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Abstract

In this paper, based on nonuniform sampling, the master-slave synchronization in a class of Lur’e systems is studied via using
the sampled outputs of error system. Different from existing results, the transmission of control signals is determined by a
novel adaptive event-triggered scheme, where the triggering thresholds depend on the dynamic behaviors of controlled systems
rather than the predetermined constants as some traditional ones. Through choosing two augmented Lyapunov-Krasovskii
functionals (LKFs), some delay-dependent synchronization criteria are formulated and the conservatism can be effectively
reduced owing to the utilization of Wirtinger-based inequalities and delay-product-type LKF terms. Especially, the existence
of the controller can be easily checked since the derived conditions are presented via LMI forms. Finally, two numerical
examples with comparisons and simulations are given to illustrate the proposed results.

Key words: Chaotic Lur’e systems; master-slave synchronization; adaptive event-triggered scheme; sampled-data control;
time-varying delay

1 Introduction

In past decades, the research on synchronization control of various chaotic systems has received considerable atten-
tion since the pioneering works of Pecora and Carroll were reported [1,20]. The works show that as some conditions
are satisfied, a chaotic system (the slave system) may become synchronized to another identical one (the master
system) if the master system sends some driving signals to the slave one. Presently, it is widely known that there
exist many benefits of chaos synchronization in various engineering applications, such as teleoperation control, secure
communication, and image processing. It is worth noting that the dynamical behaviors of chaotic systems are highly
sensitive to small changes of initial values and the trajectories in phase space are bounded due to the presence of
nonlinearity. Therefore, the problem on chaos synchronization has been widely investigated and a large number of
elegant results have been reported [2,3,6,8,10,11,13,14,23-26,28,32,36-40].

Meanwhile, Lur’e system is an important theoretic model describing how nonlinear uncertainties reflect the dy-
namic behaviors in a system, which can include linear models and nonlinear ones as its special case and exhibit some
chaotic behaviors [18,31]. Therefore, the synchronization in Lur’e systems has received considerable attention and
many interesting results have been proposed [2,3,6,8,13,14,23-26,32,36-39]. The Ref. [6] studied two nonlinear Lur’e
ones subject to control saturation and assumed that their outputs were measurable. In [36], two Lur’e networks of
homogeneous dimensions were analyzed to tackle the master-slave synchronization only when the relative measure-
ments were available. It is worth noting that time-delay is an inherent feature in physical processes and may lead
to instability or significantly deteriorate system performance. Thus some works have tackled the time-delay Lur’e
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systems [3,23,24,37,39]. In [3], an impulsive controller involving time-delay was designed to study the exponential
synchronization and in [23,24,37,39], some easy-to-test criteria were presented.

In practical situations, since digital controllers allow for the task only by using the error outputs of the master
system and slave one at discrete time instants, they are more preferable than the continuous-time ones and widely uti-
lized to study the synchronization [2,8,13,14,24-26,32,37-39]. Especially, in [2], the H, synchronization was studied
and the Ref. [13] put forward a novel discontinuous LKF term to reduce the conservatism and further gave compar-
isons with existing ones. The work [14] considered the networked circumstances and the Refs. [24,25,28] utilized some
Wirtinger-based inequalities to extend the application areas, in which stochastic disturbance and non-fragility were
involved. Yet the Lur’e systems in [13,14,25,28] did not include time-delay, which was considered in [2,8,24,26,37,39].
It should be pointed out that the controllers in [2,8,13,14,24-26,37-39] were time-triggered and a maximum sampling
interval had to be carefully selected. This type of triggered scheme unavoidably leads to unnecessary utilization of
communication bandwidth. In order to overcome this point, a novel idea described as event-triggered technique was
put forward. Compared with time-triggered scheme, the event-triggered one is more efficient and typically requires
less data transmissions since the sampler is triggered only when the value of the designed function exceeds a given
threshold value. Therefore, this scheme has been widely employed [4,7,14,28,32,33,40,42—45], which was also applied
to tackle the synchronization issue of many systems including Lur’e ones [14,28,32,40].

Though the results above are elegant, there still exist two challenges to be addressed. Firstly, since the event-
triggered technique based on sampled data was put forward to moderate the transmission burden [35], it has received
numerous improvements [4,14,28,32,33,40,42-45]. Yet, most triggering thresholds were pre-selected constants belong-
ing to (0, 1] and could not adapt to the real-time performance of controlled system. Though the work [7] has given
preliminary discussions on on-line optimization algorithms of achieving the desired thresholds. However, its adaptive
condition was presented via a simple form and could not reflect the whole information. Especially, as we know, no
works have employed the adaptive event-triggered technique to tackle the synchronization issue. Secondly, as for
LKF candidate, a novel discontinuous LKF term based on free-weighting matrices was put forward in [13] and some
comparisons were also given with the one based on Wirtinger’s inequalities [16]. Yet, few works have not combined
the LKF terms in [13,16] to extend the application areas. Furthermore, the derivative of LKF term in [13] results
in one Zero term, which will unavoidably induce the conservatism. Especially, most recently, the Refs. [18,46] put
forward some novel delay-product-type LKF terms, which can reduce the conservatism more effectively than ever.
Yet no present works have utilized this technique to tackle the synchronization in Lur’e systems. It is worth noting
that, as for time-delay Lur’e systems based sampling control, there always exist two types of time-delays, i.e., one
is embedded in system and the other is a modeled one [2,8,24,26,37,39]. However, few works have utilized their
interconnection to construct the LKF. Though the work [5] has studied this point on time-delay neutral system, the
LKF terms seemed to be simple and multiple integral ones were not utilized. To the best knowledge of authors, the
research on adaptive event-triggered synchronization in master-slave Lur’e systems has not appeared with the aid
of latest relaxed integral inequalities and LKF terms, which motivates this presented work.

In this paper, based on sampled data, the master-slave synchronization in Lur’e systems with time-varying delay
will be deeply studied and an adaptive event-triggered scheme is designed to improve the transmission efficiency.
Together with the information on time-delays and nonlinear functions, two augmented LKFs will be constructed. By
employing some Wirtinger-based inequalities and convex combination technique, two novel conditions will present
less conservatism and easily checked owing to that they are presented in terms of the LMIs. Finally, the efficiency
of the derived criteria will be demonstrated by resorting to two numerical examples.

