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Abstract

We investigate the ratio asymptotic behavior of the sequence (Qn)nZg of multiple orthog-
onal polynomials associated with a Nikishin system of p > 1 measures that are compactly
supported on the star-like set of p + 1 rays S1 = {z € C: z2”*' > 0}. The main algebraic
property of these polynomials is that they satisfy a three-term recurrence relation of the
form 2Qn(z) = Qn+1(2) + an@Qn—p(z) with a, > 0 for all n > p. Under a Rakhmanov-type
condition on the measures generating the Nikishin system, we prove that the sequence of
ratios Qn+1(2)/Qn(z) and the sequence a, of recurrence coefficients are limit periodic with
period p(p + 1). Our results complement some results obtained by the first author and
Mina-Diaz in a recent paper in which algebraic properties and weak asymptotics of these
polynomials were investigated. Our results also extend some results obtained by the first
author in the case p = 2.
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1 Introduction

This paper is a continuation of the investigations initiated in [25] [22] on properties of multiple
orthogonal polynomials associated with Nikishin systems of measures supported on star-like
sets. Nikishin systems were introduced by Nikishin himself in his seminal work [27], which
served as a starting point for a prolific study of the associated families of multiple orthogonal
polynomials and Hermite-Padé approximants.

There is now a rather comprehensive literature on the theory of multiple orthogonal
polynomials associated with Nikishin systems on the real line, which includes the so-called
type I, type 11, and mixed-type polynomials. Among the topics that have been investigated
within this theory we find, e.g., strong asymptotics [I], ratio asymptotics |5l 23] 15} [16],
relative asymptotics [24], zero asymptotic distribution [29] 18] [I5], Hermite-Padé approxi-
mation |27, 28] [29] [8] 12} T3], 18], 17} 26], recurrence relations |2}, 10], normality and perfectness
[I1}, 16], and the list could be enlarged.

Recently, the study of Nikishin systems on star-like sets has been motivated by the study
of sequences of polynomials (Qn)nzo that satisfy a high order three-term recurrence relation
of the form

2Qn(2) = Qni1(2) + an@Qn-p(2),  an >0, n=p, (L.1)
where p is a fixed positive integer. Early works that have investigated such recursions
are those of Eiermann-Varga [14] and He-Saff [I9] on Faber polynomials associated with
hypocycloidal domains (the constant coefficient case an, = 1/p, n > p). Later, Aptekarev-
Kalyagin-Van Iseghem [4] studied (LIJ) under no additional hypotheses. They proved a
Favard-type theorem, showing that the polynomials (Qn)sZ, satisfying (LI) with initial
conditions

Qu(z) =2,  0<t<p, (12)
are multi-orthogonal (in the same non-Hermitian sense of Definition 22l below) with respect
to a system of p complex measures i, ..., ftp—1 supported on the star-like set

Sy ={z€C: """ >0}

The collection {uo, ..., pup—1} can be regarded as the system of spectral measures [4, 20, [21]
of the difference operator given in the standard basis of 12(N) by the infinite (p 4 2)-banded



Hessenberg matrix

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
ap 0 0 0 0 (1.3)
0 apy1 0 0 0
0 0 ap2 0 O

More recently, Aptekarev-Kalyagin-Saff [3] considered strong asymptotics of polynomials
Qn satisfying (LI)—(T2) under the hypothesis

oo
Z:|an—a|<oo7 a>0,
n=p

and some properties of the measures p; were also deduced. In particular, for the first time
a formal connection with Nikishin systems on star-like sets was established. In [9], Delvaux
and the first author studied in more detail properties of polynomials @, satisfying (LIJ)—
(T2), analyzing them in the more general setting of Riemann-Hilbert minors (or generalized
eigenvalue polynomials associated with truncations of the matrix (L3)). A variety of asymp-
totic and non-asymptotic results were obtained there, and in particular a connection was
explicitly established between (LI) and Nikishin systems on star-like sets in the case of
periodic recurrence coefficients satisfying some additional conditions, see [9] Theorem 2.10].
Another paper that has recently studied (1) in connection with the location and interlacing
of the zeros of the polynomials @, is Ben Romdhane [7].

The results mentioned so far can be regarded as direct spectral results, since they are
obtained under assumptions on the recurrence coefficients. The first paper that analyzed an
inverse spectral problem for (I3]) was [22]. In that work a Nikishin system consisting of two
measures (case p = 2) was considered on a 3-star centered at the origin, and the asymptotic
behavior of the associated multiple orthogonal polynomials (defined as in Definition
below) was studied. In particular the ratio asymptotic behavior was described under a
Rakhmanov-type condition on the measures generating the Nikishin system, and it was
observed that this behavior was limit periodic with period 6, which was shomewhat of a
surprise (in the analogous situation on the real line the period is 2, cf. [5 [2]). The main
goal of the present work is to obtain a generalization of this result for an arbitrary p > 1.

Our main reference in this paper will be [25], where the fundamental algebraic properties
of the polynomials under investigation were proved. In [25] the authors also described
the zero asymptotic distribution of these polynomials under regularity conditions on the
measures generating the Nikishin system.

The strategy that we follow in the present work to obtain our ratio asymptotic results was
first used in [5], where an analogue of Rakhmanov’s celebrated theorem on ratio asymptotics
[30L[3T] was first proved for multiple orthogonal polynomials associated with Nikishin systems
on the real line. That strategy has been applied in several other papers [23| [I5] [16] 22]. It
is based on the analysis of certain boundary value relations between the limiting functions
and the application of asymptotic results of orthogonal polynomials on the real line with
respect to varying measures.

This paper is organized as follows. In Section [2] we define Nikishin systems on star-
like sets, and reproduce those results and definitions from [25] that will be needed for our
analysis. Only the information that is strictly relevant has been presented. In Section [
we state our main results. In Section [] we analyze the difference Z(n + 1,k) — Z(n, k),
where the values Z(n, k) (2I8]) are the degrees of certain polynomials P, introduced in
Definition 2-TT] that play a leading role in our analysis. In Section [Blwe prove the interlacing



property of the zeros of P, ;. In the last section we analyze the ratio asymptotic behavior
of the polynomials P, ; and prove our main asymptotic results.

2 Preliminaries

In this section we describe the background material from [25] that is essential for the present
work. We start with the definition of Nikishin systems on stars.

2.1 Definition of Nikishin system on a star and induced hier-
archy on the real line

Let p > 1 be an integer, and let
Si:={zeC: 2" eRy}, R, = [0,400), R_ = (—o0,0].
We construct p finite stars contained in S+ as follows:
[:={zeC:2""" € a;,b;]}, 0<j<p—1,

where
0<a; <bj<oo, j7=0 mod 2, 21)
—00<a;<b;<0, j=1 mod?2. '

HenceI'; C Sy if jiseven,and I'; C S_ if j is odd. We assume throughout that I';Nj41 = 0
foral0<j<p—2.

We define now a Nikishin system on (I'o,...,I'p—1). Foreach 0 < j < p—1, let o; denote
a positive, rotationally invariant measure on I';, with infinitely many points in its support.
These will be the measures generating the Nikishin system.

Let an(t)
~ o u(t
) = [ 24
denote the Cauchy transform of a complex measure p, and let p1, ..., un be N > 1 measures

such that p; and p;4+1 have disjoint supports for every 1 < j < N —1. We define the measure
(p1, ..., un) by the following recursive procedure. For N =1, {(u1) := p1, for N = 2,

d{pr, pa) () = fiz(x) dpa (2),
and for N > 2,
(1, ) o= (1, (pz, - in)).

We then define the Nikishin system (so,...,sp—1) = N(00,...,0p—1) generated by the
vector of p measures (og,...,0p—1) by setting

sj = (00,...,04), 0<j<p-1 (2.2)

Notice that these measures s; are all supported on the first star I'g.
An alternative and more convenient way to define the Nikishin system (so,...,sp—1) is
as the first row of the following hierarchy of measures sg,;,

$0,0 S0,1  S0,2 - S0,p—1
s$11 S1,2 - S1,p—1
82,2 o S2,p-1 (2.3)
Sp—1,p—1

where
Sk = (Oks-ens0y)y 0<k<j<p—L.



More descriptively, the measures sy ; are inductively defined by setting

Spe =0k, 0<EkE<p-—1,

dsi,;(2) = / Mdak(?ﬁL 0<k<j<p-—-1.
i1 z t

Notice then that for each pair k, j with0 < k < j <p—1, (s ky---,8k,5) = N(Ok,y...,05)
is the Nikishin system generated by (ok,...,0;).
For every 0 < j < p — 1, we shall denote by o the push-forward of o; under the map
z+ zP*! that is, o} is the measure on [a;, b;] such that for every Borel set E C [ay, b;],
o} (B)=0; ({z: 2" € E}). (2.4)

We now construct, out of these o7, a new hierarchy of measures py, ;, 0 < k< j<p—1:

Ho,0 Mol Mo2 vt Ho,p—1
M1, H1,2 ot Mlp—1
22 - H2,p—1 (2.5)
Hp—1,p—1

where the measures py,; are inductively defined by setting
lu‘k,k:::o—;7 Oskspijh
bet1 g .
dp (1) = 7'/ pte+1.5(5) doi(t), 7€ lar,be), 0<k<j<p-—1.
i T—3
The following result, proved in |25, Prop. 2.2|, describes the relation between the mea-
sures sk ; and g, ;-

Proposition 2.1. For every 0 <k < j <p—1, we have
dsij(t) _ pk— /b" dpar,5(7)

r, #—t zptl — 7’
that is,
Ss(2) = I (2P,

2.2 Multiple orthogonal polynomials and functions of the sec-
ond kind

Definition 2.2. Let {Qn(2)}n=o be the sequence of monic polynomials of lowest degree
that satisfy the following non-hermitian orthogonality conditions:

n—j7—1

Qn(2) 2 ds;(z) =0, l:O,...,{ >

J7 0<j<p-1, (2:6)

To
where the measures s; are defined in (22

In more detail, (Z.6]) asserts that the polynomial Qmp+r must satisfy the orthogonality
relations

Qmp+r(z)zldsj(z):07 l:O7"'7m717 OS]SP*I,
To

Qmptr(2) 2™ ds;j(z) =0, 0<j<r-1
To
The goal of |25] was to investigate algebraic properties and the weak asymptotic behavior
of the sequence of multi-orthogonal polynomials (Qr). In the following result we summarize
some of the properties proved in [25].



Proposition 2.3. The following properties hold:
1) For each n > 0, the polynomial Qn has mazimal degree n.

2) Ifn=¢ mod (p+1), 0 < < p, then there exists a monic polynomial Qq of degree

_ n—4¢
d= P such that

Qu(z) = 2°Qu(z"), (27)
where the zeros of Qq are all simple and located in (ao, bo). In particular, the zeros of
Qn are located in the star-like set Si.

3) The polynomials Qr satisfy the following three-term recurrence relation of order p+ 1:

2Qn(2) = Qn41(2) + an Qn—p(2), nzp, an € R, (2.8)

where
Qe(z) = 2, £=0,...,p. (2.9)
4) The recurrence coefficients an in [28)) are all positive, i.e. an >0 for all n > p.

5) For every n > p+ 1, the non-zero roots of the polynomials Qn and Qn+1 interlace on
To.
To check the validity of the statements in Proposition [Z3] we refer the reader to the
following results in [25]: Propositions 2.16 and 3.1, Theorem 3.5 and Corollary 3.6.
As it is well-known in the theory of multi-orthogonal polynomials, the so-called functions
of the second kind play a crucial role in the asymptotic analysis. These functions are defined
next.

Definition 2.4. Set ¥, o = @, and let

\I’n’k(z) Z/F \IlnLil(t)d()'kfl(t)7 k=1,...,p.
E—1

Observe that for each k =1,...,p, ¥, is analytic in C \ Tr_1.
The functions ¥, , were also investigated in [25], and some of the properties found there
are stated in the following result, see Propositions 2.5-2.7 in [25].

