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Vertex-disjoint triangle sets (triangle sets for short) have been studied extensively. Many
theoretical and computational results have been obtained. While the maximum triangle
set problem can be viewed as the generalization of the maximum matching problem, there
seems to be no parallel result to Berge’s augmenting path characterization on maximum
matching (C. Berge, 1957 [1]). In this paper, we describe a class of structures called triangle
string, which turns out to be equivalent to the class of union of two triangle sets in a
graph. Based on the concept of triangle string, a sufficient and necessary condition that a
triangle set can be augmented is given. Furthermore, we provide an algorithm to determine
whether a graph G with maximum degree 4 is a triangle string, and if G is a triangle
string, we compute a maximum triangle set of it. Finally, we give a sufficient and necessary
condition for a triangle string to have a triangle factor.

© 2014 Elsevier B.V. All rights reserved.
1. Introduction, definitions and terminologies

We consider undirected, simple graphs in this paper. Let
G be a graph. A set T of vertex disjoint triangles in G is
called a vertex-disjoint triangle set of G . For short, we call
T a triangle set of G in this paper. The number of triangles
in T , denoted by |T |, is called the size of it. A triangle set
of G with the maximum size is called a maximum triangle
set of G . We say that a vertex u is covered by a triangle
set T , if u is a vertex of a triangle in T . If T covers all
vertices of G , we say that T is a triangle factor of G .
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The study on triangle sets and triangle factors has a
long history. Important results include sufficient conditions
for the existence of triangle factors in graphs, and bounds
on the size of the maximum triangle sets in graphs. For
example, the following fundamental result is a special case
of a theorem in [5].

Theorem 1.1. (See Corrádi and Hajnal [5], 1963.) If G is a graph
with 3k vertices and minimum degree of at least 2k then G con-
tains a triangle factor.

While in tripartite graphs the bound can be reduced.

Theorem 1.2. (See Johansson [8], 2000.) Let G be a tripartite
graph with 3k vertices, k in each class, such that each vertex is
connected to at least 2

3 k +√
k of the vertices in each of the other

two classes, then G has a triangle factor.

Another example is a result of the size of triangle sets
in claw-free graphs.
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Theorem 1.3. (See Wang [10], 1998.) For any integer k � 2, if G
is a claw-free graph of order at least 6(k−1) and with minimum
degree at least 3, then G contains a triangle set of size k unless
G is of order 6(k − 1) and G belongs to a known class of graphs.

The problem of computing the maximum triangle
sets (called the vertex-disjoint triangles problem, VDT for
short) in graphs catches much attention. The VDT problem
has many variants such as computing the maximum tri-
angle sets in edge-weighted graphs [7], in degree-bounded
graphs ([2–4] and [9]), or in some special classes of graphs
[6]. Particularly, in [2], Caprara and Rizzi prove that the
VDT problem is APX-hard for graphs with maximum de-
gree 4.

Triangle sets can be viewed as a generalization of
matchings in graphs. For matching problems, Berge’s fa-
mous characterization says that a matching M in a graph
G is maximum if and only if G has no M-augmenting
path [1]. However, for triangle sets in graphs, there seems
no similar augmenting results. In this paper, we describe a
class of structures called triangle string, which corresponds
to the union of the graphs of two triangle sets. Based on
the concept of triangle string, we give a sufficient and nec-
essary condition under which a triangle set T of a graph
G can be augmented. We describe an algorithm which de-
termines whether a given graph G with degree bound 4
is a triangle string, and if G is a triangle string, find out
a maximum triangle set of it. Finally we give a sufficient
and necessary condition under which a triangle string has
a triangle factor.

We use 〈T 〉 to denote the graph consisting of all the tri-
angles in a triangle set T , and say that it is the graph of T .
We often consider 〈T1〉 ∪ 〈T2〉, the union of the graphs of
two triangle sets T1 and T2, which is called the union graph
of T1 and T2 in this paper.