Notations The term LKF is the abbreviation of Lyapunov-Krasovskii functional and N represent the set of natural
numbers; the set R™ denotes the n-dimensional Euclidean space and R™*™ is the set of n x m real matrices; I,
denotes the n x n identity matrix; sym{X} means sym{X} = X + XT; A ® B denotes the Kronecker product of
A, B, and the symmetric term in a symmetric matrix is denoted by .

2 Problem formulations and lemmas

In this paper, we consider the time-delay Lur’e systems of master-slave case described as

M. { i(t) = Az(t) + Ba(t — 7(t)) + Dh(Ex(t)), "
p(t) = Fx(t),

S { i(t) = Az(t) + Bz(t — 7(t)) + Dh(E=(t)) + u(t), -
q(t) = Fz(t),



where M is the master system and S is the slave system; here x(¢), z(t) € R™ are the state vectors and the output
ones are presented as p(t),q(t) € R™; A = [ailnxn, B = bijlaxn, F = [fijlnoxn, B = [ET,ET,---,EL]T are
constant matrices; moreover h(-) = [h1(-),h2(), -+, hn, (-)]T denotes the nonlinear vector-valued function which
satisfies the global Lipschitz condition.

The following assumptions will be utilized throughout this paper.

H1. The function 7(¢) denotes the time-varying delay satisfying

0<7(t) <7, po < () < pu, 3)
where T, g, 1 are constant scalars.
H2. There exist the constants o;7,0; (i = 1,---,n;) such that the nonlinear function h;(-) in (1)-(2) satisfies

[7i(§) — o] [hi(€) — 07 €] <0, VEER. (4)
Here, we introduce ¥ = diag(o, -+, 0} ), £ = diag(oy ,---,0,,,), and

1= diag(afrof, e ,U;flogl), Yo = diag(gir —;Uf AR %y ;UT; )

Now by defining (t) = z(t) — x(¢), the error system together with the controller can be given as
£(t) = Ae(t) + Be(t — 7(t)) + Df(Ee(t)) + u(t), (5)
where f(Ee(t)) = h(Ez(t)) — h(Ex(t)). Based on Ref. [27], one can check that f;(-) (i =1,2,---,n1) satisfies H2.

In this work, we will study the synchronization task via sampled-data feedback. Since only discrete-time measure-
ments of p(t),q(t) can be used for the control purpose, we can have the measurements p(t;),q(t;) (I € N) at the
sampling instant t;. In traditional control, it is always assumed that the control input is generated by using a
zero-order-hold (ZOH) function with a sequence of holding time ¢ € [t;, t14+1), where ¢; is the transmitted instant
from sensor to controller. Yet, in practice, the sampled-data packets transmitted through a communication channel
usually suffer some unfavorable factors such as transmission delay. Similar to [44], we take the transmission delay
as a constant d and the property of the ZOH altogether into account, the design controller can be presented as

u(t) = Klq(t) —p(t)], t€Q=[t+d tip1+d), (6)

where K is the controller gain waiting to be designed. Now as for the controller in (6), normally, in a conventional
time-triggered scheme, there always assumes that the sampling intervals are identical in all time, that is, ;11 = t;+h
for a constant sampling period h > 0. Yet, in communication networks, since limited bandwidth, loading changes,
device faults, outer disturbance, and other unknown factors are always existent, the sampling period has to be time
variable and then the assumption above will be relaxed. That is to say, in this work, the sampling period h; (i € N)

is allowed to be variable and belongs to a given interval, i.e., h; € [h, h] with A > 0. Meanwhile, since time-triggered
scheme unavoidably leads to unnecessary utilization of communication network, then an adaptive event-triggered one
will be designed in this work. That is to say, an event for system (5) is triggered as soon as the following relationship
is violated &(-, -, -) < 0. Here the event-trigged scheme £(-, -, -) can be described as

Eelis),e(tr).e(is)) = e (is)@re(is) — alt)e” () Pac(ty) — B(t)e (is) P2e(is), (7)

s—1

where i; = t; + > h; is the current sampling instant, ¢; is the latest transmitted one, e(is) = £(is) — €(t;), and
i=1

®, > 0 (i = 1,2) are the weight matrices. Especially, the functions «a(t), 5(¢) satisty

aft) = ﬁ [ﬁ - 51] €7 (is)Pre(is) — Ore” (is)Poe(is) + Ore” (t1)Pae(ty)], (8)
. 1 1 ) . . .
B(t) = W [m - 52} [eT(Zs)‘bl@(%) - 92€T(tl)q’25(tl) + 925T(ls)‘1’25(2s)]7 9)



where §;,0; (i = 1,2) are given positive constants such that % <a(t) < by, 4 5 S B(t) <01

Remark 1. Based on the strategy (7), one can check that, firstly, our scheme does not only include the information
on triggering error, but also depends on the latest updated released data and current sampling one; secondly, the
triggering thresholds «(t), 8(t) are not predetermined constants but two time-varying functions regulated by the
adaptive laws in (8)-(9), in which the triggering error, the previously transmitted data, and current one are fully
studied. Thus, our scheme can include the one in [7] as its special case. Especially, since ®; (i = 1,2) are different,
then the restricted condition 0 < «(t) < 1 in [7] is no longer needed.

Remark 2. Together with the event-triggered scheme described in (7)-(9), firstly, once the systems (1)-(2) achieve
the desired synchronization, then &(t) = 8(t) = 0, which means that the triggering thresholds «(t), 8(t) do not need
regulation any more; secondly, though §; > 0,6; > 0 (i = 1,2) are any given constants, the condition i < 0s, é <6y
will further offer an effective technique how to choose those scalars before the computing; thirdly, once a(t), 5(t)
converge to be constants, the event-triggered scheme in (7) can be reduced to the traditional case [4,14,28,32,33,40,42—
45]. Overall, our scheme can present more generalities.