Proposition 2.5. The following properties hold:
1) For each k=0,...,p— 1, the function ¥,  satisfies the orthogonality conditions

n—j—1

/ U k(2) 2l dsij(2) =0,  0<I< {
T p

J7 k<j<p-1. (210)

27

2) Let w:=e»+1. For each k= 0,...,p, we have ¥, 1 (2) = w" " F T, 1(2).
3) Assume that n =¢ mod (p+ 1) with 0 < ¢ <p. Then, for each k =1,...,p we have

s Wy, k—1(t t°
\I/n,k(z) = Zp \/Fki1 ZP‘Fli_l(tp)“ﬁl dak—l(t)y (211)

where s is the only integer in {0,...,p} such that s=k —1—£¢ mod (p+ 1), that is,

s_{kl& <k, 2.12)
p+k—4L, k<UL

Some observations on Proposition are appropriate at this point. First, (ZI0) shows
that the function ¥, , 0 < k < p — 1, satisfies multiple orthogonality conditions similar to
those satisfied by @, but with respect to the Nikishin system given by the kth row of the
hierarchy (Z3]). Formula (ZI1]) allows us to find a representation of ¥,, ;, that is similar to
the representation of @, in ([271). The functions that are necessary for this representation
are defined next.



Definition 2.6. Set 9y o := Q4, where Qg is the polynomial that appears in the right-hand
side of (21). For 1 < k < p, let ¢, be the function analytic in C\ [ax—_1,br—1] defined by

\I’n, _ (t)tkflff
2 fp A —doy (1), €<k,

Ynk(2) =

+k—¢
fl“kq Yy o1 ()P0 dor_1(t), k<,

z—tpt1

where, as before, n =¢ mod (p+1),0 <4 <p.

Indeed, the following important result is now an immediate consequence of the above
definition and (ZII)-2I2]).

Corollary 2.7. Suppose n =¢ mod (p+ 1) with 0 < £ < p, and define

doj, <k
doni(r) = { PHT LS E (2.13)
Tdop(7), k<K
Then,
FTW(z) = Yan (), 0<k <p, (2.14)
and for all 1 < k < p,
zfab::ll w"zkf’im donk-1(7), €<k,
UVnk(2) = (2.15)
Joot P (7). k<L

We will also refer to the functions ¢, 1 as functions of the second kind.

We have seen that the functions ¥, ; satisfy orthogonality relations with respect to the
hierarchy (23). An important property is that the associated functions ), ; do the same
with respect to the hierarchy (2X]). We reproduce this property here, which is Proposition
2.10 in [25].

Proposition 2.8. Let 0 < k < p—1 and assume that n = ¢ mod (p+ 1) with 0 < £ < p.

Then the function iy i satisfies the following orthogonality conditions:

n+pl—1—4(p+1)
pp+1)

by .
(1) 7 dpss 5 (7) = 0, V—ﬂ <s< {

, k<j<p-1.
an p+1 J =J=P

(2.16)

2.3 Counting the number of orthogonality conditions

For the asymptotic analysis of the multi-orthogonal polynomials and the functions of the
second kind, it is crucial to have a control on the total number of orthogonality conditions
in (2I6). We define this quantity next in the same way it was defined in [25].

Definition 2.9. Let n be a nonnegative integer, and let ¢ be the integer satisfying n = ¢
mod (p+1),0<{¢<p. Foreach 0 <j<p-—1,let M; = M;(n) be the number of integers
s satisfying the inequalities

[E;]—‘SSS{nerﬂflf](PJrl)J. (2.17)
p+1 p(p+1)
For each 0 < k < p—1, we define
p—1
Z(nk) =Y M. (2.18)
j=k

Also, we convene to set Z(n,p) := 0.



It is clear from the definition that for every n,

Z(n,k) > Z(n,k+1), 0<k<p-—2, (2.19)

ijﬂmeJHJ):#{SWéiéwgsg{n+M&;;S@+1W}.

Exact formulas for the quantity Z(n, k) are involved; the reader may look at the expres-
sions that appear in Lemma 2.13 and Proposition 2.17 from [25]. However, these formulas
are not needed in the present paper. We just note here that

_np—k)
p(p+1)

and

Z(n, k) +0(1), n — oo. (2.20)

Later it will be important for our study of ratio asymptotics to analyze the difference Z(n +
1,k) — Z(n, k).

2.4 More properties of the functions of the second kind, and
the polynomials P, ;
In this paper we will need some more properties of the functions 1y ; that were proved in
[25]. We gather some of them in the next result.
Proposition 2.10. The following properties hold:

1) Let 1 <k <p, and suppose that n =€ mod (p+ 1). Then, as z — o,

Pk (2) = Oz~ N0, (2.21)

where
Z(n,k—1)— Z(n, k), <k,

(2.22)
Znk—1)— Z(n,k)+1, k<,

N(n,k‘)—{

recall Z(n,p) = 0.

2) For eachm > 0 and k = 0,...,p — 1, the function ¥, has exactly Z(n, k) zeros in
C\ ([ak—1,bk—1] U{0}); they are all simple and lie in the open interval (ax,br). The
function ¥n,p has no zeros in C\ ([ap—1,bp—1] U {0}).

3) Let an, n > p, be the coefficients of the recurrence relation (Z8). For every n > p,
0 <k <p, we have

2W0 k(2) = Unt1,6(2) + anVn_p k(2), (2.23)
and ifn=4¢ mod (p+1),0<L<p—1, then
Yk (2) = Yrt1,6(2) + anthn—pk(2), (2.24)

while if n =p mod (p+ 1), then
2,k (2) = Ynt1,6(2) + anthn—pr(2). (2:25)

See Propositions 2.18, 2.19 and 3.2 in |25] for a proof of these properties.
As in [25], an important role in the asymptotic analysis will be played by certain monic
polynomials associated with the functions v, ; that we define next.

Definition 2.11. For any integers n > 0 and k£ with 0 < k < p — 1, let P, denote the
monic polynomial whose zeros are the zeros of ¥, in (ak,br). For convenience we also
define the polynomials P, 1 =1, P, = 1.



Hence by Proposition [Z10] we know that P, has degree Z(n,k) and all its zeros are
simple. Recall that by Definition 226l P,,0 = n,0 is the polynomial Q4 that appears in
@0), and therefore

p+1
The main purpose for introducing the polynomials P, j is to prove certain orthogonality
conditions satisfied by the functions 1), with respect to varying measures involving these

Z(n,O):deg(Pn,o):{ o J (2.26)

polynomials.

Proposition 2.12. Let 0 < k < p — 1. Then, the function ¥, i satisfies the following
orthogonality conditions:

bk s don,ik(T)
’l/}n’]g(T)T m 707 370,...,Z(n,k) - 1, (227)

ag

recall (213]).

For a justification of (Z27]), see Proposition 2.21 in [25].

Observe that by definition of Z(n, k), the total number of orthogonality conditions in
[2I6) agrees with the number of orthogonality conditions in (Z27)), but the advantage of
2Z1) is clear since it involves only one orthogonality measure.

2.5 The auxiliary functions H,,

In this subsection we introduce certain functions that will play an important role in the
analysis that will follow.

Definition 2.13. For integers n > 0 and 0 < k < p, set

— Po1(2) ¥ i(2)
Hyx(2) = e . (2.28)

Note that H, o = 1. Since the zeros of P, i are zeros of 1, i, outside [ax—1,bk—1], we
have
Hyi € H(C\ [ak—1,bk-1]), 1<k <p.
Putting together (213), (Z21), and (2.28)), we readily obtain the following result.
Proposition 2.14. For any k = 0,...,p — 1, the polynomial P, 1 satisfies the following

orthogonality conditions:

b Hy 1 (7) don,k(T)
Pn s n, n,
oo DT B L) P ()

Recall that Pn,—1, Pnp = 1.

The function H,,  has an integral representation that is analogous to the integral repre-
sentation of the function ¥, ; in (ZI5).

Proposition 2.15. Let 1 <k <pandn=¢ mod (p+1), 0 <L <p. Then,

=0, s=0,...,Z(n, k) — 1.

fbkfl P o1 (T) Hpy o1 (7) dog g1(7) 0 <k,

I ( ) ap_1 z—T Pp k—2(T) Py k(1) 7 (2 29)
n,k(Z) = .
fbk—l P ko1(T) Hy o1 (1) dog g1(7) E<¢
ap_1 z—T Py k—2(T) Py (1) 7 =

Formula (2:29) was proved in |25 Proposition 2.25].



2.6 Normalization

In this subsection we introduce a convenient normalization of the polynomials P, ; and the
functions Hp k.
It follows from the definition of the functions H, ; and the polynomials P, ; that the

measures
Hy k(1) don k(7)

Poi—1(7) Pogsa (1)’

have constant sign on the interval [a,bs]. We then denote by

|Hy ko (1) | d]on k| (T)
[P e—1(T) Pri+1(7)]

the positive normalization of this measure and we have

ok | Ho i (7)] d]on.k|(7)
Pog(r)r° —= ~ =0, s=0,...,2(n,k)—1, k=0,...,p—1.
o T R ) Pasa ()] (1) y
(2.30)
Let
Kn_1:=1, Kn,:=1, (2.31)
Ko < /bk P2 (r) MHas(Dldiowil(r) )‘”2 E=0.pol  (232)
n,k - o n,k |Pn,k—1(7') Pn,k+1(7—)| ) PRy 4 ) .
and we also define the constants
Kn k
k= R =0, p. 2.33
in Kn,k—l b ( )
Definition 2.16. For k£ =0,...,p, we define
Pn,k ‘= Kn,k Pn,k: (234)
P i= K 1 Ho (2.35)

where the constants k, i, and K, ; are given in (233)) and (Z31)-(232), respectively.

We will denote by v,k the measure on [ak, bk] given by

Pk (T) dop ik (T)
Po—1(7) Poga(T)’

dvp k(7)== k=0,...,p—1 (2.36)

Again this measure has constant sign in [ag, bx], and we will denote by &, 5 its sign and by
|Un,k| its positive normalization, hence

[Pk (T)] d|on,k|(T) k(1) don i (T)

d|vn = =é&n '
| J€|(T) ik Pn’k_l(’r) Pn,k+l(T)

Pk (7) g (7))

An exact formula for ¢, is given in ([{.22).

Proposition 2.17. For each k =0,...,p—1, the polynomial p, i defined in [234) satisfies
the following:

(2.37)

by
/ Pk (T) T2 d|vn k| (T) =0, s=0,...,Z(n, k) —1, (2.38)

k

/ " P2 () dlvnl(7) = 1, (2.39)

k

that is, pnr is the orthonormal polynomial of degree Z(n,k) with respect to the positive
measure |Vp k.

10



For each k =1,...,p, the function h, defined in (230]) satisfies

2
g1z [ Tbet@ gy, () f<k,

ak—1 =T
P (2) = . (2.40)
1 Prk—1(7T)
enpor [ D gl () k<L

Proof. The orthogonality conditions (2.38]) are obvious in view of (230)). The formulas (2:39)
and (240) follow immediately from (Z34)-(235), 233), 231)-(232]) and 229). a

3 Main results

In this paper we initiate our analysis with the study of the difference Z(n+1,k) — Z(n, k) =
deg(Pr+1,k) — deg(Pak), see Section [@ Recall that the zeros of the polynomials P, are
all simple and lie in the interval (ag, bx), cf. Definition 21Tl and Proposition ZT0] We show
that for each fixed k = 0,...,p —1, the difference Z(n+1, k) — Z(n, k) is periodic in n with
period p(p+ 1) and takes only the values {—1,0, 1}, see Lemma [T]

Our first main result is the interlacing property of the zeros of P, . This property is
proved in Section [0l and is a consequence of an auxiliary result on the zeros of the function

G i defined in (B.1]), see Corollary 541

Theorem 3.1. Let (so,...,sp—1) = N(oo,...,0p—1) be a Nikishin system on I'o, defined as
indicated in Section[21], and let (P,x) be the system of associated polynomials introduced in
Definition[ZI1. Then for each k =0,...,p—1, the zeros of Pn i and Pni1,, interlace; that
1s, between two consecutive zeros of Py i there is exactly one zero of Pn41,k and vice versa.

The following theorem is our main asymptotic result, from which we derive all other
asymptotic formulas. In all these formulas, convergence is uniform on compact subsets of
the indicated regions, and the periodicity modulo p(p + 1) is preserved. Theorem and
the corollaries that follow are all proved in Section

Theorem 3.2. Assume that for each k =0,...,p — 1, the measure o, defined in (24) has
positive Radon-Nikodym derivative with respect to Lebesgue measure a.e. on [ak, by]. Then,
for each firted 0 < p < p(p+1)—1,

. Paypepryierik(2) |~
lim —p@EDHet L% _ B0 (), zeC\aw,be], k=0,...,p—1,  (3.1)
A—roo PAp(p+1)+p,k(z) :
and
(p+1)-1
. Pn+p(p+1)7k(z) _ ! 7(p) _
nlgr;owf }i[o EP(2),  z€C\lar,bk], k=0,....,p—1, (3.2)

where ﬁép) is F,gp) divided by its leading coefficient (in the Laurent series expansion at

infinity) and (F,ip))z;é s a collection of analytic functions that satisfies, for the given value
of p, the properties stated in Lemma[G.3.

