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DIMENSION INDEPENDENT BERNSTEIN-MARKOV INEQUALITIES
IN GAUSS SPACE

ALEXANDROS ESKENAZIS AND PAATA IVANISVILI

ABSTRACT. We obtain the following dimension independent Bernstein-Markov inequality in
Gauss space: for each 1 < p < oo there exists a constant Cp, > 0 such that for any k£ > 1 and all
polynomials P on R* we have

l-‘,—iaurctan p—2|
IV Pl sy < Coldeg PY2 529 G Y| e 0

where dry, is the standard Gaussian measure on R¥. We also show that under some mild growth
assumptions on any function B € G?((0,00)) N C([0, 00)) with B’, B” > 0 we have

[ BULP@D i) < [ BO0erP)™ |Pla)) dno)

where L = A — x - V is the generator of the Ornstein—Uhlenbeck semigroup and
2 1 sB"(s) = B'(s)
=1+ Zarctan | = -2].
ap + —arc an<2\/ses(101&>{ B'(s) + 5B (s)
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1. INTRODUCTION
Let dy(x) be the standard Gaussian measure on R¥, given by
e—lzl?/2

dyg(z) = W dz

where |z| = y/2? + - -+ + 22 is the Euclidean length of = (21,...,2;) € R*. Here and through-

out, we will denote by ¢y the density of the Gaussian measure dv; with respect to the Lebesgue
measure on R*. For 1 < p < oo, define LP (]Rk, dvg) to be the space of those measurable functions
on R* for which

1
ey = ([ 1P d)" < .

As usual, L°(R¥,dvy) is defined by the condition || f]| e (rr ay,) = €8SUp,egn|f(2)] < co. For
convenience of notation, we will abbreviate || f| 1o # av,) 88 | fllzr(dy,)-

1.1. Freud’s inequality in high dimensions. In his seminal paper [5], Freud obtained the
following weighted Bernstein—Markov type inequality on the real line.

Theorem 1 (Freud’s inequality, [5]). There exists a universal constant C' > 0 such that for any
1 < p < oo and all polynomials P on R, we have

1) (/ |P’<x>¢1<x>pdx)1/psc¢o@( / |P<x>sol<x>|pdx)l/p.

After making a change of variables in (1), Freud’s inequality can be rewritten in terms of
” : HLP(dWl) norms as

degP

(2) Pl p(ayy) < C 1Pl 2o (dy1)s
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for all 1 < p < oo. Notice that (2) breaks down for p = 0o as ||P|[zee(ay,) = oo for every
non-constant polynomial P, nevertheless inequality (1) still persists.

After proving Theorem 1, Freud [6] extended his Gaussian estimates (1) to more general weights
e~9@) on the real line, nowadays known as Freud weights, where the function Q(x) satisfies
certain growth and convexity assumptions. In this case, the bound /degP in (1) is replaced by a
certain quantity which depends on the so-called Mhaskar—Rakhmanov—Saff numbers of the weight
e~ Q) Since the works [5, 6] of Freud, several different proofs of such one-dimensional weighted
Bernstein-Markov inequalities have been found (see, e.g., [7, 22, 14, 15, 16, 13]), in part due to
important implications of such estimates in approximation theory (see, e.g., [5, Theorem 2] and
[6, Theorems 4.1 and 5.1]). We refer the reader to the beautiful survey [18] of Lubinsky for a
detailed exposition of results on this subject.

In relation to the “heat smoothing conjecture” [19] one can ask if a dimension independent
discrete counterpart of Freud’s inequality holds on the Hamming cube {—1,1}" equipped with
uniform counting measure [4]. A positive answer by central limit theorem would imply the
validity of Freud’s inequality in LP(R*, dy;) with constants independent of k. Therefore, it is of
interest first to understand if Freud’s inequality can be extended to higher dimensions with a
dimensionless constant. Throughout the ensuing discussion, for a smooth function f : R¥ — R
and 0 < p < oo, we will denote

(3) ||Vf||Lp(d,yk) = (/Rk (i(ajf)2($)>l’/2 d'yk(x))l/p.

7j=1
We first notice (see also Section 5) that the case p = oo of Freud’s inequality (1) easily extends
in all R¥ with a constant independent of the dimension.

Proposition 2. There ezists a universal constant C > 0 such that for any k > 1, and all
polynomials P on R* we have

(4) 196V P|| oo iy < C/deg Pl pr Pl oo i),

where deg P denotes the total degree of the multivariate polynomial P.
For finite values of p, the following question naturally arises, in analogy to (2).

Question 3 (Bernstein—-Markov inequality in Gauss space). Is it true that for each 1 < p < o0
there exists a constant C, > 0 such that for any integer k > 1, and all polynomials P on Rk the
the dimension independent Gaussian Bernstein—Markov inequality

(5) VP r(ay,) < Cpv/deg PPl 1p(dy,)
holds true?
Remark 4. Using (2), it is straightforward to obtain (5) with a dimension dependent constant

Cpi- Also, inequality (5) can easily be proven for p = 2 (and Cy = 1) by expanding P in the
Hermite basis and using orthogonality.