Based on the triggered scheme (7)-(9), it is well known that there are some discarded data between two transmitted
ones. For introducing the proposed scheme at every sampling instant, the current sampled data is determined whether
it should be transmitted or not. Then similar to the Ref. [35], we also divide the holding interval €; of the ZOH into
subsets 2 = [is +d,is + hsy1 +d), ie,, @ =UE; (s=0,1,--+, 841 — 8 — 1).
Now as for t € B, if we denote 7(t) = ¢ — i, the designed controller in (6) can be rewritten as
u(t) = KFe(t;)) = KF[e(t)) — e(is) + e(is)] = KF[e(t —n(t)) — e(is)], (10)
where 7(t) =1 and 0 < d < (t) < hey1 + d < h 4+ d = h. Then the system (5) can be equivalently converted to
e(t) = Ae(t) + Be(t — 7(t)) + Df(Fe(t)) + KFe(t —n(t)) — KFe(is), t € Bs. (11)
In what is next, some essential lemmas are introduced.

Lemma 1.(Extended reciprocal convex lemma; [41]) For o € (0,1), let Ry, Ry E R"X” be real symmetmc positive
matrices and the vectors wy,ws € R™. Thus for any Y1,Ys € R™*"™ and F(a) = fwl TRywy + —w2 T Rows, then
T

w2 jla)

Lemma 2.(Integral inequality; [21]) For any constant matriz M > 0, the following inequalities hold for all contin-
wously differentiable function ¢ in [a,b] — R™:

R1 aY1 + (1 — Ot)Yg
* Rg

N (1—a)(R —YiR;'YY) 0
* a(Ry — 2R

b

b T b
f(bfa)/cpT(s)Mcp(s)ds < (/gp(s)ds) M(/gp(s)ds) —-30TMme,

a

o // $)M(s)dsdd < — (/b/tgo dsd9> M(/b

a t+40 a t+60 a t

i\w

@(s)dsd@) ,

where © = fgo ds——ffgo Yduds

Lemma 3. (Integral inequality; [9]) For any constant matrix M > 0, the following inequality holds for all continuously
differentiable function ¢ in [a,b] — R":

u)Mop(u)duds < — ( / / duds) ( / / duds> —20T M0,




where © = f: [7 o(u)duds — 32 ff I2 [ o(v)dvduds.
Lemma 4.(Integral inequality; [22]) For a vector w, real scalars a < b, symmetric matrizx R > 0 such that the

integration is well defined, then the following inequality holds,

b
—(b—a) /wT(s)Rw(s)ds < —xTRx1 — 3xTRx» — 5)(ng3,

a

Lemma 5.(Convex combination technique; [17]) Suppose that Q,Z;;, 2, (i,m = 1,2,3,4;4,n = 1,2) are the
constant matrices of appropriate dimensions, a € [0,1], 8 € [0,1], v € [0,1], and § € [0, 1], then

where x1 = w(b)—w(a), x2 = w(b)+w(a)— 32 f:w(s)ds,and x3 = w(b)—w(a)+72- fbw(s)ds—(biii)2 f: fsbw(G)des.

Q4+ [0Z11 + (1 — @)E12] + [BZ21 + (1 — B)Z22] + [VE31 + (1 — 7)Zs2] + [6Z41 + (1 — 6)E4s2] <0

holds, if and only if the inequalities Q + Z;; + Zpn < 0 (i,m = 1,2,3,4;4,n = 1,2) can be true.

3 Mixed-delay-dependent synchronization criteria

In order for simplification, we initially set ng = n; = n and present some useful denotations in A Appendix.
In what is next, based on the scheme in (7)-(9) and Lemmas 1-5, we will establish one sufficient condition on the
controller design of the error system (11).

Theorem 1. For given scalars 7 > 0,h > 0
>0 (

,00 > 0,0; >0 (i = 1,2), uo, p1, B in (3) and
(51), if there exist matrices P > 0, Q; 0(G=1

0
a25374)7Sl > 07(pl > OaUl (l = 152)7

_ R U
U>0,V>0Ws>0M>0X>0,M,N, (m=1,2,--,6) making R = diag(R;, 3R;,5R;), l}_;] >0 (=

N1 Ny N3
1,2), | * Ny N5 | >0, and diagonal matrices Q@ > 0, R > 0, H > 0 such that the LMI in (12) hold
* % Ng

Q+ Y+ P+ h¥; + 70, 115, U, T5 U,

* * —iLRQ
T - _ T - _
II R U II r Ry U r
where X = sym{ Y E$7 + APS$T} — 1 ! v - % ! 22 ! ,®; = €] Qiea, and
IL, * Ry | | Ilo Iy ¥ Ro| | Ts
=T T T T r R
‘I’j = sym{Tj.:$1 + (I)jp$2 } - e8+j52€8+j - (68+j - 612+j) (352)(68+j - 612+]‘) - ngjﬁl—‘gijv
- h?
== h(N1 + % Na —sym{[N5 Ns 0]}) + sym{[N3 — Ny 2N5]},
Ry

Oy = sym{ ¥, P$7} — el 1 S1eain — (eok — €104k)” (3S1)(€61k — €104) — 1154, =1k

with the terms Ig_y, T's_; (k,i = 1,2) given in (60)-(61) and e; (1 < i < 19) expressed in (56). Furthermore, except

for zero elements, the rest of the matriz = [Q”] lox1g Can be individually listed as

Q11 = Q1+ Q3 +7S1 +hSs +0*(W — X) + 0.25(F°R3 + h’Ry — 7* M) + sym{M{ A} — ETHS E,
912 = ]\41TB7 914 =YF — O.257T2M, 916 == MlTD +ETH227 91715 = 9_2X7



Q17 =ET(SR-XQ)F — M{ +6ATM;, Q118 =-YF, Qs = (uo—1)Q1+ (1 —11)Q2 — 1.5R3,
Q217 =0BT My, Qsz3=-Q2—0U —9V —1.5R3, Q35 =3V, Q315 =36V, Q316 =30V,
Qug = (240101 + 6202)Py — 1.5Ry — 0.257° M, Qyq17 =6FTYT,

Qu1s = —(1+ 020)Bs, Qg5 =0U — 9V — Q5 — 1.5Ry, Q15 = —24V, Q516 = 30V,

Qes = —H, Q617 =0D"M; +Q — R, Q515 = —192V — 02(4W + X),

Q516 = 180V + 30°W, Q616 = —180V — 30°W,

Q7,17 = TR1 + hRy 4+ 0°V 4 0.256° X + Ng + h*M — sym{6M{ } + Qu,

Q718 = —0YF, 518 = —(61 + 02)P1 + (1 + 202) Do,

D919 = —Qs — Ns, Q77 = Qgg = —3R3, Q211 = Q312 = 1.5R3,

Q711 =Ng,12 = 3R3, Q11,11 = Q12,12 = —4.5R3, Qoo = Q10,10 = —3 R4,

Ny13 =514 = 1.5Ry, 913 = 10,14 =3R4, N13,13 = Q14,14 = —4.5R4.