Let u be a vertex of degree d in a graph G . Then we say
that u is a d-vertex in G . Let T = uv wu be a triangle in G ,
where the degree of u, v and w are du , dv and dw in G .
Then we say that T is a (du,dv ,dw)-triangle in G . We also
say that the degree sequence of T in G is (du,dv ,dw).

2. Triangle strings

In this section we describe the triangle string structure.
The following operations are to be used in the construction
of triangle strings.

Let G be a graph. The operations (1), (2) and (3) below
are called triangle-additions.

(1) Let w be a 2-vertex in G , add two new vertices u
and v to G , and add edges to form a triangle on u,
v and w .

(2) Let v and w be two nonadjacent 2-vertices at odd dis-
tance in G , add a new vertex u to G , and add edges to
form a triangle on u, v and w .

(3) Let u, v and w be three pairwise nonadjacent 2-verti-
ces at pairwise odd distance in G , add edges to form a
triangle on u, v and w .

Denote by K −
4 the graph obtained from K4 by removing

an edge. An hourglass is a graph isomorphic to K5 − E(C4),
Fig. 1. Case (2): One vertex of T1 covered by T2.

i.e. the graph obtained by removing the edges of a 4-cycle
from a K5. The following operations (4) and (5) are called
K −

4 -insertions.

(4) Let w be a 2-vertex in G and u, v the neighbors of w .
Replace w with a K −

4 denoted by K , and let u, v be
adjacent to one 2-vertex w1 in K .

(5) Let w be the 4-vertex in an induced hourglass in G .
Let the neighbors of w be u1, u2, v1 and v2, where
u1 v1 ∈ E(G) and u2 v2 ∈ E(G). Replace w with a K −

4
denoted by K , and let u1 and v1 be adjacent to a
2-vertex w1 in K , u2 and v2 be adjacent to another
2-vertex w2 in K .

We call a K −
4 in a graph G connected to the other parts

of G through the 2-vertices in it a swing K −
4 . Hence, oper-

ation (4) and (5) insert swing K −
4 ’s into G .

A vertex-jointed triangle string S is either a triangle, or
obtained from another vertex-jointed triangle string S ′ by
performing one triangle addition.

A triangle string S is either a K −
4 , or a vertex-jointed

triangle string, or obtained from another triangle string S ′
by performing a K −

4 -insertion.
It is not hard to see the following properties of a trian-

gle string S .

(a) Every vertex in S should be of degree 2, 3 or 4.
(b) S is vertex-jointed if and only if it contains no vertex

of degree 3.
(c) Every 2-vertex in S is contained in one triangle.
(d) Every 3-vertex in S is a 3-vertex in a swing K −

4 , and
hence it is contained in two triangles.

(e) Every 4-vertex in S is the 4-vertex in an induced hour-
glass, and hence it is contained in two triangles. Fur-
thermore, operation (5) is valid for every 4-vertex in S .

(f) A triangle in S can only have one of the following
six degree sequences in S: (2,2,2), (2,2,4), (2,4,4),
(4,4,4), (2,3,3) and (3,3,4).

3. Union graph of two triangle sets and an augmenting
theorem

Let T1 and T2 be two triangle sets in a graph G , and
T1 = uv wu be a triangle in T1. Considering how the ver-
tices of T1 be covered by the triangles in T2, we have the
following cases on the structure near T1 and the degree
sequence of T1 in 〈T1〉 ∪ 〈T2〉.

(1) All vertices of T1 are not covered by T2. Then T1 forms
a component of 〈T1〉 ∪ 〈T2〉, and the degree sequence
of T1 in 〈T1〉 ∪ 〈T2〉 is (2,2,2).

(2) There is one vertex u of T1 covered by T2, as shown
in Fig. 1. Then, u is a vertex of degree 4 in 〈T1〉 ∪
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Fig. 2. Case (3.1): Two vertices of T1 covered by different triangles in T2.