We describe next the ratio asymptotic behavior of the multiple orthogonal polynomials
(@n)nZo and the asymptotic behavior of the associated recurrence coefficients (an)nzp-
Corollary 3.3. Assume that for each k =0,...,p— 1, the measure o, has positive Radon-
Nikodym derivative with respect to Lebesgue measure a.e. on [ak,bk]. Then the sequence
(Qn) of multi-orthogonal polynomials introduced in Definition[2.2 and the sequence (an) of
recurrence coefficients in (28] satisfy the following:

Let 0 < p<p(p+1)—1 be fized. If pZ£p mod (p+ 1), then

lim Dwer+er1() 2FP (P, zeC\ Ty, (3.3)
A—o0 Q/\p(p+1)+p(z)
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and if p=p mod (p+ 1), then

lim Qrpi+pt1(2) _ B (27

A—o0 Qkp(p+1)+p(z) 2P

. zeC\(Thu{o}). (3.4)

We have
Jim arp(p1)+p = a'?, (3-5)

where the limiting values a'®) appear in the Laurent expansion at infinity of ﬁo(p) as follows:

O (z) = {1 — a2 40 (272), ifp#p mod (p+1), 36)

zfa(p)JrO(z*l), ifp=p mod (p+1).
In the next result we describe the ratio asymptotic behavior of the functions of the second
kind (¢n,k), (¥ k) and the normalized polynomials (s, k).

Corollary 3.4. Assume that for each k =0,...,p— 1, the measure o}, has positive Radon-
Nikodym derivative with respect to Lebesque measure a.e. on [ak,bk]. Then, for each fixed
0<p<plp+1)-1,

lim “2p@EDEorLE o) gy (3.7)
A=00 Kap(p+1)+p,k
K
limM:ﬁy)---néﬁ), k=0,...,p—1, (3.8)
A—o00 K)\p(p+1)+p,k
and
z ~
lim Papirprin(2) ROFP(2),  zeC\[ambi], k=0,...,p—1, (3.9)
A0 Pap(pt1)+pk(2)
where (
0 __a’ (3.10)
, .
(e 1ci )12
and (cép)), k=0,...,p—1 is the unique solution of the system of equations (G.30) (c(_’q =
(p) _
o =1).
Regarding the functions of the second kind (k) and (Vn i), for k=1,...,p we have
(p) 3,(p) n(p)
. z el b (z 7 (z
lim kap(p+1)+p+1,k:( ) _ (lc) k (( )) ~I(<: ; ( ) 7 = (C\([ak717 bk—l]U[alm bk]U{O})7
A=oo Pap(p1)+p.k(2) (ke - k)" )2 F”(2)
(3.11)
where s,(cp) is either 1 or —1 depending on k and p, and
2, ifp=p mod (p+1),
M2y ={ 2"t ifp=k—1 mod (p+1), (3.12)

1, otherwise.

In BII) we use the convention ESP) = 1. Under the same assumptions on p and k we have

lim \I’/\p(p+1)+p+1’k(z) = 6’(;)) g'(“p)(z) Fép)(ZPJrl) S (C\(Fk 1UFkU{0}) (3 13)
— , _ , (3.
A=oo Wap(pr1)+p,k(2) (k- k)2 P (2r41)
where

27 ifp=k—1 mod (p+1),
9" (2) = { |
2z, otherwise.

For an exact formula of sgf ), see Remark
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4 Analysis of Z(n+ 1,k) — Z(n, k) and some conse-
quences

The study of ratio asymptotics requires as a preliminary step the analysis of Z(n + 1, k) —
Z(n, k), which is the difference in the degrees of the consecutive polynomials P11 and
P, . Since we are using in this section both indices n and n + 1, we will indicate below
the dependence with respect to n of the quantities that appear in Lemma Il Thus we will
write for instance £(n) for the integer satisfying

n=4{(n) mod (p+1), 0 < £(n) < p,

and so on.
Throughout this section we decompose n in the form

n=Ap{+1)+p, (4.1)

where A = A(n), p = p(n) are integers and 0 < p < p(p+ 1) — 1. We also decompose p
modulo p+ 1 and write

p(n)=n(p+1)+¢, n=n(n)€{0,...,p—1}, ¢=1£(n) €{0,...,p}. (4.2)

Given two integers n and n’ with n < n’, in this section and in the rest of the paper we will
use for convenience the notation [n : n’] to indicate the set {s € Z:n < s < n'}.

Before describing the difference Z(n+1, k) — Z(n, k), we make some relevant observations.
The lower bound in (Z.I7) is simply

V(");Jl _ {07 if ¢(n) < j,

p+1 1, if j < {(n).
Concerning the upper bound in (ZI7), using (1)) and [@2) we get

V+pe(r;)(;j1—)j(p+1)J _ P+ nm) +Lm)—j 1 J 7 (4.3)

p(p+1)

where \ corresponds to n, but we prefer not to write A(n) in (£3) and below. If £(n) < p,
then £(n + 1) = £(n) + 1, and in this case we have that the upper bound in (ZI7) that
corresponds to n + 1 is

ntltplln+)—1-jp+1)|_ nm) +4n)—j+1 1
{ p(p+1) J - PJF p p(p+1)J S
However, if £(n) = p, then £(n + 1) = 0, and then
n+l+pln+1)—1—jlp+1)| n(n)—j+1_ 1
{ p(p+1) J - PJF P p(p+ 1)J W9

Assume now that £(n) < p. Then we easily see that the quantities in ([£3]) and (£4) are
equal for all values of j (recall j € [k : p — 1]) except those satisfying n(n) + £(n) — j € pZ.
In virtue of the restrictions on the quantities 7, ¢ and j, the only possible exceptional cases
are j = n(n) +£(n) and j = n(n) + £(n) — p. In any of these two exceptional cases, we have
that the quantity in (4] is one unit greater than the quantity in ([£3]). Also, as j runs from
k to p — 1, clearly j can take at most one of these exceptional values. These are the key
observations to keep in mind in order to prove the following result.
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Lemma 4.1. Let k € [0 : p — 1] be fized. Then, as a function of n, the expression Z(n +
1,k) — Z(n, k) is periodic with period p(p+1), and Z(n+1,k) — Z(n, k) € {—1,0,1} for all
n. Moreover, using the notation ([£2) we have the following:

Ifé(n) € [0: p— 1], then

0, ifnn)+L(n)¢lk:p—1], £(n)el0:k—1],

Zin 4 1,k)  Z(m. k) = 1, ifnpn)+eln)elk:p—1], £(n)el0:k—1], (46)
0, ifnn)+Lln)¢p:p+k—1, Ln)eEk:p—1],
-1, ifnn)+L(n)ep:p+k—1], £L(n)elk:p—1]

If ¢(n) = p, then

0, if n(n)e[0:k—1],
Z(n+1,k)—Z(n, k) = (4.7)
1, if n(n)€lk:p—1].
Proof. For convenience let us introduce the notation
: f(n)—jw , {n+pf(n)—1—j(p+1)J
s(n,j) = | ———|, k(n,j) = .
() = |45 () o
Assume that £(n) < k and n(n) + ¢(n) € [k : p — 1]. Then we have that

s(n,j) =s(n+1,5) =0, forall je[k:p—1], (4.8)

and

k(n,j) =k(n+1,5),  forall jelk:p—1]\{n(n)+L(n)}. (4.9)
As it was already observed, if 7 = n(n) + £(n) then x(n + 1,j) = k(n, j) + 1. Therefore, by
definition of Z(n, k) and Z(n+ 1, k), we obtain that if £(n) < k and n(n)+£(n) € [k : p—1]
then Z(n+1,k) = Z(n, k) + 1.

Assume now that ¢(n) < k and n(n)+£(n) ¢ [k : p— 1]. We still have the relation (L8],
and the first assumption shows that n(n) + ¢(n) — p < £(n) < k, hence n(n) + ¢(n) —p ¢
[k : p—1]. Therefore, as j runs from k to p — 1, j does not take the exceptional values
n(n)+£(n) and n(n)+£(n) — p, which implies that x(n,j) = k(n+1,7) for all j € [k : p—1].
It follows that in this case Z(n,k) = Z(n + 1, k).

Now we assume that k < ¢(n) <p—1 and n(n) + ¢(n) € [k : p— 1]. Then

, JElk:l(n)—1],
s(n,j) = : Jle[ (=1 (4.10)

and

K(n)—s—l—j" _ {1, j € s )], o

p+1 0, je[t(n)+1:p—1].
On the other hand, since n(n)+£(n) € [k : p—1], we see that (@3] holds and if j = n(n)+£(n),
then k(n +1,7) = k(n,j) + 1.

Assume additionally for the moment that n(n) = 0. Then according to ([@I0)—(@II]) and

the above observations, we obtain that the intervals (ZI7) that correspond to n and n + 1
take the following form:

s(n+1,5) = {

[c(n,j) 1 6(n, )] =[c(n+1,j) tk(n+1,5)]=[1: A,  jek:€(n)—1]
[c(n,j),n(n,j)]:[():)\fl], [g(n+1,j),/€(n+1,j)]:[1:)\], forj:ﬂ(n),
[s(n,7) : k(n, )] =[sn+1,7) i k(n+1,5)] =[0: A=1], JEKMm)+1:p—1].

(4.12)
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Therefore in this case we have Z(n,k) = Z(n+1, k). Assume now that n(n) > 0, while still
assuming that k < £(n) < p—1and n(n)+4£(n) € [k : p—1]. In this case the intervals (217
for n and n + 1 have the form

[c(n,j) : w(n, g)l = [s(n+1,5) s s+ L) =[1: A, jelk:Lln)—1],

[c(n,4), k(n, ] =[0: A, [s(n+1,5),k(n+1,5)]=[1: A,  forj=£(n),
[c(n,g) s k(n, )] = [s(n+1,5) : s(n+ 1, )] = [0: A, j € [l(n)+1:n(n)+L£(n)—1],
[c(n,5),6(n, )l =[0: A=1],  [c(n+1,7),k(n+ 1) =[0:A],  forj=n(n)+L(n),
[6(m, ) s 5, ] = [s(n+ 1,9) s+ 1,7)] = [0: A= 1], j € [ym) +€m) +1: p— 1.

(4.13)
It follows that in this case Z(n, k) = Z(n+ 1, k). The two cases that we just analyzed show
that if k < (n) <p—1and n(n)+£€(n) € [k:p—1], then Z(n, k) = Z(n + 1,k).

Suppose now that £ < ¢(n) < p—1 and n(n) + ¢(n) > p + k. Then we know that
k(n,j7) = k(n+1,7) for all j except for j = n(n)+£(n) — p, and (@I0)—(@EII]) are still valid.
Notice that k < n(n) + €(n) —p < €(n) —1 < p — 2. Therefore in this case we have the
following;:

[$(n,j) : k(n, J)] = [s(n+1,j) : 6(n+1,5)] = [1: A+ 1], j€lk:n(n)+Ln)—p—1],

[<(ng),k(n,J)l =[1: AL, [c(n+ L)), kn+1,7)]=[1:A+1],  for j=mn(n)+L(n)—p,
[c(n,7) : 6(n, )] = [c(n+1,7) s+ Lj)l =[1: A,  jenn)+n)—p+1:l(n)-1],
[s(n,7),k(n, )] =10 : Al [s(n+1,7),k(n+1,5)]=[1:A], for j = £(n),

[$(n,4) : 6(n, J)] = [c(n+ 1L,j) s (n+1,5)] =[0: 4],  je[l(n)+1:p—1].

(4.14)

This shows that if k < £(n) <p—1 and n(n) +€(n) > p+k, then Z(n, k) = Z(n + 1, k).
We assume now that £ < 4(n) < p—1 and n(n) +4£4(n) € [p : p+ k —1]. Then
n(n)+4(n) ¢ [k:p—1] and n(n) + £(n) —p ¢ [k : p— 1], hence k(n,j) = k(n + 1,5) for all
j € [k : p—1]. The relations (EI0)—([@II) hold. Therefore we have
[c(n,j) : k(n,5)] =[s(n+1,7) : kn+1,75)] =[1: A, je€lk:en)—1],
[c(n,7),6(n, )l =10: A, [c(n+1,5),6(n+ L) =[:A],  forj=4L(n), (4.15)
[c(n,g) : k()] =[s(n+1,5) s k(n+1,7)] =[0: A, je[l(n)+1:p—1].
This shows that in this case Z(n+ 1,k) = Z(n, k) — 1.