Then the master system (1) and the slave one (2) can achieve the desired synchronization. Moreover, the corre-
sponding controller gain in (6) can be computed out as K = M, Ty,

Proof. Now based on the assumptions H1-H2 and (7), we can construct the Lyapunov-Krasovskii functional as

6

Vie) = Viler), Vteg, (13)
with
24 " Ee(t) E;e(t)
Vi(ee) = ¢ (1) PC(t) + a2( ) {Qi / [fi(s) — o7 slds +1; / [Ufs—fi(s)]ds}
=1 0 0

t t—7(t) t

)= [ Fe@edst [ Toe@dst [ Q) + T (5)Qu(s)]ds

t—7(t) t—7 t—n(t)

+ / [e7(s)Qse(s) + £ (5)Q6c(s)] ds

0 t
Vi(er) = / / [T (0)Ru(0) + 7 (6)S12(6)] dods + / / 6)Roc(6) + £ (6)Se (6)] dods

Tt+s _ht+s
t o i t t
+% / / / éT(s)Rg,é(s)deGdQ—l—% / / / s)R4é(s)dsddo,
t—Tt—T 0 t—ht—h 0
t—h
V4(5t):§/ T(s)Us(s ds+9// 0)VE() + " (0)We(0)]dods + — /// s)dsdfdyp,
F —Ft+s t T o t4+0

/ g(s N6€ )dS-i—C ( ){ (N1 + s —Ny —bym{[N5 Ns O]}) —|—sym{[N3 — N3 2N5]}}<(t),

3

t

Vi(er) = B2 / (s Me(s)ds — - / [e(s) — e(in)] "M [e(s) — e(in)]ds,

]



where V;(e;) (i = 5,6) are discontinuous functionals and

U
}ﬂ
—
~
N
I
| —
I
S
—
~
S
™
S
—
oy
|
>
=
|
=T

t
el'(s)ds / el(s)ds]|.
t—h t—T

Especially, the positive definiteness and superiorities of V;(e;) (i = 5,6) can be checked in the Refs. [13,15,16].

Then together with the denotations in (51)-(59) and = in (12), the derivative of V;(g¢) (i = 1,2,---,6) along the
system (11) can be directly computed out as

Vier) =2¢T () PC(t) + alt)alt) + B(t)B(E) + 2fT (Be(t)(Q — R)E£(t) — 267 (1) ET(SQ — SR)E(t), (14)
Valer) = ( NQ1+ Qs)e(t) — (L—7(t)e” (t — 7(1))(Q1 — Qa)e(t — 7(t)) — €™ (t — 7)Qae(t — 7)
eT(1)Que(t) — " (t — h)Qse(t — h) — €7t — h)Qeé(t — h), (15)

Va(er) =T (t) (751 + hS2 + 0.2572 Rs + 0.25h° Ry ) e(t) — / [eT(0)R12(0) + €7 (0)S12(0)] o

+éT(t)(’7_'R1 + ERQ)E(t) / [ ( )RQE( ) + 5 SQE d9 - = / / R3€ d8d9

t‘rt‘r

—h
Va(e) = ET(t - h)(éU) (t—h) =" (t=7)(OU)e(t —7) + " (1) (0°V 4 0.256° X )(t) + " (1)(6°W)e(t)

t—h t

=0 [ [eT(0)VED) +"(0)We(0)]dd — — s)dsdo, (17)

I ] e
Va(ed) = 7 ()Naé(t) — 7 (¢ — h)No&(t — h) + €7 (¢ )Sym{To=$1 + (O T1EST + () 88T Je(n), (18)
Vo(er) = h2eT (H) ME(t) — %[s(t) — ()] " M[e(t) — e(ir)]. (19)

Furthermore, as for some terms in (14) and (16)-(17), we can respectively utilize the conditions in (8)-(9), Lemmas
1-4, and denotations in (51)-(61) to give their estimations as

2" () P¢(t) = §T(t)sym{AP$T + ()W PS; + T(t) W2 PSS +1(t)®1 PS5 + 7(t) D2 PS5 }f(t), (20)

a(t)a(t) + B(E)A(H) < 7 (1) Pae(tr) + W e (1) Pae(in) — b1 [e” (i) Pre(ir) — Ore” (i) Pae (ir)]

—‘y—ET(il)q)gE(il) + W&T(U)@QE(U) — 09 [eT(il)éle(il) — 925T(tl)q)25(tl)}
<eT () (14 6202)Pac(ty) + &7 (iy) (1 + 6161)Pac(ir) — e” (ir) (61 + 62) Pre(iy)
= T (i) (61 + 82) @re(iy) + [e(t —n(t)) — e(ir)]” (1 + 6200) P [e(t — (t)) — e(ir)]
+eT'(t = (1)) (1 + 6101)P2e(t — n(t)), (21)
(

T _
I, Ry Uy ™ g
G

H2 * Rl
/ T (0)512(6)d0 < —r(1)” ()S1p(t) — (1) [plt) — v(1)] " (351 [o(t) — v(1)] — 7(B)T ()10 (1)

— | €T(O)R1(0)db < —;gT(t)

t—7

_ _ I
® (Ry — U1R11UF)>




—7(t)[o(t) — w(t)]" (351)[o(t) — w(t)], (23)
A = ()
- / eT<e>Rge<e>des—15T<t>l“] ( B Uad 1500 <Ot> ®<R2—U2R21U§>> ll«s@), (24)
e FQ * R2 0 nT 2