Fig. 3. Case (3.2): Two vertices of T1 covered by the same triangle in T2.

Fig. 4. Case (4.2): Two vertices of T1 covered by one triangle, and the
other one covered by another triangle in T2.

Fig. 5. Case (4.3): All three vertices of T1 covered by different triangles
in T2.

〈T2〉, and the degree sequence of T1 in 〈T1〉 ∪ 〈T2〉 is
(2,2,4).

(3) There are two vertices u and v of T1 covered by T2.
There are two possible situations.
(3.1) u and v are covered by different triangles in T2,

as shown in Fig. 2. Then the degree sequence of
T1 in 〈T1〉 ∪ 〈T2〉 is (2,4,4).

(3.2) u and v are covered by the same triangle in T2,
as shown in Fig. 3. Then the degree sequence of
T1 in 〈T1〉 ∪ 〈T2〉 is (2,3,3).

(4) All vertices u, v and w of T1 are covered by T2. There
are three possible situations.
(4.1) u, v and w are covered by the same trian-

gle T1 ∈ T2. Then the degree sequence of T1 in
〈T1〉 ∪ 〈T2〉 is (2,2,2), and T1 forms a compo-
nent of 〈T1〉 ∪ 〈T2〉.

(4.2) Two vertices of T1, say u and v , are covered by
one triangle in T2, while w is covered by another
triangle in T2, as shown in Fig. 4. Then the de-
gree sequence of T1 in 〈T1〉 ∪ 〈T2〉 is (4,3,3).

(4.3) u, v and w are covered by different triangles
in T2, as shown in Fig. 5. Then the degree se-
quence of T1 in 〈T1〉 ∪ 〈T2〉 is (4,4,4).
By the above discussion, we can see that (a), (c), (d), (e)
and (f) also hold for the union graph 〈T1〉 ∪ 〈T2〉.

We define two operations that will be used in our
proofs.

Let T be a triangle of degree sequence (2,2,4) or
(2,4,4) or (4,4,4) in a graph G . We removed the edges
of T and the 2-vertices in T . Such an operation is called
a triangle-removal on T . We also say that T is removed
from G .

Suppose the G is a graph not isomorphic to K −
4 . Let

K be a swing K −
4 in G with 2-vertices u1 and u2, and

3-vertices v1 and v2. Remove K from G , add a new vertex
k to G , and join the neighbors of u1 and u2 in G other than
v1 and v2 to k. Such an operation is called a K −

4 -absorption
on K .

A K −
4 -absorption is obviously the reverse operation of

a K −
4 -insertion. But a triangle-removal on T is not neces-

sarily the reverse operation of a triangle-addition, because
the 4-vertices in T , which become 2-vertices after remov-
ing T , may not be at pairwise odd distance in the graph
obtained. However, we will prove that a triangle-removal
in a union graph of two triangle sets is indeed the reverse
operation of a triangle-addition.

The following lemma is an easy observation and we
omit the proof.

Lemma 3.1. Let T1 and T2 be two triangle sets in a graph G,
then any triangle T in 〈T1〉 ∪ 〈T2〉 must be an element of T1
or T2 .

Theorem 3.2. Let T1 and T2 be two triangle sets in a graph G.
Let H be a component of 〈T1〉∪〈T2〉. Then, H is a triangle string.

Proof. We apply mathematical induction on the number
of edges in H . It is not hard to verify the conclusion for
H having at most 6 edges. Assume that H has at least
7 edges, and the conclusion holds for any components of a
union graph of two triangle sets with fewer edges than H .