Before moving to our main result, we mention that an elegant argument of Maurey and Pisier
from [23], implies a weakening of Question 3 with a (suboptimal) linear bound on deg P.

Proposition 5. There exists a universal constant C > 0 such that for any k > 1, any 0 < p < o0
and all polynomials P on R¥, we have

deg P

ﬁH 122 (d)-

The main result of the present paper is that the linear bound on deg P in (6) can be improved.

(6) VP rp(dy) < C

Theorem 6. For each 1 < p < oo there exists a constant C, > 0 such that for any k > 1, and
all polynomials P on R¥, we have

l+l arctan p—2]
@) IV Pl 1oy < Cpldeg P27 (G20 1 P .
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2
(5) but improves upon (6). Also, notice that for p = 2, inequality (7) recovers (5). To the extend
of our knowledge, these are the best known bounds towards Question 5.

Our proof of Theorem 6, relies on a similar Bernstein—-Markov type inequality for the generator
of the Ornstein—Uhlenbeck semigroup (see Theorem 8 below) and Meyer’s dimension-free Riesz
transform inequalities in Gauss space from [20].

Notice that for each p € (1, 00) we have 0 < % arctan ( ) < %, therefore (7) is worse than

1.2. Reverse Bernstein—Markov inequality in Gauss space. Our initial motivation to
study Question 3 comes from a dual question that Mendel and Naor [19, Remark 5.5 (2)] asked
on the Hamming cube. A positive answer to their question would, by standard considerations,
imply its continuous counterpart in Gauss space, namely a reverse Bernstein—Markov inequality.
To state the latter question precisely, let H,,, be the probabilists’ Hermite polynomial of degree
mon R, ie.,

(8) (5) = [ (s ity )

For x = (z1,...,71) € R* and a multiindex a = (a,..., ), where a; € NU {0}, we consider
the multivariate Hermite polynomial on R¥, given by

k
(9) Ho(z) = HHaj (@)
j=1

The family {H,}, forms an orthogonal system on L?(dv). Denote by |a] = a3 + ...+ aj and
let L =A —x -V be the generator of the Ornstein—Uhlenbeck semigroup. Then, one has

LH,(x) = —|a|Hq(x).

for every multiindex «.. The operator L should be understood as the Laplacian in Gauss space.
Now consider any polynomial P on R* which lives on frequencies greater than d, i.e., of the form

(10) P(z) = Z caHo (),
lo|>d
where ¢, € C.

Question 7 (Mendel-Naor, [19]). Is it true that for each 1 < p < oo there exists a constant
¢p > 0 such that for any k> 1, any d > 1, and all polynomials of the form (10) on R*, living on
frequencies greater than d, we have

(11) ILP e (ayy) = cpdl| Pl pr(dy,)-

In [4], we show that for every 1 < p < oo there exists some ¢, > 0 such that for all polynomials
P which live on frequencies [d,d 4+ m], i.e. are of the form

P(x) = Z caHa (),

d<|a|<d+m

we have

d
(12) ”LPHLp(d%) > CPEHPHLP(d'yk)-

For small values of m, (12) improves upon previously known bounds in Question 7 which follow
from works of Meyer [19, Lemma 5.4] and Mendel and Naor [19, Theorem 5.10] on the Hamming
cube for this smaller subclass of polynomials. In particular, when m = O(1), (12) positively
answers a special case of Question 7. We refer to [4] for further results on reverse Bernstein—
Markov inequalities along with extensions for vector-valued functions on the Hamming cube.
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1.3. Bernstein—Markov inequality with respect to L. In order to prove Theorem 6, it will
be convenient to first study the analogue of Question 3 for the “second derivative” L, namely, is
it true that for every polynomial P on R, we have

(13) ILP| Lo (avy) < CpdegP || Pl Lo(dy,) ?
The best result that we could obtain in this direction is the following theorem.
Theorem 8. For any integer k > 1, any p > 1, and any polynomial P on R¥, we have

) 1+ % arctan (7‘7’73‘1

(14) | LP| Lr(av,) < 10(deg P QW)HPHLP(d%)-

1.4. General function estimates. Our techniques for proving Theorem 8 allow us to replace
p-th powers in LP norms in (14) by an arbitrary convex increasing function in the spirit of
Zygmund’s theorem (see [27], Vol 2., Ch. 10, Theorem (3.16)). We recall that Zygmund’s
theorem asserts that if ® is nondecreasing convex function on [0, 00), and

Fat) = 2 5 (ay cos(kt) + by sin(kt))

2
k=1
is a trigonometric polynomial of degree at most n, then for every r > 1, the sharp inequality

21 2
(15) A<wﬁmmwsA (| fu(t)])

holds true. In fact, by the results of Arestov [1, 2], the inequality holds for somewhat larger class
of nondecreasing functions, i.e., ®(t) = ¢(Int) for some convex ¥ on (—o0,00). In particular,
inequality (15) holds true for ®(t) = tP for every p > 0 (instead of just p > 1), thus implying the
usual LP Bernstein—Markov inequality for trigonometric polynomials.