—n(t) [0(t) — ()] (3S2) [0(t) — 0 (1)], (25)

—é/aT 0)do e(t —5t—T}TV[€(t—E)_5(t_%)}

T

< fre-
[g ) +e(t—7) — 20t )} (3V) [E(t—h) te(t—7) —w(t)}
—[et = h) = 2(t = 7) + 6u(t) — 6x(8)| (V) [e(t — h) — e(t = 7) + 60(t) — 6x(1)], (26)

-0 [ OO < - (W (o) 8 [wle) - x(0)] GW)[p(0) - x(0)]. (21)

tor
Especially, as for the double integral terms in (16)-(17), it follows from Lemma 2 and Lemma 3 that

t t—7(t) t t—7(t) o

4 Jeomamw [ [ [ [ [ [ [ Jromsomn

t—Tt—7 —7(t) t=T  t—7(t)t—7(t) t—T t—T

[0t = 7(0) + o) — ()] (2Rs) [l — 7(6)) + pt) — 20(0)]
1 3 7T 1 3
—|5et =P o) = Swt)]| (2Ry)|5e(t —7) + () — Sw(®)], (28)
t 0 t t=n(t) t 0 t=n(t) o
—%/ /éT(s)R@(s)dsdQ:—% / / + / / + / /]s’T(s)R4é(s)d5d6’
t—ht—h —n(t) t—h t—n(t) t—n(t) t—h t—h

[t = n0) + o) - gw R[5t —n(e) + ot) ~ So(0)]
~[Relt— 4 00) — o) (2R [elt B+ 0(0) — o). (29)
_t—h t
-5 [ [ Fexeeasto - [0 - 0] x[0) - vio)] (30)
t—7 t+0

In what is next, for any n x n matrix M;, diagonal one H > 0, and a scalar 6 > 0, it follows from (11) and H2 that

0=2 [ET(t)MlT + a'T(t)(aMlT)] [ — &(t) + Ae(t) + Be(t — 7(t)) + Df(Be(t)) + KFe(t —n(t)) — KFe(il)] . (31)



0<— [ET(t)ETHzlEs(t) — 2T (O ETHY f(Ee(t)) + fT(Be(t)H f(Es(t))} : (32)

Now combining with the right terms from (14) to (32), we can verify that V(e;) satisfies

. t = n(t A
V(e) <€ (O{Q+ X +n() % +7(t)¥s +7()01 +7(1)O2 + %F?Ugﬁ’@ Uy Ts + %F?Uﬂ% T

T(t — T(t = . .
+%H§U131‘1U1T I, + %H?UlRflUlT I+ [7(E) = o)1 + (11 = #(1)] 3 JE(1)
=T () A(E(), (33)
where the terms 2,7, ¥, ¥y, @1, 02, &1, P, are respectively presented in (12) and the ones 7(t), 7j(t) are defined

n (51). Together with the definition on Schur-complement, as for i, 5,k € {1,2}, we can check that the LMI in (12)
can guarantee the following term to be true

_ _ 1 _
Q+ Y+ %+ 7|5+ PT UQRglUQTrg,j] +7 [@k + ;H?)T_kUlRl_lUlTﬂg,k < 0. (34)

Now based on Lemma 5, the terms in (34) can be equivalent to A(t) < 0. Therefore, once the condition (12) holds,
there must exist a positive scalar € > such that

V(e < =T (AME() < —e | e(t) [IP< 0, V (t) # 0.

Then the error system (11) is absolutely stable, i.e., the systems (1)-(2) achieve the desired synchronization. It
completes the proof.

Remark 3. Once «(t), 3(t) are given constants, the event-triggered scheme (7) can be reduced to a traditional one
T . T T -
e (is)Pre(is) < ae” (t)P2e(ty) + Be’ (is)Pae(is). (35)
Then based on the scheme in (35) and Theorem 1, we also can derive the relevant results.

Most recently, a kind of novel delay-product-type LKF was put forward [18,46], which can help reduce the conser-
vatism more effectively than ever. The novelties of this technique benefits from that the advantages of Wirtinger-
based integral inequalities can be fully utilized by resorting to introducing some necessary integral vectors in the
LKF derivative. Thus in what follows, we also use this kind of LKF to derive the relevant results. Prior to presenting
the theorem, we firstly introduce some denotations as

() = lET(t) ef(t—7(t) e (t—7) e (i) e (t—h) fT(Ee(t)) p"(t) o'(t) o' (t) O7(t) v (1) w'(t)

o7 () 9" (t) () XT(t) €T(t) e (i) T(t—h) 6'T(t—T(t))l; (36)

e = [Onx(iq)n I, Onx(QO—i)n]T (1 <i<20); (
1(t) = |er, €2, m(t)er, T(Mes], Ta(t) = [err, (1= H(B)eao, e1 = (1= #(B)ea, (1= #(B)ez —es]; (38
L= [eh es, 67}7 By (t) = [T(t)eu, F(#)(1 — 7(t))eso, €1 — (1 — 7(t))es — 7(t)e ] ¥, = [eh 617}; (

[ )es (

L= [61, es, eg], To(t) = [7(D)err, 7)1 — 7())eso, (1 —7(t))es — ez + 7(t)es|, Wa = [62, 620]

ke i

Theorem 2. For given scalars 7 > 0,h > 0,6 > 0,6 > 0,6 > 0,8 > 0,0; > 0 (i = 1,2), po, p1 in (2) and (51),
if there exist matrices P > 0,P, > 0 (h = 1,2), @; > 0 (i = 1,2, ~,6),Rj>0(j B 234) S; > 0,0, >
0,0, (I=1,2),U >0,V >0W>0,M>0,X > 0,M,Ny (m=1,2,--,6) making B = diag(Ri,3Ry,5R)),



Ny Ny N;