Finally let’s assume that ¢(n) = p. Since {(n + 1) = 0, in this case we have ¢(n,j) =1
and ¢(n+1,5) =0 for all j € [k:p— 1]. Writing n = mp(p+ 1) +n(n)(p+ 1) + p, we get

mM+p—-j 1 J: A+1, je0:n(n)—1],
P p(p+1) A, j€mn):p—1],

HMﬁ:V+"
and

k(n+1,j) = {m+

nm)+1-53 1 J: A, j €10:n(n)],
P p(p+1) A=1, jenn)+1:p—1].

If we assume that n(n) € [0: k — 1], then

[c(n,j) : k(n, )] =1:A, [(n+1,j):kn+1,7)]=[0:X-1], for all j € [k :p(f 1]S
4.16
hence in this case Z(n,k) = Z(n+ 1,k). If n(n) € [k : p— 1], then

[c(n,g) :k(n,J)] = [L: A+1], [c(n+1,4):6(n+1,5)]=[0:A,  je€lk:n(n)—1],
[c(n, ‘)7"’{(”7]’)] = [1 : )‘]7 [g(n+ 17.7')7/{(71+ 17j)] = [0 : )‘]7 for j = 77(”)7
[s(n,j) s k(n, )] =[1: A, [c(n+1,5):kn+1,7)]=[0:A=-1], jenmn)+1:p—1],

(4.17)
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which shows that in this case Z(n + 1,k) = Z(n, k) + 1.

In virtue of @I)-E2) we have £(n) = £(n + p(p + 1)) and n(n) = n(n + p(p + 1)),
therefore the periodicity of Z(n + 1,k) — Z(n, k) follows from (@.6)—-E.7). O

We illustrate in Table [I] the values of Z(n + 1,k) — Z(n,k) in the case k = 3. It
is worth noticing, as it follows from (@8)—([@7), that if ¥ > 1 and n = n(n) = 0, then
Z(n+ 1,k) — Z(n,k) = 0; that is, the entries in the first row of the table of values of
Z(n+1,k) — Z(n,k), k > 1, are all zero.

2 0 1 1 0 0 oo 0 0 -1 | -1 0

sl it |1 lofo | 0] 1] -1|-1]1
sl 1o o e |11 =1]0]1
AR I I R R N RN N B

Table 1: The values of Z(n+1,3) — Z(n,3) that correspond to the values of p(n) =n(p+1)+¢
with0<n<p—1land0</<p.

We now state a useful lemma that will be applied in the following section.

Lemma 4.2. Let k € [1:p—1]. Then we have the following:

0, if ¢(n)e(0:k—2],
Zn+1,k)—Z(n,k) <Z(n+1,k—1)—Z(n,k—1)+ 1, ifb(n)=k—1, (4.18)
0, if ¢(n) € [k :p].

Proof. To prove the first relation in ([@I8]), assume that £(n) € [0: k—2]. If n(n)+4£(n) € [k :
p—1], then in virtue of (L6) we have Z(n+1,k)— Z(n,k) = 1. Now, since £(n) € [0: k—2]
and n(n)+4£(n) € [k:p—1] C [k—1: p— 1], applying the second relation in (L) for k — 1
we obtain Z(n+1,k—1)— Z(n,k—1) = 1. Now assume that n(n)+£(n) ¢ [k : p—1]. Then
Z(n+1,k) — Z(n, k) = 0 and we have two possibilities, namely n(n) +£(n) ¢ [k —1:p—1]
or n(n) + ¢(n) = k — 1. In the former case, we have Z(n + 1,k — 1) — Z(n,k — 1) = 0, and
in the later case Z(n+ 1,k — 1) — Z(n,k — 1) = 1. This justifies the first relation in ([£IS).
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Now assume that ¢(n) = k — 1. We distinguish again the two alternatives n(n) + £(n) €
[k:p—1]and n(n)+£(n) ¢ [k : p—1]. In the first one we have Z(n+1,k)— Z(n, k) =1, and
because £(n) € [k—1:p—1] and n(n)+£(n) ¢ [k : p— 1] we get from (0] that Z(n—|— 1,k—
1)—Z(n,k—1) = 0, so the claim holds. In the second case we have Z(n+1,k)— Z(n,k) = 0,
so the claim holds trivially since Z(n+ 1,k —1) — Z(n,k — 1) € {—1,0,1}. This proves the
second relation in (4.I8).

Suppose now that ¢(n) € [k : p—1]. If n(n) +4£(n) € [p : p+ k — 1] then Z(n +
1,k) — Z(n,k) = —1 and the inequality is trivially valid. If n(n) +£4(n) ¢ [p: p+ k — 1],
then Z(n + 1,k) — Z(n,k) = 0. The assumptions imply that ¢(n) € [k —1 : p— 1] and
n(n)+4£4(n) ¢ [p:p+k—2], hence Z(n+ 1,k —1) — Z(n,k — 1) = 0, and the claim follows.

Finally, if £(n) = p, inequality follows immediately from (@7)). O

In what follows, we shall use the notations sign(f, A) (sign(v,A)) to indicate the sign
of the function f (measure v) on the interval A, and Ay shall denote the interval [ax, bk].
Recall that &, = sign(vn,k, Ak), where v, i is the measure defined in (2Z36]). We continue

using the notations ([@I)-(Z2).

Lemma 4.3. Let k € [0: p— 1] be fized. Then, as a function of n, the expression EZHK”“ 18
periodic with period p(p+ 1). More precisely, we have
Entblk _(_1)Z0vt1,20k/2) = 220K/ 2)+00nk) (4.19)
En,k
where
1, ifl(n)e€0:k—1],
0, iff(n)efk+1:p—1],
O(n,k) =<1, ifl(n) =k, k odd, (4.20)
0, ifl(n) ==k, k even,
1, ifl(n) =

Proof. From (21) and the definition of the measure o, 1 in (ZI3)) we deduce that

1 for k even,
sign(on,k, Ax) =41  for k odd, £(n) < k,
—1 for k odd, k < {(n).

Since P, 1 is a monic polynomial of degree Z(n, k) and its zeros are located in A, we have

1 for k even,

sigh (P k—1Pn k41, Ag) = {(_1)Z(n,k—1)+2(n,k+1) for k odd.
In view of (Z40) we also obtain

En,k—1 for k even,
sign(hn,k, Ak) = 4 €nk—1 for k odd, £(n) < k,
(=Denk—1 for k odd, k < £(n).

From the above sign formulas and (236]) we conclude that for each k =1,...,p — 1,

Enk—1 for k even,
€ne = SIgN(Vn i, Ak) = Q en o1 (—1)ZME=DHZ00ETD  for kodd, l(n) #k,  (4.21)
Enpo1(—1)ZmRmDFZEFDHL for | odd, £(n) = k.

Notice also that e,,0 = 1 for all n.
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A careful iterative application of (£2I]) gives the following formula, valid for all k£ € [0 :
p—1]:

(—1)Z(m0+2(m.2[k/2]) for ¢(n) even,

Enge = (=1)ZMO+ZM2IR/2D) for f(n) odd, k < £(n), (4.22)
(—=1)Zm0+2M2[k/2D+L - for () odd, £(n) < k.
Recall also that by convention Z(n,p) = 0.

Suppose that £(n) € [0: p — 1] and £(n) is even. Then ¢(n+ 1) = £(n) + 1 is odd and
Z(n+1,0) = Z(n,0), therefore from [@.22]) we obtain

Entik _ (_1)z(n+1,0)+z(n+1,2Uc/21)+01(n,k) _ (_1)Z(n+172(k/g‘\)7Z(n,2(k/2‘|)+91(n7k)
Enk (—1)Z(.0+2(n.2[k/27) ’
(4.23)
where

brn k) o O IOk E),
n, k) =
! 1, ifln)+1<k<p-—1.

If {(n) € [0: p—1] and £(n) is odd, then £(n+ 1) = £(n) + 1 is even and again Z(n+1,0) =
Z(n,0). Hence

Entik (=1 o A = (_1)Z(n+1,2[k/21)—Z(n,Q[k/QU-F@z("’k) (4.24)
enk  (—1)Z0u0+Z(n2[k/2D+02(nk) ’ '
where

0, f0<k<{(n)—1

O2(n, k) =4 1 sksln)—1,

1, ifl(n)<k<p-1
From (#£23) and ([@24) we deduce that ([@I9) holds in the case £(n) € [0 : p — 1]. The
justification of ([@I9)) in the case £(n) = p is done similarly and it is left to the reader. [

5 Interlacing property of the zeros of P,

In this section we prove the interlacing property of the zeros of the polynomials P, . Recall
that by definition, P, j is the monic polynomial whose zeros are the zeros of ¥, i in (ak, bx).
These zeros are all simple and there are Z(n, k) of them, cf. Proposition2I0l The interlacing
property will be derived from a series of lemmas that will be proved first. We remark that
in the case k = 0, the interlacing property of the zeros of P, is already a consequence of
property 5) from Proposition 23]

In this section we will continue using the notation in (@I)—-(@2).

5.1 Auxiliary results

Lemma 5.1. Assume that A,B € R with |[A|+|B| >0. Fork € [0:p—1] andn >0
integers, let
A n B n b E 3
(o) o A0k + Bluase), ) £ o)
Aztpnk(2) + Bni1,k(2), £(n) =p.
Then the following properties hold:
1) If€(n) € [0: k—1], then G,k has at most Z(n, k) +1 zeros in C\ ([ax—1,br—1]U{0}),
counting multiplicities.

2) If £(n) € [k : p — 1], then G, has at most Z(n,k) zeros in C\ ([ax—1,br—1] U {0}),
counting multiplicities.

3) If £(n) = p, then Gn k. has at most Z(n, k)+1 zeros in C\ ([ak—1,bk—1]U{0}), counting
multiplicities.
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Proof. The proof is done by induction on k. First, since 1,0 = Pn,0, in the case k = 0 we
have
Coo(z) = {Apn,o(z) + BPuyi0(2), €(n)#p,
’ AzPno(2) + BPay1,0(2), £(n)=p.

If £(n) # p, then G, 0 is a polynomial of degree at most Z(n,0) = deg(Pn,0) = deg(Pn+1,0),
and if £(n) = p, then G o is a polynomial of degree at most Z(n,0) + 1 = deg(Pn,0) +1 =
deg(Pn+1,0). Moreover, G0 cannot be identically zero, as it easily follows from (Z224])—
23] or from the fact that the zeros of P, and Pn41,0 do not coincide. Hence the result
holds in the case k = 0.

Assume that the result holds for £ — 1 but it does not hold for k, where 1 < k <p—1.
So suppose first that £(n) € [0 : k — 1] and Gpk(2) = Ank(z) + Bnt1,k(2) has at
least Z(n, k) + 2 zeros in C\ ([ax—1,br—1] U {0}), counting multiplicities. Note that Gy
is analytic in the complement of [ax—_1,br—1] and satisfies G, k(Z) = Gn k(z), therefore the
complex non-real zeros of G, i, if any, must come in conjugate pairs. Thus, we can construct
a monic polynomial L, ; with real coefficients and degree at least Z(n, k) + 2 whose zeros
are zeros of G, in C\ ([ak—1,bk—1] U {0}).

Let’s assume that in fact £(n) < k — 1 (the case £(n) = k — 1 will be analyzed later).
Then according to (ZI3) and (215, we have

Rt e (7)
o (2) = z/ L) (5.2)
ap—1
and since (n+ 1) =£(n) + 1 < k — 1, we also have
br—1
dran(e) == [ Ll ag o, (53)
Ap—1
hence .
k=1 Aty g By, — *
Gu(2) = z/ Ynpot (1) ¥ Bntrka(7) goe (). (5.4)
a1 z—T
It follows that Gor(2)
n, k(2
—= C —1,br—1]).
ZLn,k(Z) € H( \ [ak 1,V 1])
Let us analyze the order of the zero at infinity. By Proposition 210} we have
T/)n,]g(Z) — O(Zfz(n,kf1)+Z(n,k))7 ¢n+1,k(z) _ O(Zfz(n+l,k71)+z(n+l,k)).