One straightforward way to obtain an analog of (15) in Gauss space is to invoke the rotational
invariance of the Gaussian measure. Indeed, we will shortly show the following estimates.

Theorem 9. Let @ : [0,00) — R be an increasing convez function. For any k > 1, and all
polynomials P on R* we have

(16) L, [20vr@D an®due) < [ o(degp) Pe) dule)
and
a7) [ 2Lp@l)ant) < [ #(@esPPIPa)) o)
Our main result of this section is that under mild assumptions on ®, one can further improve (17).

Theorem 10. For any k > 1 and all polynomials P on R¥, we have
(18) [ BzP@) du < [ B10(@esP)# P(@)]) o)

for any function B € C([0,00)) N C?((0,00)) with B', B" > 0, such that for every x >0
max{|B(z 4 ¢)|, B'(z + ¢), B"(z + &)} < C(1 + 2*)
for each fixred € > 0 and some C = C(e), N = N(¢) > 0. Here

2 1 sB"(s)  B'(s)
19 =1+ —arct - —2.
(19) aB + _arctan <2\/Ses(16120){ BI(s) +sB”(s)
A straightforward optimization shows that Theorem 8 follows from Theorem 10 by considering
B(t) = tP, where p > 1.
The rest of the paper is structured as follows. In Section 2, we present the proof of Theorem 9
and its consequence, Proposition 5. In Section 3, we prove our main result, Theorem 10 from

which we also deduce Theorem 8. Finally, Section 4 contains the deduction of Theorem 6 from

Theorem 8 and Section 5 contains the proof of Proposition 2.
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2. PROOF OF THEOREM 9

We first prove Theorem 9. The argument is inspired by an idea of Maurey and Pisier [23] and
only uses the rotational invariance of the Gaussian measure dv; and Zygmund’s inequality (15).

Proof of Theorem 9. Let
X=(X,....,Xx) and Y =(V,...,Ys)

be two independent multivariate standard Gaussian N(0,Id;) random variables on R*. Take
any polynomial P(z) on RF of degree n, and consider the trigonometric polynomial

t(6) := P(X cos(f) + Y sin(0)).
Clearly deg(t(0)) < n. It follows from Zygmund’s inequality (15) that

27 27
(20) / B(|'(0)]) A0 < / B(nft(0)]) do.

Since t/(8) = VP (X cos(f) + Y sin(0)) - (—X sin() + Y cos(#)), and the random variables
X cos(f) +Ysin(d) and — Xsin(f)+ Y cos(f)

are also independent multivariate standard Gaussians, we see that after taking the expectation
of (20) with respect to X,Y, we obtain

27
2rEQ(|VP(X)||Y1]) = /0 E®(|VP(X cos(f) + Ysin(h)) - (—X sin(f) + Y cos(6))]) dd

2
< /0 E®(n|P(X cos(d) + Y sin(6))]) df = 27E®(|P(X)]).

This finishes the proof of (16). To prove (17) notice that

t"(0) = (HessP(X cos(0) + Y sin(9))(—X sin(0) + Y cos()), (— X sin(f) + Y cos(6)))

— VP(X cos(f) 4+ Y sin(#)) - (X cos(8) + Y sin(0)),
where (-, -) denotes inner product in R*. Therefore following the same steps as before and using
Zygmund’s inequality (15), we obtain
E®(|(HessP(X)Y,Y) — VP(X) - X|) < E@(nQ\P(X)]).
Finally, it remains to use convexity of the map = — ®(|z|) and Jensen’s inequality to get
Ey®(|(HessP(X)Y,Y) — VP(X) - X|) > ®(|Ey ((HessP(X)Y,Y) — VP(X) - X)|) = ®(|LP(X)]),
which completes the proof of (17). O
Deriving Proposition 5 is now straightforward.

Proof of Proposition 5. It follows from the proof of Theorem 9 that (16) holds true under the
sole assumption ®(¢) = v (Int) with 1) nondecreasing and convex on (—o0,00). Thus, applying
(16) to ®(t) = tP, where p > 0, we deduce that

1
(21) (Elgl?) "IV Plo(ayy) < deg PlIP | o(a),
where ¢ is a standard Gaussian random variable. Inequality (6) then follows from (21) since
r(e)\1/p
(E@\P)””:ﬂ(&j)) = /p+1 for p> 0. 0

3. PROOF OF THEOREM 10

In this section, we prove the main result of this paper, Theorem 10, and its consequence, the
Bernstein—-Markov inequality of Theorem 8.
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3.1. Step 1. A general complex hypercontractivity. Any polynomial P(z) on R¥ admits
a representation of the form

(22) Pz)= Y caHa(),
|| <deg(P)

for some coeflicients ¢, € C. Next, given z € C, we define the action of the second quantization
operator (or Mehler transform) 7., on P(z) as

(23) T.P(z)= Y  2%caHq().
la|<deg(P)
Clearly ToP(x) = co = [pr P(x) dyi(z), and T1 P(z) = P(x).