R, U
: Rl >0(=12),| * Ny N5 | >0, and diagonal matrices Q@ > 0,R > 0,H > 0 such that the LMIs in
*
! * * N6
(41)-(42) hold
@(0, 0, ’f-(t))|+(t)i#(),/.tm/ H,{Ul F’{UQ (13(77',0,7.'(15))|7-(t):#0#m HgUl F{‘UQ
* 7Ry 0 <0, * 7R, 0 <0, (41)
I * * —ERQ_ * * —hRy
@(O,B,%(t))\ﬂt):#o’um nfu, r¥u, <I>(ﬁh,7'(t))|+(t):#0#m o, r¥u,
* —7_'R1 0 < 0; * —7_'R1 0 < 07 (42)
L * * —BRQ_ * * —BR2

where ®(7(t),n(t),7(t)) = @+ X1+ Xo(t) + n(t) ¥y +7(t) ¥y + 7()O1 + 7()O2 and

T - _ T
Rl U1 H1 F1

I
* Rl H2 FQ F2 ’
Yo(t) = sym(\fll(t)P\IlgT(t) + U, PLUT () + O PUT () + TOE${) + U, (7(t)P)OT — Uy (7(t) Py) BT

IT,
II,

RQ Us

Y, =9,Q,97 - _
X R2

2!
h

N o=

s Q201 ).
— (1= ()T, (@1 [ )T,
* 0
—T T T T R2
W = sym{T;E8; } — 5y ;52es+5 — (es+j — e1245)" (352)(esty — e1245) — Ly 55T s,
R
Ok = —ed 1S1ecrk — (eok — e10+%)” (351)(e64k — 104+%) — 15 7,_*211_13—1@

with Uy (t), Uy (t), Uy, Uy(t), Uy, Ua(t), Uy, Uy denoted in (38)-(40), the terms Ms_j,, Ts_; (ki =1,2) given in (60)-
(61), and B is presented in (12). Furthermore, except for zero terms and the identical ones in Theorem 1, the rest
of the matriz 2 = [Qij]zoxzo can be presented as

Q11 = Q3+ 751 + hSo + (W — X) + 0.25(7>R3 + h*Ry — m° M) + sym{M{ A} — ETHY\E, Q32 = —1.5R;.

Proof. Based on the Ref. [46] and (13), we choose the Lyapunov-Krasovskii functional as

6
Ve = ZVi(&), Vie&,

i=1

t t—7(t)

(43)

Viee) = vf ()Poi(t) +vg () (7()Pr)va(t) + v5 (1) (7(8) P2) vs(t) + / v ()Qiva(s)ds + / "(5)Q2e(s)ds,

t—7(t) t—7
t—n(t)

+ / [T (5)Qse(s) + 7(5)Que(s)]ds + / [T (5)Qse(s) + 7 (5) Q2 (s)] ds

V(e ===+
t—n(t) t—h
n EiE(t) EiE(t)
+2Z{qi [ 1) -orsdasn [ [a:sms)}ds}
=1 0 0
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with V;(e¢) (i = 3,4,5,6) identical to the corresponding ones in (13) and

t t—7(t)
ﬁ(t)[e%, Se-ro) [ e [ sT<s>ds], o) = [T, Tt -0, 57 )]:
t—7(t) t—7

Vi (6) = [7(0), €7t - 7)), o), vT(s) = [7(s), €7 (9)].
Then the derivative of V;(e;) along the system (11) can be directly obtained as

Vi(er) = 20T () P (t) + 0T ()7 (t) Prog(t) + 20T (£)7 () Prog(t) — v (£)7(t) Pavs(t) + 208 ()7 (t) Pyvs (t)
+uf (HQuva(t) — (1 — (1)) [ (¢t — () Quva(t — (1)) — " (t — 7(£))Qae(t — 7(t))]
—eT(t — 7)Qae(t — 7)

=T (e)sym (@1 () PEL (1) + By POE (6) + 01 PT (1) )s(t) + <7 (1)
)

and Vi(g;) (i = 2,3,4,5,6) can be derived as the ones in Theorem 1. Now together with (14)-(32), denotations in
(37)-(40), and (44), we can achieve

Uy (F(6)Py) O] — Uy (7(1) P2) UF

Q20

*

~(1 = 7)) Q1 — [ s(t) + ST (T Q1ITo(t) — e (t — 7)Qae(t — 7) (44)

. t _
Viey) < gT(t){Q + X1+ Xo(t) + )y + (1) Py + 7()O + 7(1) O + ?FTUQRQAU}FQ
n(t = _
+%F1TU2R2 ol + it )HTUlRl ol + G )HTUlRl o } ()

. . - . t .
=T () [‘P(T(t)m(t)m(t)) + 52) TTU, Ry 'UTT, + %FfUsz LI, + T%(Q) LU, Ry PUT I,

+%H1TU1R;1U1TH1]<(7S) = ()@ (7(t), n(t), 7(t))s(t), (45)

where ¢(t) is given in (36) and €, Y1, X2(t), ¥1, ¥y, ©1, O, are expressed in (41)-(42). Especially, ®(7(t), n(t), 7(t))
can be rewritten as the following form:

D(7(t),n(t), 7(t)) = ®1 + 7(t) @2 + 7(t) [P35 + 7(£)Ps] + n(t) ®s. (46)

Then together with the methods in Ref. [18], one can check that if

©(0,0,7()) = ®(0,0,7(t)) + = FTU2R21U2TF1 + HTUlR vl <o, (47)
®(7,0,7(t)) = ®(7,0,7(t)) + = FTU2R2 oIt + 1HTU1R1 ol <o, (48)
®(0,h,7(t)) = ®(0,h,7(t)) + = FTU2R2 wlt, + 1HTU1R1 ol <o, (49)
& (7,h,7(t)) = (7, h,7(t)) + = FTU2R2 Ity + iHTUlRl ol, <o, (50)

then @ (7(t),n(t),7(t)) < 0 can hold. Now together with Schur-complement and convex combination technique, one
can check that the terms in (41)-(42) guarantee (47)-(50) to be true, which means ® (7(t),7(t), 7(t)) < 0. Thus once
the conditions in (41)-(42) hold, the systems (1)-(2) achieve the desired synchronization.