Taking this and the degree of zL, x(z) into account, it follows that
Gnk(2) —Z(n,k—1)—3 —Z(n+1,k—1)+Z(n+1,k)—Z(n,k)—3
— = =0 ’ O ’ ’ ’ .
T =0 )+ 0= )
Since ¢(n) € [0 : k — 2], by (@I8) we obtain that —Z(n+ 1,k —1)+ Z(n+1,k) — Z(n, k) <

—Z(n,k — 1), hence we have

Gni(z) Oz~ Z(nk=1=3y (5.5)

2Ln 1 (2)

We consider now a simple Jordan curve « that surrounds [ax—1,bkr—1] and leaves the zeros

of Ly, outside. Then from (X)) and (5.4]) we deduce that for j =0,...,Z(n,k —1) +1,
:L, Gnrlz) 2 dz
2mi J., 2Ln,k(2)

J b1

" 2mi

lhhk(z) k—1 zZ—T
b1 )
= /ak71 (A k—1(7) + Bonsi1,6—1(7)) #J(T) doj_1(7),
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where we applied Cauchy’s theorem and integral formula and Fubini’s theorem. This implies
that Gn k-1 = AYnk—1 + Bny1,k—1 has Z(n,k — 1) + 2 zeros with odd multiplicity in
(ak—1,brk—1), which contradicts statement 1) for k — 1 (recall that £(n) € [0 : k — 2] at this
point). This finishes the analysis in the case £(n) < k — 1.

Assume now that ¢(n) = k — 1. Then (E2)) is valid and since £(n + 1) = £(n) + 1 = k,
(E3) is replaced by

br—1
dnnas) = [ Yntrko1(T) gor (),

- z—T
hence in this case

Pt Azapn k1 (T) + BT bny1k-1(7)

zZ—=T

G () = Ata2) + Bl () = [

agp—1

dop_1(T).

(5.6)
In virtue of (Z2])) and [222)) we have the following estimates at infinity:

d)n k(z) _ O(Z—N(n,k)) _ O(Z—Z(n,lc—l)-Q—Z(n,k:))7

wn+1,k(z) _ O(Z—N(n-l»l,k:)) _ O(Z—Z(n+l,k—1)+Z(n+l,k)—1)

)

hence a
nk(2) O(z~Zmk=0=2) | O~ 21k D+ Z(nt 10~ Z(n) =3

Lnyk(z)

Since ¢(n) = k — 1, applying (@I8]) we see that —Z(n+ 1,k — 1)+ Z(n+ 1,k) — Z(n, k) <
—Z(n,k —1) 41, so we obtain

Grk(2) _ —Z(n,k—1)—2
Tor(2) O(z ).

Taking a curve v as before, we deduce from (5.6) and (7)) that for j =0, ..., Z(n,k—1),
L Gk (2) 2 dz

T 2w . L, x(2)
1 2 Pt Az k-1 (T) + BT Yngr-1(7) , .
_2_7”[/[/— </a dog_1(7) | d=

nk(2) - z—T

(5.7)

N Pk—1 j Tdoj_1(T)
L i)+ Bt T

This implies that G, x—1 = AYn k-1 + Bnt1,6—1 has at least Z(n, k— 1)+ 1 zeros with odd
multiplicity in (ax—1,br—1), contradicting statement 2) for k¥ — 1. This concludes the proof
of statement 1) for k.

The proofs of 2) and 3) proceed in a similar way.

Assume that £(n) € [k : p—1] and G i (2) has at least Z(n, k)+1 zeros in C\([ak—1, br—1]U
{0}), counting multiplicities. As it was done before, we can take a monic polynomial L, j
with real coefficients and degree at least Z(n, k) + 1 whose zeros are zeros of G, in C\

([ak—1,bk—1] U {0}). According to ([ZI5) and (ZI3)), in this case we have

%=1 Atp, o 1(T) + Bbny1 k—1(7)

zZ—T

Tdog_1(7).

G (2) = Apns(2) + Bibny14(2) = /

Ap—1

Since £(n) > k and £(n + 1) = ¢(n) + 1 > k, the following estimates hold as z approaches
infinity:

Qpn,k(z) _ O(Z—N(n,k)) _ O(Z—Z(TL,IC—I)-Q—Z(n,I<:)—1)7

wn+1,k(z) _ O(Z—N(n-l»l,k:)) _ O(Z—Z(n+l,k—1)+Z(n+l,k)—1)

)
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hence we have

G i(2) _ O(Zfz(n,k71)72) I O(Zfz(n+1,k71)+Z(n+1,k)7Z(n,k)72) _ O(Zfz(n,k71)72)7
L,L’k(z)

(5.8)
where in the second equality we applied the third relation in ([@I8]). This implies, as it
was done before, that Gy k-1 = Ap k—1 + Bnt1,k—1 has at least Z(n,k — 1) + 1 zeros in
(ak—1,brk—1), contradicting statement 2) for k — 1.

Finally, assume that ¢(n) = p, and assume that G, x(z) = Az¥n k() + Btoni1,6(2) has
at least Z(n, k) + 2 zeros in C\ ([ax—1,br—1] U {0}), counting multiplicities. Let L, be
a polynomial with real coefficients and degree at least Z(n, k) + 2 whose zeros are zeros of
Gn,k in (C\ ([ak,h bkfl] U {0})

Since ¢(n) =p > k and ¢(n+ 1) = 0 < k, applying (2I5) and (ZI3) we obtain

b1 b1
va) = [ @), sy =2 [ L@ g,
ap—1 ap—1

therefore
b1 ATV k—1(7) + Bnt1,k-1(7)

zZ—=T

Grk(2) = Aztbn 1 (2) + Bbnt1,k(2) = z/ dog_1(7)

ap—1
and the function ZGL"—’;((ZZ)) is analytic outside [ax—1,br—1]. Applying (Z2I) and Z22) we
obtain Y
Qpn,k(z) _ O(Z—N(n,k:)) _ O(Z—Z(TL,IC—I)-Q—Z(n,I<:)—1)7
wn-l»l k:(z) — O(Z—N(n+l,k)) — O(Z—Z(n-Q—l,lc—l)-Q—Z(n-Q—l,lc))7
which implies that

G k(2) —Z(n,k—1)—3 —Z(n+1,k—1)+Z(n+1,k)—Z(n,k)—3 —Z(n,k—1)—3
———= =0(z ’ +O(z ’ ’ ’ =0(z ’
Curld o )+ 0( )= o )

)

where in the last equality we have used (£I8]). This easily implies, as shown before, that the
function Az, k—1(2) + Btnt1,6—1(2) has at least Z(n, k— 1)+ 2 zeros with odd multiplicity
in (ax—1,bk—1), contradicting statement 3) for k — 1. a

The following lemma is Corollary 2.15 from [25], and it was obtained as an application of
an AT system property satisfied by the Cauchy transforms of the measures i, ;, see Section
2.4 in [25).

Lemma 5.2. Let k, r be integers such that 0 < k < r < p—1. Let {dj}?;]i be a finite
sequence of nonnegative integers such that
dy 2 dgy1 > 2dr 2 dpp1 —12dry2 =12 2 dp1 — 1.

Suppose F' £ 0 is a function analytic and real-valued on [ax, bi], satisfying the orthogonality
conditions

b
/ F(r) " dug j(1) =0, 0<s<d;j—1, k<j<r, (5.9)
ak
b
F(r)r*dus (1) =0, 0<s<d;—1, r<j<p-1, (5.10)
ag

where the constant § =1 if r < p —1 and dry1 = dr + 1, otherwise 0 could be taken to be
either 1 or 0. Then, F has at least

zeros of odd multiplicity in (ak, by).
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Lemma will be repeatedly applied in the proof of the following result, which comple-
ments Lemma [5.11

Lemma 5.3. Assume that A,B € R, |A|+|B| >0, and let k € [0 : p—1] and n > 0 be
integers. Then the function G, i defined in (BI) satisfies the following properties:

1) If€(n) € [0: k—1], then Gy i has at least Z(n, k) zeros with odd multiplicity in (a, b).

2) If £(n) € [k : p— 1], then Gn has at least Z(n, k) — 1 zeros with odd multiplicity in
(ak, bk)

3) If £(n) = p, then Gn,x has at least Z(n, k) zeros with odd multiplicity in (ak,bk).

Proof. Assume that ¢(n) < k and n(n) + ¢(n) € [k : p — 1]. Then the relations (£.8)—-(@.9)
hold, and recall that if j = n(n) + £(n) then k(n + 1,k) = k(n, k) + 1. As a consequence,
both functions ¥, and ¥,41,, satisfy the same orthogonality conditions (2.16). Hence

by
Grp(T) T8 dpk,; (1) =0, <(n,j) <s<kn,j), k<j<p-1 (5.11)

A

In this case ¢(n,j) =0 for all j € [k : p—1] and the sequence {n(mj)}g;; is non-increasing.
So we can apply Lemma 52/ to F = G, k, taking 6 = 0 in (B9), r = k (for example), and
d; = k(n,j) for all j € [k : p—1]. It follows that G, has at least Z(n, k) zeros with odd
multiplicity in (ax, bk).

Assume now that £(n) < k and n(n) 4+ £(n) ¢ [k : p — 1]. In this case we have ¢(n,j) =
s(n+1,5) =0 for all j € [k : p— 1], and as it was observed in the proof of Lemma [4.]]
we also have k(n, j) = k(n + 1,4) for all j. Hence (G.I1]) holds and applying Lemma [52] to
F = G, as before we obtain that G, i has at least Z(n, k) zeros with odd multiplicity in
(ak,br). This finishes the proof of part 1).

Suppose that ¢(n) € [k : p— 1] and n(n) + £(n) € [k : p — 1], and assume additionally
for the moment that n(n) = 0. We then deduce from (Z2I6) and (£I2) that the function
Gn,k = Atk + Bippt,i satisfies the following orthogonality conditions. For each j € [k :
f(n) - 1]7

by
G ()7 g (1) = 0, 0<s<A—1,
A
for j = ¢(n), \
k
Gk ()7 g (1) = 0, 0<s< -2
ay

and for each j € [¢(n) +1: p — 1] we have
by,
G (T)T°dpss, (1) = 0, 0<s<A—-1
A
If we apply Lemma B2l to F = G, , taking 6 = 1, » = £(n), and indices d; equal to the
upper bounds of the parameter s in the orthogonality conditions, we deduce that G, i has
at least Z(n, k) — 1 zeros with odd multiplicity in (ax, bx).
If {(n) € [k : p—1], n(n) +£(n) € [k : p—1], and n(n) > 0, then from ZI6]) and (LI3)
we deduce that Gy, satisfies the following orthogonality conditions:

by
Gn’k(T)TS+1duk7j(T) =0, 0<s<A—=1, jelk:£L(n)],
ay
by
Gk (T)T°dpr (1) =0,  0<s <\, jel(n)+1:n(n)+L(n)—1],
ag
by
Gup(T)T%dpr (1) =0,  0<s<X—=1, j€[nn)+4Ln):p-1],
ag
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which implies by Lemma that G, has at least Z(n, k) — 1 zeros with odd multiplicity

in (ak, bk).
If £(n) € [k : p— 1] and n(n) 4+ £(n) > p+ k, then from (ZI6]) and (£I4) we deduce:
by
G (T)T  dpr (1) =0, 0<s<X je€[kin(n)+Ln)—p-1],
A
by
G () ldpn (1) =0, 0<s<A—1, jen)+L(n)—p:Ln)],
ak
b
Gni(T)T dpr (1) =0,  0<s<A  j€[l(n):p—1],
A

showing again that G x = Atk + Bint1k has at least Z(n, k) — 1 zeros with odd multi-
plicity in (ax, bx).
To finish the proof of part 2), assume now that ¢(n) € [k : p — 1] and n(n) + £(n) € [p:
p+ k —1]. Then from (ZI5]) we obtain
b
Grk(T)T* e (1) =0,  0<s<A—1, jé€[k:l(n)],
A
by
Gk (T)T°dpg (1) = 0, 0<s<A je(n)+1:p—1].
ag
This implies again that G, ; has at least Z(n, k) — 1 zeros with odd multiplicity in (ax, bx).
The proof of part 3) is left to the reader (apply (ZI6)—(EIT)). |

As an immediate consequence of Lemmas [5.1] and 5.3 we obtain the following:

Corollary 5.4. Assume that A,B € R, |A|+ |B| >0, andlet k€ [0:p—1] and n >0 be
integers. Then all the zeros of Gn,i in C\ ([ax—1,bk—1] U {0}) are real and simple.