In what follows we will be working with a real-valued function R € C?((0,00)) N C(]0,00))
(and sometimes we will further require R € C?(]0, 00))) such that

(24) |R(2)|, |R(2)],|R"(z)] < C(1 +2™)

for some constants C;, N > 0 and every x > 0. These assumptions are sufficient to avoid integra-
bility issues.

Lemma 11. Fiz z € C, and let R € C?([0,00)) be a real-valued function such that R’ > 0.
Assume that

(25) (1— |z R (z)|w|* 4 2z R" (z)((Rw)?* — (§sz)2) >0 forall weC andx > 0.
Then, for all k > 1, and for all polynomials P(z) on R* we have

(26) [ RIZP@P) don(o /R|P ?) ().

Remark 12. We will see later (see Section 3.4) that the reverse implication also holds, i.e.,
inequality (26) implies (25) under the additional assumption that R € C3((0,00)).

Proof. Denote the scaled Gaussian measure on R* of variance s by

1
dy,is)(x) = P2 gy s (0,1].
(2ms)k
Take any polynomial g : R¥ — R. We will denote partial derivatives by lower indices, for example
82

Fix a complex number z € C satisfying (25), and consider the map
1) sans)i= [ ol io)+ 2o+ i) a0 a0,

where for z = (z1,...,x;) € RF we denote zx = (21, ...,22,). An analysis done in [11, 10, 12]
suggests that one should study the monotonicity of the following map,

(28) 011351 = [ [ Rllgle.n9)P) drf ) dof! )

Rk JRE
where dfy,(:) (u) at s =0 (or d’y,i =) (x) at s = 1) should be understood as delta measure at zero,
ie.,

lim [ R(g(e.us,)) doy () "= lim [ R(lg(a,iv/s,s,)?) d(@) = R(lg(x.0,0))

s—0 Jrk s—0 Jrk

by Lebesgue’s dominated convergence theorem.
First notice that if s — r(s) is increasing then (26) follows. Indeed, consider any polynomial
on R* of the form P(z) = > a<degp Calla(r) and define g(x) = 3= goup Ca®]" -+ - 23" Then,

r(1) = /R R /R glu+iv) d’yk(v)’? () P2 [ RP@)P) v



and, similarly, also

/Rk ’ / 2(x + zy d’yk(y)r) dryg () ®)0) R(|T.P(x)|?) dy(z).

Rk

Therefore, (26) can be rewritten as r(0) < r(1).
Next, we show that the monotonicity of (28) follows from (25). Notice that for any function
Q € C?(R¥) such that |Q(z)| < C(1 + |z|"V) for some C, N > 0 we have

(20) 5 ([ewalw) = [ S8 el

Thlndﬁed by making change of variables x//s = y we obtain [¢, Q d’yk = Jor Qyv/s) dvi(y).
d d QyV's) VQyVs) -y
5 ([ ewalw) =& ([ 2 dv;c(y)):Rk P o)

and

[ AR @ - [ S99 a ),

Notice that if we denote v(y) := Q(y+/s) then (29) simply means that [ (A—y-V)v(y) dyi(y) =
0. The latter follows from integration by parts. Therefore, we have

fo = [ 5 ([ Rateas P ol =@ )+ ([ Rlaten ) ol ~w)) Jarf o

To compute the first term, one differentiation gives

J R<|g<x,u,s>|2>dv,§“’<x>} = [ Rt )Plg(o, o 5)h o),
LJRF Rk

uj

which implies that

[ Rl @) -

[ Bllato )Pl 5)7, + Rl 5) a9, o~ o)

For the second term, we have

(RkRug(x,u,s)r?)dv,il‘”(w)) =3 ||, a1, 9)P) - 2R gt 0. P drf o)

Thus we get that r'(s) = 1 [or [ar 7( dvk )z )d’y,(:) (u), where

7(s) = AuR(\g(ax u, s)|*) = AzR(|g(z, u,5)]*) + 2[R(lg(w, u, 5)|*)]s.
Now, compute
g(x7u7 S)Uj = gj(x,u,s) = gj a‘nd g(x7u78)u]’u]‘ = gjj(x,U,S) = gj]7

where g; is the j-th partial derivative of g and we denote

ples) = [ [ g+ sl oal .

and similarly g;;(x,u,s) means that we first differentiate the polynomial g twice in the j-th
coordinate and then we apply the flow (27). Similarly, we have

22 -1
92,0, )2, = 205, 9(, 1, 8)ay0, = 22g; and gz, u,5) Zgﬁ
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Next, further abusing the notation, we will denote g := g(x,u, s). We have

2 _ = - §R |g|2.g] .
(lg(@, u, 8)|%)u; = 959 + 995 = 2 Ty )

o _ 9129,
(lg(x, u, 8)[)uyu; = 9559 + 9555 + 29595 = 2R <g” + 2|g;1%;

2
o 9l%zg;
(lg(z,u, 8)[*)2; = 29,9 + gZg; = 2R (‘ ‘g ]> ;

