25) = Frr1(a, 21, ..., Tk ) LOycon-
clude, it is enough to prove now that for any xpy; € X it also’holds that
Foipri(a,...(n times)...,a,21,...,%k, Tpt1) = Fryo(a,x1, ..., Zpp@is1). To
see this, notice that by iterativity we have that F,yr+1(a,..4(n times)..., a,
X1y Ty Tpr1) = Fo(Frix((a,...(n times)...,a,21,...,&x), Tx+1) By the
induction hypothesis, F,1r((a,...(n times) ..., a,x1,... fry) = Fpii(a, 21, .. .,
xg), so that Fo(Fhix((a,...(n times) ... a, 21, ..., cp)y2pi1) = Fo(Fri1(a, 1,
ey Tk), Tpr1). Finally, by iterativity again, Fa(Fyy1(ayxfy?. . o), Tpr1) =
Fiio(a,z1,. .., 2k, Tkt1). Therefore F' is reducible.

To see that (i) = (v), just take a = Fp(®iyme.px,) and notice that, by
compatibility, Frig(z1,...,Zntk) = Fnir(a,. w(n times)...,a,Tpq1, Tpik)-
Then use that I is reducible.

To see that (v) = (iii), just take k"= 1iin the definition of compressibility,
as already commented in Remark«4.2.

Let us prove now that (iiiy= (iv): Given a,b, ¢ € X we have that F3(a,b,c) =
F5(Fs(a,b), c) by iterativity. Alsoe Fs(a,b,c) = F3(b, ¢, a) by anonymity-neutrality.
By iterativity againswe get F3(b,c,a) = Fy(Fz(b,c¢),a). Finally, once more
by anonymity-neutrality, Fa(Fs(b,c),a) = Fy(a, F2(b,c)). We conclude that
F3(Fy(a,b), c) =Fs(a, Fa (b, ). So F is associative.

Finallyslet us see that (iv) = (ii): Let a,b,c € X. Having Theorem 3.3 in
mind, we havethat F3(a,b,c) = Fi2(a,a,a,a,b,b,b,b,¢,c,c,c) = Fia(a,b,c,a,b,
a, ¢, bge, a,b, = Fia(a, Fa(b,c), Fa(b,c), a, b, Fx(a,c), Fs(a,c), b, ¢, Fs(a,b),
FQ(CL, b), C) — Flg(Fg(a, Fg(b, C)), Fg(a, Fg(b, C)), FQ(CL, Fg(b, C)), FQ((Z, FQ(b, C)),
Fg(b, Fz(a, C)), FQ(b7 F’Q(CL7 C))7 Fg(b, Fg(a, C)), FQ(b7 Fg(a, C))7 FQ(C7 FQ(CL7 b),
Ey(c, Fy(a,b)), Fa(c, Fa(a,b)), Fa(c, Fa(a,b))). By associativity and anonymity-
neutrality, this yields Fio(Fs(a, Fa(b,¢)),. .. (twelve times). . ., Fa(a, F5(b,c))) =
F3(a, F5(b, ¢)) by unanimity. Hence F3(a,b,c) = Fa(a, F5(b,¢)). So Fs(a,b,c) =
F5(Fs(a,b),c)) by associativity. Using this we can inductively prove that F
is shrinking. Notice that for n = 3, F3(a,a,b) = Fy(Fs(a,a),b)) = Fs(a,b)
by unanimity. For a given n we have that F,ii(a,...(n times)a,...,b) =
Fot1(a,...(n—1 times)...,a, F5(a,b), Fa(a,b)) = Fry1(a,...(n—2 times)...,
a, Fy(a, Fy(a,b)), Fa(a, Fa(a,b)), Fa(a,b)) = Fnii(a,...(n —2 times)...,a,
Fs(a,a,b), F3(a,a,b), Fa(a,b)) = Frii(a, ... (n—2 times) ..., a, Fs(a,b), F3(a,b),
Fs(a,b)). Proceeding in this way we easily arrive to Fy,41(a,...(n times)...,a,
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b) = Fr41(Fa(a,b),...(n+ 1 times) ..., Fy(a,b)) = F3(a,b) by unanimity.