5.2 Proof of Theorem [3.1]

By definition, the zeros of P, are the zeros of 9, in (ak,by), see Definition ZTIl By
Proposition 2I0] these zeros are all simple.

First, let us show that the functions ¥, and ¥n4+1,x cannot have a common zero in
(ak,br). Assume the contrary, and let zo € (ak,br) satisfy ¥n k(z0) = Ynt1,6(z0) = 0.
Then we have ¢, ,(z0) # 0, ¥}, 1 1 (z0) # 0. Now take

i 1, if £(n) # p, 5 _ __Yni(zo)

1/z0, ifl(n)=p, ¢;+l,k(x0)7

and consider the function G, given by (G.I). With this choice of A and B we obtain
Gr k(zo) = G'n’k(mo) = 0, which contradicts Corollary £.41

Assume now that £(n) # p, and let y € (ag,br) be arbitrary but fixed. Taking A =
Yn+1,6(y), B = —1n k(y), we know by the argument in the previous paragraph that |A| +
|B| > 0. Since

Uns 1 (Y) g (y) = Ynge(y) Yntrk(y) = 0,

and the zeros on (ak,br) of Gn k(T) = Ynt1,k(Y) Un,k (@) — Ynk(Y) Ynt1,6(z) are simple, it
follows that

U1,k () Yk () = Vrk () Yrgr k(y) # 0.
But ¥n41,6Y) ¥k Y) — Ynk(y) Yrg1x(y) is a continuous real function on (ak,br), so it
must have constant sign on this interval. Evaluating this function at two consecutive zeros
of Yn41,%, since the sign of 9;,,, , at these two points changes, the sign of 1, must also
change. By Bolzano’s theorem we deduce that there must be an intermediate zero of v, .
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Similarly, one proves that between two consecutive zeros of 1,k on (ag,by) there is one of

Vnt1,k-
The argument in the case £(n) = p is analogous, so we leave the analysis to the reader.

6 Ratio asymptotics
6.1 Main ideas

Let us first outline the main ideas in the proof of ratio asymptotics for the polynomials P, .
The method we use for obtaining the ratio asymptotic results was first employed in [5]. The
argument goes as follows. Let p € {0,...,p(p+ 1) — 1} be fixed but arbitrary. We consider
the p families of ratios

{ Prpot1)+ot+1,5(2)

, k=0,...,p—1. (6.1)
PAp(p+1)+p,k(z) }AeN

For each k fixed, the sequence (6.J)) is uniformly bounded on compact subsets of C\ [ax, bx],
due to the interlacing property of the zeros of the polynomials P, f.
By Montel’s theorem, there exists a subsequence A C N such that for each k =0, ...,p—1,
the limit p )
: Ap(p+D)+p+1,k\Z)  =(p)

/1\151\ P () F.7 (), z € C\ [ak, bk] (6.2)
holds, uniformly on compact subsets of the indicated region. In principle, the limiting
functions Flip)(z) depend on the subsequence A, but it will be our main goal to show that
in fact they are independent of A, proving this way the existence of the limits

- Paperyterie(z) &
lim 2Dt LRE) o) z€C\ [ak, by,
A=oo Prp(pt1)+p,k5(2) w2, \ [ak, bx]

for every p and k fixed as before. B

In order to prove the independence of the functions Flip ) from A, we first identify these
functions as Szegd functions or Szegd functions multiplied by certain conformal mappings,
the Szegd functions being associated with weights that can be expressed themselves in terms
of the functions F (P)  This identification is accomplished using results on ratio and relative
asymptotics of orthogonal polynomials with respect to varying measures that were obtained
in [6]. Here we also apply the asymptotic formulas (6.4]).

Using the boundary value propertles of the Szegd functions, we then show that a certain
normalization F(p) of the functions F () satisfies a system of boundary value problems.
Then, to conclude the proof of the uniqueness of the limiting functions F,Sp)7 it is enough to
show that this boundary value problem has a unique solution.

6.2 Asymptotics of the functions h,,

A first step in the asymptotic analysis is to obtain the asymptotic behavior of the functions
hn,k. This is gathered in the following result.

Proposition 6.1. Assume that for each k = 0,...,p — 1, the measure o}, has positive
Radon-Nikodym derivative with respect to Lebesque measure a.e. on |ag,bi]. Then for all
k=0,....,.p—1and £=0,...,p, fixed,

* dr

1
m—oo. T\ /(bx — 7) (7 — ax)

Pr(ot )40, (T) AV 1)1, (T) (6.3)
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Consequently, for each k=1,...,p and £ =0,...,p fized,

- .

. V(E=br_1)(z—ap_1) iEE<k,

Jm e o1y 4o k-1 hm(prn) ek (2) = . . (6.4)
V(E=br_1)(z—ap_1) k<t

uniformly on compact subsets of C\ [ax—1,bk—1], where we take the branch of the square root
such that /z > 0 for z real, z > 0.
Proof. Taking f(1) = i_r and using formula 240), (64) for k + 1 follows directly from

z

63) for k and the well known identity

1 [ 1 dr 1
— = s z (C a;wbk .
w/ak S —an)  V(z b0z —an) € € low, b

Therefore, we limit ourselves to proving (G3]). This is done by induction on k.
Take n = m(p + 1) + £ with ¢ fixed, and so the measure o, remains fixed as we let
m — oo. In particular, for kK = 0, we have that

don,o(T) = dos(r), =0, hno=1
" Tdos(1), £>0, T

and according to (Z37),

Ao p+1)+£,0(T)

2 2
Pm(p+1)+z,0(7')d|Vm(p+1)+z,0|(7') :Pm(p+1)+z,0(7') |P (i1 1(7_)|~
m(p s

Note that €,,(p+1)+¢,0 = 1. Since the zeros of the polynomials Py, (p41)+¢,1 are bounded away
from [ao, bo] (the support of the measure 0,,,0) and deg( P (p+1)+¢,1) —2 deg(Pm(p+1)+2,0) <0
(cf. @ZI9)), it is straightforward to check that ({omp+1)+e,0}, {Prmp+1)+¢,1},1) is strongly
admissible for every [ € Z, in the sense of Definition 2 in [6]. As a consequence, by Corollary
3 in [6] we obtain that for every continuous function f on [ao, bo],

bo dompry+e0(T) 1 bo f(r)dr

lim FT) Doy 0,0 (T) T2 L = — :
m—o0 [, [Prpry+e1 (M) 7 Jay \/(bo —7)(T — ao)

which is ([@3)) for k£ = 0.

The basis of induction has been settled. Let us assume that (6.3)) holds for some k—1,0 <
k—1<p—2. We must prove that the same is true if kK — 1 is replaced by k.

From the definition we have

dlv. Daerl(T) = [P 1)+, (T Tmp+1) 1,6 (T)
m(p+1)+¢, | P (pt1)+,k—1 (T) Prn(pt1) 2,541 (T) |

where according to (213)

doj (1), L<k,
d|o T) = -
| (p+ 1)+, () {|T| dot(r), k<t
Since ¢ remains fixed this measure is one and the same for all m. On the other hand, as
indicated in the first sentence of the proof, the induction hypothesis implies that (6.4]) takes
place for k. In particular,

kal if ¢ <k

. St e
lm (A (pr1) 4o,k (T)] =

m— 00 1 if k S 67

VT b ) (T—ak_1)|
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uniformly on [ak, bx].
Now, the zeros of the polynomials Pp,(pt1)4¢,k—1Pm(p+1)+¢,k+1 are bounded away from
[ak, bx] (the support of the measure ¢, (p41)+¢,x) and according to (Z20)

deg(Pr(pt1)+,6—1) + deg(Prn(p+1)4,h+1) — 2deg(Prnpr1y+ek-1) = O(1),  m — oo
Consequently, ({|hmp+1)+6,k/lTmp+1)+e,k} {1 Pmp+1)+0,6-1Pmpt1)+¢,6-11}, 1) is strongly
admissible for every [ € Z, in the sense of Definition 2 in [6]. Therefore, by Corollary 3
in [6] we obtain ([G3)) for k as needed. |

Remark 6.2. Since (63) is valid for every fixed £ = 0,...,p, we have the weak limits

2 * 1 dr
i (T) Al k| (T —
PLalr)dinl(7) 2 e
for each k =0,...,p— 1.
6.3 Preliminary analysis
Throughout this section we assume that for all K =0,...,p— 1, the measure o, has positive

Radon-Nikodym derivative with respect to Lebesgue measure a.e. on [ax,bg]. If {fn}, .5 is
a sequence of analytic functions on an open domain ©Q C C, the notation

lim fn(2) = F(2), z €4,
neA
will stand for the uniform convergence of f,, to F' on each compact subset of €). Recall that
for a pair of integers n < m, the notation [n : m| indicates the set of all integers [ satisfying
n <1 < m. Below we will continue using the notations n = Ap(p + 1) + p and (£2).
For a measurable function f > 0 defined on [0, 2] such that log f € L' ([0, 2n], d7), let

D(f;2) ::exp{ﬁ/owel.TJrz logf(T)dT}, |z] # 1.

e —z
If w > 0 is now a measurable function on an interval [a, b] that satisfies the Szegs condition

log w(t)

m €L ([a,b],dt),

we denote with )

)= ——— = D(i; ®
the Szegd function on C \ [a, b] associated with w. In this formula, the function ® = &, )
is the conformal mapping of C \ [a,b] onto {|z| > 1} such that ®(co) = oo and ®’(c0) > 0,
and w is the function on [0, 27] given by

w(0) = w(ljq,p)(cos ),
where [, ;) denotes the linear map that transforms [—1,1] onto [a,b], i.e.,

b—a b+a
l[a’b](l') = B x + 5

A well-known property of the function S(wj;z) is that if w is continuous at = € [a,b] and
w(z) > 0, then the limit

lim [§(w; 2)* = w(lx) (6.5)
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holds. This can be easily deduced for example from [32] Theorem 1.2.4]. With a slight
abuse of notation, in this paper we will indicate ([B3) by writing |S(w;z)[*w(z) = 1 or an
equivalent expression.

In the preliminary analysis that we will perform in this section, we fix p in the expression
n = Ap(p+ 1) + p, and let A tend to infinity along a certain subsequence. In particular,
the quantities n and £ in ([@.2) will also remain fixed. The subsequence that we consider is
a sequence A C N such that (G.2]) holds for each k = 0,...,p — 1. Note that the functions
ﬁép) do not vanish in C \ [a, bs]. By convention, we define F?) = F{*) = 1.

The starting point of the analysis is the set of orthogonality conditions

by
/ P k(1) 7% dlvp k| (T) = 0, s=0,...,Z(n, k) —1, (6.6)
ay,
[

Pot15(7) 78 d|Uny1,5](T) = 0, s=0,...,Z(n+1,k) -1, (6.7)
ag
which follow from (2Z38)). Recall that the measures |vn k|, [Vn+1,5| are given in (Z37)). Recall
also that by convention P, —1 = P = 1, see Definition [Z1T]
We subdivide the analysis into several cases, namely

) ¢(n)€0:k—2],

)l =k~ 1,

) £(n) =k,

) n)elk+1:p—1],
tn)=p

Below we analyze these cases separately:

Case 1) £(n) € [0: k—2]. We have £(n+1) = {(n)+1 < k; therefore, from ([ZI3]) we obtain
that

don i (T) = dont1,k(T) = dok (1), (6.8)
and according to (237) we can write
Avns1,k(T) = gn i (7) dlvm k](7), (6.9)

where
_ g1k (D] [Pak—1(T)] [Prk+1(7)]

9k = k] Prsr i (O] P (0]
Hence in ([69) we have written the orthogonality measure in (67)) as a perturbation of the
orthogonality measure in (6.6). If we now let A\ — oo along the sequence A C N and we keep
p fixed in n = Ap(p + 1) + p, in virtue of ([G4) and ([62) we have

1
= = ~ )
|E (DI ES, (1)

(6.10)

(6.11)

lim g (7)

uniformly on [ag, bi].