2.2
g|“z74g;5
(9.1, 8)P)ase, = 2R (’ | : ) T 222l

|g[? (22 —1)2] 191J>'

g

(lg(z,u, 5)*)s = R <

Therefore we obtain
AvR(lg(z,u, S)IQ) A R(Ig(x u, 8)°) + 2[R(|g(z, u, 5)|*)]s =
R'(|g(z,u, s)*) (Au(lg(z, u, )*) = Agllg(, u, )[7) + 2(|g (2, u, 5)[*)s) +

k
R'(lg(x,u, s) Z l9(z,u, )5, = (g(z,u, 8)1)Z; | =

k
2) (1= [z R (19P)lg;1* +2R"(I9*) (Rg;9)* — (Rz9;9)°) -
j=1

Notice that if |g| = 0 then by (25) we have (1 — |z|?)R’(0) > 0, and hence ' > 0 in this case. So
assume that |g| > 0. Then, denoting w = ¢;g and x = |g|?, we see that ’/(s) > 0 follows from

(1—|2>)R (z)|w|* + 2zR" (z)(Rw)* — (Rzw)?) >0, >0, weC.
The latter condition is exactly (25) and the proof is complete. 0

Lemma 13. Let R € C?((0,00)) N C([0,00)), be such that R’ > 0, and R(x,e) := R(z + ¢)
satisfies (24) for each fized € > 0. Take any z € C, |z| <1 such that the inequality

(30) (1= [z) R (@) w]* + 22R" () ((Rw)® — (Rzw)?) > 0
holds for all w € C, and all x > 0. Then for all polynomials P(x) on R¥ we have
(31) [ RITP@ P ) < [ ROP@P) (o)

Proof. For each ¢ > 0 we consider the function R(z,¢) := R(z + ¢). We claim that R(z,¢)
satisfies (25). Indeed, applying (30) at points z + &, we obtain

WR’@ +o)w|? + 2R" (z + e)(Rw)? — (Rzw)?) > 0.

Since R'(z +¢)>0,1— 2> >0, and m%rg <1 for z >0, we deduce that

(1_1.|Z’2)R/(5L' +)|w|? + 2R" (x + ) (Rw)? — (Rzw)?) > 0.

The latter means that z — R(z,¢) satisfies (25) for all € > 0 (the case x = 0 in (25) is trivial
because R'(£) > 0 by the assumption in the lemma). Therefore using Lemma 11, we get

/ R(T.P()]?) dyp(z) < / R(e + [T.P(2)?) d(a) < / Re + [P(x)[?) de().
Rk Rk Rk

Next, we take 0 < ¢ < 1 and ¢ — 0. Notice that lim._,o R(c + |P(2)|?) = R(|P(x)|?) and

R(e + |P(2)|]?) < R(1 + |P(x)|?) € L*(R*,dy). Therefore we can apply Lebesgue’s dominated

convergence theorem and this finishes the proof of the lemma. O
8



Proposition 14. Let B € C([0,00)) N C2%((0,00)) be such that B',B” > 0. Assume z
B(\/x + ¢) satisfies (24) for each fized € > 0. Then

(32) [ BlzP@hane < [ BOP@) (),
holds for all polynomials P(x) on R¥, and all k > 1, if z belongs to the lens
(33) 22 +ivep —2| < Vep + 2,

Proof. By Lemma 13 applied to R(x) = B(y/x) we deduce that (32) holds provided that (30)
holds. Next, condition (30) for R(z) is equivalent to

B/l
sB(s) (Rw)? — (Rw2)?) + (Sw)? — (Swz)? > 0,
B'(s)
holding for all s > 0 and w € C. The latter means that if we set z = x + iy, and A(s) := %;S)

then we must have
Afs) = A(s)2? —y? - ay(A(s) = 1)
( zy(A(s) — 1) 1— A(s)y? — xz) > 0.

The trace of the matrix is (1 — 22 — 32)(A(s) + 1), which is nonnegative if and only if |z| < 1.

So it remains to study the sign of the determinant. If y = 0 then there is nothing to check, so
assume that y # 0. The non-negativity of the determinant can be rewritten as

1 2_1)?
(95 - ) +y2+2x2,
Yy

and also
lylVep —2 <1 —a? — 4%

The latter inequality can be rewritten as (33). This finishes the proof of the proposition. O
3.2. Step 2. Szeg6 Theorem. In what follows we will be assuming that B € C([0,00)) N

C?((0,00)) is such that B, B” > 0, and = — B(y/ + ¢) satisfies (24) for each fixed ¢ > 0. Next,
let us consider the lens domain in C associated to B,

e — 2 vep + 2
z+t1 2 < 2 .

(34) Qp = {zE(C :

C

FiGURE 1. The domain Q25 and the angle ap =1+ %arctan <

%
&
N—
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The domain Qp has an exterior angle at the point (1,0) which we are going to denote by
7 - ap. A direct calculation reveals that

2
(35) ap =1+ —arctan
T

(\/6327_2> € [1,2].

We will need the following Markov-type inequality in the complex domain €25. For a compact
set K C C and a polynomial P, we denote || P||¢c(x) = sup,¢f |P(2)| its supremum norm in K.