This concludes the proof. O

Example 4.4. As already commented in Remark 3.13, the condition of strict
monotonicity that appears in Kolmogorov’s approach in the definition of the
concept of a regular mean in the real line is too restrictive. Another Key
fact that comes from strict monotonicity of regular means is that none, of
them is associative. Let us see why: If F' is a regular mean on the real
line, and F, is the restriction of F to the real plane R?, we obServe that
1=F(1,1) < F5(1,2) < F»(2,2) = 2 < F5(2,3) < F3(3,3) = 3 holds/true by
unanimity and strict monotonicity. Moreover Fy(1, F»(2,3)) < Fa(Fa(1,2),3)
by strict monotonicity, since 1 < F5(1,2) and also F»(2,3) < 3. [Therefore
Fy(1, F5(2,3)) # Fa(F2(1,2),3), so that F fails to be associative:

Now we show some other (more restrictive) sufficient, conditions for iterativ-
ity. To do so, we introduce the following definition.

Definition 4.5. Let X be a nonempty set and X'= UZL X" Let F: X - X
be a general mean on X. Let F,, stand for therestriction of F to X" (n € N).
An element e € X is said to be:

(i) reducive as regards F, if F,(z,...(n# 1 "times)...,z,e) = z holds true
for every x € X and n € N,

(ii) neutral as regards F', if F, (& es. . (n — 1 times)...,e) = z holds true for
every x € X and n € N.

Proposition 4.6. Let X be a nonempty set and X = J;—; X". Let F be a
general mean on X. As reqards F, an element e € X is reducive if and only if
it is neutral.

Proof. Supposé that e is reducive. Given n € N and x € X, it follows that
F.(x,e,...(m=1 times)...,e) = F,(Fp_1(x,e,...(n—2 times)...,e),...(n—1
times) .. §F,4(z,e,...(n—2 times)...,e),e) = F,_1(x,e...(n—2 times)...,
e) = .4 = F5(x,e) = x. Therefore e is neutral.

Conversely, let us assume that e is neutral. Given now n € N and = €
X7 1t follows that F,(z,...(n — 1 times)...,z,e) = F,(Fh—1(z,e,...(n — 2
times). 1. ,e),...(n — 1 times)..., F,_1(z,e,...(n — 2 times)...,e),e). By gen-
eralized bisymmetry, F), (F,,—1(z,e,...(n — 2 times)...,e),...(n — 1 times)...,
Fi1(z,e,...(n—2times)... e),e) = F,(F,—1(z,...(n—1 times)...,z), F,_1(e,
4. (n—1 times)...,e),...(n—2 times)..., F,_1(e,...(n—1 times)...,e),e) =
F.(x,e,... (n—1 times)...,e) = z. Hence e is reducive. O

Theorem 4.7. Let X be a nonempty set and X =J;—; X™. Let F: X — X
be a general mean on X. If F has a reducive element e, then it is iterative.

Proof. Given n € N and (z1,...,2,) € X", we get Fy(z1,...,2p_1,€) =
Fo(Fr1(x1,. . Tne1)y...(n — 1 times) ..., Fp_1(21,...,Tn-1),€) = Fr_1(x1,
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..oy Tp_1). Furthermore, Fy,(x1,...,2,) = Fp(z1, Frno1(z2,. .. (n—2 times) .. .
22,€)y .oy Fn1(Xp,...(n — 2 times)...,x,,e). By generalized bisymmetry,
Fo(x1, Fr_1(xa, ... (n—2 times) ..., x9,€), ..., Fyr_1(Tpn,...(n—2 times) ..., z,,
e))=Fy(z1, Foo1(za, ... 2p),...(n— 2 times) ..., F,_1(z2,...,Zn), Fn_1(e, ...
(n —1 times)...,e)) = F,(z1, Fho1(ze, ..., xy,),...(n — 2 times) ..., F,_1 (22,
coosp),€) = Foo1(z1, Fuo1(z2, .., Tn)y ... (n—2 times) ..., Fj,_1(x2, ..., zp))
Calling a = F,—1(x2,...,x,), we have that Fy,_1(z1, Fru_1 (T2, ..., Zn), ... AN —
2 times) ... F_1(x2,...,2,)) = Fh_1(z1,a,...,(n—2 times) ..., a) = F,_o(&
F,_s(a,...,(n—2 times)...,a),...,(n—3 times) ..., F,_a(a, ..., (n =2 times)