Suppose now that n(n) + £(n) ¢ [k : p— 1]. Then, it follows from 6] that deg(Py x) =
deg(Pn+1,5). Applying Theorem 2 from [6] (result on relative asymptotics of polynomials
orthogonal with respect to varying measures), from (69) and ([G.II) we deduce that

i Prt1(2) _ 5oy _ S0) z
/l\lér}\ Pl F(z) = S,(Cp)(oo)7 z € C\ [ak, bi], (6.12)

where Slgp) is the Szegé function on C\[a, bx] associated with the weight (|ﬁ,§ﬁ)1 ()| |ﬁ,5f?1 (D~
T € [ak, bk]. Due to (€3] and (612)), taking limit as z — 7,7 € [ak, bk], we obtain
EO () |5 () 1

= = = = = = —, T E [ak,bk], (613)
|EL (OINED ()] 180 () PIEL (OINFES ()] wf
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where w,(cp) = |S,(cp) (c0)|* > 0.

If we assume that n(n) + £(n) € [k : p — 1], then we have deg(Pn41,x) = deg(Pnk) + 1,
cf. ([@6). In order to analyze the ratio P,y1,x/Pn,k in this case, we introduce an auxiliary
polynomial P, defined as the monic polynomial of degree deg(Pn41,x) = deg(Pnx) + 1
that is orthogonal with respect to the measure d|vy i|(7).

Then, by Theorem 1 from [6] (result on ratio asymptotics of polynomials orthogonal with
respect to varying measures), we obtain that

Py u(2)  ¢n(2)
NeA Por(z)  ¢l(00)

zeC \ [ak,bk],

where ¢ denotes the conformal mapping from @\ [ak, bi] onto the exterior of the unit circle
which satisfies ¢r(00) = oo and ¢} (c0) > 0. Now P, and P,y have the same degree,
the first polynomial is orthogonal with respect to |vy x| and the second one is orthogonal
with respect to gn,k d|vn,k|, so by the relative asymptotic result mentioned above we have

Puiri(2) _ S{(2) =
im . = , z € C\ [ak, bk],
Aea Pry(2) 5% (c0) Lo, Bl

where S,(f) is again the Szegd function on C\[ax, by] associated with the weight (|ﬁ,§’i)1 (7)] |ﬁ,§fr)1 (D=,
T € |ak, br]. So it follows that if n(n) + £(n) € [k : p — 1] then

li Drtne(2) FlO) () = S(2) (=)

= . .14
B Pe T gty FECM b (61)
Taking account of ([6.5) and (614]), we conclude that
FP ()2 (P) (. \|2
FO@R 15 () -

IELLOIEL M 180 (00)6k () FIFCMIFEL ()] wl
(6.15)
with wl(f) = |Sl(f)(o<3)(15§€(oc>)|2 > 0. This finishes the analysis of Case 1). Since Cases 4) and
1) are rather similar, we now analyze
Case 4) £(n) € [k+1:p—1]. We have £(n+ 1) = £(n) + 1 and so £(n + 1) > k; therefore,
we deduce from (ZI3)) that

don k(7) = dopt1,k(1T) = Tdoy(7),

and this implies that (EI)—(@I0) hold. Applying [€2) and (G4) we also obtain (G.IT),

uniformly on [ag, bi].
Assume that n(n) + €(n) ¢ [p: p+ k — 1]. Then, it follows from (6] that deg(P, ) =
deg(Pr+1,x). Applying Theorem 2 from [6] as in Case 1), from (69) and ([EI1]) we obtain

(p)
Poi1k(2) = Sy (2) =
Intlki) =2k %) b 1
Ag\ Pn,k(z) (Z) Sl(gp) (00)7 z € (C\ [ak7 k:]7 (6 6)
where S,(f) is the Szegé function on C\[a, bx] associated with the weight (|F;£/i)1 (7')||Z?’,£fr)1 (D=,
T € [ak, bg]. In this situation, (6.3 and (GI6) imply
LGl |5 () 1

— — = — — = —, T E€ [ak,bk], (617)
[EL (DINED ()] 188 () BIEL (DINFES ()] wf

where w,(f) = |S,(f) (00)]? > 0 (the same as in ([G13)).
If n(n)+4(n) € [p: p+k—1], then according to (L8] we have deg(P+1,k) = deg(Pn,k)—1,
i.e., Py41,k is of degree one unit less than the degree of P, ;. Arguing as in Case 1) with the
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help of an auxiliary polynomial P, (of degree deg(Pn41,x) = deg(Pn ) — 1 and orthogonal
with respect to |vn k|), we obtain that in this case

i1 - S(P) ’ _
e PP:Té? By IS SON: LGOS TN (6.18)

where ¢, is exactly as before and Sl(f ) is again the Szegd function associated with the weight

(FEP ONFES ()Y 7 € [ak, bi]. Now, (EF) and (GI8) imply

_EP@P EGrACO 1
|F£’i)1<7>||F,5¢>1< )| IS () PIE (IERA ()] wl

T E [ak,bk], (619)

where w = |5 () (50) /¢},(00)|> > 0. This concludes the analysis of Case 4).
Case 2) {(n) = k — 1. Here, {(n+1) = {(n) + 1 = k, hence (6.8)) and (6.9)—(EI0) hold.

However, in this case it is convenient to write

1 - .
Bnblr) = T Bua(r) Tun(r) = 7!

From (240), (62), and (64) we obtain

a1k (T)] _Pak—1 (D) |Papra(T)]
[P ()] [ Pat1, k=1 (T)| [Prg1,k41(7)]

1
|E ()| EX, ()]

/1\151\ Ink(T) = (6.20)

uniformly on [ak, bx].

In view of this asymptotic behavior of g, , using the auxiliary asymptotic results from
[6] we conclude that if n(n) 4+ £(n) ¢ [k : p — 1], then

lim Pn+1»k(z) (P)(Z) Sl(cp)( )

xeA P, (2) k S(p)( ) z € C\ [ak, bl (6.21)

where Slgp) is the Szeg6 function on C\ [ay, by associated with the weight (|T||ﬁl£’i)1 (T)||ﬁl£i)l G
T € [ak, bk], and if n(n) + £(n) € [k : p — 1], then

imM _ P () = S;(f)(z) or(2) LT\l
161\ Poi(z) F(2) = Sl(j’)(oo) ¢ (0) € C\ [ax, bx], (6.22)

with the same definition of S,(f) as in (62I). From (G35) and (62I)—([622), we conclude that

B ()2 1
_ =, 7€ abi]\ {0}, (6.23)
IIIEL (OIS (0] w”
where
W [188e0) >0, (n)=k—1, n(n)+en)¢k:p-1],
wk =

15 (00) gl (00)|> > 0, £(n) =k—1, n(n)+L(n)ek:p—1].

Case 3) £(n) = k. Since 0 < k < p — 1, now we have {(n+ 1) =£(n) +1 > k, and so
)

doy k(7) = dog(7),

dont1,6(1T) = Tdof (7).

Then,
dvnt1,k[(T) = gnk (7) 7] dlvmk[(7),
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with gnx as in ([6I0), and we also have

lim gn,k(T) |T| = =(p) |T|~(P) ’
AEA |Fk_1(’7')||Fk+1(T)|

uniformly on [ag, bi].
If n(n) +£4(n) ¢ [p: p+ k — 1], then deg(Pnt1,x) = deg(Py,x), and as in Case 1), we
obtain "
~ Sip
lim Pn+1,k?(z) — Flgﬂ)(z) — k (Z) 7
AeA P k(2) 5% (00)
where Slip) is the Szegd function on E\[ak, bi] associated with the weight |T|(|ﬁ]£i)1 (T)||ﬁl£i)l (7')|)_17
T € [ak,bk].
If n(n) +€(n) € [p: p+ k — 1] then deg(Py x+1) = deg(Pn,x) — 1, and as in Case 4) we
obtain the asymptotic formula

z € C\ [ax, bxl, (6.24)

_ _ S(P) / —
l%%%é;) I OIR N S O TGO MY I (6.25)

5P (c0) Pr(2)’

where S,(f) is defined as in ([6.24]). From (G.3]), (624), and ([@.25]), if follows that

TIES@E 1 6
B wp o (6.20)
where
o _ 15 ()1 >0, {n) =k, n(n)+Ln)¢p:p+k—1],
b S (00)/h(0)P > 0, bm) =k, n(n) +E(n) € [p:pt+ k1],

and so )
dvniisl(r) = 25T gy ),

I7|

where g, i is again given by (GI0). In virtue of (64) we have

7| ifk>1,
lim [Pk ()] — Il - (6.27)
A |hn k(7)) 1 ifk=0,

uniformly on [ak, bx]. According to (A7) we have

0 ifnn)el0:k—1],
deg(Pp+1,x) — deg(Pa,x) = . el |
1 ifn(n) efk:p—1].

If we assume that n(n) € [0 : k — 1], then in particular £ > 1 and from ([G.2]) and (621) we
get
n 1
0oL el
€ 7] |Fk—1(7)||Fk+1(T)|
and since deg(Pn+1,x) = deg(Pn,x), we deduce that the asymptotic formula (EI2]) holds

with S,(Cp) defined in the same way as in that formula.
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Suppose now that n(n) € [k : p — 1]. Then we have

i (7) 7‘7‘@}”(7)‘ if k=0,
lim =——~* = L 1 . T E [ak,bk], (628)
AeA ] = Ee o itk
[Fpy (OIFL ()]

and deg(Py+1,x) = 1+ deg(Pn k). Arguing as before we obtain that the asymptotic formula
(€14) is valid with S lip) (2) being now the Szegd function associated with the weight indicated

on the right-hand side of (628]). On account of (6.I]) and the structure of ﬁép) for the
different values of k, now we have

ﬁ(ﬁ) 2 1
LG R 7 € [a0, bo] \ {0},
|T||F1(i) (7)] w(()p) (6.29)
FEP@)P 1 '

= = = , TElag,bx], k€[l:p—1],
|EP (OINEL ()] w ] | ]

where w,(f) = |S,(f) ()%, m(n) +1 <k <p—1and w,(f) = |S,(f) (00) @} (00)|%,0 < k < n(n).

6.4 Boundary value problem for the functions f,ép )

The preliminary analysis carried out in the previous section leads to the following boundary
value relations between the functions F| ,gp ).

Lemma 6.3. Let p € [0 : p(p+ 1) — 1] be fized, and let £ € [0 : p] be the remainder in
the division of p by p+ 1. Let ﬁlip), 0<k<p-—1, be any collection of functions obtained
through the asymptotic formula [62) for some subsequence A C N. Then there exist positive
constants cép) so that the collection of functions Flip)(z) = c,(f)ﬁlip)(z), 0 < k <p-—1 satisfies
the following systems of boundary value equations:
1) When € €[0:p—1] (here, [0: —1],[p:p—1] and [p+ 1 : p — 1] denote the empty set
for the corresponding values of £)

F(P) 2
|F<”>| (’“ II(;)(L) = =1, T € [ak, bx), ke0:4—-1U[¢+2:p—1],
k=1 \T ) 1 \T

)
|Fép)>(7)|2|7| =1, 7€ [ar,b]\ {0}, k=1

| ()|, (7)]
| (1)

I ESE (MIFE, (7))

=1, 7€ [ar,bk]\{0}, k=£+1

(The last equation is dropped if £ =p—1.)
2) For { = p, the system is

(D

|ﬂﬂ%p|2
[ (7))

|2 (D) FS (7))

TE [a07 bo] \ {0}7

=1, Te[ak7bk]7 kG[l:p—l]A

Moreover, for each p fized, the functions Flip)(z),O <k <p-—1 satisfy:
i) (F”)*! € H(C\ [ax, bi)).

it) The leading coefficient (corresponding to the highest power of z) of the Laurent expan-
sion of F,gp) at oo is positive.
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i11) F,gp) either has a simple pole, a simple zero, or takes a finite positive value at co. For
a given p € [0:p(p+1)—1] and k € [0 : p — 1], only one of these situations occur
independently of A.

Proof. Let F ,Sp), 0 <k <p—1, be any collection of functions obtained through the asymp-

totic formula ([G.2) for some subsequence A C N. From @I3), E.13), @I7), E19), ©23),
(626), and ([629]), we obtain the following systems of boundary value problems for each

fixed p making k range from 0 to p — 1.
1) If¢ef0:p—1],

ﬁ(ﬁ) 2 1

|ﬁ(p)l (i)H(;)(L) Eri [an, bi], kel0:0—1ule+2:p—1],
) |

P L b\ (o) k=t
|&ﬂ@ﬂ@gvn wy

5P ()2 1

~(p)k =) = W’ T E [ak7bk]\{0}, k:£+1

ITIEZ (OIES L (T wy

2) For £ = p, the system is

IEPOP _ 1 € [a0,bo] \ {0},
|7'||F1£ (7)] wop
B ()] 1

= = =—, TE][ak,br], k€l:p—1].
IEP ONEL ()] w?