If there is at least one 3-vertex in H , by (d), there
is at least one swing K −

4 , denoted by K , in H . Let the
2-vertices in K be u1 and u2, and the 3-vertices in K be
v1 and v2. Without loss of generality, assume that the tri-
angles u1 v1 v2u1 ∈ T1 and u2 v1 v2u2 ∈ T2. We perform a
K −

4 -absorption by replacing K with a new vertex k and
obtain the graph H ′ . Note that u1 is either of degree 4
or 2 in H . If dH (u1) = 2, we delete the triangle u1 v1 v2u1
from T1. If u1 is of degree 4 then it is contained in another
triangle u1 w1 w2u1 ∈ T2, where {w1, w2} ∩ {v1, v2} = ∅.
We delete the triangle u1 v1 v2u1 from T1 and replace the
triangle u1 w1 w2u1 with kw1 w2k in T2. Similarly we han-
dle the triangles containing u2. Let T ′

1 and T ′
2 be the

two triangle sets we obtain. Then H ′ is a component of
〈T ′

1 〉 ∪ 〈T ′
2 〉. By our induction hypothesis, H ′ is a triangle

string. Then H is a triangle string, since it can be obtained
from H ′ by one K −

4 -insertion.
Therefore, we can assume that there is no vertex of de-

gree 3 in H .
Let H ′ be a connected graph obtained from H by per-

forming one triangle-removal which removes the trian-
gle T . By Lemma 3.1, T is either in T1 or in T2. With-
out loss of generality assume that T ∈ T1. Then H ′ =
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〈T1\T 〉 ∪ 〈T2〉, and by our induction hypothesis, H ′ is a tri-
angle string.

If H contains a triangle of degree sequence (2,2,2),
then H itself must be this triangle. But this is impossible
since we have assumed that H contains at least 7 edges.

If H contains a triangle T of degree sequence (2,2,4),
then we can perform a triangle-removal on T . The graph
H ′ obtained is connected and hence a triangle string.
Therefore, H is a triangle string since it is obtained from
H ′ by a triangle-addition adding T to it.

So, we can further assume that H contains (2,4,4)-
triangles and (4,4,4)-triangles only.

Suppose H contains at least one (2,4,4)-triangle. We
prove that there exists one (2,4,4)-triangle T , such that
removing T from H results in a connected graph H ′ . As-
sume that such a triangle does not exist, then removing
any (2,4,4)-triangle from H results in a graph with two
components. We choose a (2,4,4)-triangle T such that
removing T from H we obtain a component H0 of the
minimum order. We claim that H0 has only one 2-vertex,
which is a vertex of T with degree 4 in H . Otherwise, we
have at least another (2,4,4)-triangle T0 in H0, which also
has degree sequence (2,4,4) in H . Removing T0 from H
we get a component of order smaller than H0, contradict-
ing the choice of H0. Hence H0 has one 2-vertex, and the
other vertices are of degree 4. By Lemma 3.1 T is in T1
or T2, so H0 can be represented as the union graph of
two triangle sets, denoted by T ′

1 and T ′
2 . Since there is no

3-vertex in H0, no triangle shares a common edge. Let the
number of triangles in T ′

1 and T ′
2 be t1 and t2, and assume

without loss of generality that the unique 2-vertex is cov-
ered by T ′

1 . Since every 4-vertex is covered by one triangle
from T ′

1 and one from T ′
2 , counting the edges of the trian-

gles in T ′
1 and T ′

2 , we have 3t1 = 1
2 (2(|H0|− 1)+ 2) = |H0|

and 3t2 = 1
2 (2(|H0| − 1)) = |H0| − 1, which is impossible

since t1, t2 and |H0| are integers. Therefore, there must
exist a (2,4,4)-triangle T such that removing it from H
results in a connected graph H ′ . Then H ′ is a triangle
string.