..,a)) = F,_o(z1,a,...,(n— 3 times)...,a). So, proceeding in the same way,
we finally arrive at Fy,(x1,...,2,) = Fa(z1,a) = Fo(x1, Fh—1(x2,. ,&,)). By
anonymity-neutrality F,,(x1,...,2,) = Fy(@n, €1,...,Tn-1). Hence Fp(z1,. ..,
ZTn) = Fo(xn, Foo1(z1, ..., 2n—1)) = Fa(Fh_1(x1,...,Tn—1)y®yn). Therefore F
is iterative. O

Remark 4.8. The converse of Theorem 4.7 is not true. To see that, we consider
again Example 3.16 (i). Notice that the generalemean E built there has no
neutral element. As a matter of fact, the element,a cannot be neutral because
Fy(c,a) = b # c. The element b can not be neutraljecither, because Fy(a,b) =
b # a. And the element c fails to be neutral beeause Fs(a,c) = b # a. However,
it is straightforward to see that F' is iterative by its own definition.

5. Miscellaneous applications

It is clear that the use of meams in different contexts gives rise to a wide
sort of applications. We outline here some of them, in the light of the results
achieved in the previous(sections.

Depending on the context, perhaps some classical concepts do not correspond
exactly to the notioniof asgeneral mean on a nonempty set introduced before
in Definition 3'39; Some conditions as, e.g., unanimity or anonymity-neutrality
are sometimes dropped. This is made in order to study, for instance, situations
of lack of ‘symmetry or commutativity. However, many of the ideas and results
introdaced, till. this point can also be adapted someway to these new settings.

d.1. Social Choice

Suppose that a finite set of individuals, say X = {x1,...,2,}, establish
rankings on a finite set of objects, say Y. Each individual x; € X defines an
ordering or ranking on Y. Let us assume that the ordering defined by the indi-
vidual X; is a linear ordering =<; on the set Y. A social aggregation rule tries to
fuse the set of linear orders {<1,...,=,} into a new one, say <g called social
ordering that tries to reflect someway the main features of the individual order-
ings <1,...,=,. If R denotes the set of all the possible rankings or linear orders
on Y, that can obviously be identified to S(Y’), namely the set of permutations
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of the elements of Y, a social aggregation rule, provided that X has n elements,
will be a map from R" into R.

We could go further, and suppose that each individual is a potential voter
in a poll. Each voter has to define a whole ranking on the elements of Y, that
could actually be interpreted as the set of candidates. If we do not know a priori
how many persons will finally vote since people in a society could refuse to give
their opinion voting, in order to define a good social aggregation rule we should
take into consideration a map F from R = J,-, R" into R.

Obviously, F' should also accomplish some conditions, that perhaps could
be understood as “common sense restrictions”. Among them, quite probably
anonymity-neutrality and unanimity will actually be imposed to_E'"

More or less this is the theoretical setting of the Arrovian models arising in
the 1950’s, that gave rise to the famous Arrow’s impossibility theorem in Social
Choice (see [5, 42, 14]). Using mainly combinatorial technigquesy*Kenneth J.
Arrow proved in 1951 that under a few, mild and apparently “common sense”
restrictions, no social aggregation rule exists.

Since the appearance of this impossibility results, some other alternative
models (e.g.: the ones introduced by Gibbard and, Satterthwaite, see [33, 50])
using different sets of “common sense restrictions”,were also considered in the
specialized literature, mainly in the 1970’s. However, they also lead to impossi-
bility results.

Then, in the early 1980’s new models based on topological considerations
were introduced by G. Chichilnisky, and 'G. Heal (see e.g. [20, 21]). The
means in these model are called topological means and just use the conditions
of anonymity-neutrality and unanimity, plus an extra condition of continuity
as regards a given topology“(see Definition 3.37 above). Unlike the previous
models, these ones could lead to possibility results, depending on the topologies
considered (for further information see e.g. [14]).

5.2. Ranking sets of objects

A typical problem arising in Decision Theory consists in the search for a
suitable extension to the power set of a total order defined on a finite set X.

Extensions of a linear order from a finite set to its power set actually ex-
ist¥"Perhaps’ the most common and well-known is the lezicographic one. (For
instance, if X = {a,b} and a =< b, the lexicographic order <; on the power set
P(X)is 0 <, {a} =i {a,b} <, D).