The values w,(cp), 0 < k <p—1, which depend on p (i.e., on £ and n) were specified in the
preliminary analysis. They are all positive.
Set Flip)(z) = cép)Fép)(z), cép) > 0 and substitute in the previous systems. Our problem

reduces to determining if there exist positive constants c,(f), k=0,...,p—1 (c(_’q = cép) =1)
such that "
P)\2
(m(qu)) (p) =L k=0,...,p—1
C—1Ck+1 Wk

Taking logarithm, this is equivalent to determining if the nonhomogeneous linear system of
equations on log c,(f ) is determinate

210gc,(f) —logci’fl —logcgfjl zlogwl(f)7 k=0,...,p— L (6.30)
Of course this is the case.

Since F,gp) = c,(cp)ﬁ,gp), c,(f) > 0, the properties i)-iii) are inherited from analogous ones
for ﬁép)ﬁ < k < p — 1. Therefore, it is sufficient to verify them for the ﬁ,gp). First,
f,gp) € H(C\ [ak,bk]) because it is the uniform limit on compact subsets of C\ [ak, bk]
of holomorphic functions. Since the zeros of these functions all lie in [ak, bk, by Hurwitz’
theorem ﬁép) has no zero in C\ [ak, bi]; therefore, its reciprocal is also in H(C \ [ak, bx]).
Regarding ii) and iii), notice that from the preliminary analysis it follows that ﬁ,gp ) is a
normalized Szegd function in the complement of [ak,bk], or a normalized Szegd function
multiplied or divided by ¢, which has a simple pole at co. In each case the normalization
is taken so that the leading coefficient of the Laurent expansion of F,ip ) at oo is equal to 1.
Finally, as we have seen, the existence of a pole, a zero, or a finite value of ﬁ,gp) at oo only
depends on £(n) and n(n) in the decomposition ([{2]) of p. Since p is fixed so are £(n) and
n(n) on the set of indices Ay = {n : n = Ap(p+ 1) + p, A € Z1}. We have concluded the
proof. O
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Lemma 6.4. Let 0 < p < p(p+1)—1 be fized, and let ﬁ,gp), 0 <k <p—1 be any collection
of functions obtained through the asymptotic formula ([62) for some subsequence A C N. Let
F,gp) = c,(cp)ﬁ,gp), 0 <k <p-—1, be the corresponding collection of functions obtained as in
Lemmal6.3 Then, the collection F,Ep), 0 <k <p-—1 is uniquely determined.

Proof. Let Flip), k=0,...,p—1and G,(f), k=0,...,p— 1, be two collections of functions
satisfying the hypotheses of the Lemma. Then, by Lemma[6.3] we know that both collections
satisfy properties i)-iii) (with a pole, a zero, or a finite value at co for the same values of
k) and the same system of boundary value equations. Let us construct a third collection
of functions H,Ep) = Fép)/G;’J)7k =0,...,p — 1. From i)-iii) it follows that H,Ep) € H(C\

lak,bk]),k = 0,...,p — 1 and the leading coefficients of these functions are positive. The
collection H ,Ep ), k=0,...,p— 1 verifies the system of boundary value equations

q® 2

| k (T)l =1, Te[ak,bk], k=0,...,p—1, (631)

|H, ()| HE, ()]

where H (_pl) = H},’” = 1. Here, we have included the point 0 in the boundary value condition,
even if it is an extreme point of [ag, bx], because ngp) is, up to a constant factor, the Szegs
function of |H,§’)_)1H,i’21|*1 which is continuous and different from zero on all [ag, bi] (recall
that the Szegé function is multiplicative).

Taking logarithm in (G31]), we obtain the functional homogeneous system of equations

2log |HY (1) —log |H”, (1) — log |[HY) (1) = 0, 7€ [ak,bi), k=0,...,p—1. (6.32)

For each 0 < k < p — 1, the function u,(f)(z) =log |H,ip)(z)|7 k=0,...,p—1 is harmonic in
C\ [ak, bx]. Tt is the real part of log H,ip), k=0,...,p—1 which is holomorphic in C\ [ax, bx].
Thus, log H,Ep) is uniquely determined by wug, taking into consideration that ngp)(oo) >0

so we must find the harmonic conjugate v,(cp) of u,(cp) which equals zero at co. According to

[6, Lemma 4.1], the system (632)) only has the trivial solution (in the space of harmonic
functions); that is, u,(cp) =0,k =0,...,p— 1. Consequently, v,(cp) =0,k=0,...,p—1and
H,ip) = exp(u,(f) +iv,(f)) =1,k=0,...,p— 1. This means that F,gp) = G,(f)7k =0,...,p—1
which is what we needed to prove. O

6.5 Proof of Theorem [3.2

To prove the existence of limit in (B it is sufficient to show that (62]) does not depend on
A. The collection of functions (ﬁép)), k=0,...,p—1 verifying (6.2) gives rise to a collection
(F,Sp))7 k =0,...,p— 1 which satisfies a system of boundary value equations as indicated in
Lemma [63] and fulfills i)-iii).

Now, according to Lemma there is only one collection of functions (F,Sp))7 k =
0,...,p — 1 with these properties. Since ﬁ,gp) (which must have leading coefficient equal
to one) is obtained dividing F,ip) by its leading coeflicient the proof of ([B)) is settled.

Notice that

(p+1)—1
Pripon () _" pH Potpr1e(2)
Pk (2) oo Prron(2)

On the right hand side, we have representatives of ratios of consecutive polynomials P, j for
all the residue classes of n modulo p(p+1). Fix p € [0: p(p+ 1) — 1], using (BI) it follows

that (
+1)—1
) Poipprni(z) T ~
lim LA " A F(p)z, z € C\ [ak, bk],
n=p mod p(p+1) Pn,k(z) pli[() k ( ) \[ k k]

where the right hand does not depend on p € [0 : p(p+ 1) — 1]. Therefore, [B.2) takes place.
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6.6 Proof of Corollary 3.3
Let p € [0: p(p+ 1) — 1] be fixed. Replacing z by 2T in @) for k = 0, we obtain
Prp(pr1)tpt+1,0(277)

_ ) pt+1
2P L) = FOP ("), z € C\Ty. (6.33)

lim
A—roo Px\p(p+1)+p,0(

According to () we have Qn(2) = 2°Pno(2P 1) if n =¢ mod (p+1), 0 < £ < p (see also
the lines that follow Definiton 2.1T]). Hence from ([6.33) we deduce that if p = ¢ mod (p+1)
and £ € [0: p — 1], then

/41 p+1

z P z z ~

lim - Ap(p+1)+0+1,0( . ) — lim Qap(pt1)+p+1(2) _ ZF()(p)(ZP+1), 2 € C\To,
A=oo 28 Pap(pt1)4p.0(2P ) A=0 Qap(p+1)+5(2)

and if p=p mod (p+ 1), then

L ~
lim P>\p(p+1)+p+1,0(ZPJr ) — lim Qap(p+1)+p+1(2) _ Fép)(zp+1) 2eC\ (TouU{0}).
A=00 2P Pap(pi1)4,0(2PT1) - A=0 Qappt1)+5(2) 2P 7

This justifies (B3)—E4).

In the following argument we use the cyclic notation FO(Z) = FO(“LIJ ®+1) for any i. Ap-

plying 224)) for k = 0 we get that for p Zp mod (p+ 1),

Prppot1)+p o(2) Prpp+1)+p+1 o(2)
a = : — : , z € C\ [ao, bo].
Ap(pDEe PAp(p+1)+p—p,0(z) Px\p(p+1)+p—p,0(z) \l )

Letting A — oo we obtain

p—1
AILH;O Axp(p+1)+p = a” = (1- Fép)(z)) H F(gl)(Z% z € C\ [ao, bo]-
i=p—p

Similarly, using (2:25]) we obtain that for p = p mod (p + 1),

p—1

Jim asppinygp =a®” = (2= F7(2) J] F”(2), 2 €C\ao, bol.
1=p—p

Hence (33 is justified.
Since

0, fn#Zp mod (p+1),

deg(Pos10) — deg(Pno) = Z(n +1,0) — Z(n,0) =
eg(Pn+1,0) — deg(Pn,0) (n+1,0) = Z(n,0) {17 fn=p mod(p+1),

from (BI]) we deduce that ﬁo(p) has the Laurent expansion

Fo(y = [LHC02 +0ET), ifp#p mod (p+1)
0 z—&—C’(()p)—&—O(z_l)7 ifp=p mod (p+1)

at infinity. Therefore, for p Z p mod (p + 1), we have
o = (- F7) J] 77 = (=077 +0G7) (e +0(1) = -¢17,
i=p—p

for among the functions in Hf:_;fp F{(2) there is exactly one of the form z + O(1) and
the rest are of the form 1 + O(z™'). Similarly one shows that if p = p mod (p + 1) then

alP) = fC(()p).
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6.7 Proof of Corollary [3.4]

By Theorem B2 the limits in (611]), (620), and (628) hold as A — oco. Reasoning as in
Subsection [6.3] but now in connection with orthonormal polynomials, from Theorems 1 and
2 in [6] it follows that

1/2 ~
tim Deesnionttl® _ (o) E0G) e\ anbl, k=0..p- 1.
Ao Pap(p+1)+p,k(2)
(6.34)

The numbers w,(f), k=0,...,p— 1 are defined as in Subsection but now we know that
they will not depend on the subsequence of indices A. Dividing ([€34) by B, it follows
that

K 1/2
limM:(w;ﬂp)) , k=0,...,p— 1.
A0 Rap(p+1)+p.k

Now, B7), 39), and (BI0) are a consequence of ([6.30).

From the definition of Kp(p11)+p,x We have

Kop(pt1)+p.k = FAp(p+1)40,0 """ KAp(p+1)+p,k-
Therefore, [B.8]) follows directly from (3.
Using formulas (Z28]) and (2.30) for two consecutive indices n,n + 1, we have

Unt1,k(2) _ K?L,kfl Phi—1(2) Ppt1,k(2) hnt1,6(2)
Yk (2) Kiﬂ,kﬂ Pot1k-1(2) Por(2)  hnx(2) .

Taking n = Ap(p + 1) + p with p fixed and A — oo, from [BI]) and (8] we obtain

Kipor Pupm1(2) Puoniw(z) 1 F(2)
Korinms Prriama(2) Par(@) 0 (57 m20)2 FO (2)

)

uniformly on compact subsets of C\ ([ax—1,bk—1] U [ak, bx]). Now we write

hnv1k(2) €71 ko1 Pni1k(2)

haw(2) €21 hak(2)
and analyze the expressions
Entl,k—1 Ent1,k—1 Pnt1,k(2)
En,k—1 ’ En,k—1 hnk(z)

separately.
Taking n = Ap(p + 1) + p with p fixed, A = oo, and applying ([6.4]), we easily see that

Exp(p+1)+p+1,k—1 hAp(p+1)+p+1,k(Z) N h(p)(z)
Exp(p+1)+p,k—1 hAp(p+1)+p,k(Z) k '

uniformly on compact subsets of C\ ([ak—1,bk—1] U {0}), where h,(cp)(z) is defined in (312).

We claim that the ratio -
Ap(p+1)+p+1,k—1 _ 8](;)) (635)

Exp(p+1)+p,k—1
is independent of A, and so it remains constant as A — oo. This follows immediately from
Lemma 3] and Lemma [£1] With this we finish the proof of (311]).
Finally, the asymptotic formula (BI3)) is obtained immediately from (BII) and ([2I4).
We leave the details to the reader.
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Remark 6.5. We can give an explicit formula for the constant s,(cp) in (3II). For a given
p€10:p(p+ 1) —1], let n, £ be the integers satisfying [@2)). Let ((p, k) and 6(p, k) be the
functions defined as follows:

(oo k) = RHS of (Z0) if¢e[0:p—1],
" | RHS of @X2) if £=p,

0(p, k) :== RHS of ([@.20).

Then from ([6.35) and (£I9) we deduce that

k—
El(f) _ (71)<(p,2(71b+9(p,k71)7 k=1,....p.
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