Let the vertices of T with degree 4 in H be u1 and u2.
Then u1 and u2 are 2-vertices in H ′ . We prove that u1
and u2 are at odd distance in H ′ . Let the shortest path be-
tween u1 and u2 in H ′ be P = x0x1 . . . xl , where x0 = u1
and xl = u2. Since P is the shortest, there could not be any
edge xi x j in H ′ for 0 � i, j � l and j > i + 1. If x1 has de-
gree 2 in H ′ , then x0 and x2 must be connected in H ′ ,
a contradiction. Therefore x1, and similarly x2, . . . , xl−1,
must have degree 4 in H ′ . Let y0 be the vertex other than
x0 and x1 in the triangle covering x0. Then y0 cannot be
joined to xi , 2 � i � l, or P cannot be the shortest. Since x1
is of degree 4, there must be another triangle x1x2 y1 cov-
ering it. Similarly, y1 cannot be joined to any xi , 0 � i � l
and i �= 1,2. By analogous arguments we conclude that
there are triangles x0x1 y0x0, x1x2 y1x1, . . . , xl−1xl yl−1xl−1
in H ′ , where all yi , 0 � i � l−1, are different. All the trian-
gles must also be in H , and by Lemma 3.1, be in T1 or T2.
Any two triangles sharing a common vertex must be in dif-
ferent triangle sets, hence the triangles x2mx2m+1 y2mx2m ,
0 � m � �(l−1)/2
, must be in the same triangle set. Since
x0x1 y0x0 and xl−1xl yl−1xl−1 are both adjacent to T in H ,
Fig. 6. The triangles on the edges of P .

they must be in the same triangle set. Therefore l − 1 must
be even, and l, the length of P , is odd. See Fig. 6.

Because the distance between u1 and u2 in H ′ is odd,
H is obtained from the triangle string H ′ by a triangle-
addition adding T to it. By definition, H is a triangle string.

Finally, we assume that H contains only (4,4,4)-trian-
gles. Removing a (4,4,4)-triangle T from H , the resulting
graph H ′ must be connected, or we will get a component
of H ′ with one vertex of degree 2, and all other vertices
of degree 4, which is impossible by the above discussion.
Then H ′ is a triangle string. We can use arguments similar
to the above to prove that the distances between any two
vertices of T in H ′ is odd. Hence H is obtained from H ′ by
a triangle-addition, and it is a triangle string. �
Theorem 3.3. Every triangle string S can be represented as the
union graph of two triangle sets. Furthermore, if S contains at
least two triangles the representation are unique.

Proof. It is easy to verify the conclusion for triangle strings
with at most three triangles. Let S be a triangle string with
at least four triangles, and the conclusion holds for all tri-
angle strings with fewer edges than S . S must be obtained
from another triangle string S ′ by a triangle-addition or a
K −

4 -insertion, and S ′ contains at least two triangles.
Suppose that S is a vertex-jointed triangle string. Then

S is obtained from S ′ through any of the triangle-additions
(1), (2) or (3), and S ′ is vertex-jointed. By the induction hy-
pothesis, S ′ is uniquely represented as the union graph of
two triangle sets T ′

1 and T ′
2 . It suffices to prove that any

two 2-vertices at odd distance in S ′ are covered by the
same triangle set, say T ′

1 . Then we can put the added tri-
angle into T ′

2 but not into T ′
1 to form two triangle sets

whose union graph is exactly S . And the uniqueness of
these two triangle sets are guaranteed by the fact that we
can only add the triangle to one of T ′

1 or T ′
2 .

Let u1 and u2 be two 2-vertices at odd distance
in S ′ . We prove that u1 and u2 are covered by the same
triangle set. Let P = x0x1 . . . xl be a shortest path be-
tween u1 and u2, where x0 = u1, xl = u2 and l is odd.
Since S ′ is vertex-jointed, it contains only 2-vertices and
4-vertices. By similar argument as those in the proof
of Theorem 3.2, we get a serial of triangles x0x1 y0x0,
x1x2 y1x1, . . . , xl−1xl yl−1xl−1, where all yi , 0 � i � l − 1, are
different. By Lemma 3.1, the triangles x0x1 y0x0, x1x2 y1x1,

. . . , xl−1xl yl−1xl−1 must be in either T ′
1 or T ′

2 , and since
they are adjacent one by one they must be in T ′

1 and T ′
2

alternatively. Since l is odd, x0x1 y1x0 and xl−1xl yl−1xl−1
must be in the same triangle set, which implies that
u1 = x0 and u2 = xl are covered by the same triangle
set.