Remark 4. During proving Theorems 1-2, the LKF terms in V(e;) have efficiently utilized the information on
7(t),n(t), nonlinear function f(Fe(t)), and adaptive conditions a(t), 8(t), some of which have not been considered

11



in present works. Especially, two improved discontinuous Lyapunov terms and delay-product-type ones have been
put forward to reduce the conservatism. Though the derived LMI-based conditions are presented in terms of com-
plicated forms and induce the computational complexity, it is convenient to check their feasibility without tuning
any parameters by resorting to the most recently developed algorithms.

Remark 5. On the basis of the discussions in [9,21,22,41], these integral inequalities described by Lemmas 1-4 can
can be more efficient than ever. Therefore, together with these integral inequalities and improved ones, based on the
multiple integral LKF terms in (13) and (43), our work has effectively tackled the issue on delay-dependence and
the previously ignored information has been fully studied. Furthermore, since two types of time-varying delays were
involved in the systems, some novel Lyapunov terms have been presented to deal with their interconnection, which
could play an important role in reducing the conservatism [8,24,37,39].

Remark 6. Most recently, the Refs. [12,30,46-48] put forward some novel techniques to reduce the conservatism.
In [12], the novelty relies on second-order Bessel-Legendre integral inequality which is less conservative than the
Wirtinger-based ones. Later, the Ref. [30] extends the methods in [12] to arbitrary orders, which can further reduce
the conservatism. The Ref. [46] presents some novel delay-product-type LKFs that is tightly related to integral
inequalities. The work [47] combines the Wirtinger-based inequality (or Auxiliary function-based inequality) and
reciprocally convex technique to achieve a set of novel integral inequalities, which later receive some improvement
[48]. In this work, we have resorted to the methods in [46,48] to obtain the theorems.

Remark 7. The methods of this work can be extended to many cases. Firstly, as for uncertainties and time-delay,
distributed complex-valued parameters [31], polytopic uncertain ones and norm-bounded uncertain ones [10], nonlin-
ear uncertain ones [11], and distributed time-delay [10] can be added into the systems (1)-(2) and the corresponding
results can be obtained. Secondly, as illustrated in Refs. [30,34], sensor faults usually occur during sampling data,
which can be studied in this work, either. As for the issue, we can design a fault-tolerant controller in the presence
of actuator faults and loss of effectiveness of the actuator. Furthermore, in order to tackle the fault failures, the
adaptive event-triggered schemes also need some improvements.

Remark 8. Overall, the theoretic contributions of this work can be elaborated as: firstly, a novel adaptive event-
triggered scheme was presented, which can wholly reflect the real-time information of controlled systems; secondly,
in V3(&¢), two triple Lyapunov terms were employed to reduce the conservatism; thirdly, in V4(e¢), some novel LKF
terms were put forward to represent the interconnection between 7(t) and 7n(t), which has not appeared in present
works; fourthly, as for those recently reported LKF terms in [13,16,18,46], our work have combined and improved
them to extend the application areas.

4 Numerical examples

In this section, two numerical examples with comparisons will be presented to illustrate the derived results.

Example 1. As a special case of systems (1)-(2), we will use the following Chua’s circuit to illustrate our master-slave
synchronization results

i’l = a[—mlxl +.’E2 +h($1)],
Ty =11 — T2 + T3,

i3 = —fry — T3,

with h(z1) = £(m1 — mo)(lz1 + ¢| — |21 — ¢|) and the parameters expressed as mg = —1,m1 = 2,0 = 9,8 =

14.286,c¢ = 1. Then the system can be represented in the form of Lur’e model (1) with

-2 9 0 00 0 Z 00 10
A=11 —11,B=000,D=OOO,EZOOO,FZ[loo},
0 —14.286 0 000 0 00 000

and fi(z1) = (|21 + 1| — |21 — 1|) belonging to the sector [0,k] with k = 1. Now, based on the adaptive event-
triggered scheme (AETS) in (7)-(9) and the controller in (10), if we set d = 0,h = h = 0.3,7 = 0.01, 4o = p1 = 0,
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and § = 0.2,6; = d2 = 5,61 = 03 = 2, then by resorting to LMI in Matlab Toolbox, one can check that the feasible
solution to the LMIs in Theorem 1 is existent. Especially, the triggering parameters ®; (i = 1,2) and the controller
gain K can be respectively computed out as

0.8638 0.1420 —0.2641 0.7435 —0.2537 0.3492 3.0238
¢, = | 0.1420 0.8234 —0.1123 | , 2 = | —0.2537 0.9036 0.2502 | , K = | 0.1684
—0.2641 —0.1123 1.0464 0.3492 0.2502 0.9733 —2.7955

Furthermore, if we set « = § = 0.2, then the scheme in (7) can be converted into the traditional event-triggered
scheme (TETS). Now together with Theorem 1 and Remark 3, we also can derive the corresponding triggering
parameters ®; (i = 1,2) and the controller gain K with d = 0,h = h = 0.3,7 = 0.01, uo = p1 = 0. By denoting
z = [zl 29 23]T, T = [ml Ty xg]T, ande=z—z = [21 — Xy 29— To 23 — xg]T, then the state trajectories of z(t), z(t),
and the error state £(¢) can be respectively presented in Fig. 1 with the initial conditions z(0) = [~1,0.8, —0.3]7 and
2(0) = [0.8,—0.3,0.7]7. The transmission instants and releasing intervals by AETS and TETS can be illustrated in
Fig. 2. One can check that the AETS releases less transmitted data than the ones by TETS. Especially, by setting
a(0) = 0.648, 5(0) = 0.852 guaranteeing 0.2 < «(0), (0) < 2, we also present the tendency of the functions «(t), 5(t)
in Fig. 3. Then from Fig. 3, one check that once the desired synchronization is achieved, the functions «(t), 5(t) can
converge to be constants with time on.

Meanwhile, since this example has been widely studied, thus we aim to give some comparisons on maximum allowable
upper bounds (MAUBs) of h with the ones in the Refs. [8,13,14,25,39]. By setting d = 0,h = 0.1,7 = 0.01, o =
p#1 = 0 in Theorem 1 and Theorem 2, the MAUBs of h can be computed out and listed in Table 1. To show the
superiorities of our methods, we still use the theorems in [8,13,14,25,39] to obtain the corresponding MAUBs and
controller gains, which can be illustrated in Table 1. From Table 1, it is clear that our results present much less
conservatism than some existing ones. Especially, one can check that the MAUB by Theorem 2 is larger than the one
by Theorem 1, which means that the delay-product-type LKF terms can reduce the conservatism more effectively.
Especially, the numbers of decision variables (NoDVs) are also presented in Table 1.