Proposition 15. For any polynomial P(w) = Z?:o ajw! with coefficients aj € C, we have
(36) |P'(1)] < 1007 Pl|c(ap).-

Szeg6 was the first who investigated how the geometry of a domain in the complex plane
affects the growth rate of the constant in Markov’s inequality. The reader can find the bound
1P ey < C(B)n*B||Pllc,) in [26], where the constant C(B) depends on the domain Qp.
We claim here that (36) holds with a universal constant, say C(B) = 10, which is independent
of B. We could not locate the proof of this claim in the literature, so we include it here for the
readers’ convenience.

Proof of Proposition 15. Without loss of generality assume that n > 10, otherwise we can use
the Markov inequality |P'(1)| < n?||Plc(—1,1)) < 10n°5||P||lc(ap)-

We map conformally Q%, the complement of Qg, onto D¢, the complement of the unit disk,
using the map

@(z) = w30 p20¢1(2),
where

z+1
z—1

z+1 o
pr(z) = T3 a(e) =208 ps(e) =

Notice that the Mobius transformation ¢i(z) maps ¢1(—1) = 0, ¢1(1) = oo and ¢;i(c0) = 1,
thus ¢1(2G) is the sector centered at z = 0 with angle map and symmetric with respect to the
positive z-semiaxis. Next, @o(z) maps the sector to the right half plane Rz > 0. Finally, p3(2)
maps the right half plane to the complement of the unit disk. It follows that

z 1/ep
(37) p(z) = W =apz+ 0 <i> ) as z — 0o.
ztl _

Next, let P(2) be any polynomial of degree at most n on p such that || P| c(q,) < 1 and consider
the analytic function

P(z)

o™ (2)

The function 1 is regular at z = oo and bounded in absolute value by 1 on 0Q2g. Thus, by the
maximum principle, we get

52z Y(2) =

|P(2)] < |p(2)" for all z € Q%.

Next, we will estimate [P’(1)|. Fix 0 < § < 5 to be determined later and let Cj(1) be the
circle of radius 0 centered at the point O(1,0). Consider the arc Cs(1) \ Qp, and let A, B be its
endpoints. Let 7 - a3 = 2mr — ZAOB where the angle ZAOB is measured in radians. It follows
from the alternate segment theorem and the law of cosines that

1 5
38 B = — 1- — 1,2
(38) a'p aB+7Tarccos( 2R2> € (1,2],
10



where R is the radius of the circles defining 25. By Cauchy’s integral formula, we have

17{ P(0) 2 P(1 + e'm)
21 Cs(1) (C — 1

|P'(1)] = d9
2—aly oy

6171'0

im0
(1 4 gty < ety 20t 2 [P0+ 0TI

- 20 20 96[—(112?2},{0[;3/2] 1)
We will need the following technical lemma.
Lemma 16. For all v € [1,2] and 6,0 < 6 < %, we have
39 max 1+ deim? <1+ 251/7,
() o [o(1+ 5™
where ¢ 1is given by (37).
Proof. Notice that
2 661'7\'9 1/7
im0y (37) ( Fois ) +1 201/7
o(140e™) ‘= v, =1+ ‘ 7 :
(zaey Py )Tt

Now, since v € [1, 2], we see that for every § < 1/10 we have

—imf 1/~ 1/ 1/ 1/ 1\"? 1\"?
|(2e770 4+6)"" =6 > (2-8)7 =57 > 2—E -1 >1

Thus we obtain that

max |o(1 + 8™ < 14 267,
Oe[—v/2,7/2]

which completes the proof of the lemma. O

Proof of Proposition 15 (continued). Tt follows from (38) that since R > 1, for any 0 < § < 1/10,
B < + = arccos | 1 & <ap+ 110

a ap + —ar - — ap + —

B="ET g 2 ) =" " 10

where the last inequality follows from the fact that f(x) := cos ( )1+ > <Oforaz e [0,1/10].
Next, choosing § = n~*8 we thus get that

%% + 1 LI R
— — arccos —_
ag ~ T 2n2 ) — 107mn

Therefore, applying Lemma 16, the inequality In(1 4+ z) < x, x > 0, we get

2 1-2F
|P'(1)| < nB <1 + exp (n In (1 + B/,)>> < n%B <1 + exp <2n “B))
na O(B

1
<n%8 (1 + exp <2nl+mﬂn >> < n%B (1 + exp (2 .11 1+§0w)> < 10n%E.

Here we have used the fact that n — 1 +cn is decreasing for n > 11 provided that ¢ > m
This completes the proof. O

3.3. Step 3. A duality argument and the proof of Theorem 10. To prove Theorem 10, we
will use a duality argument which is inspired by a similar argument of Figiel [21, Theorem 14.6].

Lemma 17. Fiz a function B € C([0,00))NC?((0,00)). For every positive integer n there exists
a complex Radon measure du on Qp such that

(40) / ddu(z)=1¢, forall £=0,...,n,
Qp

and fQB d|pu| < 10n*B.
11



Proof. Fix a positive integer n, and consider the functional ¢ on the space of polynomials of
degree at most n on Qp, that is, P, := spang{z¢, £=0,...,n} C C(Qp) given by

(41) (0 (Z CLgZ€> = Zﬁag for all a; € C.