Now suppose S is not a vertex-jointed triangle string.
Then S is obtained from S ′ by one K −-insertion, which
4
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replaces a vertex k in S ′ with a swing K −
4 K , with

2-vertices u1 and u2, and 3-vertices v1 and v2. By the
induction hypothesis, S ′ can be uniquely represented
as S ′ = 〈T ′

1 〉 ∪ 〈T ′
2 〉, where T ′

1 and T ′
2 are two trian-

gle sets. If k is of degree 2, let the triangle containing
k in S ′ be kw1 w2k. Without loss of generality assume
that kw1 w2k ∈ T ′

1 , and w1 and w2 are adjacent to u1
in S . Let T1 = (T ′

1\kw1 w2k) ∪ {u1 w1 w2u1, u2 v1 v2u2} and
T2 = T ′

2 ∪ {u1 v1 v2u1}, we have S = 〈T1〉 ∪ 〈T2〉, and the
representation is unique since the way we put the triangles
into the triangle sets is unique. If the degree of k is 4, then
it must be a 4-vertex in an induced hourglass in S ′ . By ar-
guments similar as in the case that k is of degree 2, we
can construct T1 and T2, such that S = 〈T1〉 ∪ 〈T2〉 and the
representation is unique. Thus the theorem is proved. �

Let T be a triangle set of a graph G . We call a triangle
string S in G a T -alternating triangle string if the following
conditions hold.

(1) One of every two adjacent triangles in S belongs to T ,
and

(2) if a 2-vertex in S is covered by a triangle T ∈ T then
T is a subgraph of S .

Let S be a T -alternating triangle string, and the set
of the triangles in S that belong to T be T1, the set of
the other triangles in S be T2. Because one of every two
adjacent triangles belongs to T , the triangles in T2 are in-
dependent. So T2 is a triangle set. Since every edge in S is
contained in a triangle, S = 〈T1〉 ∪ 〈T2〉.

Now we can state our augmentation theorem for tri-
angle sets. Let V (T ) denote the set of the vertices of the
triangles in T . Let V 2(S) denote the set of the 2-vertices
of S .

Theorem 3.4. Let T be a triangle set of a graph G. There exists
a triangle set T ′ of G with |T ′| > |T |, if and only if there exists
a T -alternating triangle string S, such that |V (T ) ∩ V 2(S)| <

|V 2(S)|/2.

Proof. Suppose a triangle string S as described exists. If S
is a triangle then it is easily seen that the conclusion holds.
Assume that S contains more than two triangles. By Theo-
rem 3.3, S can be uniquely represented as the union graph
of two triangle sets, say S = 〈T1〉 ∪ 〈T2〉, where T1 ⊆ T .
The 3-vertices and 4-vertices of S are covered by both T1
and T2, and every 2-vertex in S is covered by exactly one
of T1 and T2. Note that by condition (2) in the definition
of T -alternating triangle string, V (T1) ∩ V 2(S) = V (T ) ∩
V 2(S). Therefore, |V (T2) ∩ V 2(S)| = |V 2(S)| − |V (T1) ∩
V 2(S)| > |V (T1)∩ V 2(S)|. Let T ′ = (T \T1)∪T2. T ′ is a tri-
angle set of G which covers more vertices than T , hence
|T ′| > |T |.