However, in many contexts, the extension required should accomplish dif-
ferent “common sense” criteria stated a priori. This is typical, for instance,
when a firm wants to hire new people -no matter how many new workers-. To
do so, the firm puts an exam to the individuals or candidates. How can the
firm, based on the individual ranking of individuals that comes from the re-
sults got in the exam, compare different sets -with more than one element, in
general- of candidates? This kind of problems were deeply studied in the 1980’s
in contexts of Mathematical Economics (see e.g., [39, 10]). There are results in
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this direction that show that under some mild and apparently “common sense”
criteria, the required extension is never possible. Of course, this will depend on
the criteria chosen, that actually are not mild, but too restrictive and leading
to impossibility, instead (for a further account, see e.g. [7]).

Sometimes some criterion reminds us a hidden idea of a mean. For instance,
a typical criterion is the following one: x <y = {z} < {z,y} < {y}(z,y € X).
Criteria of this kind (those that remind some sort of a mean) could be incompat-
ible with criteria of another nature, so immediately giving rise to impossibility
results. To put a trivial example, let us consider a criterion that depends on
cardinality as card(A) < card(B) == A < B (A,B C X). Thig/criterionyis
obviously incompatible with the one shown above.

Moreover, we may also point out at this stage that extemsSions ofta linear
order on a finite set X, to its power set P(X), could also derive from suitable
universal means, according to Theorem 3.15 (see also Rermark.3.267(iii) above).

5.8. Fuzzy Set Theory

In Fuzzy Set Theory, initiated by L.A. Zadeh in 1965 (see [53, 49]), a fuzzy set
of a universe X is defined as a function px : X —40, 1Jy€alled the membership
function (or the indicator) of the fuzzy set Given.an element ¢ € X, ux(¢)
is interpreted as the degree on which the element ¢ belongs to the fuzzy set
X. Unlike the classical (also called crisp) sétatheory, where the characteristic
function x of a subset X of a universe U takes values in {0, 1} so that either an
element ¢ € U belongs to X if x(¢) =1 oriit does not belong when x(¢) = 0,
now the idea of set membership iswgraduable between 0 and 1, both included,
by means of the indicator px.

In order to deal withsfuzzy systems, making operations with them, and
having in mind an idea of aggregation of several fuzzy sets on the same universe
into a new one, it isftypical te use n-dimensional operators F, from the unit
cube [0,1]™ into the,unit interval [0,1]. In this way, if we are given n different
fuzzy sets {X1,4.., Xn},sWhose corresponding indicators are {px,,-..,tx, }s
we may build‘a new fuzzy set Y, which fuses or aggregates the given fuzzy sets
X1, ..., X4 throughtthe membership function uy given by py (t) = F,(ux, (1),

L px At hfer all t € U.

Amongclagsical operators in this theory we may consider triangular norms,
triangular comtorms and copulas (see e.g. [32, 43, 2, 37, 36, 51, 35]).

Thus;in particular, the following well-known definition is often encountered
in this setting:

Definition 5.1. A (bidimensional) triangular norm is defined as a map T :
[0,1]%> — [0, 1] satisfying the following properties:

(i) T(x,1) =z, for every z € [0, 1].
(i) T(z,y) = T(y,x), for every x,y € [0, 1].
(iii) If z < 2’ then T'(z,y) < T(x',y), for every z,z’,y € [0, 1].

(iv) T is a continuous map.
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Perhaps surprisingly, most of the typical operators in this framework are
defined for the bidimensional case, that is, as functions from the unit plane
[0,1]% into the unit interval [0,1]. There are some exceptions, as for instance,
the n-dimensional copulas analyzed in [51]. But these are scarce if compared
when the common use of bidimensional aggregation operators.

We may wonder why this happens, that is, why there is a general lack of
definitions of high dimensional operators and a totally common generalduse
of bidimensional ones. At this stage, a possible answer comes to our mind:
the key is iterativity. An attempt to define higher dimensional operatorsythat
generalize, say, triangular norms, could lead to iterative “means” that can be
expressed iteratively in terms of bidimensional ones, in the spirit_ofithie results
introduced here in Section 4 (and Theorem 4.7 in particular). To see,a clear
example of this situation, suppose that we define tridimensional means, and let
us see what happens.

Definition 5.2. A tridimensional triangular norm istdefined as a map T :
[0,1]3 — [0, 1] satisfying the following properties:

(i) T(z,1,1) =z, for every z € [0, 1].
(iii) T satisfies the anonymity-neutrality condition.