(=0 (=0

In other words, if P is a polynomial of degree at most n then, ¢)(P) = P’(1). It follows from
Proposition 15 that for every such P, we have

(42) [P(P)] < 100" Pllc(ay)-

Therefore, by the Hahn—-Banach theorem, the functional ¢ € (P,)* can be extended to a func-
tional ¥ € C(Qp)* with || V]| + < 10n*B. However, by the Riesz representation theorem,
the space C'(2p)* can be 1dent1ﬁed Wlth the Banach space of Radon measures on Qg equipped
with the total variation norm and this completes the proof of the lemma. O

Proof of Theorem 10. Take any complex-valued polynomial P of degree at most n on RF and
z € Qp and consider the measure p supported on Qp given by Lemma 17. Then, we have
7. P(z) -3

[z (s ) o) @ [ (][ r ) )
([ mo o= | vm ot

=l dlul(z) _ R
< /QB RkB(\P(a:)l)cm(ac)WQB) —/RkB(IP( 1) d (),

where the second inequality follows from Jensen’s inequality. After rescaling the coefficients of
P and using Lemma 17, we deduce that the inequality

/ B (ILP(x)]) dys(x) < / B (10(degP)® | P(x)]) drys (x)
RE Rk

holds true for all polynomials P on R, O

We can now easily deduce Theorem 8.

Proof of Theorem 8. Indeed, for p > 1 we can choose B(s) = s” in Theorem 10. Then

sBs) | Bls) _(p-1 41
B'(s)  sB"(s) p—1

and therefore
lp —2|
=1 t .
ap = + arctan <2 o1
Then, Theorem 10 implies that for every p > 1,

142 arctan (2=
1Pl oy < 10(degP) = = (20| Py
and letting p — 17 we also deduce the endpoint case

ILP| 11 (ay,) < 10(degP)?[| Pl 11

(dvk) (dyk)»

which completes the proof of the theorem. O
Remark 18. To directly prove Theorem 8, one could refer to the classical complex hypercontrac-

tivity [12] instead of invoking Proposition 14 in its full generality.
12



3.4. The necessity of (25). In addition to (24) let us require that for each point ¢y > 0 there
exists 0 = d(tp) such that

R// (t(])
2

holds for all + > 0 with |t — tg| < d(tg). For example if R € C3((0,00)) then (43) holds.
In particular, this means that for fixed complex numbers a,b € C with a # 0 the function
t — R(|a + bt|?) has the property (43).

Fix two complex numbers a,b € C with a # 0, and consider a linear function Q(x) = a + bex
on R, where ¢ > 0. Clearly T.Q(x) = a + bezz. Since for any fixed N > 0, any polynomial P,
and any constant C' > 0 we have f‘mbc |P(z)|dy1(x) = O(eN) as € — 0 we obtain that there

exists a number 0 = d(a, b, z) such that

(43) R(t) = R(to) + R/(to)(t — to) + (t = t0)* + O(It = tol’)

/RR(|a+5bzx|2)dfyl(x)
= [ Rl 5 R aP)2RG@bz)ee + (R (af20R(ab2)) + R (oo @) + O
= R(|jal?) + (R"(|a|})2(R(@bz))? + R'(|a*)[bz]?)e? + O(e?),

as € goes to zero. Similarly, there exists 6 = d(a, b) such that

/R(]a+€bx\2)d71(a:)

R
= / _R(|a’) + R'(|a]*)2R(ab)ex + (R"(|al*)2(R(ab))* + R'(Ja|*)|b]*)|ex|* dy1(z) + O(?)
lex|<é

= R(la]*) + (R"(|a|*)2(R(@b))* + R'(|al*)[b]*)e* + O(£?),

as € — 01, Using (31) we thus obtain
R’(|a[*)2(R(abz))* + R'(|a*)|b2|* < R"(|al*)2(R(ab))* + R'(|a|*)[b]>.

Denoting w = @b and |a|? = 2 > 0 the latter inequality, after multiplying the both sides by |al|?,
takes the form

(44) 20 R"(2)(R(wz))* + R (z)|wz|* < 22R"(x)(Rw)? + R (x)|w|?.

Since by changing a # 0 we can make x to be an arbitrary positive number, and by changing
b we can make w to be an arbitrary complex number, we see that (44) coincides with (25). By
continuity (44) holds also for x = 0. This proves the equivalence between (25) and (26). O

4. PROOF OF THEOREM 6

Recall that L = A — z - V satisfies LH, = —|a|Hq. Define (—L)Y/?H, = |a|'/?H,, and extend
it linearly to all polynomials P on R¥. First we need the following lemma from [3, Lemma 5.6].
Since the argument is simple, we include the proof for the readers’ convenience.