Now suppose that we find a triangle set T ′ such that
|T ′| > |T |. By Theorem 3.2, every component of 〈T 〉∪〈T ′〉
is a triangle string. Since |T ′| > |T |, there must be a com-
ponent S with more triangles from T ′ than from T , which
is exactly the triangle string we are looking for. �
4. Triangle sets in triangle strings: an algorithm and
a condition for triangle factors

When trying to compute a triangle set in a graph G ,
we can often ignore the edges that are not contained in
any triangle, without affecting the results. Therefore, we
assume that all edges of the graph G we consider are con-
tained in some triangles henceforth.

A triangle string has maximum degree no more than 4.
As we have stated in Section 1, VDT problem is APX-hard
even in graphs with maximum degree 4. We prove in this
section that the VDT problem is linear time solvable in tri-
angle strings. Precisely saying, we provide an algorithm to
determine whether a given graph G with maximum degree
4 is a triangle string, and if G is a triangle string the algo-
rithm computes its maximum triangle set. A sufficient and
necessary condition for a triangle string to have a triangle
factor is also described.

We define the triangle graph T (G) of G , whose vertex
set consists of all triangles in G , and two vertices in T (G)

are adjacent if and only if the triangles they represented
are adjacent in G .

Theorem 4.1. G is a triangle string if and only if T (G) is a bi-
partite graph.

Proof. Suppose G is a triangle string, by Theorem 3.3, G
can be represented as 〈T1〉 ∪ 〈T2〉, where T1 and T2 are
triangle sets. By Lemma 3.1, every triangle in G is an el-
ement of either T1 or T2. Therefore, T (G) is a bipartite
graph whose two parts consist of vertices representing the
triangles in T1 and T2 respectively.

For the reverse, if T (G) is bipartite, let T1 be the trian-
gle set consisting of all triangles represented by one part of
T (G), and T2 be the triangle set consisting of all triangles
represented by the other part of T (G). By the assumption
that every edge of G is contained in a triangle, we have
that G = 〈T1〉 ∪ 〈T2〉, and by Theorem 3.2, G is a triangle
string. �

By Theorem 4.1, we can construct the triangle graphs
T (G) of a graph G and test whether it is bipartite to deter-
mine whether G is a triangle string. Furthermore, the part
of T (G) with more vertices represents the maximum tri-
angle set of G . To construct T (G), we run a breadth first
search on G , and when we first visit a vertex of a triangle
in G , we add one vertex in T (G) representing the triangle.
When we visit a vertex v , we add edges between every
two triangles containing v . The ideas are implemented in
Algorithm 1.

Let n be the number of vertices in G . Step 1 takes Θ(n)

time. Since a vertex in G has degree no more than 4, we
need to check the existence of at most 6 edges in Step 5.
A vertex in a triangle string is contained in at most two
triangles. Therefore, if we find a vertex contained in more
than two triangles, we exit from the algorithm with a neg-
ative answer in Step 6. In the loop from Step 8 to Step 12,
we need to check at most two triangles. In Step 10, we
need to find a vertex in T (G) representing a triangle T
in G . This could be accelerated by maintaining some point-
ers for every vertex v in G , pointing to the vertices in
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Algorithm 1 Determining a triangle string and looking for
its maximum triangle set.
Input: A graph G with maximum degree 4;
Output: The judgement that whether G is a triangle string (YES or NO),

and the maximum triangle set of G if it is a triangle string;
1: Mark all vertices of G as unvisited; Initial T (G) as an empty graph;

and Q as an empty queue;
2: Take a vertex of G and push it into the rear of Q ;
3: while Q is not empty do
4: Pop an element v from the front of Q ;
5: Find in G all triangles containing v;
6: if v is contained in more than two triangles in G then return NO;
7: end if
8: for all triangle T containing v , do
9: if all two vertices in T other than v are not visited then add a

new vertex representing T in T (G);
10: else find in T (G) the vertex representing T ;
11: end if
12: end for
13: Add an edge in T (G) between the vertices representing the trian-

gles containing v;
14: Push the unvisited neighbors of v into the rear of Q ;
15: Mark v as visited;
16: end while
17: Test whether T (G) is bipartite;
18: if T (G) is not bipartite then return NO;
19: else return YES, and the triangle set represented by the part of T (G)

with more vertices;
20: end if

T (G) representing the (at most two) triangles in G con-
taining v . Then it takes constant time to find the vertex in
T (G). Hence, every operation from Step 4 to Step 15 takes
O (1) time. Further, the loop from Step 3 to Step 16 is re-
peated O (n) times. Therefore, the total running time of the
loop from Step 3 to Step 16 is O (n).