Table 1

The corresponding MAUBs of h for various methods and NoDVs in Example 1.
Utilized methods MAUBs on h Controller gain K NoDVs
Theorem 3.1 [8] 0.4355 3.8449 0.3853 —3.4730]7  14.5n% +6.5n
Theorem 3.1 [25] 0.4687 3.7455 0.2457 —2.5735]T7  21.5n2 4 12.5n
Theorem 3.1 [14] 0.5000 6.7420 1.7730 —5.9268]7  13.5n% +4.5n

[ ]
[ ]
[ ]
Theorem 1 [39) 0.5185 [3.1756 0.1406 — 2.8992]T  15.5n% +8.5n
[ ]
[ ]
[ ]

Theorem 2 [13] 0.5386 3.1152 0.1746 — 2.7955|7  47.5n2 + 7.5n
Theorem 1 0.5584 3.0225 0.2087 — 3.2440|7 27.5n2 + 15.5n
Theorem 2 0.5775 3.0124 0.1756 — 3.2254]T  37.5n2 + 19.5n

Example 2. Together with the state delay 7(t), we consider the master system (1) and the slave one (2) with

—0.7 0.4 ] [0.1 0.05] [ 2.1 0.2] [1 0]
, B= , D= , E=F = ,

0.6 —0.8 0.05 0.1 —-5.0 3.0 01

and the nonlinear functions can be selected as f;(s) = tanh(s) (i = 1,2). Firstly, in Table 2, we will give some
comparing results on MAUBs of h with the Refs. [24,37,39]. Similar to Example 1, we still utilize Theorem 1 and
Theorem 2 to check the superiorities. Prior to solving the derived LMIs, since time-delay involved in [24,37,39] are
constant ones, the condition gy = 1 = 0 has to imposed. During the computing, we will set d = 0,h = 0.1,7 =
0.45,6 = 0.2,01 = § = 6,0, = 3 = 2 in Theorem 1 and Theorem 2. Then the corresponding MAUBs can be listed

in Table 2. Secondly, in Table 3, we will set A = 0.35 and give some comparing results on the MAUBs of 7 with the
Refs. [24,37,39], which can help check the superiorities of delay-product-type LKF technique.

A=
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Fig. 1. State trajectories of the master system, slave system, and error one.
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Fig. 2. Transmission instants and releasing intervals of TETS (left) and AETS (right).

Table 2 ~
The corresponding MAUBSs of h for various methods and 7 = 0.45 in Example 2.

Methods Theorem 2 [37] Theorem 1 [39] Theorem 1 [24] Theorem 1 Theorem 2
h 0.2975 0.3824 0.3537 0.4125 0.4253

Table 3 -
The corresponding MAUBs of 7 for various methods and h = 0.35 in Example 2.

Methods Theorem 2 [37] Theorem 1 [39] Theorem 1 [24] Theorem 1 Theorem 2
T 0.3372 0.4635 0.4527 0.4790 0.5025

It follows from the tables above that our results can be more efficient than the ones in [24,37,39]. Furthermore, our
results can tackle time-varying delay while the ones in [24,37,39] fail to verify this case.
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Fig. 3. The trajectories of the event adaptive laws a(t), 8(t).

5 Conclusion

In the paper, the problem on designing the adaptive event-triggering scheme and sampled-data controller of master-
slave synchronization has been studied for master-slave Lur’e systems with time-varying delay. In order to reduce
the conservatism, some novel Wirtinger-based inequalities and two augmented LKFs have been put forward during
the discussions. Together with stability criteria on synchronization error system, two sufficient conditions have been
obtained and the controller gains can be checked by solving the derived LMIs. Finally, two numerical examples have
demonstrated that our results could produce less conservatism than some reported ones.
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A Appendix
7(t)=7—71(t), 7(t)=h—nt), G=p —pm, 0=7—h, §=72—h?% (51)
t t—7(t) t t—n(t)

1 1 1 1

p(t) = Tt)ti ) e(s)ds, of(t) = % J e(s)ds, o(t) = 77(t)t/(t) e(s)ds, ¥(t) = % . e(s)ds; (52)
5 t s 5 t—7(t) s ) t—h

1) = = / c(u)duds, ) = s / / (wduds, v(0) = = [ <(s)ds; (53)

t—7(t) t—7(t) t—T t—T t—T7

5 t s 9 t—n(t) s 9 t—h s

o(t) = UT(t) / / e(u)duds, o(t) = ﬁT(t) e(u)duds, x(t) = 72 / / e(u)duds; (54)

t—n(t) t—n(t) t—h t—h t—Ft—7

r(t) = [ET(t) e(t—r(t) e (t—7) e (i) " (t—h) fT(EBe(t)) p(t) o"(t) o' (t) O7(t) v' (1)

wh(t) o7 ¢T() vT() X1 () (@) éT(t—E)]; (55)

T
€ = |:On><(7271)n I, Onx(wﬂ')n} (1<i<19); 5
To = [61 es 019n~nj|7 Ty = |:019n.2n 69}7 Ty = |:019n~2n em], A= {61 es 019n-2n:|; 57
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$1 = {617 el €1 —65}7 $y = {617 elg e1 —es €1 —63}, U, = |:019n-2n er 019n.n]; (58)

Uy = [019n.2n es 019n~n]7 ¢ = {019n'3n 69}, b, = |:019n~3n 610}; (59)
€1 — €9 €2 — €3
IT; = e1 + ey — 2ey , Iy = es + e3 — 2eg ; (60)
e — eg + 6er — 12eq7 ey — e3 + beg — 12e19
€1 — ey €4 — €5
I = e1 + es — 2eq , o = eq +e5 — 2e1g . (61)
e1 — ey + 6eg — 12e43 eq4 —es5 + 6e19 — 12e14
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