Lemma 19. For any p > 1, any k > 1, and all polynomials P on R* we have

1/2 1/2

(45) I(=L) 2Pl o(ays) < 2IIPIl LP(dy)”

P
Proof. Let C := [j° t3 o —dt = 2\/7. Then for any A > 0 we have

f Ool_e—)\t

13



Therefore for any polynomial P(z) =}, <, caHa(z) and any number M > 0 we have

H(_L)l/QpH :l ZC /Ool_ea“dt H
Le(dw) — O “A\Jo +3/2 @

Lr(dyi)
dsdt dt
—la — el It
/ / coe” ' la|Hy Vi) / Z Ca(l—e™ @ 7572
laj<n o< LP(dyk)
1Mot dsdt 1 [ dt
<z| ||TestPuLp<de + 5 [ 1P =T Pl 37
< ZMVPLPl gy + M2 Pl ir(any,
where we used twice the fact that the operator T,-: is the contraction in LP(dvy) for every ¢ > 0.
Finally choosing M = QHPHLp(d,Yk)HLPHZ;(d%), one arrives at (45). O

To deduce Theorem 6 from Theorem 8, we will need Meyer’s Riesz transform inequalities in
Gauss space [20] (see also [24] for a simpler proof and [8] for a stochastic calculus approach).

Theorem 20 (Meyer, [20]). For each p € (1,00) there exist finite constants Cyp, ¢, > 0 such that,
for any k > 1, and all polynomials P on RF we have

(46) el (=L)Y2 Pl Logan) < VPl o) < Col(—L)Y2 Pl Lo(any,)-
We can now prove Theorem 6.

Proof of Theorem 6. Let P be any polynomial on R¥. Then, we have

(46) (45) 1/9 1/2
IVPlzoan) < Col(“L)2Pllzaay) < 2CollPI L g0 IEP 1

( arctan l
< 210, (deg )+ () 1Py,
and the proof is complete. O

Remark 21. When p — oo the constant C),, which comes from the boundedness of the Riesz
transforms (46), goes to infinity. Therefore, for large enough values of p and polynomials P of
small enough degree, the bound (6) is better than (7).

5. PROOF OF PROPOSITION 2

In this section, we prove the sharp high dimensional L version of Freud’s inequality, Propo-
sition 2. The proof is an adaptation of the argument that Freud and Nevai [7] have used for the
real line (see also further refinements of this technique in [14, 15]).

Proof of Proposition 2. Let us denote | f||r~() = esssup,ecqlf(z)| and Wi(z) := e 1 the
rescaled density of the Gaussian measure on R*. Take any polynomial P on R of degree n and

write a, = \/n/2. It was shown in [7] (see also [18, Section 8.2]) that there exists a universal
constant C' > 0 and a polynomial S,, on the real line of degree at most Cn such that

C'W(x) < Sp(x) < OWi(x), for |z| < 2a,
and
IS (z)] < Cv/nWi(x), for |z| < ap.

In fact, one can take S,, to be the partial sums of the Taylor’s series for Wi(z) of order Cn.
Clearly this polynomial is even because W is so, therefore, the function p,(z) = S, (|z|) is also
a polynomial on R*. Taking into account that Wy (x) = Wi(|z|) and that |Vp,(z)| = S’ (|z]),
we conclude that the estimates
(47) C W (x) < pp(z) < CWi(x) for x € B(2a,)
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and
(48) |Von(z)] < Cv/nWi(z) on x € B(ay),

also hold true, where B(r) denotes the closed ball of radius 7 centered at the origin in R¥.
Next, we will need the following well-known restricted range inequality, which follows, e.g.,
from [17, Theorem 1.8]. For any polynomial P on R* of degree at most n, we have

(49) [ PWl| Lo 6\ B(an)) < IPWkll Lo (B(an))-

In [17, Theorem 1.8] (see also [18, Theorem 6.2]), inequality (49) is stated for k =1, i.e., for any
polynomial G of degree at most n on R we have

(50) [GW1 Loo R\ [~aman]) < NIGWill Lo ([—an,an])-

To deduce (49), it suffices to take an arbitrary unit vector v in R¥, and apply (50) to G(t) = P(vt).
Thus, it follows that for any polynomial P on R¥ of degree at most n,

(51) ”PWI?HLOO(RIC\B(%/\@)) < HPszHLoo(B(an/\/i))'

Since |[VP|? is a polynomial of degree at most 2n and as, = v2a,, we have
(
[V P| Wi poomry < |||VP| Wil oo (Basn va)) = VP Will Lo (B(an))

(47
< ClIVP| pullLee(B(an)) < CUNVPpn)llLee(B(an)) + 1PIVonlllLe(B(an)

(52)A(48)
<

n
%HPPnHLOO(B(Qan)) + CVnl[PWil oo (B(an)) | < AV PWy|| oo E),

for some universal constants A, B > 0. Here, we also used multidimensional Bernstein inequality
Bd

(52) IVP| o (B(R)) < 7HPHL°°(B(2R))

of Harris [9] (see also [25]), where B > 0 is a universal constant. Finally making the change

of variables = y/v/2, and dividing of both sides of the one but last inequality by \/(27)* we
obtain the estimate

e~ lzl?/2 e~ lzl?/2
|VP($)|T P(ﬂﬁ)?
( 7'[') Loo(Rk) ( ﬂ-) Loo(Rk)
for a universal constant C' > 0 and all polynomials P on R* of degree at most n. This finishes
the proof of Proposition 2. O
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