In Step 17, we need to test the bipartiteness of T (G).
One classical method on this problem running in O (m)

time, where m is the number of edges in T (G), is as fol-
lows.

Run a breadth first search on T (G), and use two colors
red and blue to color all vertices of T (G). The first vis-
ited vertex is colored red, and when visiting a vertex v ,
color all its uncolored neighbors different with v . After the
breadth first search, all vertices of T (G) are colored. Check
all edges of T (G). If there exists at least one edge whose
two endvertices colored the same, then T (G) is not bi-
partite. If the endvertices of every edge receive different
colors, T (G) is bipartite.

Since a vertex in G is contained in at most two trian-
gles, the number of triangles in G is less than n. Further-
more, a triangle in G is adjacent to at most three triangles.
Therefore, m is linear to n. Hence, Step 17 takes O (n) time
and Algorithm 1 is a linear time algorithm.

Finally we give a sufficient and necessary condition that
a triangle string has a triangle factor.

Theorem 4.2. A triangle string S has a triangle factor if and only
if it satisfies the following.

(1) The number of vertices of S is divided by 3.
(2) The distance between every two 2-vertices is odd.

Proof. Firstly we prove the theorem for vertex-jointed tri-
angle strings.
Suppose that S is a vertex-jointed triangle string satis-
fying the given conditions. By Theorem 3.3, S = 〈T1〉 ∪ 〈T2〉
for two triangle sets T1 and T2. All 4-vertices in S is cov-
ered by both T1 and T2. By the proof of Theorem 3.3, two
2-vertices in a vertex-jointed triangle string at odd dis-
tance are covered by the same triangle set. Hence by (2),
one of T1 and T2 covered all vertices of S , and it is a tri-
angle factor of S .

Now let S be a vertex-jointed triangle string who has
a triangle factor. Obviously (1) holds. By Theorem 3.3,
S = 〈T1〉 ∪ 〈T2〉 for two triangle sets T1 and T2. Without
loss of generality we may assume that T1 is the triangle
factor of S . Using ideas similar to those in the proof of
Theorem 3.2, which consider a shortest path between two
2-vertices covered by T1, we can prove that they are at
odd distance.

Now suppose that S is not a vertex-jointed triangle
string. Then S contained at least one swing K −

4 . We use
mathematical induction on the number of edges in S to
prove the theorem. Performing a K −

4 -absorption on S , re-
placing a K −

4 denoted by K with the vertex k, we obtain
another triangle string S ′ .

Suppose that S satisfies the conditions. Since |S ′| =
|S| − 3, and a K −

4 -absorption in a triangle string does
not affect the parity of the distance between any two
2-vertices, S ′ satisfies the conditions as well. Therefore, by
the induction hypothesis, S ′ have a triangle factor T ′ . It is
easy to see that a triangle factor T of S can then be ob-
tained by adding one triangle of K to T ′ , and replacing the
vertex k in a triangle in T ′ with one vertex in K .

Suppose that S has a triangle factor T . Then a triangle
factor T ′ of S ′ can be obtained by deleting one triangle in
K from T , and replacing one vertex, both in K and in a tri-
angle in T , with k. By the induction hypothesis, S ′ satisfies
the conditions. Since |S ′| = |S|− 3, and a K −

4 -absorption in
a triangle string does not affect the parity of the distance
between any two 2-vertices, S satisfies the conditions. �
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