(iii) T satisfies a generalized condition of associativity, namely it holds true
that T(T(x,y, z),u,v) = T(z,T(y, z,u),v) = T(z,y,T(z,u,v)) for every
x,y,z,u,v € [0, 1].

(iv) If z < 2’ then T(z,y,2) < T(&, y, 2), for every x,2',y,z € [0, 1].
(v) T is a continuous aap.
In [13], Proposition 2:8, the following overwhelming result appears.

Theorem 5.3.41f T is, aftridimensional triangular norm, there exists a (bidi-
mensional) tfiangular norm F such that T(z,y,z) = F(F(z,y),2), for every
T,Y,2 € [071]

Remark 5.4. Notice that in the definition of triangular norms and conorms
no condition of unanimity as 7T'(x,z) = = has been given a priori. Observe
also thelexistence of the neutral element 1 in the case of triangular norms,
since T(x,1) = z, for every = € [0,1] (and T'(x,1,1) = z, for every = € [0,1]
if“we.consider tridimensional norms as defined before). This fact is a key for
itérativity, more or less mimicking the steps of Theorem 4.7 (see also [13] for
further details).

6. Discussion

Due to the wide set of contexts where some idea of a “mean” has been
introduced, the task of adopting one general abstract definition is not easy,
and can actually lead to controversy. Throughout this manuscript we have
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tried to find some “common factors” in most of the typical definitions. We
have started by considering means that could directly act on any amount of
elements. This is the reason why, beginning with a nonempty set X, we pass
to consider functions directly defined on X = |J;—; X™ and taking values in
X, instead of working differently with maps from X™ into X, with n varying.
Then we have considered the classical Kolmogorov’s setting in the real ling,
analyzing the restrictions involved. We have seen that the condition of strict
monotonicity is enormously restrictive. It can by no means be adapted to other
situations, as, e.g., finite totally ordered sets. Thus, we have then considered
means defined on totally ordered sets, but dealing with monotonicity insteadiof
strict monotonicity. Further, we have considered means on lattices: And this
gives rise to the consideration of means on semigroups, too. Other miscellaneous
kinds of means, defined on topological spaces or on nonempty sets endowed
with some algebraic operation and structure have been definedstoor Looking at
what all these concepts have in common, we finally introdu€e the condition of a
general mean on a nonempty set. Different characterizationsfand/or equivalent
definitions in each particular case, have been obtained. We have mainly used
techniques based on functional equations.

7. Conclusion

Bearing in mind the idea of computability when reckoning means, we have
analyzed in depth the concept of iterativity, and some other related items as,
e.g., associativity. This has als@*been made, mainly, with techniques of func-
tional equations. In particular, we have proved that classical means as the
Kolmogorov’s ones in the realline give rise to bad news from the point of view
of algorithmic computability and iterativity. Again, this could be a reason to
go further than just considering Kolmogorov’s means on the real line (or on real
intervals), and, consequéntly, to explore many other possibilities.

In addition,&and perhaps as a by-product, some explanation about why in
some contexts only bidimensional aggregations are often defined (instead of n-
dimensional ones for any n € N) has been outlined. The key here is again
iterativity,'sothat from bivariate maps we can reach n-bivariate ones following
a stamdard iterative process. A typical important case is that of triangular
normsion thefunit interval.

Thereyis a wide room for further research studies. To put only one exam-
ple, in next future we could try to analyze “means” in which the condition of
anonymity-neutrality is dropped. In the particular case of the real line, and per-
haps working “a la Nagumo-Kolmogorov”, this could lead to characterizations
of, say, quasi-linear means (see e.g., [4]). A possible application of this setting
could arise in theoretical computer sciences, when different operations made by
a computer can be aggregated in a way, but not permuted, since the order in
which they are performed could be relevant (and maybe some operations need
be finished before starting new ones). This could give rise to different new defi-
nitions related to the concepts we have introduced throughout the paper. To put
just one example, in order to deal with aggregations of fuzzy sets, and perhaps
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dropping the anonymity-neutrality conditions, concepts as left-recursivity and
right-recursivity have been defined and analyzed (see e.g. [22, 3, 12, 35]). These
conditions would agree with iterativity under anonymity-neutrality. They give
also rise to functional equations that lie in the orbit of associativity (see e.g.

(46)).
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